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Abstract
We consider diagrams of links in S2 obtained by projection from S* with the Hopf map and
the minimal crossing number for such diagrams. Knots admitting diagrams with at most one
crossing are classified. Some properties of these knots are exhibited. In particular, we establish
which of these knots are algebraic and, for such knots, give an answer to a problem posed by
Fiedler in [3].

1. Introduction

Let p : S3 — S? be the Hopf map in the Hopf fibration of S3. For a link L in 3, we
study the minimal number of crossings of p(L) among generic projections in S 2. Let us call
this number the Hopf crossing number of L and denote it by h(L). The classical crossing
number is denoted by c(L).

The Hopf crossing number was considered by Fiedler [3] in the context of algebraic
links coming from singularities of complex curves. For an algebraic link L realized as the
intersection of a complex plane algebraic curve X with a small sphere S3 with a singularity
of X at its center, he considered the canonical Hopf fibration from S to CP' ~ S?, i..
the fibration induced by the intersection of S3 with the complex lines through the center of
S3. He defined C,(L) as the minimal number of crossings under this Hopf fibration for all
generic realizations of L as X N S°. He computed Cuay for torus knots T'(p,q), 1 < p < g,
q < 2p and found lower bounds for Cy, of other algebraic knots and links.

For an algebraic link L one has h(L) < Cyy(L) as the link does not have to be realized as
the intersection of a complex curve with a sphere. In fact Fiedler poses a problem: is this
inequality always an equality for algebraic links?

In this paper we classify knots with #(K) < 1 (see Theorem 2) and show that, for such
knots, the answer to Fiedler’s problem is positive (see Theorem 3). In order to achieve it,
we use arrow diagrams introduced in [7], which are equivalent to gleams introduced in [12].

In section 2 we present the arrow diagrams of links in S 3 for which the minimal crossing
number is the Hopf crossing number.

In section 3 we consider several examples of arrow diagrams of knots.

In section 4 we compute the Jones polynomial of knots K with A(K) < 1.

In section 5 we classify knots K with A(K) < 1 and study some of their properties. In
particular, we find all knots K with at most 10 crossings (in the classical sense) satisfying
hK) < 1.

Finally, in section 6 we establish which knots K, with h(K) < 1, are algebraic and show
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that, for such knots, /(K) = Cgy(K).

2. Arrow diagrams of links

Let T = S! x D be the solid torus. An arrow diagram of a link L in T is obtained by
cuting T along 1 x Dx, 1 € S, and projecting L from [0, 1] x D thus obtained onto D. One
keeps the information about over- and undercrossings in this projection. Also, the points in
LN 1xD are projected onto arrows pointing to the part of L that is close to 0 in [0, 1] x D. It
was shown in [7] that there are five Reidemeister moves connecting any two diagrams which
represent the same link in 7': three classical (€2}, Q, and Q3) and two extra ones (€24 and
Qs), presented in Figure 1.

- \ /
s

/ N / AN

A N

Fig.1. Reidemeister moves

Given the solid torus 7', S* is obtained from T by gluing to it a second solid torus 7”,
see Figure 2. In this figure, T is shown. As a basis for H,(0T) we choose a standard
longitude-meridian basis of a torus embedded in a standard way in S 3. In the decomposition
T = S'xD, used for the arrow diagrams as above, we take as S ! the curve passing through A
and A’ (i.e. a fiber in the Hopf fibration of S 3). Such S, when oriented, represents (1, 1) in
the chosen basis of H;(0T). The solid torus 7’ is glued to T in such a way that its meridional
disk D’, shown vertically in the middle of the figure, is glued to 7" along a (1, 0) curve in 97 .
Here, we choose the orientations of S and dD indicated on the figure by arrows.

Fig.2. Hopf fibration

Any link L in S can be pushed inside 7. Its projection onto D gives an arrow diagram
of L, as decribed above. If two links L and L', lying in T, are ambiently isotopic in S*, one
can pass from L to L’ by a series of ambient isotopies in 7" and gliding of arcs along the disc
D’. Such a gliding gives rise to one extra Reidemeister move, called the (., move, shown
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in Figure 3. Indeed, consider the small arc ¢ above D in Figure 2. It projects onto an arc in
D as on the left of Figure 3. When c is glided over D’ and slightly beyond, its projection
in D will be such as the one depicted on the right of Figure 3. Indeed, going around 4D in
counterclockwise direction, one meets in succesion: the unchanged endpoints of c, the arrow
where the glided ¢ crosses D next to D N D’ (the arrow is oriented in clockwise direction as
we go opposite to the orientation of the fibers S!), a point next to A’ projecting to a point
next to A and, finally, a point next to B’ projecting to a point next to B.

Qoo

Fig.3. The Q. move

Let S? be obtained from D and D’ by identifying the points of D and D’ belonging to
the same fiber (such as A and A’ or B and B’ in Figure 2). Then the Hopf map, p : S — §2,
maps T onto D € S and 7" onto D’ C S2. As any link L in S 3 can be pushed into T without
changing the number of crossings of p(L), the Hopf crossing number A(L) is the minimum
of crossings in all arrow diagrams of L.

For any link L its classical diagrams form a subset of its arrows diagrams (consisting of
diagrams with no arrows). Thus, obviously, (L) < c¢(L).

As in our later computations we use the Kauffman bracket, it is necessary to consider
Jframed links. Such a link is equipped with a framing i.e. a smooth family of unit vectors
orthogonal to the link. An arrow diagram represents a framed link where the framing is
orthogonal to the fibers S ! of the Hopf fibration. All Reidemeister moves except Q; preserve
this framing. For €, notice that when we glide an arc, such as ¢ in Figure 2, through D’,
the framing stays orthogonal to the fibers during the gliding.

Let D be an arrow diagram. Denote by w(D) the writhe of the diagram obtained from
D by ignoring all arrows. Denote by w(D) the writhe of the framed link represented by D.
If D’ has no arrows and is obtained from D by Reidemeister moves including a moves €,
increasing the writhe and » moves Q; decreasing the writhe, then w(D) = w(D’) + b — a.

For an oriented diagram an arrow is positive if it points in the same direction as the
orientation. Otherwise it is negative. An arrow is removable if it can be eliminated with an
Q. move followed by an Q4 move. Thus, an arrow is removable if it is not separated from
the boundary of the diagram by any arc and is clockwise (so it will be opposite to the arrow
created by Q).

Lemma 1. Suppose D is an oriented arrow diagram of a knot with all arrows being
removable. Suppose that there are a > 0 positive and b > 0 negative arrows. Then w(D) =
w(D) +ala— 1)+ b(b - 1) —2ab.

Proof. Denote D by D, ;. Eliminate a positive arrow by Q. and €4, then push with €,
and Qs the other arrows through the new arc so that they are again removable. Denote the
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resulting diagram by D,_; 5. This is shown in Figure 4 and one sees that the remaining a — 1
positive arrows contribute +2 each to w(D,-;;) whereas the b negative arrows contribute
—2 each. Thus w(D,-1p) = w(Dyp) + 2(a — 1) — 2b. We apply the same moves to D,_;
getting w(Dy—2p) = W(Dy-1p) + 2(a —2) — 2b. Continuing until a = 0 we get w(Dyp) =
WDgp)+2a—-1)-2b+2a—-2)-2b+..+2-2b+0-2b =w(D,p) +ala—1) - 2ab.

Now reverse the orientation of Dy, to get D,y (w is unchanged). By the first part
w(Do,o) = E(Db,o) + b(b - 1) As Do’o has no arrows E(Do’o) = w(Do’o).

We have not used Q; moves, so w(D) = w(D,;) = w(Dyyp). Thus w(D) = w(D) + ala —
1) —2ab+b(b - 1).

Fig.4. Removing a positive arrow

O

We will later need to estimate, from an arrow diagram of a knot K, the classical crossing
number ¢(K). The following lemma will be useful:

Lemma 2. Suppose that a knot K has an arrow diagram D with k crossings, a + b arrows
of which a are removable and b are not removable but are not separated from the boundary
of the diagram.

Then c(K) <k+a(a—1)ifb=0and c(K) <k+b—-1+(a+b)a+b-1)ifb> 0.

Proof. If b = 0, remove all a arrows just as in the proof of the preceding lemma. This
creates 2(@a—1)+2(a—2)+...4+2 = a(a— 1) crossings and all arrows have been eliminated.

If b > 0, create b — 1 kinks with ©; moves next to each arrow that is not removable
except for one (so do nothing if » = 1). Then push such arrows into the kinks with Qs. This
increases the number of crossings by b—1. Now a+b—1 arrows are removable. Remove these
arrows as in the proof of the preceding lemma. This creates 2(a+b—-2)+2(a+b—-3)+...+2
crossings. Push the last non removable arrow across the a+b—1 arcs with Q; and Q5 creating
2(a+ b —1) crossings. At this stage thereare k+b—1+2(a+b—-1)+2(a+b—-2)+..+2 =
k+b—1+(a+b)a+b-1)crossings. Now create a kink, push the last arrow into it with
Q)5 and eliminate the arrow with Q.. As there are no more arrows, the arc created by Q.
going next to the boundary of the diagram can be shrinked above the rest of the diagram and
the crossing coming from the last kink created can be eliminated with ;. So we get the
required number of crossings. O

3. Examples: arrow diagrams of torus knots and some other knots

In this section we consider some arrow diagrams of torus knots and a couple of other
knots that will be needed later.

