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Abstract
We prove the existence in the sense of sequences of solutions for some integro-differential
type equations involving the drift term in the appropriate H> spaces using the fixed point tech-
nique when the elliptic problems contain second order differential operators with and without
Fredholm property. It is shown that, under the reasonable technical conditions, the convergence
in L' of the integral kernels yields the existence and convergence in H* of solutions.

1. Introduction

We recall that a linear operator L acting from a Banach space E into another Banach
space F satisfies the Fredholm property if its image is closed, the dimension of its kernel
and the codimension of its image are finite. Consequently, the equation Lu = f is solvable
if and only if ¢;(f) = O for a finite number of functionals ¢; from the dual space F*. These
properties of Fredholm operators are widely used in many methods of linear and nonlinear
analysis.

Elliptic equations in bounded domains with a sufficiently smooth boundary satisfy the
Fredholm property if the ellipticity condition, proper ellipticity and Lopatinskii conditions
are satisfied (see e.g. [1], [6], [9], [10]). This is the main result of the theory of linear elliptic
equations. In the case of unbounded domains, these conditions may not be sufficient and the
Fredholm property may not be satisfied. For example, Laplace operator, Lu = Au, in R fails
to satisfy the Fredholm property when considered in Holder spaces, L : C2*(R%) — C%(RY),
or in Sobolev spaces, L : H*(RY) — L*(RY).

Linear elliptic equations in unbounded domains satisfy the Fredholm property if and only
if, in addition to the conditions cited above, limiting operators are invertible (see [11]). In
some simple cases, limiting operators can be explicitly constructed. For example, if

Lu=ax)u” + b(x)u’ +c(x)u, xeR,
where the coefficients of the operator have limits at infinity,

a, = lim a(x), b, = lim b(x), c.= lim c(x),
X—+00 X+

X—+00

the limiting operators are:
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Lou=a.u” +b.u +c.u.

Since the coefficients are constants, the essential spectrum of the operator, that is the set of
complex numbers A for which the operator L — A does not satisfy the Fredholm property, can
be explicitly found by means of the Fourier transform:

(&) = —a. & + baié +c., E€R.

Invertibility of limiting operators is equivalent to the condition that the essential spectrum
does not contain the origin.

In the case of general elliptic equations, the same assertions hold true. The Fredholm
property is satisfied if the essential spectrum does not contain the origin or if the limiting
operators are invertible. However, these conditions may not be explicitly written.

In the case of non-Fredholm operators the usual solvability conditions may not be ap-
plicable and solvability conditions are, in general, not known. There are some classes of
operators for which solvability conditions are obtained. We illustrate them with the follow-
ing example. Consider the equation

(1.1) Lu=Au+au=f

in RY, where a is a positive constant. The operator L coincides with its limiting operators.
The homogeneous equation has a nonzero bounded solution. Hence the Fredholm property
is not satisfied. However, since the operator has constant coefficients, we can apply the
Fourier transform and find the solution explicitly. Solvability conditions can be formulated
as follows. If f € L>(RY) and xf € L'(RY), then there exist a solution of this equation in
H?*(R?) if and only if

=) <o pesty ae
2n)2 ) p2(way
(see [18]). Here and further down S;’ denotes the sphere in R? of radius r centered at the
origin. Therefore, though the operator fails to satisfy the Fredholm property, solvability
conditions are formulated in a similar way. However, this similarity is only formal since the
range of the operator is not closed.
In the case of the operator with a potential,

Lu = Au+ a(x)u = f,

Fourier transform is not directly applicable. Nevertheless, solvability conditions in R?
can be obtained by a rather sophisticated application of the theory of self-adjoint opera-
tors (see [15]). As before, solvability conditions are formulated in terms of orthogonal-
ity to solutions of the homogeneous adjoint equation. There are several other examples
of linear elliptic non Fredholm operators for which solvability conditions can be obtained
(see [11], [12], [15], [17], [18]).

Solvability conditions play an important role in the analysis of nonlinear elliptic equa-
tions. In the case of non-Fredholm operators, in spite of some progress in understanding
of linear problems, there exist only few examples where nonlinear non-Fredholm operators
are analyzed (see [5], [16], [18], [19]). In the present article we consider another class of
stationary nonlinear equations, for which the Fredholm property may not be satisfied:



SOLVABILITY OF SOME INTEGRO-DIFFERENTIAL QUATIONS 249

2u

(1.2) d— +b@ +au+fG(x—y)F(u(y),y)dy =0, a=>0, beR, b#0, xeQ.
dx* dx o

For the simplicity of presentation we restrict ourselves to the one dimensional case (the mul-
tidimensional case is more technical). Hence €2 is a domain on the real line. In population
dynamics the integro-differential equations describe models with intra-specific competition
and nonlocal consumption of resources (see e.g. [2], [3]). Let us use the explicit form of the
solvability conditions and study the existence of solutions of such nonlinear equation. The
studies on the solutions of the integro-differential equations with the drift term are relevant
to the understanding of the emergence and propagation of patterns in the theory of specia-
tion (see [13]). The solvability of the linear equation involving the Laplace operator with
the drift term was treated in [17], see also [4]. In the case of the vanishing drift term, namely
when b = 0, the equation analogous to (1.2) was treated in [16] and [19].

