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Preface

This thesis considers combinatorial optimization problems arising from machine
learning and data mining areas, where we select a subset of a finite set for maximiz-
ing or minimizing some utility function. Some of such utility functions are known
to be submodular which is expressed as discrete analogue of convex functions. A
set function f: 2N — R is called submodular if it satisfies f(S U {i}) — f(S) >
f(TU{i})— f(T) forall SCT C N and i ¢ T, where N = {1,...,n} is a finite
set. The property of submodularity in information science and economic areas
are called the law of diminishing marginal utility or Gossen’s laws, respectively.
The submodular function, maximization and minimization, problems have been
studied for the last several decades. For the minimization problem, many efficient
polynomial time algorithms have been proposed. Unlike the minimization prob-
lem, the maximization problem has been known as NP-hard, but it began to be
used for formulating facility location, sensor placement, document summarization,
feature selection, and influence maximization problems. Since then, the submod-
ular function maximization problem has played an important role in computer

science, machine learning, and data mining areas.

The first topic is the submodular function maximization problem under a car-
dinality constraint. Although it is known that a variety of greedy algorithms find
feasible solutions quickly, we often encounter applications that ask an optimal solu-
tion or solutions better than a solution obtained by greedy algorithms. Therefore,
our objective is to propose an exact algorithm that obtains an optimal solution

within a reasonable computation time. The conventional exact algorithm, con-

1ii



straint generation algorithm proposed by Nemhauser and Wolsey, is not efficient
for some real applications, therefore we propose an improved constraint genera-
tion algorithm which generates a promising set of constraints at each iteration. To
improve the efficiency, we incorporate it into a branch-and-cut algorithm.

The second topic is an approximately submodular function maximization prob-
lem under a cardinality constraint. Since some real applications such as active
learning and feature selection problems do not hold submodularity exactly, an
approximate version of submodular function has been considered recently. We
formulate the problem into a binary integer programming (BIP) problem with an
exponential number of constraints. We propose three exact algorithms including
a branch-and-cut algorithm based on the BIP formulation. Due to the BIP for-
mulation, our algorithms have a potential to deal with problems under not only a
cardinality constraint but also any linear constraints.

The studies on the submodular function maximization problems are still devel-
oping, and many important problems remain to be considered in this area. The

author hopes that this research provides useful ideas to solve the problems.

January, 2020

Naoya Uematsu
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Chapter 1

Introduction

1.1 Submodular Function Maximization

When we approach problems in computer science, we often encounter situations
where we need to select a subset of a finite set for maximizing some utility function
f which is often called the objective function. First, we consider a combinatorial

problem which is defined as follows:

maximize f(5)

(1.1)

subject to S € F,

where F' is the set of solutions S which meet all the given constraints (e.g. car-

dinality constraint or budget constraint et al.). A set F' represents the feasible
region and each S € F' is called a feasible solution. If f(S*) > f(S) holds for
all other feasible solutions S € F, then we call the solution S* optimal solution.
An optimization problem (1.1) is called a combinatorial optimization problem if a
region F' is combinatorial due to the given constraints [81]. We often encounter
combinatorial optimization problems in many real applications such as facility lo-
cation [22, 49, 51, 63, 67|, vehicle routing [37, 42], scheduling [2, 9], etc. Next,
a combinatorial optimization problem under a cardinality constraint is defined as

follows:



maximize f(5)

subject to |S| <k, S C N,

(1.2)

where a finite set N = {1,...,n} and a positive integer k& < n. k represents a

cardinality constraint for the size of S.

A general case of a cardinality constraint is a knapsack constraint. We have a
set of items N = {1,...,n} and their sizes w; for each i € N, and the knapsack
capacity B. The objective is to find a subset S C N for maximizing the total value
f(S) of items where the total size ) . o w; of items is B or less. If B = k and
each w; = 1 for any ¢ € N, then we can consider that the knapsack constraint is a
general case of the cardinality constraint. A combinatorial optimization problem

under a knapsack constraint is defined as follows:

maximize f(S)

subject to Zwi <B, SCN.

€S

(1.3)

If we are given a subset of a whole set N = {1, 2, 3} with a cardinality constraint
|S] < 2 (k= 2), then FF = {{}, {1}, {2},{3},{1,2},{1,3},{2,3}} including an
empty set. When we encounter problems with the large sizes n and k, we need to
consider an exponential number of feasible solutions to obtain an optimal solution.
This phenomena is called combinatorial explosion, and it is the main reason why we
often have a difficulty to obtain the optimal solutions in many applications. When
we have a function without any structure which describes the data, to enumerate
all feasible solutions (brute-force computation) is the only option, which is often
very difficult within a realistic computation time.

In this thesis, we focus on functions that have submodularity, which are called
submodular function or submodular set function. The submodular function can
be considered as discrete counterparts of convex functions through the continu-
ous relaxation called the Lovdsz extension [61]. Problems such as active learn-
ing [50], document summarization [55, 56, 57], sensor placement [46, 49], influence

spread [47], and feature selection [18, 44, 85] are formulated as the problem max-
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Fig. 1.1: Image of submodular function.

imizing a submodular function, which is called submodular function maximization
problem which has been known as NP-hard. We introduce one of the most common

definitions of submodular function.

Definition 1.1.1. A set function f: 2V — R is submodular if it satisfies

fFSUL{i}) = f(S) =2 (T U{d}) — f(T)

forall S CT C N andi ¢ T, where N = {1,...,n} is a finite set [67, 68, 84].
Another representation of submodular function: A set function f is submodular if
it satisfies

S+ [(T) = f(SNT)+ f(SUT)

for all S, T C N.

When we add an element i ¢ T into two sets S, T; S C T C N, we can obtain a
marginal gain for each S, T. The marginal gain is represented as f(SU{i})— f(S)
(we often use f({i} | S) later for convenience). The marginal gain of a small set
S when adding an element 7 is always greater or equal to the marginal gain of
a large set T (see Figure 1.1). In economic area, this property is called law of
diminishing marginal utility or Gossen’s laws. In information science or economic
area, we often encounter functions which have the law of diminishing marginal

utility. That is because the law from the submodular function shows the essential

3



Fig. 1.2: Image of sensor placement.

property of the information. Intuitively, we gain more information when we have
less information, compared to the situations where we have more information.

To review the submodular maximization problem under a cardinality con-
straint [11, 13, 30, 46, 67] and a knapsack constraint [70], we prepare three well-
known examples of submodular function such as sensor placement [52, 53, 67,
document summarization [55, 56, 57, 58], and graph cut problems [29, 35, 45]. We
review a variety of greedy algorithms and the approximation ratios for the three

problems.

(Sensor placement problem) For the first example of submodular function,
we consider a sensor placement problem with a coverage function. The objective
of the problem is to locate only k& < n sensors in the n candidate places for
maximizing the number of buildings in the park covered by the sensors. We let
the set of candidate places to locate sensors, N = {1,...,n}. We select a set of
places to locate sensors S C N. Given a set S, we let f(S) be the number of
buildings covered by the set S of sensors. We use Figure 1.2 as an example. In
Figure 1.2, we define a set of sensors N = {1,2, 3,4}, black dots which represent
buildings, and circles which represent the areas covered by sensors. We see some

simple examples of the function f as follows:

4



When only sensor 1 is located, then four buildings are covered; f({1}) = 4.
When only sensor 2 is located, then three buildings are covered; f({2}) = 3.

When sensors 1, 2 are located, then six buildings are covered; f({1,2}) = 6.

Since sensor 1 and sensor 2 cover the common building, we obtain f({1}) +
f({2}) # f({1,2}). By the relationship, we see that for the cover function f does

not hold linearity.