Consider a torus knot 7'(n, m), n < m, gcd(n,m) = 1, lying on the boundary of the solid
torus 7 (see Figure 2), going in a uniform way n times in the longitudinal and m times
in the meridional direction. Thus, its homology class in H{(dT) is (n,m), in the standard
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Jelele}

Fig.5. Torus knots T'(3,4), T(3,5), T(5,7) and T'(4,7)

longitude-meridian basis of H{(dT).

The Hopf map projects T onto D and T (n,m) onto the circle dD. Push the knot into T
and perturb it slightly, to get a generic projection with all crossings near each other (see
Figure 5). We may choose the cut in 7 (which creates the arrows) and the perturbation of
the knot in such a way that there is an arrow just before all crossings and pointing to the
undercrossings. All other arrows are uniformly spaced on the resulting curve. Now each
arrow corresponds to going once along a Hopf fiber i.e. going around a curve (1, 1). Going
around the disk corresponds to a meridional curve (0, 1). Thus, going a times around the
disk, with b arrows, will correspond to a torus knot of type a(0, 1) + b(1,1) = (b + a, a) (the
addition and multiplication in H;(0T)). In Figure 5 the first knot is of type (1,1) + (1,1) +
(1, 1)+(0,1) = (3,4) i.e. the knot T'(3,4). The second knot is of type 3(1, 1)+2(0, 1) = (3, 5),
the third is of type 5(1, 1) +2(0, 1) = (5, 7) and the fourth is of type 4(1,1) + 3(0, 1) = (4,7).

It follows that an oval with n counterclockwise arrows on it is the torus knot 7'(n,n + 1).
Thus h(T'(n,n + 1)) = 0. More generally we see that 7'(n,n + k) has a diagram with k£ — 1
crossings so h(T'(n,n + k)) < k — 1. Indeed, consider a diagram D going around the disk k&
times with & — 1 crossings, generalizing the diagrams of Figure 5 (for example k£ = 3 for the
last diagram in this figure). Suppose that there are n arrows on D spaced uniformly, where
the first arrow is just before the crossings. Then D is a diagram of the torus knot of type
k(0,1) +n(1,1) = (n,n + k). Fiedler has shown in [3], that Cy;y(T'(n,n + k)) = k- 1if k < n.
It does not imply that A(T (n,n + k)) = k — 1 if k < n. We will get the last equality for k£ < 3,
see Proposition 5.

If k > n, there are less arrows contributing (1, 1) than meridional curves contributing
(0, 1) in the arrow diagrams such as in Figure 5. Consider the same diagram D with k — 1
crossings as in the preceding paragraph: going around the disk k times with n arrows spaced
uniformly, the first arrow just before the crossings. As n < k, the second arrow will not be
on the most nested kink, so this kink can be removed with Q, yielding a diagram with k —2
crossings. Thus, h(T'(n,n+k)) < k-2 if k > n. It is possible that more nested kinks may be
removed. The most extreme case is 7'(2,2 + k) with a diagram containing only two arrows,
so that all the most nested kinks up to the second arrow can be removed. One checks easily
that h(T(2,2 + k)) < 5L

ExampLE 1. Three arrow diagrams of the torus knot 7'(2, 5) are shown in Figure 6.

ExawmpLE 2. Consider the knot with a diagram shown in Figure 7. In this figure Reide-
meister moves are used to show that it is the knot 94;. In the last row of this figure arcs that
are moved in the diagrams are thickened. The third diagram from the end is transformed by
a rotation by 7 of a solid torus containing the knot indicated with dashed lines.
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&@%m

Fig.6. Knot T'(2,5)

2 —C
.
@ = Q) R

Fig.7. Knot 94,

ExampLE 3. Denote the first arrow diagram in Figure 7 by K, ;. Denote a similiar diagram
with 3 counterclockwise arrows on the right loop instead of 2 by K3 (see Figure 8 below).
Later, we will see that K> and K3 share the same Jones polynomial. By eliminating all
arrows the HOMFLY polynomial of these two knots can be computed with KnotPlot[9].
One gets for K> and K3 respectively:

Py, = 2072 =3 =2 + m*I"* + 4m* + m*I* —m"*

Pk, =5+ 108 + 81" + 21° — 10m* — 25m* > — 14m*I* — m*[°
+6m* + 22m* P + Tm* 1t — m® — 8mOP — m®1* + m3 P

Thus these two knots are distinct (including mirror images) and because of the assymetry of
the [ terms K3 ; is chiral. One can check that the reductions of the two HOMFLY polynomials
to the Jones polynomial give indeed the same polynomial.

4. Jones polynomial of knots K with 4(K) < 1

In this section we compute the Jones polynomial of knots with Hopf crossing number at
most 1. This will allow us to classify such knots in the next section.

For n > 0, let T, be an oval with n counterclockwise arrows on it. It is the right handed
torus knot T'(n,n + 1) (see the previous section). The Jones polynomial of a torus knot
T(m,n) is given by [4]:
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bty 1 — tm+1 _ tn+1 + tm+n
2
1-1¢2
Thus, for right handed torus knots 7'(n, n + 1) the Jones polynomial is:

(VTl) VT(m,n) =1

wety 1 — tn+l _ tn+2 + t2n+l

(VT2) Vr, =t 2 —p

We extend to n € Z the definition of 7,: if n < 0, T, is an oval with |n| clockwise arrows
onit. If n < 0, T, can be transformed with Q, and Q4 into 7_,_;. In the same way, for
n € Z, let T, be an oval with n clockwise arrows, if n > 0, and |n| counterclockwise arrows,
if n < 0. One can transform 7, into 7,_; with Q, and Q4, so these diagrams represent the
same knot. One checks easily that in the equation (VT2) Vy and Vr__, are equal for all n.
Thus, this equation is also valid for negative n.

n—1

An arrow diagram of a knot with no crossings is just an oval with some arrows on it.
Opposite arrows can be removed with Q4. Thus, from the preceding paragraph we get
immediately (see also [3]):

Lemma 3. A knot K satisfies h(K) = 0 if and only if K is a torus knot T(n,n + 1).

We use the Kauffman bracket in order to compute the Jones polynomial (see [5]). Sub-
stituting ¢t = A%, for a framed knot, < K >= (—A)*®V(K), where <>, V and w stand
for the Kauffman bracket, Jones polynomial and writhe of the knot, respectively. Until the
end of this section we will use both A and ¢, sometimes in the same formulas, with the
understanding that t = A™*.

Notice that the Kauffman bracket and Kauffman relations (smoothing a crossing and re-
moving a trivial component) are defined for the orthogonal projection of framed links from
R3 to R2. However, the Kauffman is also defined for arrow diagrams, which, as classical
diagrams, represent framed links in S°. Also, Kauffman relations hold for arrow diagrams.
Indeed, to apply a Kauffman relation to an arrow diagram, we may first remove all arrows
with appropriate Reidemeister moves, apply the relation to a classical diagram, then recreate
the removed arrows with Reidemeister moves.

Lemma 4. The writhe of T,, is n(n + 1), forn € Z.

Proof. If n = 0, then it is trivial. If n > 0, then apply Q. to T, to get 7. This does
not change the writhe. Orient the diagram so that all the arrows of T, are positive and
removable as in the definition before lemma 1. From this lemma, w(T, ) = w(T},,) + (n +
Dn=nn+1).

If n < 0, orient the diagram so that there are |n| postive removable arrows. From the same
lemma, w(T,) = w(T’ ) =n|(nl - 1) = (—n)(-n—-1) = n(n + 1). ]

In]

Using equation (VT?2) and the last lemma, one gets:

n(nz—l) 1- tn+2 = t’”l(l )
-7
Let us write < T, >= U, + V,, where U,, contains 1 —#"*? and V, contains —#"*'(1 — ) of
the numerator of the bracket.
Let us also write < T, >= U’ +V’ where U/ contains 1—"*! and V’ contains —"*>(1—¢""")
of the numerator of the bracket.