2. Formulation of the results
The nonlinear part of equation (1.2) will satisfy the following regularity conditions.

Assumption 1. Function F(u,x) : R X Q — R is satisfying the Caratheodory condition
(see [8]), such that

2.1 |F(u, x)| < klu| + h(x) for ueR, xeQ

with a constant k > 0 and h(x) : Q@ — R*, h(x) € L*(Q). Moreover, it is a Lipschitz
continuous function, such that

2.2) |[F(up, x) — F(up, x)| < lluy —up|  for any wujp€R, xeQ
with a constant [ > 0.

For the purpose of the study of the existence of solutions of (1.2), we introduce the aux-
iliary problem

d*u du

2.3) T2 ba —au = LG()C —y)F(u(y), y)dy.

Let us denote (fi(x), /2(x)2q) = fQ fi(x) fo(x)dx, with a slight abuse of notations when
these functions are not square integrable, like for instance those involved in orthogonality
relation (5.4) below. In the first part of the article we treat the case of the whole real line,
Q =R, such that the appropriate Sobolev space is equipped with the norm

d*u 2
2 ._
(2.4) il 2= Il s

2
et .
LA(R)

The main issue for the problem above is that in the absence of the drift term we were dealing
with the self-adjoint, non Fredholm operator

d*u 5 5
—ﬁ—a:H(R)%L(R),aZO,

which was the obstacle to solve our equation. The similar situations but in linear problems,
both self- adjoint and non self-adjoint involving non Fredholm differential operators have
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been treated extensively in recent years (see [11], [12], [15], [17], [18]). However, the
situation is different when the constant in the drift term b # 0. The operator

(2.5) Lypi==——5—b—a: H*(R) = L*(R)

witha > 0 and b € R, b # 0 involved in the left side of problem (2.3) is non-selfadjoint. By
means of the standard Fourier transform, it can be easily verified that the essential spectrum
of the operator L, j is given by

Ao p(p)=p* —a—ibp, peR.

Clearly, when a > 0 the operator L, ; is Fredholm, since its essential spectrum stays away
from the origin. But for a = 0 our operator L, , fails to satisty the Fredholm property since
the origin belongs to its essential spectrum. We manage to show that under the reasonable
technical conditions equation (2.3) definesamap 7, 5 : H*(R) » H*(R), a>0,beR, b+
0, which is a strict contraction.

Theorem 1. Let Q =R, G(x) : R = R, G(x) € L'(R) and Assumption 1 holds.
I) When a > 0 we assume that 2A/nN,_,l < 1 with N, defined by (5.3) below. Then the map
v Typv=uon H?*(R) defined by equation (2.3) has a unique fixed point Ua.p, Which is the
only solution of equation (1.2) in H*(R).
1) When a = 0 we assume that xG(x) € L'(R), orthogonality relation (5.4) holds and
24Ny, pl < 1. Then the map Topv = u on H*(R) defined by equation (2.3) admits a unique
fixed point v, which is the only solution of problem (1.2) with a = 0 in H*(R).
In both cases I and Il the fixed point v,p, a > 0, b € R, b # 0 is nontrivial provided the
intersection of supports of the Fourier transforms of functions suppF@) N supp(? is a set
of nonzero Lebesgue measure in R.

Note that in the case of @ > 0 of the theorem above, as distinct from part I) of Theorem
1 of [16], the orthogonality conditions are not needed. Related to problem (1.2) on the real
line, we consider the sequence of approximate equations with m € N

du,, 0
“ + au,, + f Gulx—yF(un(y),y)dy =0, a=>0, beR, b+0.

du,,
26) — +b—
(2.6) dx? - dx

The sequence of kernels {G,,(x)},,_, converges to G(x) as m — oo in the appropriate func-
tion spaces discussed below. We will establish that, under the certain technical conditions,
each of problems (2.6) admits a unique solution u,,(x) € H?*(R), the limiting equation (1.2)
possesses a unique solution u(x) € H*(R), and u,,(x) — u(x) in H*(R) as m — oo, which
is the so-called existence of solutions in the sense of sequences. In this case, the solvability
conditions can be formulated for the iterated kernels G,,. They yield the convergence of the
kernels in terms of the Fourier transforms (see the Appendix) and, consequently, the conver-
gence or the solutions (Theorems 2, 4). Similar ideas in the sense of standard Schrédinger
type operators were used in [14]. Our second main result is as follows.

Theorem 2. Let Q =R, m e N, G,,(x) : R = R, G,,(x) € L'(R) are such that G, (x) —
G(x) in L'(R) as m — oo. Let Assumption 1 hold.
I) Let a > 0. Assume that

Q2.7) 2NAN pml<1—¢
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for all m € N with some fixed 0 < & < 1. Then each equation (2.6) admits a unique solution
up(x) € H*(R), and limiting equation (1.2) has a unique solution u(x) € H*(R).