Definition 1.1.2. A function f is subadditive if it satisfies f(S)+ f(T) > f(SUT)
for all S, T C N |20, 25, 26].

This function is subadditive and also submodular, and we will check the sub-
modularity later. We note that a function f is superadditive if it satisfies f(S) +
f() < f(SUT) for all S, C N. With the whole set N = {1,2,3,4}, we have
16 (= 2%) subsets including the empty set {} and the whole set N. Therefore, the
function f : 2 — R has values for the each subset. We check the submodularity
of the function f; again f(SU{i})— f(S) > f(TU{i})— f(T) foral SCT C N
and ¢ ¢ T. For example for checking submodularity of f, we consider two sets

{1} € {1,2}, and we add {3} into these two sets.
The increment of {1}: f({1}U{3}) — f({1}) =7—-4=3.
The increment of {1,2}: f({1,2} U{3}) — f({1,2}) =8—-6=2.

If we check for all pairs of sets, we can check the function f is submodular. In-
tuitively, we can tell that the function f is non-decreasing, which is defined as

follows.

Definition 1.1.3. A set function is non-decreasing (monotone) if f(S) < f(T)
for all S CT and f(0) = 0.

We note the following relationship between monotone submodular function and

monotone subadditive function. We have the property that monotone submodular
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functions are monotone subadditive functions. However, monotone subadditive
functions are not always monotone submodular functions. For instance, we have
a function f returning the following values: f({1}) = 3, f({2}) = 4, f({3}) =
2, f({1,2}) =6, f({1,3}) =4, f({1,2,3}) = 8. This function is subadditive. We
check this function f is not submodular by considering two sets {1} C {1, 3}, and
we add {2} into these two sets.

The increment of {1}: f({1}U{2}) — f({1})=6—-3=3.
The increment of {1,3}: f({1,3}U{2}) — f({1,3}) =8 -4 =4

Therefore, an algorithm proposed for monotone submodular functions can not be

always applied for monotone subadditive functions.

(Greedy algorithm for a cardinality constraint) For a non-decreasing
submodular function maximization problem, a greedy algorithm [84] is efficient
for obtaining good feasible solutions relatively quickly. The algorithm starts
with a feasible solution S and sets S° = S. At each iteration, we obtain i* =
argmaxieN\Sf(Sl U{i}) — f(S). If |S" U {i*}| < k holds, then we add the element
i* into S'. Otherwise, we output a feasible solution S’ and exit. The pseudo code

of the standard greedy algorithm is shown below.

Algorithm GR(S)

Input: The initial feasible solution S.

Output: A feasible solution S’

Step 1: Set S' + S.

Step 2: Obtain i* = argmax; .\ ¢ f(S" U {i}) — f(S").

Step 3: If |S' U {i*}| < k holds, then go to Step 4. Otherwise, output a feasible

solution S" and exit.
Step 4: Set S' < S" U {i*}, and return to Step 2.

6



For instances with larger n and k, the standard greedy algorithm is often not
efficient to obtain feasible solutions. We introduce an accelerated greedy algorithm

proposed by Minoux [64] here.

(Accelerated greedy algorithm for a cardinality constraint) Minoux [64]
presented an accelerated greedy algorithm which gives the same solutions ob-
tained by the standard greedy algorithm. When we choose k elements out of
n elements, the standard greedy algorithm spends O(nk). However, Minoux’s
algorithm often spends much less computational cost than that of the standard
greedy algorithm. In some applications, evaluating the function f is sometimes
expensive. The standard greedy algorithm must identify the element {:} with
maximum marginal gain f(S¢Y U {i}) — f(S® ), where St is the solu-
tion at t — 1th iteration. When a function f is non-decreasing and submod-
ular, then it is not necessary to compute the marginal gain for all elements
i € N\ S® 1. For the limited space of the paper, we use the following nota-
tion f(S | T) = f(T'US)— f(T). When we have submodularity, we have the
following inequality such as f({i} | S®) < f({i} | S®Y) for any S*1 C S® for
any i € N\ S®. That is, the marginal gain is non-increasing during the iterations
of the standard greedy algorithm. It is not necessary to compute the marginal gain
f({i} | S®) for eachi € N\ S®. The accelerated greedy algorithm maintains a list
of marginal gain values in decreasing order. In each iteration, the algorithm com-
putes the marginal gains for each element of the ordered list L C N. Suppose we
check the marginal gains for some elements Ly C L from the top of the ordered list
L. If maxer, f({i} | S®) > maxjepr, f({i} | S¢V) holds, submodularity guar-
antees the following statement max;ezyr, f({i} | SU™Y) > maxerr, fF({i} | SV).
Therefore, the algorithm selects the element which gives the maximum marginal

gain. This idea of evaluation gives speed-up performance for many instances.



Proposition 1. For the non-decreasing submodular function maximization prob-
lem under a cardinality constraint, a standard greedy algorithm [67] returns a so-

lution S which achieves

(&

1) 2 (1-1) 565,

where S* 1s an optimal solution.

The proof of the greedy algorithm is as follows [38, 67, 73]. We let S® be the
solution obtained by the greedy algorithm at tth iteration.

Proof. By non-decreasing and submodularity, we obtain the following inequality.
We let an optimal solution S* = {iy, g, ..., %}
f(8%) < f(SYuUS
= fE)+ SV UL — f(S) -+

(VAN
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By reformulation, we obtain:

1 *

HAI(8) = F(SO)} < F(SUD) - f(5).
Let 0; = f(S*) — f(S®), and we obtain:

1
E(;t < 0 — it

1
041 < (1 - E) O¢.

By induction, we have:



We apply this well-known inequality 1 — x < e~ to the previous inequality, and

1\ N 1
5y < <1 _ E) 8o < (e*z) do = —d.

We use the definition of d; to reformulate, and obtain:

we obtain:

F(8%) = F(SW) <~ (£(57) = £(0)).

By f(0) = 0, we obtain

(Curvature) Vondardk [82] showed that a curvature value ¢ [6] which repre-
sents how much the marginal values f({j} | S) can decrease as a function of S.

The total curvature of a monotone submodular function f is defined as follows.

¢=1— min w (1.4)

sies  f({5})
If ¢ = 0 then the marginal values are independent of S, that means f is additive.
A function f is additive if f(S) + f(T) = f(SUT) for all S,7 C N. In the case,
the greedy algorithm gives the optimal solution [82]. By using the structure and
the feature of the submodular function, the standard greedy algorithm can attain

a better approximation ratio, as follows [82].

Proposition 2. For the non-decreasing submodular function maximization prob-
lem under a cardinality constraint, the greedy algorithm returns a solution S which

achieves
1—e¢

Cc

)= (

where S* is an optimal solution.

) £(5°)

The details are in [82]. For example, when ¢ = 0.5, the approximation ratio

attains &~ 0.78. Other cases and analysis of the curvature are given in [15].
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(Document summarization problem) Document summarization problem
is defined as follows. Suppose that we have a document including n sentences
N ={1,...,n}. The purpose of the problem is to select k < n sentences S C N
to represent the original document as much as possible if we consider the problem
under a cardinality constraint. In general, we can describe the document more
with more sentences. However, the effect of an additional sentence becomes less
when we have more sentences. Since the document summarization problem has
the property similar to the law of diminishing marginal utility, the problem is often
formulated as the submodular function maximization problem. To select variety of
sentences, Lin and Bilmes [57] proposed the following properties called relevance
and non-redundancy. The redundancy penalty usually violates the monotonicity
of the objective functions [32, 56]. Although the redundancy has been considered
with a negative penalizing function, Lin and Bilmes considered the redundancy as

a positive reward. Lin and Bilmes [57] model the summary objective function as
f(8) = L(S) + AR(S),

where L(S) measures the coverage, or “fidelity” of a summary set S to the docu-
ment, R(S) rewards diversity in S, and A > 0 is a trade-off coefficient.