<T,>= A3n(n+1)t
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Lemma 5. Letn € Z. Then V,, + A*U,_» = 0 and vV, + A_ZU’;_2 =0.
Proof.

n(nzfl) 1-1 B 1)1 - "

-2 T 1-£

VvV = _tn+1A3n(n+1)t
n =

o-2m-3 1 — 1" 1-1"
AU = A2A3-2n=1) 2 _ Au
"2 -7 -7

One has to check that v = u so these two terms cancel each other.

v=—4n+ 1) +3nn+1)-2nn—-1)=n*+n-4

u=2+3(n—2)(n—1)—2(n—2)(n—3)=n2+n—4

The proof for V; and U’ _, is similar. In fact, using the same v and u as above one has:

-t
1 _ 4 AV
vV, =—tA T—7
A—ZU/ _ AZUI _ Aul - t”_l
n-2 = 2 n-2 = l 1 2
-t
As v = u, the equality follows. |
Lemma 6. Forn,m € Z, m > 0 let:
Sym = <Tp>+A><T, 3>+ +A" < T\ >
Stim = <Ty>+A7 <T,0 >+ + A" < Ty >
Then:
S ~ A3n(n+l)l,@ 1 - tn+2 _ t(m+1)(n—m+1)(1 _ tn—Zm)
nm  — 1 - t2
S/ ~ A3n(n+l)t@ 1— Z‘n+1 _ t(m+1)(n—m+2)(1 _ tn—Zm—l)
nm 1= t2
Proof. From Lemma5, S, ,, = U, +A¥"V, 5., as the other terms cancel each other. Thus:
oy 1 — 2
S — A3n(n+l)t 5
n,m 1 _ t2
-2
L A2m A3 (=2m)(n=2m+1) 2G2nD (_tn—2m+1 1 1_ tntz m)

For the second term:
A2mA3(n—2m)(n—2m+l) — A3n(n+l)AZmA—6m(n—2m+l)—6mn

n(n+ —12mn+12m~—4m _ n(n+ mn—3m-+m
A3( 1)A12 1224—A3( 1)t3 3m?

and

w tn—2m+l — t@t—m(n—2m—l)—mn+n—2m+l

@ t—2mn+2m2—m+n+1
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. nn-1)
Thus, factoring out A**™+*D¢~5— in the second term one gets:

_t—2mn+2m2—m+n+1+3mn—3m2+m — _tmn—m2+n+1 — _t(m+1)(n—m+1)
For the second part, again from Lemma 5, S}, = U, + A‘sz,;_Zm. Thus:
n+1
R WIS el
Som = A t2 —p
~2m-1
A2 A3 =2 (=2 1) 22D (_tn—2m+2 1 —1[" : )

The difference between the coefficient of the second term in S, compared to S, is the
multplication by A=>" instead of A?" (which corresponds to multiplying by A=#" = ™)
and —¢"~2"*2 instead of —"~>"*!. Overall, this corresponds to multiplying by #"*!. Thus,
factoring out A3+ D"

- .
z in the second term one gets:

_t(m+l)(n—m+l)tm+l _t(m+1)(n—m+2)

O

From the definition of the Kauffman bracket (see [5]) one gets easily the two following
relations:

\/\ = A2/\/ +(A7 - A3)><

/N N
/\—A A=A~

Fora>0,b >0, let K, K;’b and K;’ , be the framed knots shown on the left of Figure 8,
where a next to an arrow stands for a arrows (and the same for ). In this figure the Kauffman
bracket of these knots is calculated using the previous two relations (for simplicity, the
bracket is omitted in the figure). For example, applying Qs and Q4 moves, in the first case
one gets:

<Kuyp>=A* <K,y >+A =AY < T,y >

Iterating the first relation until » = 0 and removing the positive kink with —A% in the

b a b—1 a—1 a-+b
a b a—1 b—1 a+b
a b a—+1 b—1 a—b

Fig.8. Relations for K, K’ and K”
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Kauffman bracket one gets:

(D <Kup>= (AT =A< Toup > +A> < Tyypn > +...

R A2b72 <Tupir>]— AZb+3 < T, p>

Symmetrically, exchanging A and A~! and T} with T; = Ty-1, one gets for K”:

2) <K, >= (A=A Torp1 > +A> < Tarpz > +...

AT e S —ATP B T >

For K" one gets:

A3) <K/, >= (A" = A< Tuopoy > +A> < Tyopr > +...

e+ AT T S = AP < Ty >

Proposition 1. Let n = a + b, then:
1= tn+2 _ tb(a+2)(1 _ ta—b+2)

3n(n+1) 2D 4 -1
< Kqp > A "7 A =7
» 1= tn+2 _ t(b+l)(a+l)(1 _ ta—b)
1-172
D) 1= — tb(a+2) 1= ta—b
<K ,> = A Vraa 2( )
; 1-1t
1—7— t(b+])(a+l)(1 _ ta—b—2)
-t
-7

_ tba(l _ ta—b—Z)
-7

(n=D)(n=2)

-2
A3n(n—1)A2b+3tT [tn+2 -7

44
< Ka’b >

1 — ¢ — b+DarD(] _ ga-b-2y
- 1-7 ]
Proof. Using S, and S}, as in Lemma 6, equation (1) can be rewritten as:
Kap=A7'Sup1 = ASp = A7 (Snpor = 7S up)
Similarily, equation (2) can be rewritten as:
Ky =AS, iy = ATy = A e — 1S )
Equation (3) can be rewritten as:

’

1 A—1A20-2 g7 342b¢g/ _ A2b-3 ¢ 2b+3
Ka,b_A A Sn—3,b—1_AA Sn—l,b_A Sn—3,b—1_A Sn—l,b

The result follows from the formulas for S and S’ from Lemma 6. For the first term of
< K, > one uses the identity that is easily checked:

A20-3 A301-3)(n=2) PR A 3n(n=1) 42b+3 O 0D
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To get the Jones polynomial from the Kauffman bracket it suffices to compute the writhes
of the knots.

Lemma 7. w(K,) = 1 +a(a+ 1)+ b(b + 1) — 2ab
w(K!,) = ~1+a(a~1)+b(b~1) - 2ab
w(K”,) = 1+a(a—1)+b(b+ 1)+ 2ab

Proof. In order to use lemma 1 we want all arrows to be removable. This is the case for
K ,. The single crossing of K/ , is negative. Also we can orient K/, in such a way that the
a arrows on the left loop are positive and the b arrows on the right loop are negative. From
lemma 1 we get:

w(K.,,) = B(K,,) +ala—1)+bb— 1) ~2ab =~ +ala—1)+b(b — 1) — 2ab

In K, none of the arrows are removable. Let D, be the diagram obtained from K, by
putting with Q; a negative kink next to each arrow then pushing each arrow with Qs into
each such kink which become positive. The €2; moves change the writhe so that w(K, ;) =
w(D,p) + a + b. Because of the positive kinks w(D,;) = w(K,p) +a+b =1+a+ b, as
the single crossing of K, is positive. Now in D, all arrows are removable and it can be
oriented so that there are a postive and b negative arrows. Applying again lemma 1 we get:

wW(Kyp) =wDgp)+a+b=wDyp)+aa—1)+bb-1)-2ab+a+b
=ala-1)+bb-1)-2ab+a+b+a+b+1=1+ala+1)+bb+1)—-2ab
In K/, the a arrows on the left kink are removable and the b arrows on the right kink
are not. As in the previous case, we make these b arrows removable by Q; and (5 moves
getting a diagram D;’ , With w(K;f ) = w(D;” ,) +band E(D’a” p) = E(K;f ,) +b=1+b,asthe
single crossing of K7/, is positive. D/, can be oriented so that it has a + b positive removable
arrows and from lemma 1 we get:
w(K,) =w(D,,) +b=w(D,,)+(@+b)a+b-1)+b=(a+b)a+b-1)+2b+1
=l+aa—1)+ab+bla+b—-1)+2b+1=1+a(a—1)+2ab+bb+1)

Theorem 1. Let n = a + b, then:

n+2 b+1)(a+1 -b
VKab _ ta2+b2—;tub—u—b [1 -t — ¢brIX )(1 - 177
’ 1-¢
1= tn+2 _ tb(a+2)(1 _ ta—b+2)
- -7 ]
e aap-sa | 1 — 1" — t(h+l)(a+l)(1 - ta—b—2)
VK;,b = 1 2 [[ _2

| — 1 — olasd(] _ ga-b)
- 1-72 ]
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V 4 = tbt(’lil)z(niz) _tn+2 1 _ tn_z _ tba(] _ ta_b_Z)
Ka,b - 1 — t2

1—-¢ — t(h+1)(a+l)(1 _ ta—b—Z)
1-7

Proof. As Vg = (-A)7*%) < K > let us compute the contributions of the writhe from
Lemma 7 times the coefficients in front of the parentheses for the Kauffman bracket of K, ,
K;’b and K, from Proposition 1.