) Let a = 0. Assume that xG,,(x) € L'(R), xG,,(x) — xG(x) in L'(R) as m — oo,
orthogonality condition

(2.8) (Gn(x), D2y =0, meN
holds and
2.9) 2\/7_TNO, phml<1l—¢

for all m € N with some 0 < & < 1. Then each equation (2.6) possesses a unique solution
un(x) € H*(R), and limiting problem (1.2) has a unique solution u(x) € H*(R).

In both cases I and II, we have u,,(x) — u(x) in H*(R) as m — oo.

The unique solution u,,(x) of each equation (2.6) is nontrivial provided that the intersection
of supports of the Fourier transforms of functions supp Fm) N supp G\m is a set of nonzero
Lebesgue measure in R. Analogously, the umque solution u(x) of limiting problem (1.2) does
not vanish identically if supp F 0, %) N supp G is a set of nonzero Lebesgue measure in R.

In the second part of the article we treat the analogous equation on the finite interval with
periodic boundary conditions, i.e. Q =/ := [0, 2x] and the appropriate functional space is

HA(I) = {u(x) - [ = R u(),u’(x) € L2(D), w(0) = um), ' (0) = u' 27)}.
For the technical purposes, we introduce the following auxiliary constrained subspace
(2.10) Hy(D) = {u(x) € H (D) | (w(x), D2y = O},

which is a Hilbert spaces as well (see e.g. Chapter 2.1 of [7]). Let us establish that problem
(2.3) in this situation defines a map 7,5, a > 0, b € R, b # 0 on the above mentioned spaces
which will be a strict contraction under the given technical conditions.

Theorem 3. Let Q =1, G(x) : [ - R, G(x) € L*(I), G(0) = G2n), F(u,0) = F(u,2n)
for u € R and Assumption 1 holds.
I) When a > 0 we assume that 2N/aN 4 pl < 1 with N, ,, defined by (5.21) below. Then the
map v 740 = u on H*(I) defined by equation (2.3) has a unique fixed point v,y, the only
solution of problem (1.2) in H*(I).
1) When a = 0 assume that orthogonality relation (5.22) holds and 2N/t Ny, pl < 1. Then
the map Topv = u on Hg([) defined by equation (2.3) has a unique fixed point vy, the only
solution of problem (1.2) in Hg(l).
In both cases I and Il the fixed point v,p,, a > 0, b € R, b # 0 is nontrivial provided the
Fourier coefficients G, F (0, x),, # 0 for some n € Z.

RemMark 1. We use the constrained subspace Hé(l) in cases II) of the theorem, such that
d? d
the operator AT bd_ : H(z)(l) — L2(I), which possesses the Fredholm property, has the
X X
empty kernel.

To study the existence in the sense of sequences of solutions for our integro- differential
problem on the interval I, we consider the sequence of iterated equations, similarly to the
whole real line case
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d

2Mm b duy,
dx?

dx

27
2.11) + au, +f Gux—yFun(y),y)dy=0, a=0, beR, b#0,
0

where m € N. Our final main result is as follows.

Theorem 4. Let Q =1, me N, G,(x) : I > R, G, (x) € L*(]) are such that G,,(x) —
G(x)in L=(I) as m — oo, G,,,(0) = G,,(2n), F(u,0) = F(u,2n) for u € R. Let Assumption 1
hold.

D) Let a > 0. Assume that

(2.12) VAN b ml <1 -

for all m € N with some fixed 0 < € < 1. Then each equation (2.11) possesses a unique
solution u,,(x) € H*(I) and limiting problem (1.2) admits a unique solution u(x) € H*(I).
IT) Let a = 0. Assume that the orthogonality relations

(2.13) (Gu(x), D2y =0, meN
hold and
(2.14) 2VANO poml<1—¢

for all m € N with some 0 < € < 1. Then each equation (2.11) admits a unique solution
Un(x) € HS(I ) and limiting problem (1.2) has a unique solution u(x) € H%(I).

In both cases 1 and 11, u,,(x) — u(x) as m — oo in the norms in H*(I) and Hé(l ) respectively.
The unique solution u,,(x) of each equation (2.11) is nontrivial provided that the Fourier
coefficients G, ,F(0, x),, # 0 for a certain n € Z. Analogously, the unique solution u(x) of
limiting equation (1.2) does not vanish identically if G,F(0, x),, # 0 for some n € Z.

Remark 2. Note that in the article we work with real valued functions by means of the
assumptions on F(u, x), G,,(x) and G(x) involved in the nonlocal terms of the iterated and
limiting equations discussed above.

RemARk 3. The significance of Theorems 2 and 4 is the continuous dependence of solu-
tions with respect to the integral kernels.

3. The Whole Real Line Case

Proof of Theorem 1. First we suppose that in the case of Q = R for some v € H*(R)
there exist two solutions u;, € H?*(R) of equation (2.3). Then their difference w(x) :=
u1(x) — ur(x) € H*(R) will satisfy the homogeneous equation

Since the operator L, , defined in (2.5) acting on the whole real line does not have any
nontrivial square integrable zero modes, w(x) vanishes on R.