For a function L, there are several functions to be applied. We introduce
some candidate functions for L from [57], and the first idea is as follows: L(S) =
> ien jes Wi, where w; ; represents the similarity between sentences i and j. An-
other way to define L(S) is as follows: L(S) = >,.y max;jes w; ;. We have many
other possible functions for acting as L. More details are given in [57]. These two
functions above are both non-decreasing and submodular.

Lin and Bilmes [57] proposed a reward function R for representing diversity as

follows:
t

R(S):Z Z Tjs

=1 jeRNS
where P;,i = 1,...,t is a partition of the whole set N (i.e., |J, P, = N and

P, N P; = for all 4, j) into separate clusters, and r; > 0 represents the reward of

10



a single 7. The value r; is obtained due to the importance of i to the summary.
Clearly, the function R behaves as the law of diminishing marginal utility. R is a
non-decreasing submodular function due to the composition rule of Proposition 3

in [57].

Proposition 3. Given functions F : 2 — R and f : R — R, the composition
F'=foF:2V %R (i.e.,F'(S) = f(F(S))) is non-decreasing submodular, if f is

non-decreasing concave and F' is non-decreasing submodular [57].

Proposition 4. Given any submodular function fi,..., fr and non-negative num-
k

bers c1,...,ck. The function g(S) = Z c; fi(S) is submodular [4, 72, 75].

i=1

Therefore, by using the summation rule of Proposition 4 we have the prop-
erty that the sum of submodular functions is submodular. Since two functions L
and R are both non-decreasing submodular, the function f is still non-decreasing
submodular [57].

In addition, if we let [; be the length of a sentence i, we can consider the
problem under a knapsack constraint that ) . ol; <k, where k is a knapsack ca-
pacity. For the non-decreasing submodular function maximization problem under
the knapsack constraint, a variety of greedy algorithms [48, 57] exist. Here, we

introduce some simple greedy algorithms [48, 57, 74].

(Greedy algorithm for a knapsack constraint) This algorithm starts
with a feasible solution S and sets S = S. At each iteration, we obtain i* =
argmaxieN\S/(f(S/ U {i}) — f(S))/li. f 3 ice i + I+ < k holds, then we add the
element i* into S'. Otherwise, we output a feasible solution S and exit. The

pseudo code of the greedy algorithm for a knapsack constraint is shown below.

11



Algorithm KGR(S5)

Input: The initial feasible solution S.

Output: A feasible solution S’

Step 1: Set S' «+ S.

Step 2: Obtain i* = argmaxieN\S/(f(S/ u{i}) — f(S)/L.

Step 3: If Z l; + l;+ < k holds, then go to Step 4. Otherwise, output a feasible

ies’
. /! .
solution S and exit.

Step 4: Set S’ < S" U {i*}. Return to Step 2.

Proposition 5. For the non-decreasing submodular function maximization prob-
lem under a knapsack constraint, whenever the first part of Step 3 (Algorithm

KGR) evaluates to false, Algorithm KGR returns a solution S" which achieves

Fs Utz (1-7) £

where S* is an optimal solution [38].

Proof. We let S = {iy,...,i,} be a feasible solution obtained by the algorithm
at tth iteration. By non-decreasing and submodularity, we obtain the following

inequalities [38].

F57) < FSU) 4 >0 f{ir 1 SUY)

ieS*\S(t-1)
| glt-1)
_ (t—1) 'f({ZHS )
S+ > R —
i€S*\St=1)
Ly, 8 = f(SUY)
< f(S*Y) + ” . b
i€S*\Ss(t-1)
t—1 B t t—1
< FSUTY) 4 (Y — f(sUYY),

l;,
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where the first inequality is by submodularity, the second one comes from the
greedy algorithm, and the last one is from ) .. I; < B. For convenience, we
sometimes write lg = >, ¢ ;.

We subtract B/w(x;) from both sides and obtain the following inequality:

789 = 15 2 (1= 5 ) (50 - (57

Solve the recursive inequality yields:

f(SY) > (1 - f[ (1 - %)) F(S).

k=1

T

Next, we use the well-known inequality 1 — x < e™® and we obtain the following

F(5) > (1 — exp (‘lg”)) 7(s°).

If the Step 4 is false at some iteration, then we still consider adding the i* into S’

inequality:

18 0t = (1o (T ) (s,

We have the following condition [y + [;» > B, and the condition leads to the
proof [38]. O

(Simple greedy algorithm for a knapsack constraint) The algorithm
above does not hold an approximation guarantee because of the element * which
should not be added into an obtained feasible solution. Therefore, we introduce
a simple greedy algorithm [38] for the non-decreasing submodular function maxi-
mization problem under a knapsack constraint and the approximation guarantee
of the algorithm. This algorithm starts with a feasible solution S, and we ob-
tain an element v* = argmax,cy,; <pf({v}). We also obtain a faesible solution
S" = KGR(S) obtained by the previous greedy algorithm. We finally obtain a fea-
sible solution S” = argmaXgerg’ 1p+1) f(S). The pseudo code of the simple greedy

algorithm for a knapsack constraint is shown below.
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Algorithm SKGR(S)

Input: The initial feasible solution S.

Output: A feasible solution S”.

Step 1: Obtain v* < argmax,cy; <pf({v}).

Step 2: Obtain a feasible solution S* by Algorithm KGR(S).

Step 3: Output a feasible solution S” + argmaxge g (1 f(S) and exit.

Proposition 6. For the non-decreasing submodular function maximization prob-
lem under a knapsack constraint, Algorithm SKGR returns a solution S which

achieves

1)z 5 (1-1) 160

-2 e

where S* is an optimal solution [38].

Proof. We let v* = argmax, ¢y <pf({v}). We let i* be the element from Step 3
of Algorithm KGR at the iteration when the Step 3 becomes false.

2f(5)

v

FS) + [ }) = F(9) + f({i"})
f(Sufi})

(1-1) s,

where the first and second inequalities are obtained clearly. The second to the

v

v

last inequality is from submodularity, and finally the last one is from the previous

proof [38]. O

In addition, Sviridenko [74] proposed an algorithm which obtains (1 — 1/e)-
approximation for the problem under a knapsack constraint. However, the algo-
rithm requires O(n°). Lin and Bilmes [56] proposed an algorithm which obtains

(1 — 1/y/e)-approximation for the problem.
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Fig. 1.3: Undirected graph.

(Graph cut problem: Undirected graph) We consider a graph cut prob-
lem which plays an important role in network problems or optimization problems
related to graphs. We introduce a cut function of a graph, which has submodu-
larity. First, we consider an undirected graph with edges that have no direction.
Given a whole set of vertices N = {1,...,n} and a set of edges E for i,j € N
where (i, ) is an unordered pair. We obtain the undirected graph G = {N, E}.
For a subset of vertices S C N, we define E(S) represents a subset of a set of
edges E, where one vertex is included in the set S and the other vertex is in-
cluded in the set NV \ S. Figure 1.3 shows an example of an undirected graph with
N ={1,2,...,11}.

We consider that each edge e € E in an undirected graph G has a capacity of
the edge c(e). We next define a cut function which returns a real value for each

set of vertices S C N:

Fa(S) =D cle). (1.5)

ecE(9)
fu(S) sums up the all capacities c(e) of each edge e € E(S). We note that
when S is ) or N, fu(0) = fu(N) = 0. We call a function f, : 2 — R a cut
function of an undirected graph. In the problem, we have the following property

fu(S) = fu(N '\ S) which is called symmetric.

Definition 1.1.4. A function f is symmetric if f(S) = f(N\S) for all S C N [27].
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Proposition 7. For any submodular function f and a set S C N, f(S) = f(N\S)

1s submodular.