For Vg, itis:

(—A)~3(1+a(a+1)+b(b+1)-2ab) A3n(n+1) 25 41

_ A—3—3a2—3a—3b2—3b+6ab+3a2+3b2+6ab+3a+3b—2a2—2b2—4ab+2a+2b—1

—A4-0 2 22 a?+b2—dab-a—b
=_A 4-2a~-2b"+8ab+2a+2b = 1t 5

Multpliying the terms in the parenthesis of < K,; > by —t we get the required Jones poly-
nomial.
For VK;b one has:

(- A)—3(—1+a(a—l)+b(b—1)—2ab) A3n(n=1) t—<”'1>2‘"-2’ A

_A3—3az+3a—3b2+3h+6ab+3a2+3hz+6ab—3a—3b—2az—Zb2 —4ab+6a+6b—4+1

_ _ 720207 48abs6as6h _ _ S

For VK'{b one has:

(—A)3(rala=Dy+b(b+1)+2ab) A3n(n=1) 4 20+3 £

_A7373(42+3a73b273b76ab+3a2+3b2+6ab73a73b+2b+372a272b2 —4ab+6a+6b—4

—4-2a2 2 - —4b—2(a+b— _ (n=(-2)
_ _A-4-20-2b7—dab+6a+2b _ _ A~4b-2a+b-1)a+b-2) _ _ b "

5. Classification of knots K with 4(K) < 1

Lemma 8. Let K be a knot with h(K) = 1. Then K is one of K, », K(’l’b witha > b > 1 or
K, witha>1andb > 1.

Proof. By assumption K has an arrow diagram with one crossing i.e. with two loops.
If one loop is nested in the other, perform an Q. move to get two unnested loops (so the
diagram now looks like co with a positive or negative crossing). Let us call the loops of
the diagram of K a left loop and a right loop. On each loop, we eliminate opposite arrows
with Q4. Now, if there are no arrows on one of the loops it can be eliminated with Q; and
h(K) = 0, a contradiction. Thus, there are some arrows on each loop.

Suppose first that the arrows on each loop are counterclockwise (as in K, ). If the unique
crossing is different from K, ;, then we push one arrow from the left loop to the right with
Qs changing the crossing. Then we eliminate opposite arrows with Q4. There should be
arrows on each loop otherwise, as above, A(K) = 0. If there are more arrows on the left loop
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than on the right loop, then rotate the diagram of K by n. The crossing is unchanged, the
arrows are counterclockwise and we get K, witha > b > 1.

Suppose now that the arrows on each loop are clockwise (as in K/, ). By the same method
as above we can change the crossing if needed and put more arrows on the left by rotating
the diagram. Thus we get K} , witha > b > 1.

Finally suppose that the arrows are counterclockwise on one loop and clockwise on the
other (as in K/,). First, modify as above the crossing if needed. If the counterclockwise
arrows are on the left loop, then rotate the diagram by 7. In this way we get K/, If there
is only one arrow on the left loop it can be pushed to the right loop and 2(K) = 0. Thus we
may assume that a > 1. Notice that in this case it is not necessary that a > b. |

We will use the Jones polynomials from Theorem 1 to distinguish the knots K, 5, K , and
K7/,. First, one can consider their Jones polynomials multiplied by 1 - t*> and by a power of ¢
so that the lowest coefficient has degree zero. Denote by Jx such polynomial obtained from

the Jones polynomial Vg of a knot K. For K, a > b > 1 one has:

Jx = 1—¢— ta+b+2 + ta+b+3 + tab+2b+1 _ tab+a+b+1 _ tab+a+b+3 + tab+2a+1

In this formula, we want to have increasing powers of ¢ and check for possible cancellations.
One has to consider some special cases.
First, suppose that b = 1. Then:

(JKl) JK(“ — 1 —t+ t(l+4 _ t2(l+2 _ t2a+4 + t3a+1

In the last forumla the powers are increasing except for a = 1 giving Jg,, = 1 -1+ r—1
anda =2ora=3giving Jg,, = Jg,, =1 —t+1 -1
Suppose now that b > 1. If a = b,a = b + 1 or a = b + 2, one has, respectively,

(JK2) Ji, = 1 ——20¥2 4 2643 4 BP42b+] (24243
bb T ,
(JK3)  Jk,.,, = 1 —— 2003 4 2brd o pPadbel _yp2a3bs2 oy 2 43b+3 _ ybh+3bid
b+lh ,
(JK4) ‘]K — 1 —t— t2b+4 + t2h+5 + th2+4h+l _ l’h2+4h+3
b+2b .

Finally, ifa > b + 2,

(JKS) JK,L,, =1-7= l“+b+2 + ta+b+3 + lab+2b+1 _ tab+a+b+1 _ tab+a+b+3 + tab+2a+1.

Similarily, for K/ ,, a > b > 1 one has:

Jo =—1+1+ l‘a+b _ l‘a+b+l + tab+2h _ l‘ab+a+b _ l‘ab+a+h+2 + l‘ah+2a

Again, we consider special cases. Suppose first that » = 1. Then one has:

(JK’I) JK(:I — _1 +14 ta+1 _ t2d+1 _ t2u+3 + t3L{

In the last formula the powers are increasing except for a = 1 giving Jx; = —-1+1+ -1,
— R L= 3_ 546 _ 4 — . L = 1 4 _ 4

a=2giving Jy; =-l+r+r -+ -1 and a = 3 giving Jg; lL+t+1" -1,

Suppose now thatb > 1. If a = b,a = b+ 1 or a = b + 2, one has, respectively,

2 2
(JK’Z) JKIZI; =—1+t+ Z»Zb _ t2b+] + l,b +2b _ tb +2b+2,
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(JK’3) JK}',H_;, = 1 4+ 2bH1 _p2be2 tb2+3h _PP3bH1 y P3b42 th2+3b+3’
JK’4) JK};+2,}7 = 4ty 2b¥2 2043 pPHAb b HAbe2

Finally, ifa > b + 2,

(JK’5) ‘]K;_b =—1+1+ l‘a+b _ ta+b+1 + tab+2b _ tab+a+b _ tab+a+b+2 + tab+2a.

Consider the third family K/, now. We suppose that a > 1, b > 1 but it is not necessary
that a > b. One has:

JK",, =1- l‘a+b _ ta+b+2 + l‘2a+2b _ tab+a+b+l + tab+a+b+2 + tab+2a—1 _ l‘ab+2a

Suppose first that » = 1. One has:
(JK”I) JK;’I — 1 _ ta+l _ ta+3 + t261+3 + t3a—] _ t3a

In the last formula the powers are increasing except for a = 2 giving Jxy =1 - £ —1+7,
a=3giving Jgy =1—-1* =1+ anda = 4 giving Jyy =1 -7 — 1" + 21" — 112,
Suppose now that b > 1. As a special case suppose that a = 2, then,

(JK”Z) JKé/b — 1 _ tb+2 _ tb+4 + t2b+3 _ t3b+3 + [3b+4.

Now suppose that a > 2 (and b > 1). There may be some cancellations in the four last terms
of the general formula. One has: (ab +2a—-1)—(ab+a+b+ 1) =a—- b - 2. So there are
some terms with the same degree if a — b is 1, 2 or 3.

Ifa <b,

(JK”3) JK;’[, - 1= ta+b _ ta+b+2 + t2a+2b + tab+2a—l _ tab+2a _ tab+a+b+l + tab+a+b+2‘

Ifa=b+1,a=>b+2ora=>b+3, one has, respectively,

(JK”4) Jor =1- (21 _ 2b+3 | Abe2 tb2+3b+1 _ 2tb2+3b+2 + tb2+3b+3
b+1,b s
» — 1 _ 2b+2 _ 2b+4 | Ab+d
JK”5) JK;?;M =1-t t +177,
(JK”6) Jer =1- (2b+3 _ 2b+5 | Ab+6 tb2+5b+4 + 2tb2+5b+5 _ tb2+5b+6

b+3,b
Finally, if a > b + 3,

(JK”7) JK",, = 1= l‘a+h _ l‘a+h+2 + t2a+2h _ l‘ab+a+h+1 + l‘ab+a+h+2 + Z‘ah+2a—l _ l‘ah+2a.

Theorem 2. The knots K, p, K;’b, a>b>1and K:l’ » @>1,b > 1 are distinct. Any knot
K with (K) = 1 is such a knot.

Proof. If two such knots are the same then their polynomials J must be the same, so it
is sufficient to check that all these polynomials are different (except for K> ; and K3 ; which
are distinguished by the HOMFLY polynomial, see example 3 in section 3).

First we notice that Ji; ~starts with —1 whereas Jk,, and Jgy, start with 1. Also, the
second term in K, ;, is —f whereas in K;’ , 118 —1**" and a + b > 3. Thus these three families
of knots are distinguished by J.

e Consider the family K, ;. In the five formulas for J above there are 6 or 8 terms except
for the special cases K 1, K>, and K3 | for which there are 4 terms. Thus, these special cases
are distinct from the rest (and K ; is distinct from K> and K 3).
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Consider the formulas with six terms i.e. equations (JK1), (JK2) and (JK4). In equation
(JK1) the last term has coefficient 1, which distinguishes it from the other two equations with
last coeflicient —1. For these two equations, suppose that Jg,, = Jk.,,. for some integers
b > 1 and ¢ > 1. By comparing the different terms in these polynomials we must have
2b+2 = 2c+4and b + 2b + 1 = ¢* + 4c + 1. From the first equation b = ¢ + 1 so
P>+2b+1=c+4c+4#+4c+1.