Let v(x) € H*(R) be arbitrary. We apply the standard Fourier transform (5.1) to both sides
of (2.3) and obtain



SOLVABILITY OF SOME INTEGRO-DIFFERENTIAL QUATIONS 253

@M

3.1) p) = Var e

with f(p) standing for the Fourier image of F(v(x), x). Obviously, we have the bounds from
above

(p)l < V27N, 5l f(p)| and |p*u(p)| < V272N, b|f(p)l,

where N, , < co by virtue of Lemma Al of the Appendix without any orthogonality condi-
tions when a > 0 and under orthogonality relation (5.4) for a = 0. This allows us to estimate
the norm

sy = TP + UPPTPEs ) < 4TN2 GIF (), D)2

which is finite by virtue of (2.1) of Assumption 1 since v(x) is square integrable. Therefore,
for an arbitrary v(x) € H*(R) there exists a unique solution u(x) € H*(R) of equation (2.3)
with its Fourier image given by (3.1) and the map T, : H*(R) — H*(R) is well defined.
This enables us to choose arbitrarily v 2(x) € H?*(R) such that their images uyp = Typv10 €
H*(R) and estimate

i1(p) = a(p)l < V272N, 5l fi(p) = fa(p)l,  1p%a(p) — pPia(p)l < V21N, sl fi(p) — F(p)l,

where ﬁ(p) and f;(p) denote the Fourier images of F(v;(x), x) and F(vy(x), x) respectively.
For the appropriate norms of functions this gives us

a1 = 02l < 4TNZ LIF @1 (), %) = F0a(x), 0l -

Note that v 2(x) € H*(R) c L*(R) due to the Sobolev embedding. By means of condition
(2.2) we easily obtain

ITapv1 — Tapvallewy < 2VAN, pllloy — vl (my

and the constant in the right side of this upper bound is less than one as assumed. Therefore,
by virtue of the Fixed Point Theorem, there exists a unique function v,;, € H*(R) with the
property TypVap = Uap, Which is the only solution of equation (1.2) in H*(R). Suppose
Ua5(x) = 0 identically on the real line. This will contradict to the assumption that the Fourier
images of G(x) and F(0, x) do not vanish on a set of nonzero Lebesgue measure in R. |

Then we turn our attention to establishing the existence in the sense of sequences of the
solution for our integro-differential equation on the real line.

Proof of Theorem 2. By means of the result of Theorem 1 above, each equation (2.6)
admits a unique solution u,,(x) € H>(R), m € N. Limiting equation (1.2) has a unique
solution u(x) € H*(R) by virtue of Lemma A2 below and Theorem 1. By applying the
standard Fourier transform (5.1) to both sides of (1.2) and (2.6), we arrive at

(32) Fp) = \on 2G(p)?o‘(p) ) = Vz—ﬂGZm(p)%(p) meN,
p*—a—ibp

p*—a—ibp’
where @(p) and @,,(p) denote the Fourier images of F(u(x), x) and F(u,(x), x) respectively.
Evidently,
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_ G G _
f(p) TPl < V| 2P G B+
p>—a—ibp p°—a—ibp| g,
Gu(p) _
+V2r 2—p. [om(p) = ().
p?—a—ibp L)
Thus
Gu(p) G(p)

ety — tllf2my < V21 1F (u(x), 0l 2+

pt—a—-ibp p*—a-ibp Lo(®)

Gu(p)
p?—a-—ibp

+\V2r

I (tn(x), X) — F(u(x), X)|l12(r).-
L=(R)

Inequality (2.2) of Assumption 1 yields

(3.3) 1F (un(x), x) = F(u(x), Oll 20y < et (x) = u(Ol| 12wy
Let us note that u,,(x), u(x) € H*(R) ¢ L*(R) by means of the Sobolev embedding. Hence,
we obtain

Gu(p)

2

() — u(x)ﬂLz(R){l ~V2r .
p*—a—ibp

1 <
L=(R)

IF (u(x), 0l 2Ry -
L®(R)

Gu(p)  Gulp)
pt—a—ibp p?*-—a-ibp

<Von

By means of (2.7) for a > 0 and of (2.9) when a = 0, we arrive at

V2| Gup)  G(p)
p>—a—-ibp p*—a-ibp

IF (u(x), 0llz2(w)-
L=(R)

et (%) = u(X)22my <

By virtue of inequality (2.1) of Assumption 1, we have F(u(x), x) € L>(R) for u(x) € H*(R).
This yields

(3.4) Up(x) = u(x), m— o

in L?(R) via the result of Lemma A2 of the Appendix. Obviously,

—~ 26 7 —~ 25m Am
PYi(p) = \/ﬂpz (P)SD(P)’ P2 (p) = N ‘ Py (P)’ men.
p-—a P

—ibp —a—ibp
Thus
_ _ 2Gu(p) 2G(p) _
P2t(p) - pPi(p)| < V2r|| L=l PP B+
p*—a—ibp p*—a-—ibp Lo®)
2Gu(p) - _
+V2r Zp—p. lem(p) —@(p)l.
p?—a—ibp L)

By means of (3.3), we derive
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Lu,  du 2Gu(p) *G(p)
2 < e PP I @), )l +
dx dx L®) p*—a—ibp p*—a-—ibp Lo®R)
.
Gu(p)
+V2r 2p_p Mot (x) — u(0)ll 2Ry
p? —a—ibp L®)
) ) . d*u, du )
By virtue of the result of Lemma A2 of the Appendix, we obtain T2 - 2 in L*(R) as
X X

m — oo. Definition (2.4) of the norm yields u,,(x) — u(x) in H*(R) as m — co.