We consider the undirected graph of the Figure 1.3 and a cut function f, : 2% —
R, and we suppose that all capacity of edge are 1 for computational convenience.
For a set S = {1,2,3}, f(S) = 7 which represents a set of the all bold edges in
Figure 1.3.

In Figure 1.3, we obtain |E({1})| = 4 which is f,({1}) = 3 for a set {1}.
For sets {1,2}, {1, 3}, and {1, 2,3}, we obtain f,({1,2}) =5, fu({1,3}) = 8, and
fu({1,2,3}) = 7, respectively. We check the submodularity of the function with an
example. If S = {1},7 = {1,2},{i} = {3} in the definition 1.1.1 of submodular
function, we have the following inequality: f,({1,3}) — fu({1}) > fu({1,2,3}) —

fu{1,2}).

(Graph cut problem: Directed graph) Next, we consider a cut function
for a directed graph whose each edge has a direction. An edge with a direction is
represented as an arrow. Again, given a whole set of vertices N = {1,...,n} and
a set of edges (i,7) € F for i,j € N, where (i, 7) is an ordered pair. An edge (1, j)
represents an arrow from i to j. We obtain the directed graph G = {N, E'}.

For a subset of vertices S C N, we define E(S) represents a subset of the set
of edges E, where the initial vertex ¢ of an edge (4,7) is included in S and the
terminal vertex j of the edge (i, 7) is included in N\ S. We suppose that each edge
e has the capacity of the edge c(e) > 0. In this situation, we define fq(.S) for a set

of vertices S C N as follows.
fa(S) = > cle). (1.6)

Therefore, f4(S) sums up the all capacities c(e) of each edge e € £(S). We
note that when S is ) or N, f4(0) = fq(N) = 0. We call a function fg:2Y¥ - R a
cut function of a directed graph with the same manner for undirected graph. For

a directed graph, the symmetric property, fq(S) = fa(N '\ S), does not hold. In
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Fig. 1.4: Directed graph.

Figure 1.4, if a set S = {1,2,3} holds, then fq(S) = 5 which represents a set of
the all bold edges in the Figure.

Again, in the example of the Figure 1.4, we obtain |E({1})| = 3 which is
fa({1}) = 3foraset {1}. Forsets {1,2},{1,3}, and {1, 2, 3}, we obtain fq({1,2}) =
4, fa({1,3}) =5, and fq({1,2,3}) = 5, respectively. We check the submodularity
of the function with an example. If S = {1},7 = {1,2},{i} = {3} in the defini-
tion 1.1.1 of submodular function, f4({1,3}) — fa({1}) > fa({1,2,3}) — fa({1, 2}).

Proposition 8. The cut function fq for a directed graph is submodular.

Proof. This proof is from [45]. Given any two sets S,T7 C N. Here, we suppose
that
N1:S\T, NQIT\S, N3:SQT, N4:N\(SUT>
By the formulations above, N is divided into four parts as N = NyUNoUN3UNy.
Moreover, we obtain the followings; S = NyUN3, T'= NoUN3, SUT = N{UN5UN3.

We also define D, ; which is the sum of all edges that start from N, and get into
Ny

fa(S) = Dig+Dia+Dsa2+ D3y
Ja(T) = Dy1+Dys+ Ds3o+ D3y
fa(SUT) = Dys+ Dsys+ D3y
fa(SNT) = Dig+ Dsa+ D3y

17



Again, submodular function is represented as f(S)+f(T) > f(SNT)+ f(SUT)
for all S,T° C N, and we obtain the following inequality: fq(S) + fa(T) — fa(S U
T)—fa(SNT) = D15+ Dy > 0. We conclude that f4 is submodular function. [

In addition, due to the relationship between undirected and directed graphs,
we can also show that the cut function f, for an undirected graph is submodular

(see details in [45]).

1.2 Approximately Submodular Function Maxi-
mization

Meanwhile, in many practical situations, utility functions may not necessarily
have the property of exact submodularity. However, submodularity can be ap-
proximately satisfied in various problems such as feature selection [18, 19, 85|,
boosting influence spread [59, 60], data summarization [7, 65] and combinatorial
auction [16, 80]. With many reasons such as the noise from data, hypothesis
function values, or naturally close to submodular function, we consider an ap-
proximately version of submodular function, which is often called approzimately
submodular function or weakly submodular function. According to [18, 36, 39], the

approximately version has been considered because of the following reasons.

Revealed preference theory “Luce’s famouse model assumes that an agent’s
revealed utility f : 2V — R can be approzimated by a well-behaved utility
function f : 2V — R such that f(S) = f(S)+&s for every S C N where &g is
drawn i.i.d from a distribution [12]. f is a utility function that approximates

f, and multiple queries to f return the same response” (36].

Active learning “There is a long line of work on noise-robust learning where one
has access to a noisy membership oracle f(z) = f(x)+& and for every x we
have that &, is drawn i.i.d. from a distribution [3, 10, 28, 31, 41, 71]. In this

model as well, the oracle is consistent and multiple queries return the same
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response. For set functions, one can consider active learning in experimental
design applications where the objective function is often submodular and the

goal would be to optimize f : 2N — R given f.” [36]

Statistics and learning theory “The assumption in learning is that the data
we observe is generated by f(x) = f(z)+ & where f is in some well-behaved
hypothesis class and &, is drawn i.i.d. from some distribution. The use off
1s not to model corruption by noise but rather the fact that data is not exactly

manufactured by a function in the hypothesis class” [36].

Feature selection A subset selection problem for regression is as follows: “Given
the (normalized) covariances between n variables X; (which can in principle
be observed) and a variable Z (which is to be predicted), select a subset of k(<
n) of the variables X; and a linear prediction function of Z from the selected
X; that maximizes the R* fit” [36]. With the strong condition “absence
of conditional suppressors” proposed by [18], R? objective is submodular
where R? is squared multiple correlation in this case. However, without the

condition, R? objective is not always submodular but close to submodular.

For these reasons above, an approximately submodular function has been at-
tracted an increasing attention recently [13, 18, 19, 23, 24, 33, 36, 39].

As an extension of the submodular function maximization problem, we consider
an approzimately submodular function maximization problem under a cardinality
constraint. A variety of approximately submodular functions with different defi-
nitions have been considered recently. For example, in feature selection problem
above, Das and Kempe [18, 19] consider the feature selection problem which is
formulated as maximizing R? fit value. They present that R? fit behaves close to a
submodular function with respect to selected features. Therefore, they formulate
the R? fit as an approximately version of non-decreasing submodular function. To
achieve the objective, they formulate the problem by using a submodular ratio
which represents how much functions are close to submodular. Let f(S) be a non-

negative set function which returns the R? fit value of a selected subset S C N.
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The submodular ratio (submodularity ratio) of f with respect to a set N and a

parameter k > 1 is defined as

. min erT f(Su {:E}) = f(S) (1.7)
VT sen TSk Tns=0 f(SuT)—f(S) '

If the submodular ratio v > 1 holds, then a function f is submodular [8, 18]. If
v is close to 0, a function f behaves as a general set function. Therefore, it is prefer-
able to obtain a submodular ratio close to 1. For the feature selection problem
which selects k features out of n features, Das and Kempe [18] presented two kinds
of greedy algorithms, which are called Forward Selection algorithm and Orthogo-
nal Matching Pursuit algorithm. Both algorithms attain (1 — e~7)-approximation
ratio for a given submodular ratio 7. The proof and details are in [18].

We note that to obtain the maximum submodular ratio is NP-hard in general
according to [5]. Bai and Bilmes [5] also showed that submodular ratios can not
be computed in polynomial time in the oracle model [19]. However, for some
applications it is possible to obtain a lower bound of submodular ratio v quickly.
For example, in a special case of the feature selection problem, Das and Kempe [18]
showed that a lower bound of submodular ratio can be obtained by computing the

smallest eigenvalue of a covariance matrix which is positive semi-definite.