Also, the knots K, ; are distinguished by a, K, are distinguished by b and K}, are also
distinguished by b.

Now consider the formulas with eight terms i.e. equations (JK3) and (JKS5). These two
subfamilies are distinguished by the coefficient of the last term (=1 and 1). The knots Kp+1
are distinguished by b. For the general Jg, , of equation (JK5), notice that the difference
between the powers of the second and third term determines a + b, whereas the difference
between the powers of the last two terms determines a — b. Together, this determines the
couple (a, b) so all such knots are distinct.

e Consider the family K/ ,. In the five formulas for J above there are 6 or 8 terms except
for the specials cases K| |, K3, for which there are 4 terms. Thus, these special cases are
distinct from the rest (and K7 | is distinct from K7 ;). Also, Ké’l for which there are 6 terms is
distinct from the other knots with a > 3 in equation (JK’1) and from the knots in equations
(JK’2) and (JK’4) because the third term of K§,1 is ©* whereas in these two equations the
power of the third term is even.

Consider the formulas with six terms i.e. equations (JK’1), (JK’2) and (JK’4). In equation
(JK’1) the last term has coefficient 1, which distinguishes it from the other two equations
with last coefficient —1. For these two equations, suppose that Jr;, = Jki.,. for some
integers b > 1 and ¢ > 1. By comparing the different terms in these polynomials we
must have 2b = 2¢ + 2 and b*> + 2b = ¢> + 4c. From the first equation b = ¢ + 1 so
B> +2b=c?+4c+3 #c+4c.

Also, the knots K | are distinguished by a, K , are distinguished by b and K, , are also
distinguished by b.

For the remaining subfamilies with eight terms the proof that they all have distinct poly-
nomials J is exactly like for K, in the previous case.

e Consider the family K;’ ,- For J one has 4, 5, 6, 7 or 8 terms. The knots with 4 terms
are Ké’ , (with second term -, Kg’ , (with second term —£*) and the knots Kl’7’+2’2 of equation
(JK”5) (with second term —2**2 and b > 1 so0 2b + 2 > 6). Thus, all these knots are distinct.

The only knot with 5 terms is K}/, so it is distinct from all other knots.

The knots with 6 terms occur in equations (JK”1) and (JK”2). These two subfamilies are
distinguished by the coefficient of the last term (-1 and 1). Also, K7/ are distinguished by
a and K7, are distinguished by b.

The knots with 7 terms occur in equations (JK4) and (JK”6). Again, the two subfamilies
are distinguished by the coefficient of the last term (1 and —1) and inside each family the
knots are distinguished by b.

Finally, the knots with 8 terms occur in equations (JK3) and (JK7). Once again, the
two subfamilies are distinguished by the coefficient of the last term (1 and —1). Inside each
family the second term determines a+»b and the difference between the powers of the seventh
and the sixth terms determine b — a or a — b. This together determines the couple (a, b)
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For the second part of the theorem, it follows from Lemma 8 that if A(K) = 1 then
K is a knot in one of the three listed families. One has to check that these knots do not
have the Hopf crossing number equal to 0, i.e. that they are not right handed torus knots
T(n,n+ 1) (see Lemma 3). From equation (VT2) the J polynomials of T'(n, n + 1) are equal
to 1 — "1 — 2 4 21 Consider all knots in the three families having J polynomials
with four terms. One checks easily that all these J polynomials are different from the J
polynomials of the knots T'(n,n + 1). m|

Now we identify the knots K with 2(K) = 1 and the classical crossing number ¢(K) < 10
in the Rolfsen knot table[8].

Proposition 2. There are eight knots K up to 10 crossings with h(K) = 1, namely K, | =
41, Koy =90, Ki | =31, K5 = 5, Kj | = 1013, K, = 10145, K7} = 51 = T(2,5) and
Ky, = 10124 = T(3,5).

Proof. The span of the Jones polynomial is a lower bound on the number of crossings.
It is equal to the span of the polynomial J minus 2, as one divides by 1 — 2. Thus it is
sufficient to consider the knots with span of J not greater than 12. Apart from the listed
knots there are also the knots K3 1, K2, K} |, K|, K/, and K,. Except for K31, checking
their Jones polynomial shows that these knots have more than 10 crossings. The knot K3
was considered in example 3 in section 3. As it is distinct from K5 ; = 94, and 9,, and there
are no knots up to 10 crossings sharing the Jones polynomial with 94, the knot K3 has
more than 10 crossings.

Using Lemma 2 one checks that K ;, K» 1, Ki, 0 K§,1 and Ké’ , have diagrams with at most
9 crossings. Their Jones polynomials allow to identify these knots. For K, and K7 , the
lemma gives an upper bound of 13 crossings. Drawing their diagrams one can easily reduce
the number of crossings to 11. Using their DT codes and KnotFinder[1] one identifies K7 |
as 10132 and Ké’z as 10145.

Finally K7, is the torus knot 7'(3,5) = 10124 (apply Qo to the diagram of 7'(3,5) in
Figure 5 to get K7')). O

Let us study now the effect of taking the mirror image of a knot K with A(K) < 1. We
show that, except for the knots 3; and 4, the Hopf crossing number of such a mirror image
is greater than 1. The right handed trefoil knot satisfies h(3_1) = W(T>3) = 0 and A(3)) =
h(K{’l) = 1. The figure eight knot 4; = K, is amphicheiral.

Proposition 3. Let K be a knot with h(K) < 1, K # T(2,3), K # K| and K # Ki’l. Let
K be the mirror of K. Then h(K) > 1. In particular all such knots K are chiral and none is
a mirror image of another one.

Proof. Notice that as V(1) = V@™, Jg() = -1'J x(t™!) where s is the degree of Jx(¢).
Thus, J% is obtained from Jx by symmetrically reversing the coefficients and multiplying
by —1. In particular the number of terms in Jx and Jx is the same. Let us use in this proof
the notation g(K) for the ordered tuple of successive gaps between the powers of Jx. For
instance, as the J polynomials of T(n,n + 1) are equal to 1 — £*! — 2 4 2"+ we have
gT(n,n+1)) =+ 1,1,n—1). Obviously, g(E) is obtained from g(K) by reversing the
order of the gaps.
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Suppose that K satisfies the hypothesis of the proposition. We need to show that J% is not
equal to any J of a knot with #(K) < 1. We consider case by case Jx with 4,5,...,8 terms.

e The knots K with Jx having 4 terms (excluding K ; and Ki’ ,) are T(n,n+1) (with Hopf
crossing number 0), K1, K31, Kg’], Ké’ ; and K;};z’b, b > 1 (the exceptional case Ké’ | can
be included in this family). The gaps for J of these knots are g(K» 1) = g(K31) = (1,6, 1),
g(K5 ) =(1,3,3), g(Ky) = 3,3, 1) and g(K},, ) = (2b + 2,2,2D).

Reversing any of these gaps one never gets (n+ 1, 1,7 — 1) so these are not mirror images
of torus knots T (n,n + 1). This is also true for the knots 7'(n,n + 1) as the equation (n +
1,1,n—=1) = (' —1,1,n’ + 1) has no solutions. Thus A(K) > 0 (notice that this is obviously
also true for knots K having Jgx with more than 4 terms). Furthermore, this implies that
WT(n,n+ 1)) > 1forn> 2.

From examples 2 and 3 in section 3 it follows that K5 j, E,l, K3 and E are pairwise
distinct (K»,; = 947 is chiral). Thus, in particular, h(@) > 1 and h(@) > 1. K§,1 is not the
mirror image of Ké’ | because the first knot is 1013, and the second is 5_1 Finally, for Kl,;,-t—Z,b
the last even 2b cannot be equal to 1 or 3 and the equation (2b + 2,2,2b) = (2b',2,2b" + 2)
has no solutions. Thus #(K) > 1 for all knots with Jx having 4 terms.

e The knot K}/, is the only knot with J; having five terms and this polynomial is changed
after reversing the coefficients and multiplying by minus one. So K7/, is chiral and /(K}|) >
1.

e Consider the gaps of knots K with Jx having 6 terms. These are:
g(Ky ) =(1,2,2,1,1)
g(Ks1)=0,a+3,a-2,2,a-3), a4
g(Kpp) = (1,20 + 1,1,6* = 2,2), g(Kps2p) = (1,2b+ 3, 1,b% +2b - 4,2), b > 1
g(K;,l) =(1,a,a,2,a-3), a>4
g(Kj,,) =(1,2b -1, 1,0* - 1,2), 9(K, ) = (1,26 + 1, 1,b*+2b-3,2), b> 1
g(K;))=(a+1,2,a,a-4,1), az5
g(Ky),) =(b+2,2,b-1,b,1), b> 1