Let us assume that the solution u,,(x) of problem (2.6) studied above vanishes on the real
line for some m € N. This will contradict to our assumption that the Fourier images of
G,,(x) and F(0, x) are nontrivial on a set of nonzero Lebesgue measure in R. The analogous
argument holds for the solution u(x) of limiting problem (1.2). O

4. The Problem on the Finite Interval

Proof of Theorem 3. We demonstrate the proof of the theorem in case I) and when
a = 0 the ideas will be similar, using the constrained subspace (2.10) instead of H?(I). The
operator involved in the left side of problem (2.3)

—_-—  _h_—_ _ - 2 2
4.1 Ly p:= s bdx a: H()— L)

is Fredholm, non-selfadjoint, its set of eigenvalues is given by

4.2) Ao p(n)=n*—a—ibn, neZ
inx
and its eigenfunctions are the standard Fourier harmonics

, n € Z. Note that the eigen-
2n
values of the the operator L, , are simple, as distinct from the analogous situation without

the drift term, when the eigenvalues corresponding to n # 0 have the multiplicity of two
(see [16]).

Let us first suppose that for a certain v(x) € H>(I) there are two solutions up2(x) € H*(I)
of equation (2.3) with Q = . Then the function w(x) := u;(x) — u»(x) € H*(I) will satisfy
the equation

d>w dw

—W—b%—awzo.

But the operator £, : H*(I) — L*(I) discussed above does not have nontrivial zero modes.
Therefore, w(x) vanishes in /.

Let us choose an arbitrary v(x) € H?(I) and apply the Fourier transform (5.19) to equation
(2.3) considered on the interval 1. This gives us

G, G
(4.3) U, = ‘\/27r;fn., n*u, = ‘V2zrn—"f",, nez,
n?2—a—ibn n?—a—ibn

where f, := F(v(x), x),. This allows us to estimate

lual < V27N oISl 12ual < V27N bl
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with WV, , < oo under the given technical conditions by means of Lemma A3 of the Appen-
dix. Hence, we obtain

Wiy = > P+ Y P < 4N JIF (0, D)2, ) < o0
n=—00 n=—0oo

by means of (2.1) of Assumption 1 for a square integrable v(x). Therefore, for an arbitrary
v(x) € H*(I) there exists a unique u(x) € H>(I) satisfying equation (2.3) with its Fourier
image given by (4.3) and the map 7, : H*(I) — H*(I) in case 1) of the theorem is well
defined.

We consider any v 2(x) € H 2(I) with their images under the map mentioned above u;, =
Tapl12 € H?(I). Using Fourier transform (5.19), we easily arrive at

Gn n Gn n
PN RN F A 1/ LR )

n?—a—ibn’ n?—a-ibn’
where f;, := F(vj(x), x),, j=1,2. Thus,

0 = ol < V2N ol fin = fouls 10210 = ua )l < N22N bl fin = Frnls

such that

(&9 (o]
2 2 2 2
lluy =zl = E |1 = uzal” + E " (1 = uz)l” <

n=—0o n=—o0o

< AN JIF1(0), 0) = F020x), 0172

Evidently, v;,(x) € H?(I) ¢ L™(I) by virtue of the Sobolev embedding. By means of (2.2)
we easily derive

ITap01 = Tapvallazay < 2VANG, blllvr = vl

where the constant in the right side of this upper bound is less than one as assumed. There-
fore, the Fixed Point Theorem gives us the existence and uniqueness of a function v, €
H?(I) satisfying 74V, = Uap, Which is the only solution of equation (1.2) in H*(I). Sup-
pose v, »(x) vanishes in /. This yields the contradiction to our assumption that G, F(0, x),, # 0
for some n € Z. Let us note that in the case of @ > 0 of the theorem the argument does not
require any orthogonality conditions. |

Let us proceed to establishing the final main result of the article.

Proof of Theorem 4. Let us note that the limiting kernel G(x) is also periodic on the
interval [ (see the argument of Lemma A4 of the Appendix). Each equation (2.11) admits a
unique solution u,,(x), m € N belonging to H*(I) in case I and to Hg(] ) in case II by means
of Theorem 3 above. Limiting problem (1.2) has a unique solution u(x), which belongs
to H*(I) in case I and to HS(I) in case II by virtue of Lemma A4 of the Appendix and of
Theorem 3 above.