1.3 Research Objectives and Overview

(Research objectives) For “the submodular function” and “the approximately
submodular function” problems under a cardinality constraint or others, many
heuristic algorithms have been investigated and proposed. However, in feature
selection, document summarization, or sensor placement problems, they often ask
for the optimal solutions or solutions better than solutions obtained by heuris-
tic algorithms. We present some main reasons that heuristic algorithms are not
enough for the problems, below.

In feature selection problem [18, 19], the problem asks to select the essential

features to represent a model with minimal loss of information. A variety of greedy
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algorithms often fail to select essential features that can not be removed without
affecting the original conditional target distribution when considering a strong
relevant feature [85]. Due to the feature of a greedy algorithm, the algorithm

often returns a set of features far from an optimal solution.

In sensor placement problem [51, 63], the problem asks to select a limited
number of placed sensors for covering the maximum area. For the problem, we
would like to obtain the optimal solution or better solutions than solutions obtained
by a variety of greedy algorithms because we can spend the sufficient amount of
computation time. The placement of the sensors becomes crucial because the
sensors are often operated for a long time after they have been once installed.
For companies or some societies, the loss of the misplacement for each year might

impose a larger loss in the future.

In document summarization problem [32, 55, 57, 62], the problem asks to select
a limited number of sentences to represent the original document as much as
possible. For the problem, we would like to obtain the optimal set of sentences
while considering the main three properties relevance, redundancy, and length of
selected sentences at the same time [62]. Therefore, it is very difficult to solve the
optimization problem because the simple heuristic algorithms often can not provide

the sophisticated approaches while satisfying the three properties simultaneously.

In this thesis, according to the reasons above, we focus on developing exact al-
gorithms for the problems under a cardinality constraint. We propose branch-and-
cut algorithms for “the submodular function” and “the approximately submodular

function” maximization problems in Chapters 2 and 3.

(Overview) First, Nemhauser and Wolsey [67] formulated the submodular
function maximization problem with a cardinality constraint into a binary integer

programming (BIP) problem as follows:
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maximize z

subject to z < f(S) + Z fHi}1S) yi, S€F,
iEN\S (1.8)

€N

y; € {0,1}, i € N,
where F' denotes the set of all feasible solutions satisfying the cardinality constraint
|S| < k. We first point out the advantage of this BIP formulation which can apply
for the submodular function maximization problem under any linear constraints
with some modifications. Therefore, we do not need to develop a new algorithm
under different kinds of constraints.

For solving the non-decreasing submodular function maximization problem ex-
actly, it is often very time-consuming to enumerate all the constraints F. Since we
often do not need all the constraints F' for solving the problem exactly, Nemhauser
and Wolsey [67] proposed a constraint generation algorithm that starts from a re-
duced BIP problem with a small subset of constraints taken from all the constraints
F. Their algorithm repeats solving a reduced BIP problem while adding a new
constraint at each iteration. Their algorithm is not often efficient for solving the
problem exactly since their algorithm needs to solve too many reduced BIP prob-
lems. In Chapter 2 of the thesis, to overcome the issue, we propose an improved
constraint generation algorithm that adds a promising set of constraints at each
iteration. To generate the set of constraints, we use an idea of column gener-
ation [14]. We incorporate the improved constraint generation algorithm into a
branch-and-cut algorithm for improving the efficiency. For improving the incum-
bent solution (the best solution obtained so far), we introduce a simple local search
algorithm, and we incorporate it into the branch-and-cut algorithm.

Next, for an extension of the submodular function maximization problem, we
have considered an approximately submodular function maximization problem.
This type of function is defined with a submodular ratio v, which defined for a
set function f as the maximum value 0 < v < 1 such that f(S U {i}) — f(S) >
v (f(TU{i})— f(T)), for all S CT C N and i ¢ T'. That is, a submodular ratio
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v measures how close the function is to submodular [18, 43]. We formulated the
approximately submodular function with different forms by using a submodular
ratio v and an upper bound of submodular ratio 4 proposed by Johnson et al. [43].
For the problem, to the best of my knowledge, no BIP formulation of its problem
has been proposed. Therefore, the idea of the constraint generation algorithm [67]
is not able to be applied. In Chapter 3, to overcome the issue, we first define
an approximately submodular function and formulate the problem into a BIP
problem with an exponential number of constraints with a given submodular ratio
~. Due to the success of formulating the problem into the BIP problem, we develop
three exact algorithms including a branch-and-cut algorithm based on the BIP
formulation with the similar manner for the previous problem.

The remainder of this thesis is organized as follows. In Chapter 2, we first
review two existing exact algorithms, A* search algorithms [13, 70]. Next, we re-
view an existing exact algorithm called a constraint generation algorithm proposed
by Nemhauser and Wolsey [67]. We improve the constraint generation algorithm
and propose three exact algorithms including a branch-and-cut algorithm. We
also show some computational results using three types of well-known benchmark
instances with three existing algorithms and three proposed algorithms. Then, in
Chapter 3, we define an approximately submodular function by using two different
submodular ratios. Based on the definition, we derive a BIP formulation of the
problem. Then, we propose three exact algorithms for the problem based on the
BIP formulation. Finally, we illustrate the effectivity of the proposed algorithm
with the combinatorial auction problem, and show some computational results
with the three types of well-known benchmark instances. Finally, we summarize

our research of this thesis in Chapter 4.
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Chapter 2

An Efficient Branch-and-Cut
Algorithm for Submodular

Function Maximization

2.1 Introduction

In this chapter, we address the problem of maximizing a submodular function with

a cardinality constraint, formulated as

maximize f(5)
(2.1)
subject to |S| <k, SCN,

where N = {1,...,n}, n is the size of the finite set and k& < n is a positive integer

comprising the cardinality constraint. This chapter focuses on non-decreasing
submodular functions. This problem is well known as NP-hard, unlike submodular
function minimization [54].

Recently, Chen et al. [13] proposed an A* search algorithm to obtain an optimal
solution of the non-decreasing submodular function maximization problem. Their
algorithm computes an upper bound by a variant of variable fixing techniques with
O(n) oracle queries. Sakaue and Ishihata [70] improved the A* search algorithm

to obtain better upper bounds for the non-decreasing submodular function max-
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imization with a knapsack constraint. Their algorithms quickly find good upper
bounds; however, the attained upper bounds are not often tight enough to prune
nodes of the search tree effectively. Therefore, their algorithms often process many
nodes of the search tree until obtaining an optimal solution.

In this chapter, we propose an efficient branch-and-cut algorithm for the non-
decreasing submodular function maximization problem based on the following bi-

nary integer programming (BIP) formulation [67]:

maximize z

subject to z < f(S) + Z fHi}1S) yi, S€F,
iEN\S (22)

iEN
Y; € {0,1}, 1 E N,

where f(T | S) = f(SUT) — f(S) for all S,T C N and F denotes the set of all

feasible solutions satisfying the cardinality constraint |S| < k.

Nemhauser and Wolsey [67] previously proposed an exact algorithm called the
constraint generation algorithm based on the BIP formulation (2.2). The size of
the BIP formulation grows exponentially compared to n since it has more than (Z)
constraints. To overcome this, they proposed the constraint generation algorithm
that starts from a reduced BIP problem with a small subset of constraints taken
from the constraints. Their algorithm repeats solving a reduced BIP problem while
adding a new constraint at each iteration. Unfortunately, this is not efficient in
practice because their algorithm requires to solve many reduced BIP problems.
They also proposed a branch-and-cut algorithm with solving linear programming
(LP) relaxation problems of the reduced BIP problems to obtain upper bounds.
Their branch-and-cut algorithm however can not prune nodes of the search tree
efficiently because the LP relaxation problems often give much worse upper bounds
than the reduced BIP problems.