None of the gaps starts with 1,1 so h(@) > 1. We get the same inequality for Kp;,
Kpi2p, K, and Kj , , because the last gap for these knots is 2 and none of the gaps starts
with 2. The reversed gap of K/, is (1,a — 4,a,2,a + 1) and the reversed gap of K, is
(1,b,b — 1,2,b + 2). None of these gaps can be equal to (1,a’ + 3,a’ —2,2,a’ — 3) or
(1,d’,a’,2,a" — 3). The last possibility of gaps symmetry to exclude is when a = 4 so
g(Kg1) = (1,7,2,2,1) and g(K;’l) = (1,4,4,2,1) but these gaps are not symmetric and
reversing the first one does not give the second one.

e The two families of knots K with Jx having 7 terms have coefficient 2 or —2 in the sixth
term. Thus Jx has 2 or -2 in the second term so h(K) > 1.

e Consider the gaps of knots K with Jg having 8 terms. These are:

g(Kps1p) = (1,26 +2,1,0> +b-3,1,1,1), b> 1
g Kep)=,a+b+1,1,ab+b-a-2,a-b,2,a-b-2),b>1,a>b+?2
9(K1/7+1,b) =(1,2b,1,b> +b-2,1,1,1), b> 1
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g(K;’b):(l,a+b—l,l,ab+b—a—l,a—b,Z,a—b—Z), b>1l,a>b+2
g(K(’lfb):(a+b,2,a+b—2,ab—2b—1,1,b—a+1,1), a<b,a>?2
g(K;fb)=(a+b,2,a+b—2,ab—a—b+1,1,a—b—3,1), b>1l,a>b+3

None of the gaps starts with 1,1, 1 so h(m) > 1 and h(m) > 1. The reversed gaps of
K/, end with (...,a + b — 2,2,a + b) (for both cases of K//,) so the last gap a + b is larger
than the gap a + b — 2. The gaps of K, and K/, end with (...,a — b,2,a — b — 2) so the last
gap a — b — 2 is smaller than a — b. Thus h(@) > 1. Finally the next to last gap of K, ; and

K , is 2 which cannot be the second gap for these knots. m|

The Jones polynomials of knots K with 4(K) = 1 have relatively simple form (the J poly-
nomials have at most 8 terms). We show now that the coefficients of these Jones polynomials
are bounded in absolute value by 2.

Proposition 4. If K is a knot with h(K) = 1 then its Jones polynomial can have as
coefficients only £1 and +2.

Proof. Consider the knots K, ;. If a + b is even we can write the J polynomials grouping
terms in couples:

JK — (1 _ ta+b+2) _ t(l _ ta+b+2) + tab+2h+1(1 _ ta_h) _ tab+a+b+3(1 _ ta—h—Z)
ab

The Jones polynomial is obtained from J by dividing by 1 — > and multiplying by  to
some power (the last operation only shifts the coefficients so we can ignore it). Dividing the
first couple 1 — #°*?*2 by 1 — ¢ contributes 1 to some coefficients of the Jones polynomial.
The same is true for the third couple, whereas for the second and the fourth dividing by
1 — > contributes —1. Adding these contributions we see that the coefficients are bounded in
absolute value by 2.

If a + b is odd we use a different grouping:

JK - 1 _ tab+a+b+1 _ [(1 _ tab+2b) _ ta+b+2(1 _ tab+a—b—1) + ta+b+3(1 _ tab)

a,b

Again, we get 1 from two couples and —1 from the other two couples, which gives the
required bound on the Jones polynomial coefficients.

For the two other families of knots the reasoning is similar so let us just group in couples
the terms of J polynomials. For K/ ,, suppose that a + b is even:

Ji, =11~ 10 4 f(1 — (o¥b) 4 abH2b(] _ gamby _ gabrarbi2( _ a-b-2)
Suppose now that a + b is odd:
Ji, = —1(1 - £DY 4 (] = gabrarboly | garb (| _ gabi2) _qarbel (| _ abra-b-1
For K/, suppose that a + b is even:

JK” — 1 _ l,a+b _ ta+b+2(1 _ ta+bf2) _ tub+a+b+1(1 _ ta7b72) + tab+a+b+2(1 _ l,afb72)
a,b

Suppose now that a + b is odd:
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JK _ 1 _ tab+a+b+l _ ta+b(1 _ tab+2) _ ta+b+2(1 _ tab+a_b_3) + t2a+2b(1 _ tab—2b)

a—
a,b

Proposition 5. Let k > 0, then (T (n,n + k)) = k — 1 for k < 3 except for h(T'(2,5)) = 1.
Also, (T (n,n + k)) > 2 for k > 3.

Proof. For k = 1 or 2 the equality follows from Lemma 3 and section 3. From equation
(VT1) the J polynomial of T'(n,n + k) is 1 — =1 — ¢mk+1 4 204k If | > 2 the J polynomials
are different from the J polynomials of 7 (n,n + 1) and T(n,n + 2). One checks case by
case that they are also different from the J polynomials with four terms of all other knots
K with h(K) = 1 except for K/, which is 5 = T(2,5). Thus, excluding 7(2,5), if k > 2
then W(T(n,n + k)) > 2 and, as in section 3 we saw that h(T(n,n + 3)) < 2, it follows that
h(T(n,n+3)) =2. m]

6. Algebraic knots K with 4(K) < 1

An algebraic knot is an iterated torus knot of type {(p1, q1), (P2, 42), - - ., (Ps, gs)}. Denote
such a knot K. It is constructed inductively: K| is the torus knot of type (p1, g1), and, for
2 <i< s, K;jisa(p;,q;) cable of K;_j. Also, for every i € {1,...,s}, gcd(pi,q;) = 1,
1 < p; < g;, and, forevery i € {1,...,n— 1}, pipi+19; < gi+1 (see [11]).

In order to detect which knots K, with 4(K) < 1, are algebraic knots, we use a formula for
the colored Jones polynomial of the (p, g) cabling of a knot K, denoted K(p, g), from [10]
(see also [6]):

n—l

(Kpq) Vi) = AP0 N A%i0r Dy pj+ 1)
n—1

J="5

Note, that the conventions in [10] are: J for our V, t for our A, s for p and r for g. The
colored Jones Vi(n) is normalized so that Vi (n) = [n] for the unknot U, where:

A2n _ A—2n

W= a4z

The usual Jones polynomial of K, denoted Vi, equals sz(]z) and Vk(1) = 1 for every K. Also,
by convention, Vg(—n) = =Vi(n).

We have
RIAZ—A ) =A*—A* == -F).

Let Jx(n) = (A2 — A2)Vg(n). For n = 2, it is the polynomial Jx of section 5, up to some
power of 7. Indeed, by definition of Jg, we have, for some a € Z:

Jx = (1 = )Vk = (1[21(A%? = AV = 1“1 Tk (2)

Let K be an algebraic knot of type {(p1, q1), - - -, (ps,» g5)}. We want to compute the highest
power of A in Jg, and a few gaps between the following decreasing powers of A.
Letly =-2(qg1— )(p1—1)+2and, for 1 <i<s,l;=-2q;p; +2q; + pili-1.
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Lemma9. Foranyi> 1, -2q;p; <1; <0
Proof. Clearly —2q,p; < [; < 0. Assume the lemma is trueup toi — 1.
li = =2qipi + 2q; + pili-y > =2qipi + 2q; — 2pigi-1pi-1 > —24;p;
The last inequality comes from ¢; > p;p;i—1q;-1. Also, [; is clearly negative by induction.
O
Lemma 10. For s > 2, 4q, — 4(p1 + q1)p2...ps +2l;-1 >0

Proof. First we check it for s = 2:

4g —4(p1 + q)p2 —Hq1 — D(p1 — 1) +4 > 4q1pap1 — 4(p1 + qU)p2 — 4q1p1 +4p1 +4q)
=4(pr — Dgip1 —4(p1 +qi)(p2— 1) =4(p> — D(qip1 —q1 — p1) >0

Assume s > 2. By the previous lemma and using g, > psps—1¢s—1, it is sufficient to prove

4psps—1qs-1 —4p1 +q1)p2 ... ps —4ps-1gs-1 > 0

or
(ps — Dps-1gs-1 — (p1 + q1)p2 ... ps > 0.
As pp—_l > % it is sufficient to show
(P1+q)p2--- Pt 1
Ps-195-1 2

One checks easily by induction on s > 2 that

(P1+qUp2...Ps-1 cPitar 2q,
Ps-19s-1 B q2 P1P291

1
<=
2
O

Proposition 6. Let n > 1. The highest power of A in Jx (n) is (n — 1)l; + 2. Forn > 2,
the three consecutive gaps between the four highest powers of A are:
dpy...ps(n=1)+4, 4q1 — p)p2...ps(n=1), 4py...ps(n—1) - 4.

Proof. If n = 1, one has for any knot K, Jx(1) = (A? — A=2)Vx(1) = A*> — A~2 and the
highest power of A is indeed 2. For the rest of the proof we assume that n > 2.