We apply Fourier transform (5.19) to both sides of problems (1.2) and (2.11) and arrive
at
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Gl’l n Gmn m,n
4.4) U, = V27r—¢),, Upy = V2ﬂ¢, nezZ, meN,
n?—a-ibn ’ n?—a-—ibn

where ¢, and ¢,,, are the Fourier images of F(u(x), x) and F(u,(x), x) respectively under
transform (5.19). We easily estimate from above

G

M - .
i —a—lbn ni—a-ibn ,J% —a—ibn lml"om’" @il
Thus,
G,
Uy — U — F(u(x), x
lim = iz < V2|t = ot WP 9l
+V271|| ———— S 1F (), x) = F(u(x), 0l 1201y
n*—a-ibn o

By means of bound (2.2) of Assumption 1, we have

4.5) 1F (um(x), X) = F(u(x), Ollz2y < et (x) — w0l 27
Note that u,,(x), u(x) € H*(I) ¢ L*(I) due to the Sobolev embedding. Apparently,

4y — ulle(z){l ~V2al }
G,

—a—lbn n2—a-—ibn

m n

n?—a-ibn

1F (u(x), ©)ll201)-
loo

Using inequalities (2.12) and (2.14) in cases I and II respectively, we derive

‘/ﬂ Gm,n Gn

2_a—ibn

IF (u(x), 0l 2y
lcc

Obviously, F(u(x), x) € L*(I) for u(x) € H*(I) by virtue of estimate (2.1) of Assumption 1.
Lemma A4 below yields

Uy — Ull2ep < ;
it = ll2 el

(4.6) Up(x) = u(x), m— o

in L>(I). Apparently,

l’l2G m n
|I’l Unppn — N unl < \/_ —a—lbn I’l2 a—ibn |‘pn —ibn le()om,n_‘pnl-
Using (4.5), we derive
d*u,, d*u,, nsz,n n’G,

<Von

LX)

IF (u(x), )l 221y
loo

dx? dx? n2—a—-ibn n?>—-a-ibn

nsz’n

I I
d n? —a—ibn

Ut (x) = ”(x)||L2(1)-
loo

dzum d*u

T2 d —— asm — oo in L*(I). Therefore,
X

By virtue of Lemma A4 and (4.6), we have —-
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U (x) = u(x) in the H*(I) norm as m — oo.

Let us suppose that u,,(x) vanishes in the interval I for a certain m € N. This yields
a contradiction to our assumption that G,, ,F (0, x), # O for some n € Z. The analogous
argument holds for the solution u(x) of limiting problem (1.2). O

5. Appendix

Let G(x) be a function, G(x) : R — R, for which we denote its standard Fourier transform
using the hat symbol as

_ 1 00 .
(5.1 G(p) = —f G(x)e "P*dx, p€eR,
V271 J-wo
such that
— 1
(5.2) IG(Plr=®) < E”G”MR)

1 (= .
and G(x) = \/? f G(g)e'™dq, x € R. For the technical purposes we define the auxiliary
JT J—o00

Lo (R) }

quantities

P*G(p)

G(p)
E L°®R) Hm

p*—a—ibp

(5.3) Nopi= max{”

fora>0,beR, b+0.

Lemma Al. Let G(x) : R —» R, G(x) € L'(R).
a)lfa>0,beR, b#0then N, ; < co.
b)Ifa=0, beR, b+ 0 and in addition xG(x) € L'(R) then Ny, » < o0 if and only if

(5.4) (G(x), D@y =0
holds.

Proof. First of all, we observe that in both cases a) and b) of the lemma the boundedness of

G 2G 26
L). implies the boundedness of p—(w Indeed, we can express p—(m
p?—a-—ibp p?—a—ibp p?—a-—ibp
as the following sum

i G(p) b pG(p)

5.5 G :
(5) (p)+ap —a—ibp p*—a-ibp

Obviously, the first term in (5.5) is bounded via inequality (5.2) since G(x) € L'(R) due
to the one of our assumptions. The third term in (5.5) can be estimated from above in the
absolute value using (5.2) as

BlIPIG(p)] 1
PP < NGOl gy < 0.
VP2 —a?+b2p2  V2r
G G
Therefore, & € L (R) yields Pi(m € L”(R). To establish the result of the
p?—a-ibp p?—a-—ibp

part a) of the lemma, we need to estimate
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G(p)
\/(pz —a)? + b2p?
Evidently, the numerator of (5.6) can be bounded from above by means of (5.2) and the
denominator in (5.6) can be trivially estimated below by a finite, positive constant, such that

G(p)
p?—a-—ibp
Here and below C will stand for a finite, positive constant. This implies that under the given
conditions, when a > 0 we have N, ; < 0. In the case of a = 0, we express

(5.6)

< ClG)lpi ) < oo.