Kawahara et al. [46] proposed an exact algorithm for updating a lower bound

based on Tuy’s cutting-plane method [76]. The algorithm reformulates the sub-
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modular function maximization problem (2.1) by using the Lovéasz extension [61].
It iteratively finds a feasible solution and a unique hyperplane to cut off a fea-
sible subset which clearly does not include any better solutions. To obtain an
upper bound, they introduced the constraint generation algorithm [67] adding the

obtained feasible solution as a constraint.

Both of the exact algorithms [46, 67] often need to solve a large number of
reduced BIP problems because of generating only one or two constraints at each
iteration. To overcome this, we propose an improved constraint generation al-
gorithm to add a promising set of constraints at each iteration. We incorporate
it into a branch-and-cut algorithm to attain good upper bounds while solving a
smaller number of reduced BIP problems. To improve the efficiency of the branch-
and-cut algorithm, we also introduce a local search algorithm to attain good lower
bounds quickly. We evaluate the existing algorithms and our algorithms for three
types of well-known benchmark instances called facility location, weighted coverage
and bipartite influence. According to the performance profile [21] and the shifted
geometric mean [66] of the computation time, we confirm that our algorithms im-
proved the efficiency of the conventional constraint generation algorithm [68], and

also performed better than the existing algorithms [13, 70].

2.2 Existing Algorithms

We review the A* search algorithms proposed by Chen et al. [13] and Sakaue and
Ishihata [70], and the constraint generation algorithm proposed by Nemhauser and
Wolsey [67] for the non-decreasing submodular function maximization problem.
First, for A* search algorithms, we then illustrate two heuristic functions Aeq [13]

and hgom [70].
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2.2.1 A* search Algorithms

We first define the search tree of the A* search algorithm. Each node S of the
search tree represents a feasible solution, where the root node is set to S < 0.
The parent of a node T is defined as S = T\ {Tiax}, Wwhere Ti.x is an element
i € T with the largest number. For example, node S = {3} is the parent of node
T ={3,5}, since T\ {Tnax} = {3,5} \ {5} = {3} = S5.

The A* search algorithm employs a list L to manage nodes of the search tree.
The value of a node S is defined as f(S) = f(S) + h(S), where h(-) is a heuristic
function. We note that f(-) gives an upper bound of the optimal value of the
problem (2.1) at the node S.

The initial feasible solution is obtained by the greedy algorithm [64, 68]. The
algorithm repeats to extract a node S with the largest value f(-) from the list L
and insert its children 7" € F into the list L at each iteration. Let S € F' be a node
extracted from the list L, and S* be the incumbent solution (i.e., the best feasible
solution obtained so far). The algorithm may apply the greedy algorithm to the
node S for obtaining a feasible solution S" € F. If f(S") > f(S*) holds, then the
algorithm replaces the incumbent solution S* with S’. Then, all children T" € F
of the node S satisfying f(T) > f(S*) are inserted into the list L. The algorithm

repeats these procedures until the list L becomes empty.

Algorithm A*(S)

Input: The initial feasible solution S.

Output: The incumbent solution S*.

Step 1: Set L « {0} and S* < S.

Step 2: If L = () holds, then output the incumbent solution S* and exit.

Step 3: Extract a node S with the largest value f(-) from the list L. If f(S) <
f(S*) holds, then return to Step 2.
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Step 4: Obtain a feasible solution S’ € F' from the node S. If f(S) > f(S%)
holds, then set S* «+ 5.

Step 5: Set L < L U{T'} for all children T of the node S satistfying 7' € F' and

f(T) > f(S*). Return to Step 2.

We then illustrate two heuristic functions h,eq [13] and hgen [70] applied to
the A* search algorithm.

2.2.1.1 Upper bound with modular functions (MOD)

Chen et al. [13] proposed a heuristic function h,,.q. Let S be the current node
of the A* search algorithm. We consider the following reduced problem of the

problem (2.1) for obtaining A(-).

maximize fg(7T) 2.3)
subject to T C N\ ST, |T| <k —|5],
where ST = {i € N | i < Spax} and fs(-) = f(- | S). Let T* be an optimal
solution of the reduced problem (2.3). Since the reduced problem (2.3) is still
NP-hard, we consider obtaining an upper bound of f¢(7™). By submodularity, we

obtain ;. fs({i}) > fs(T) for any T'C N and the following inequality [69].

max > fs{ih) = fs(fi) = fs(T7). (2.4)

TCN\ST,|T|<k—|S| £ ,
€T €T

Let S* be the non-increasing ordered set with respect to fg({i}) fori € N\ S*. We

assume that |S U S*| > k, because we can obtain the upper bound by computing

f(S U S*) otherwise. Let [p] = {1,...,p} and g[;} denote the set of the first

p = k— S| elements of the sorted set S*. We then define a heuristic function h,,0q
by

hmoa(S) = Y fs({i}). (2.5)

€S

We note that we let g[;US be a feasible solution S” € F for the node S. If fs({i}) =

0 holds for some i € 5’[; » then we conclude fS(S'[; ) = fs(T*) by submodularity.

For a given node S, we compute an upper bound f(S) = £(S) + hmoa(S).
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When we have different constraints such as multiple knapsack constraints, this
algorithm is still adaptable by using LP solvers. We solve the following linear
programming (LP) problem with LP solvers, and obtain upper bounds.

maximize Z fs({i})
ieT (2.6)

subject to T CF, T C N\ S.

2.2.1.2 Upper bound with dominant elements (DOM)

Sakaue and Ishihata [70] proposed another heuristic function hgom,. We define T
as the ordered set of p = k — | S| elements added to the current solution S by the
greedy algorithm. Let T; and T}; denote the ¢-th element and the subset of the

first 7 elements of the sorted set T, respectively. We define

0 if Amoa(S U Tj;)) = 0 for some i € [p]
By = P 2.7
v H B; otherwise, 27)
i=1
where
Ts(Ti UT5-q) = fs(Thiz1))
=1 L dc 2.8
: T vE o B (2.9
We then define a heuristic function hg,, by
fs(Tiy)
haom(S) = -——. (2.9)
(1 = Byy)
Theorem 2.1. The heuristic function holds haem(S) > fs(T™*) for any given S C

N [70].

Proof. For v =0,...,k, we obtain the following inequality

fs(T*) < fs(T*UTy)
= fs(Tw) + fs(T" | Tyy) (2.10)
< S(T[l])—FfS(T |T )
< fs(Tiy) + humoa(S U Tly),
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where the third inequality comes from the definition of A,,.4.
We first consider the case where hy,0q(S U Tj;)) = 0 holds for some ¢ € [p]. In

this case we obtain

fs(T*) < fs(Th) + hmoa(S U Ty) = fs(Th) (2.11)

from the inequality (2.10). By the non-decreasingness of fs, we have fs(1,)) >
fs(Tyg), and hgom = fs(Ty) > fs(T*) holds; more precisely, haom = fs(Tfp)) =
fs(T*) holds since T™* is optimal.