Assume that s = 1 so K| is a torus knot, K} = T(p, g), p < g (to simplify the notation we
use p and g instead of p; and ¢, in the case s = 1). Using [n](A> = A72) = A>* — A™" in
formula (Kpq), with K the unknot, we get:

n-1
5
JT(p q)(l’l) — A—IMI(nz—l) Z A4qj(jp+1)(A4pj+2 _ A—4Pj—2)
==
For a given j > 0, consider the four terms in the sum coming from =+ :

Adar (AYIAPI¥2 _ ARGJ=4PJ=2 _ A=4qT+ADI=2 4 A=4a]-4pTH2y

If j > 1, we check that the term with the lowest degree coming from +j has higher degree
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than any of the terms coming from +(j — 1):

dgpj* —4qj—4pj+2>4qp(j—1)* +4q(j — 1) +4p(j— 1) +2

or

4qgj-Dpj-1D-2>4qj-qg+D(pj-p+1)-2

which is clearly true if j > 1.
Thus, the highest power of A comes from j = "%1 and equals:

—pgn®* = D)+ pgn— 1> +2g(n— 1) +2p(n—1)+2 = (n— 1)(-2pg +2q + 2p) + 2
=n-D20p-Dg-D+2)+2=m-D +2

The first three gaps come from j = i% and are: 4p(n—1)+4, 4(g—p)(n—1) and 4p(n—1)—4.
Suppose now that s > 1 and the proposition is true for all K;, i < s. Formula (Kpq) holds

when we replace V(n) with J(n), since the second polynomial is A> — A~2 times the first.

Using induction on s and this modified formula, the term for j = % gives a power of A:

— psqs(m* = 1) + pygs(n = 1)* + 2q,(n — 1) + (ps(n — 1) + 1) = Dis_y +2
= (n— 1)(=2pyqs +2q5) + ps(n— DIy +2 = (n— DI, +2

Also, for j = %, the highest gap in Jg,_,(2psj+ 1) = Jk, ,(ps(n — 1) + 1) is, by induction,

4pr..p—1((ps(n =D+ 1) - D +4=4pi..peips(n—1)
Similarly, the two following gaps are: 4(q; — p1)p2...ps(n — 1) and 4p;...ps(n — 1) — 4.

We will prove now that the other terms in the sum in the formula for Jk, (i.e. for j < ”2;1)
have sufficently low powers so they do not perturb the four highest powers coming from the
term for j = % Denote by d(j) the highest power of A for the j term in the sum (we ignore
the common factor in front of the sum).

Let j > % We compare d(j) and d(—j). By induction the highest power of A in
Jk  2psj+ 1) is 2pgjls_1 +2. As Jg,_ 2ps(=j) + 1) = =Jk,_,(2psj — 1), its highest power
of Ais 2p,j — 2)l;_1 + 2. The difference between these powers is —2/,_;. The coefficients
in front of these two terms are A*/UPs+D) and A%:C)(DPs+D) giving a difference of —8¢, .

Thus, the overall difference is
d(=j) —d()) = =8qj — 2;-1.
This means that the drop in power of A between j and —j is
d(j) —d(—j) =8qsj+ 2l >4qs+ 2l >0

the last inequality from Lemma 10. For j = % the drop is 4g4(n — 1) + 2[,_;. We check
that even after substracting the three first highest gaps for j = %, the drop is still positive.
The sum of these three gaps is 4(p1 + q1)p2 - . . ps(n — 1). Using Lemma 10 twice (once for
l;—1 < Otogether withn —1 > 1),

dgsn—1)—4(p1 +q)p2 ... ps(n—1) + 2,4
> (n—1)4gqs—4(p1 +q)p2...ps+2l1)>0

This shows that the term for j = —"%1 does not affect the four highest powers of A coming
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i — n=l
from the term j = *5-.

Now let j > 1 be an index in the sum. Since, forn = 2, j = i%, this means that n > 3.
We compare d(j) and d(j — 1). For Jg_, the difference between the term for j — 1 and j is,
by induction,

(@ps(j=D+1 =Dl +2) = (2pyj+ 1 = Dy +2) = =25y py.
For the coefficients the difference is
4q,(j = D((j = Dps + 1) = 4q,j(jps + 1) = =4q,(1 + py(2j = 1)).
Thus the drop in power of A is
d(j) —d(j—1) =4q,(1 + ps(2j = D)) + 2_1 ps > ps(4q; + 2[;-1) > 0.

The last inequality comes from Lemma 10.
For j = % the drop is 4q,(1 + ps(n—2)) +2/,_1 p;. We check again that after substracting
the three first gaps, the drop, say D, is still positive, i.e.

D =4q,(1 + ps(n—-2))-=4p1 +q)p2...ps(n—1)+ 2l 1p; >0

We have:
D 1+ pi(n—2) 201
=4 —4(p + e Ps—1 F
=D BT p, (Pr+qup2-. Pt +
Asn >3, Z%f > %,sol?f_“—gr)’p_f) > %.AlsopSZZ, n%] <1land/_; <0, so:

1
——— 2 -(4gs—4p1+qDp2...psa1ps +2l1) >0
ps(n—1) — 2

the last inequality from Lemma 10 again. Thus D > 0.

In conclusion, we have shown that: the term for j, = % gives the wanted 4 highest
powers of A; the terms for jy — 1 and — ji do not affect these 4 powers; all other j terms have
lower powers than the term for jo— 1 (since d(j) —d(j—1) > 0if j > 1 and d(j) —d(—j) > 0
if j > 0). Thus, we get the wanted 4 highest powers of A for Jg (n). |

Corollary 1. If K is an algebraic knot with h(K;) < 1, K not a torus knot (i.e. s > 2),
then K is doubly iterated of type {(p1, p1 + 1), (2, q2)} and it belongs to the family K;Cb.

Proof. Recall that t = A~*. Thus, the gaps between the highest powers of A become gaps
between the lowest powers of ¢ divided by 4 for the J polynomials. As Jk, equals Jg (2), up
to a power of ¢, the first gap of Jx, equals the first gap of Jg (2) whichis p;...ps + 1. We
check the gaps for K., K/, and K/, in section 5. As the first gaps of J of K, and K, , are
equal to 1, these knots are not algebraic. The second gap of the Jk, is (g1 — p1)p2 ... ps. For
K7/, the second gap equals 2 (except for the torus knot K, = 7'(2,5)). Thus, if K/, is an
algebraic knot, which is not a torus knot, then s =2, g; — p; = 1 and p, = 2. O

We want to find necessary conditions on g, in the preceding corollary in order to have
h(K;) < 1. Let K be of type {(p, p+ 1), (2, ¢)} and let K’ be the torus knot T(p, p+ 1). Using
formula (Kpq),
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Vk(2) = A™AMV (3) + Vi (=1) = A=AV (3) - 1.
Thus,
Jx(2) = (A2 = A2)Vk(2) = A %A% J (3) — A® + A72).
In the proof of Proposition 6 is a formula for J7, 4 (n). Specializing to K’ and n = 3,

JK’(3) :A—Sp(p+])(A4p(p+l)(A8p+6 _A2 _A—6 +A—8p—2) +A2 _A—2)

—4p?44 —8p—4 _8p— —16p— —4p2—12p—4 —4p2—12p—
=A P 1’6(1_A 8p — A 8p 12+A16[’ 8+A p—12p — A 4p=—12p 3)
Thus,

— —4p? _8p— _8p— — _
J[((Z) — A 6g+4q—4p +4p+6(1 _A 8p—4 _A 8p—12 +A 16p 8+
A2 19 A2 19 _ 2 A _ 2 Ay
+A 4p—12p—4 _ A 4p°—=12p-8 _ A 4q+4p-—4p—-4 +A 4q+4p~—4p 8)

Switching to f and ignoring the factor in front, so that the lowest term is 1, we get:

2 2 2 2
(JK) JK =1-= t2p+1 _ l,2p+3 + t4p+2 + 1 +3p+1 _ P +3p+2 a-r +p+1 _ a-r +p+2

We get now a necessary condition on ¢ in order to have A(K) < 1:

Proposition 7. Let K be algebraic of type {(p,p + 1), 2,¢)}. If (K) < 1 then q =

2p(p+1)+1land K = K[/)/+l,p'

Proof. Let go = 2p(p + 1) + 1. As K is algebraic, g > go. We have
qo—p2+p+1=p2+3p+2.

Thus, for g, there are 7 increasing terms in equation (JK) with the sixth term having coeffi-
cient 2. If g > gy, there are 8 increasing terms in this equation. We use the J polynomials
of K/, in section 5 to determine which K7/, may be equal to K. Because of the five first
terms of Jg, the only candidates are K1;’+1,b’ b > 2 with 7 terms in J and K:; b 2 < a<b,with
8 terms. We want to reject the second possibility in order to reject g > qp.