_ _ ? 4G
G(p) = G(0) + f ) s,
0 N
such that
- — P dG(s)
—=ds
5 Gp _ GO b &

= — T R
p*—ibp p(p—ib)  p(p—ib)
By virtue of definition (5.1) of the standard Fourier transform, we easily estimate

dG() 1
‘ P < Gl

Hence, we obtain

J‘P dG(s)ds

\2rlb|

due to the one of our assumptions. Therefore, the expression in the left side of (5.7) is
bounded if and only if G(0) vanishes, which equivalent to orthogonality relation (5.4). O

For the purpose of the study of equations (2.6), we introduce the following auxiliary
Gu(p)

expressions
p?—a—ibp L>(®) }

witha >0, b € R, b # 0 and m € N. We have the following technical proposition.

” P*Gu(p)
r®’  lp2—a—ibp

(5.8) Nu b m = max{”

Lemma A2. Let the conditions of Theorem 2 hold, a > 0, b e R, b # 0.
Then

(5.9) Gu(p) . G(p) - oo

pt—a—ibp  p?>—a-ibp’

2(’;‘m 25
(5.10) p (1{) P (p) o
p:—a—ibp  p*-a-ibp

in L*(R), such that

G(p)

Gu(p) R
p?—a-—ibp
Lo(R)

5.11 —_—
-11) p?—a-—ibp

m — oo

>

L=(R)

>
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G, 2Gy
(5.12) 2”7(”_) 2”7(”), C m o oo
p*—a—ibp L) p*—a—ibp L=(®)
Furthermore,
(5.13) 2\/5Na, pl<1—¢
Proof. Evidently,
— — 1
(5.14) IGu(p) = GPllo®) £ ——=IGn(x) = GOl )y = 0, m — oo,
\2n

due to the one of our assumptions. Let us show that (5.9) yields (5.10). Indeed, the expres-
, P*[Gu(p) — G(p)]

5 - can be written as the sum
p*—a—ibp

sio

_ _ Go(p) Gn(p) . [Gu(p) - G(p)]
(5.15) [Gnu(p) —G(p)] +a 7 —a-ibp PP —a—ibp + i pm'

The first term in (5.15) tends to zero as m — oo in the L*(R) norm by means of (5.14). The
third term in (5.15) can be estimated from above in the absolute value as

PIG(p) = G(p)]
\/(pz _ a)z + bzpz
hence it converges to zero as m — co in the L*(R) norm due to (5.14) as well. Therefore,
the statement of (5.9) implies (5.10). Let us note that (5.11) and (5.12) will follow from the
statements of (5.9) and (5.10) respectively by means of the triangle inequality.

Let us first prove (5.9) in the case of @ > 0. Then we need to estimate

Gu(p) = G(p)|
V= a? + 022
Clearly, the denominator in fraction (5.16) can be bounded from below by a positive constant
and the numerator in (5.16) can be estimated from above via (5.14). This yields the result of
(5.9) when the constant a is positive.
Then we turn our attention to proving (5.9) when a = 0. In this case we have orthogonality
conditions (2.8). Let us show that the analogous statement will hold in the limit. Indeed,

(G, D2yl = (G(x) = Gu(x), D2yl < |Gin(x) = GOl iy — 0

as m — oo as assumed. Thus,

1b] <G w(p) = GPl=@)»

(5.16)

(5.17) (G(x), Dr2wy = 0.

Let us express

P A0 Iy
dG(s) dG;(s)ds, m € N.
K

G(p) = GO) + f s, Gulp) = GulO) + f
0 0

By virtue of (5.17) and (2.8), we have
G(0)=0, G,(0)=0, meN.

Hence, we obtain
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P [dGu(s) _ dG(s)
j(; ds ~ ds ]ds

Gu(p)  G(p)
p*—ibp p*—ibp p(p —ib)
From the definition of the standard Fourier transform (5.1) we easily deduce that

dG,(p) dG(p)
- < IXG (%) = XG(O||L) (R)-
‘ dp dp |~ \ax He
This allows us to estimate the right side of (5.18) from above by

(5.18)

1

1XG o (x) = XGOO)l|L )
-0, m—> oo,
V2zip|
as assumed, which proves (5.9) when a vanishes. Let us note that under our assumptions
Nyp<oo, Nypm<oo, meN, a>0, beR, b#0
by means of the result of Lemma A1 above. We have inequalities (2.7) for a > 0 and (2.9)

when a = 0. A trivial limiting argument using (5.11) and (5.12) gives us (5.13). ]

Let the function G(x) : I - R, G(0) = G(2n) and its Fourier transform on the finite
interval is given by

27 —inx
e
(5.19) G, :=f G(x)——dx, neZ
0 V2

inx
e

and G(x) = Z G, . Clearly, we have the upper bound

A Ve

1
(5.20) Gl < —=IGOlLi(1)-
Von LY(D)

Analogously to the whole real line case we define

G,
n?—a-ibn

n*G,

n?—a-—ibn

(5.21) N b= max{

iy

lcx)
fora>0,beR, b+0.
We have the following elementary proposition.