We then consider the case where Ao, (Tjy) > 0 holds for all i € [p]. For i € [p],

we have
fs(T*) < fs(Thi-1) + hinoa(Thi-1)
hmo Ti—
= ST+ me AT 2
= fs(Tji-1)) + mid_—[éil](fs(Tm) — fs(Tji-1)))

from the inequality (2.10). We rearrange the terms to obtain the following in-
equality,
fs(Tt) < Bifs(Tjizay) + (1= Bs) fs(T7). (2.13)

Therefore, we obtain the following inequality for ¢ € [p] :
fs(T7) = fs(Ty) < Bi(fs(T7) = fs(Tji-1)))- (2.14)

Since fs(0) = 0, we obtain

fs(T7) = <1_H6i> fs(T7)

i=1

= (1= Bw) fs(17).
Therefore, the statement of the theorem hgon (S) = fs(Ty)/(1 — By)) > fs(T%)
holds. O

(2.15)

For a given node S, we compute an upper bound f(S) = f(.S) + haom(S). With
the cardinality constraint, we have §; = 1 — 1/k in the worst case. That leads to

the (1 — 1/e)-approximation guarantee. Since 3; < 1 — 1/k, and hg,,, is expected
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to be closer to fs(1T™) than fg(Tjy)/(1 — 1/e). Sakaue and Ishihata [70] discussed
situations where hgy, gives an upper-bound that is close to fg(T™) (see details

in [70]).

2.2.2 Constraint Generation Algorithm

Nemhauser and Wolsey [67] proposed a constraint generation algorithm based on a
BIP formulation. They reformulated the submodular maximization problem (2.1)
into a BIP problem. For reformulating the problem, we first need the definition of

submodular function as follows.

Proposition 9. Each of the following statements is equivalent and defines a sub-

modular function [68].
(i) f(A) - f(AnB) > f(AUB) - f(B), VA, BCN.
(i) f({i} [5) = f{i} [ T), VSCTCN,i¢T.

(i) f({i} | S) = f({i} | SU{e}), VSCN,i g SU{e}.

(iv) f(T G;S FHIYH1S) - E;\Tf({i} | TUS\{i}), VS, TCN.
(v) f(T) < F(S) + ZT;S fRg315), vScTCN.

(vi) f(T) < f(S) - ‘;S\:Tf({i} | S\{i}), VI CSCN.

(vii) f(T) < f(S) - ~625\:Tf({i} | S\{i}) + g;sf({i} | SNT), VS, TCN.

The proof of Proposition 9 is omitted (see details in [68]). We next consider a

submodular function which is non-decreasing.
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Proposition 10. Fach of the following statements is equivalent and defines a

non-decreasing submodular set function [63].

(i) f(A)+ f(B) > f(AUB) + f(ANB), VA, BC N.
(") f({i}[S) = f{i} [T) =20, VSCTCN,i¢T.
(iv) f(T) < F(S)+ DY f{i}]S), VSTCN.

JET\S

The proof of Proposition 10 is as follows [68].

Proof. First, we obtain (i*) < (ii*) clearly from (i) < (ii). Next, (ii*) = (ii) =
(iv). Since f({i} | T') > 0 implies that the last term of (iv) is non-positive, and the
fact gives (iv*). Finally (iv*) = (ii*) when we choose S = T'U {i} in (iv*) yields
)y < f(rudap) or f({i} | T) = 0. O

We next consider a set X of (n,y) satisfying the following condition.

n<f(S)+ Y f{iY Sy, VSCN, |S| <k, (2.16)

JEN\S

where Y= (y17 s Jyn) S {07 1}TL

Proposition 11. Suppose f(-) is a non-decreasing submodular function, (n,yT)

e X ifand only if n < f(T'), T={je N |y; =1} CN.
The following proof is for Proposition 11 [67].

Proof. («<=). Suppose n < f(T), then for all S C N, we obtain the following

inequality.

FS)+ Y FAGY 1 S)y)

JEN\S

= fS)+ Y FUY S (2.17)

JET\S
> f(T) >,

where the inequality comes from the statement (iv*) of Proposition 10.
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(=). It (n, yT) € X, we obtain the following inequality,
n < fO+ Y FEIYIT) Y
jemT (2.18)
= f(D).
O]

The submodular function maximization problem can be formulated into the

following BIP problem (2.19).

maximize z

subject to z < f(S) + Z fHi} [ Sy, SeF,
NS (2.19)

Y; € {0,1}, 1€ N,
where F' denotes the set of all feasible solutions satisfying the cardinality constraint

|S| < k. According to [67], we only need feasible solutions such that |S| =k for a
set F'. By solving the problem (2.19) with all the constraints, an optimal solution
and the optimal value can be obtained. However, it is often very expensive to
prepare all the constraints within a reasonable computation time. Moreover, to
solve the problem (2.19) optimally, we do not need all the constraints in most
cases.

Nemhauser and Wolsey [67] have proposed an exact algorithm called the con-
straint generation algorithm starting from a reduced BIP problem with a small
subset of constraints. The algorithm repeats solving a reduced BIP problem while
adding a new constraint at each iteration. Given a set of feasible solutions ) C F,

we define BIP(Q) as the following reduced BIP problem of the problem (2.19).

maximize z

subject to z < f(S) + Z fH{i} | S) v, SeQ,
NS (2.20)

Y; € {0,1}, 1€ N.
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The initial solution S© is obtained by the greedy algorithm (64, 68]. The con-

straint generation algorithm starts with a set () = {S[((%) yee [k]} where Spy
denotes the first u elements of a feasible solution S® with the order obtained
by the greedy algorithm. We now consider the t¢-th iteration of the constraint
generation algorithm. The algorithm first solves BIP(Q) with Q@ = {S[(é}), ce
Sk s SO .. S to obtain an optimal solution y® = = ('Y, .. yP) and the
optimal value z(t) that gives an upper bound of that of the problem (2.19). Let
S® denote the optimal solution of BIP(Q) corresponding to y®, and S* denote
the incumbent solution of the problem (2.19) (i.e., the best feasible solution ob-
tained so far). If f(S®) > f(S*) holds, then the algorithm replaces the incumbent
solution S* with S®. If 2® > f(S®) holds, the algorithm concludes S® ¢ @ and
adds S® to Q, because S® does not satisfy any constraints of BIP(Q). That is,
the algorithm adds the following constraint to BIP(Q) for improving the upper

bound 2 of the optimal value of the problem (2.19).
2< S+ >0 f{iy | SY (2.21)
iEN\S®

The algorithm repeats these procedures until z® and f(S*) meet (i.e., the algo-
rithm proves the optimality of the incumbent solution S*). We note that the value
of 2 is non-increasing with the number of iterations and the algorithm must

terminate after at most (Z) iterations.
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Algorithm CG(S©)

Input: The initial feasible solution S©.
Output: The incumbent solution S*.

Step 1: Set Q « {S[((?]), o S[(,S])}, S* « SO and ¢ + 1.

Step 2: Solve BIP(Q). Let S® and 2 be an optimal solution and the optimal

value of BIP(Q), respectively.
Step 3: If £(S®) > f(S*) holds, then set S* + S®.

Step 4: If 2! = f(S*) holds, then output the incumbent solution S* and exit.
Otherwise; (i.e., z® > f(S*) > f(S®)), set Q < QU {SW}, t + ¢+ 1 and

return to Step 2.

The constraint generation algorithm [67] often solves a large number of reduced
BIP problems because of generating only one constraint at each iteration. We
accordingly propose an improved constraint generation algorithm to generate a
promising set of constraints for attaining good upper bounds while solving a smaller
number of reduced BIP problems.

We note that to generate and add a set of random constraints does not de-
teriorate upper bounds. However, the efficiency of algorithms often deteriorates
because of generating and adding an unnecessary set of constraints to solve a prob-
lem. Therefore, we carefully need to generate a set of constraints to improve the

upper bound.

2.3 Proposed Algorithms

2.3.1 Improved Constraint Generation Algorithm

Let y®) = (ygt), e ,yﬁf)) and z*) be an optimal solution and the optimal value of

BIP(Q) at the t-th iteration of the constraint generation algorithm, respectively.
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We note that z® gives an upper bound of the optimal value of the problem (2.19).
To improve the upper bound 2z, it is necessary to add a new feasible solution

S’ € F to @ satisfying the following inequality.