Notice that for g the last term in equation (JK) is 7°+30+3 and if q > qo the power of
the last term is greater than p* + 3p + 3. If K/, = K, then, comparing the second terms of
J in equations (JK”3) and (JK), we geta + b = 2p + 1. As a < b, one checks easily that

ab < p(p + 1). The last term of J for K;’ , 18 19b+a+b+2 and we have

ab+a+b+2<pp+1)+2p+1+2=p>+3p+3.

So K7/, cannot be equal to K if g > go.

Finally, for Jg, the first gap in equation (JK) is 2p + 1, whereas for JK;); 0 itis 26 + 1.
Thus, if K = K[;’Jrl’b, then p = b,s0 K = K;;+l,p' ' m]

Notice: we cannot conclude from the last proposition, that the knots K;’H’p are algebraic.
It will be shown to be true in Theorem 3.

In the remaining part of this section we will show that, if K is algebraic and A(K) < 1,
then Cy;y(K) = h(K). This gives a positive answer, for knots with 4(K) < 1, to the problem
of Fiedler (see the introduction). Because of Corollary 1 and Proposition 7, we have to show
that if K is a doubly iterated knot of type {(p, p + 1),(2,2p(p + 1) + 1)}, then Cy;y(K) < 1.
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We also need to check that for torus knots K in Proposition 5 satisfying #(K) < 1, we have
Cuy(K) < 1.

Let S2 be a small sphere in C?, centered at the origin. Let (x,y) € 2, with x = re®,
y = rye® and r; + r; = €. Intersecting S with complex lines through the origin gives the
Hopfmap p : S2 — CP' = 2, p(x,y) = [x,y].

We can visualize p with the help of Figure 2. S? is decomposed into an infinite family
of tori and two S !’s. For fixed r, and ry with r,ry, > 0, (x, y) lies on a torus such as 0T (see
Figure 2). Let us choose the solid torus 7" in such a way that (x,y) € dT if ry = r, (T is
"half” of S3, the other half being 7”).

If 6, varies, 6, € [0, 2r], we get the longitudes of the tori. Similarly, for 6, € [0, 2n], we
get the meridians of the tori. We choose the parametrization in such a way that, if (x,y) € D
then 6, = 0. Increasing r, (and keeping r; + r; = €7), we get increasingly thinner tori inside
T. The two S !’s correspond to (ry, ry) = (€,0) (the fiber going through the center of D) and
(rx, ry) = (0, €) (the fiber going through the center of D").

Now, p(x,y) = [ree, ryeigy] = [ry, ryei(gy‘gx)]. If r, > 0 the map: [ : (x,y) —
(rx,ryei(gy‘ex)) is well defined. Let us restrict f to {(x,y) € S g,rx > ry}. Then f maps
the solid torus 7 onto D and, by definition, it represents the Hopf map p, restricted to 7.
Thus, if Lis alink in 7 and f(L) generic in D, then an arrow diagram of L is obtained from
f(L) by adding some arrows and information of under/over at the crossings. In particular,
the number of crossings of this arrow diagram equals the number of crossings of f(L). Using
f T — D we can now estimate C,;,(K) for algebraic knots K with /(K) < 1.

Let X be a complex plane algebraic curve with a singularity at the origin of C2. Let € << 1
besmallandlet K =XNS 3 Assume that, for some p € N, the Puiseux expansion of X in 0
(see [2]) is:

y= x%(l + xZLP)
We use the notations of [2], where y = xz_i(al + xp?—f’z), soqr =p+1,p1 =p,qp = 1and
p2 = 2. It is shown there that K is an iterated torus knot of type {(p1, @1), (p2,@2)} with
a1 = ¢y and ap = g2 + p1p2a; (Proposition 1A.1 in [2]).

As, in our case, a; = 1+ 2p(p + 1), K is of type {(p, p + 1), (2,1 + 2p(p + 1))}. Notice,
that p = 1 is not excluded, in which case K is a (2, 5) cable of the trivial torus knot of type
(1,2), i.e. K is the torus knot 7'(2, 5).

We can choose a parametrization of X with ¢ = re"

.
x =
y=r"2(1+1)

For (x,y) € K = XN S?2, we have

o+ ri =P 4+ PP 4 e = P 4 P+ P+ 2rcosf) = €

We assumed that € is small. It can be checked easily that, for each 6 € [0, 27), there is a
unique r satisfying the preceding equality. Denote it by ry. It is also easily checked, that ry
is increasing for 6 € [0, 7] and decreasing for 8 € [, 27].

Now x = rgp e?P? and y = rﬁp T26i@r20(] 4 reei?). As € << 1 is arbitarily small, we can
also assume that ry << 1. Then it is clear that r, > r,, so (x,y) € T and:
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2 2p+2 2i0 i6
FOoy) = (il "™ (1 + rge))

We see that for 6 € [0, 2x], rZ” will be increasing from O to &, then decreasing from =«
to 2. Also, for 6 € [0, 2x], the argument of the second coordinate of f(x,y) goes from O
to 47, because of €%?, and it does so monotonically. Indeed, %arg(em) = 2, whereas it is
easily checked that %arg(l + rge')| < 1 for ry << 1. Thus, for 6 € [0,2x], f(x,y) is a
curve going twice around the center of D, first closer to it (as r, increases), then away from
it (as r, decreases). It follows that f sends K onto a curve with 1 crossing. This means that
Cay(K) < 1. From Lemma 3, /(K) # 0. As h(K) < Cyy(K), we get Cyy(K) = 1.

Finally, we consider the torus knots in Proposition 5 satisfying #(K) < 1. These are the
torus knots T'(n,n+ 1), T(n,n + 2) and T(2,5). The knot T'(2, 5) has been considered above
as a (2, 5) cable of the trivial knot, so Cyy(T(2,5)) = 1. For T(n,n + k), k = 1 or 2, Fiedler
states in [3] (remark on page 260), that Cyy(T(n,n + k)) = k — 1, with T(n,n + 1) being
realized by the curve X : 7" = w™! and T(n, n + 2) by a slight perturbation of the curve with
equation 7" = w"*2. The second case can be checked using the following paramatrization for
the perturbation of equation 7 = w"*?: z = " and w = "*>(1 + ¢). With the same proof as
for the doubly iterated torus knots above, one can show that this perturbation gives the knot
T(n,n + 2) with a projection on the disk D with 1 crossing.

We resume the results of this section in the following theorem:

Theorem 3. The family of algebraic knots K with h(K) < 1 consists of: torus knots
T(n,n+ 1), if (K) = 0, torus knots T(n,n + 2), T(2,5) or K;)’H’p if (K) = 1. The knots
Kz/?/+1,p are doubly iterated torus knots of type {(p, p + 1), (2,2p(p + 1) + 1)}. Furthermore,
for all such knots C,,(K) = h(K).

Proof. The only remaining thing to check is that the knots KI’7’+ 1, are indeed algebraic.
Let K be an algebraic knot of type {(p, p + 1), (2,2p(p + 1) + 1)}. We have shown above that
Cay(K) = 1. But h(K) < Cyy(K). By Proposition 7, K must be equal to K;;'+1,p~ O

We conclude with two remarks.

Remark 1. It can be shown directly, using Reidemeister moves, that K[’,’H,p is doubly
iterated of type {(p, p + 1), (2,2p(p + 1) + 1)}. For example, we can transform K;z with Q.
and Q4 into a diagram shown in Figure 9. Then one could remove the two couples of arrows
in this figure with appropriate Reidemeister moves to get a cable of the trefoil knot 7°(2, 3)
and check that it is the (2, 13) cable. This generalizes to any number p of couples of arrows
(for p = 1 we get the middle diagram of Figure 6). However, this proves only that such
doubly iterated torus knots K satisfy #(K) = 1 and we have shown above that C,;y(K) = 1,
which is stronger.

Fig.9. Doubly iterated torus knot
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It can also be checked that changing the crossing in Figure 9 gives a (2, 11) cable of the
trefoil, which is also the knot K, . More generally, we would get the family Kl’,’+2’ 12 P2 2,
of doubly iterated knots of type {(p,p + 1),(2,2p(p + 1) — 1)}. Notice, that these are not
algebraic knots.

RemARK 2. Fiedler has shown in [3], Theorem 1, the following inequality for K algebraic
of type {(p1,q1)s -, (Pus @)} @1 < 2p1:

Cuy(K) 2 (g1 —p)p2...pn—1

The right hand side of this inequality equals one if: ¢; — p; = 2 and n = 1 (torus knots
T(p1,p1+2)orgr—pr=1,py=2andn = 2 (type {(p1, p1 + 1),(2,¢2)}). In the second
case, it follows from Proposition 7 that Cpy(K) > h(K) > 1,if g > 2p1(p; + 1) + 1. Thus,
for such ¢, Fiedler’s inequality is not sharp. This can be compared to Theorem 2 in [3],
which gives a sharper inequality then Theorem 1 for doubly iterated torus knots with p; and
g1 both odd.
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