Lemma A3. Let G(x) : [ — R, G(x) € L(I) and G(0) = G(27).
a)lfa>0,beR, b+0then N, , < .
b)Ifa=0, beR, b+ 0then Ny, < o if and only if

(5.22) (G(x), D2y = 0.
Proof. Apparently, in both cases a) and b) of the lemma the boundedness of ﬁ
n’—a—ibn
n*G, n*G, . .
yields the boundedness of ———————. Indeed, 5 — can be easily written as the

, n?—a-ibn n?—a-ibn
following sum

Gn . Gn
(5.23) G, +a +ib—"

n?—a—ibn n?—a—ibn’
Clearly, the first term in (5.23) can be easily bounded from above via (5.20) for G(x) €




262 M. ErFenDIEV AND V. VOUGALTER

L>(I) ¢ L'(I). The third term in (5.23) can be estimated from above using (5.20) as well,
namely

|G, 1
|b| <Gl £ ——=IIGX)lpi() < 0.
V(2 —a)? + b%n? V2r
G 2
Therefore, ——————— € [* implies that " € [”. To prove the statement of the
nt —a-ibn n? —a—ibn
part a) of the lemma, we need to treat
Gl

(5.24) .
V(2 = a)? + b*n?

Evidently, the denominator in (5.24) can be bounded below by a positive constant and the
numerator in (5.24) can be easily treated by means of (5.20). Hence, N, , < oo when a > 0.
To establish the result of the part b), we observe that

G

(5.25) m

is bounded if and only if Gy = 0, which is equivalent to orthogonality condition (5.22). In
this case (5.25) can be trivially estimated from above by

| I(€{€9]1317) - 1 NGO c o
V2r Vn2+ b2 V2r 10l

by virtue of (5.20) and the one of our assumptions.

In order to study equations (2.11), we introduce for the technical purposes

2
Gm,n n Gm,n }
lcx)

n?—a—ibn n?—a-ibn
fora >0, b eR, b#0andm e N. Our final technical proposition is as follows.

(5.26) Nobom:= max{

>
15

Lemma A4. Let the assumptions of Theorem 4 hold, a > 0, b € R, b # 0.
Then

Gmn Gl’l
5.27 - , )
( ) n? —a-ibn n? —a—ibn "
2 2
n“Gun n°G,
5.28 : ,
(5.28) n?—a—-ibn n:-a-ibn mee
in [, such that
G’nn Gn
5.29 T S :
(5:29) n>—a-—ibn 100—> n? —a - ibn||,, meee
2 2
G, nG,
5.30 — | - s —
( ) n? —a-—ibn o n? —a-ibn o e

Furthermore,
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(5.31) 2\/;./\/;, <1 —e

Proof. Apparently, under our assumptions, the limiting kernel function G(x) is periodic
as well. Indeed, we have

1G(0) - G2m)| < |G(0) = Gu(0)| + |G (27) = G2m)| < 2/|G(x) = G)llz=ry = 0, m — o0

as assumed, such that G(0) = G(2r) holds. It is obvious that

1
(532) HGm,n - Gn”l“’ < _”Gm - G”L'(I) < V27T”Gm - G||L°°(I) -0, m—> oo
V2r

as assumed. Let us note that the statements of (5.27) and (5.28) will imply (5.29) and (5.30)

respectively via the triangle inequality. Let us show that (5.27) yields (5.28). We express

2
Gm n - Gn .
% as the following sum
n’> —a—ibn

Gm,n - Gn + ibn[Gm,n - Gn]
n? —a—ibn n?—a-ibn’

(5.33) Gy —Grl+a
The first term in (5.33) tends to zero in the /* norm as m — co via estimate (5.32). The third
term in (5.33) can be bounded from above in the absolute value as

blnlG o — Gl

(n% — a)? + b*n?

< NGman = Galli,

therefore it converges to zero as m — oo in the /* norm due to (5.32) as well. This proves
that (5.27) implies (5.28).
Let us first establish (5.27) when a > 0. Then we need to consider the expression

|Gm,n - Gn|

V(% —a)? + 2n?

Evidently, the denominator of (5.34) can be bounded below by a positive constant and the
numerator estimated from above by means of (5.32). This yields (5.27) for a > 0.

Then we proceed to establishing (5.27) in the case of a = 0. According to the one of
our assumptions, we have orthogonality relations (2.13). Let us prove that the analogous
condition holds in the limit. Indeed,

(5.34)

I(G(x), D2yl = [(G(x) = Gn(x), D] < 27lIGn(x) = GONz=y = 0, m — o0
as assumed. Thus,
(Gx), D2y = 0,
or equivalently Gy = 0. Note that G, = 0, m € N by virtue of orthogonality conditions
(2.13). Then by means of (5.32), we have
- V27IG(x) - G(X)||L°°(1).
- ||

Since the norm in the right side of this inequality tends to zero as m — oo, (5.27) holds when
a = 0 as well. Let us note that under our assumptions

Gm,n - Gn
n(n —ib)

Naop<oo, Nypm<oo, meN, a>0, beR, b#0
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by virtue of the result of Lemma A3 above. We have bounds (2.12) when a > 0 and (2.14)
for a = 0. An elementary limiting argument using (5.29) and (5.30) gives us (5.31). m|
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