20> f(8)+ Y f{ir ]S (2.22)

iEN\S’

After solving BIP(Q), we obtain at least one feasible solution S* € Q attaining
the optimal value z(*) of BIP(Q), i.e.,

=8+ Y fi ]Sy, (2.23)

ieEN\SH

Let S® be the optimal solution of BIP(Q) corresponding to y®, where we
assume S ¢ . We then consider adding an element j € S® \ S% to S% and

obtain the following inequality by submodularity:

20 = f($)+ D F ]S o
iEN\SH
= JE IS+ > fEH S e
iEN\(S5U{5}) (2.24)
= fEUENE 3 THi IS

iEN\(STU{5})

FSEUGh+ > f{ir I stuih B,

iEN\(STU{5})

v

where y(t) = 1 due to j € S®. From the inequality (2.24), we observe that it is

J

preferable to add the element j € S® \ S% to S* for improving the upper bound
2® . Here, we note that it is necessary to remove another element i € S* if [S®| = k
holds.

Based on this observation, we develop a heuristic algorithm to generate a set
of new feasible solutions S’ € F for improving the upper bound z). Given a set of
feasible solutions () C F', let ¢; be the number of feasible solutions S € () including
an element ¢ € N. We define the occurrence rate p; of each element ¢ with respect

to @ as
b B
ZjeN qj
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For each element i € S U S®, we set a random value 7; satisfying 0 < r; < p;. If
there are multiple feasible solutions S% € @ satisfying the equation (2.23), then we
select one of them at random. We take the k largest elements i € S* U S® with

respect to the value r; to generate a feasible solution S’ € F.

Algorithm SUB-ICG(Q, S®, \)

Input: A set of feasible solutions @ C F. A feasible solution S® ¢ Q. The

number of feasible solutions to be generated .
Output: A set of feasible solutions @' C F.
Step 1: Set Q' < () and h < 1.

Step 2: Select a feasible solution S* € Q satisfying the equation (2.23) at random.

Set a random value r; (0 < r; < p;) fori € S*US®.

Step 3: If |S®| = k holds, then take the k largest elements i € S% U S® with
respect to r; to generate a feasible solution S’ € F. Otherwise, take the

largest element 4 € S® \ S with respect to r; to generate a feasible solution

S'=S"U{i} eF.
Step 4: If S’ ¢ Q' holds, then set Q' <~ Q" U {S'} and h < h + 1.

Step 5: If h = A holds, then output ' and exit. Otherwise, return to Step 2.

We summarize the improved constraint generation algorithm as follows, in
which we define @ as the set of feasible solutions S©,SM .. St obtained by
solving reduced BIP problems and Q" as the set of feasible solutions generated by
SUB-ICG(Q, S, \).
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Algorithm ICG(S© ))

Input: The initial feasible solution S(®. The number of feasible solutions to be

generated at each iteration \.
Output: The incumbent solution S*.
Step 1: Set Q « {S©}, Q+ « {S[(OO]), . ,S[(,Sf}, S* ¢ SO and ¢ « 1.

Step 2: Solve BIP(Q%). Let S® and z® be an optimal solution and the optimal
value of BIP(Q™), respectively.

Step 3: If f(S®) > f(S*) holds, then set S* «+ S®.
Step 4: If () = f(S*) holds, then output the incumbent solution S* and exit.

Step 5: Set Q + QU {SW}, @ «+ QT U {SW} U SUB-ICG(Q, S®,\) and
t+—1t+1.

Step 6: For each feasible solution S € SUB-ICG(Q,S®, \), if f(S) > f(S*)
holds, then set S* «<— S. Return to Step 2.

We note that the improved constraint generation algorithm often attains good
lower bounds as well as the upper bounds because SUB-ICG gives a number of good
feasible solutions at each iteration. There are other ways to generate constraints
such as a randomized greedy algorithm at the beginning. However, it is often
difficult to generate necessary constraints during the algorithm. Fortunately, this
algorithm dynamically finds the constraints which are necessary at each iteration

by using a solution S® and a constraint S

2.3.2 Branch-and-Cut Algorithm

We propose a branch-and-cut algorithm incorporating the improved constraint
generation algorithm. We first define the search tree of the branch-and-cut al-

gorithm. Each node (S°,S') of the search tree consists of a pair of sets S and
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St where elements i € S° (resp., i € S') correspond to variables fixed to y; = 0
(resp., y; = 1) of the problem (2.19). The root node is set to (S, S') « (0,0).
Each node (S° S') has two children (S° U {i*},S!') and (S° S' U {i*}), where
i = argmax;e vy (sousn) f (ST U {i}).

The branch-and-cut algorithm employs a stack list L to manage nodes of the
search tree. The value of a node (S°, S1) is defined as the optimal value 255" of

the following reduced BIP problem BIP(QT, S°, S'):

maximize z

subject to z < f(S) + Z fHi} | S) i, Se@,

iEN\S

ieN\(S0UST)

y; €{0,1}, i€ N\ (S°USt),
y; = 0, iec SO

y; =1, ie St

where Q is the set of feasible solution generated by the improved constraint

generation algorithm so far. We note that #(5%51) gives an upper bound of the
optimal value of the problem (2.19) at the node (S°, S'); i.e., under the condition
that y; =0 (i € S°) and y; = 1 (i € S1).

We start with a pair of sets @ = {S} and Q* = {S, ..., S}, where S is the
initial feasible solutions obtained by the greedy algorithm [64, 68]. To obtain good
upper and lower bounds quickly, we first apply the first & iterations of the improved
constraint generation algorithm. We then repeat to extract a node (S°, S1) from
the top of the stack list L and insert its children into the top of the stack list L
at each iteration. Thus, we employ a depth-first-search for the tree search of the
branch-and-cut algorithm.

Let (S° S') be a node extracted from the stack list L, and S* be the in-
cumbent solution of the problem (2.19) (i.e., the best feasible solution obtained
so far). We first solve BIP(QT,S° S') to obtain an optimal solution S(5%5h)

S0.51)

and the optimal value 2! We then generate a set of feasible solutions by
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SUB-ICG(Q, "5 X\). For each feasible solution S € {S©"5)}U SUB-ICG
(Q, SB"5N \),if f(S") > f(S*) holds, then we replace the incumbent solution S*
with S’ If 2(5°5") > f(5*) holds, then we insert the two children (S°U {i*},S")
and (S°, ST U {i*}) into the top of the stack list L in this order.

To decrease the number of reduced BIP problems to be solved in the branch-
and-cut algorithm, we keep the optimal value z(5°5") of BIP(Qt,S% St) as an
upper bound z5°U7HSY) (resp., 2(5°5' WD) of the child (S° U {i*}, S') (resp.,
(89,8 U {i*})) when inserted to the stack list L. If 2(5"5") < £(S*) holds when
we extract a node (S° S!) from the stack list L, then we can prune the node
(S°,S1) without solving BIP(Q*, S°, S). We set the upper bound 2% of the
root node ((, ) to co. We repeat these procedures until the stack list L becomes

empty.
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Algorithm BC-ICG(S, \)

Input: The initial feasible solution S. The number of feasible solutions to be

generated at each node .
Output: The incumbent solution S*.

Step 1: Set L «+ {(0,0)}, 2% « o0, @ < {S}, @" < {Sy,.... 5w} and
S* <« S.

Step 2: Apply the first & iterations of ICG(S,\) to update the sets @ and Q%

and the incumbent solution S*.
Step 3: If L = () holds, then output the incumbent solution S* and exit.

Step 4: Extract anode (S°, S') from the top of the stack list L. If 25”5 < f(5%)
holds, then return to Step 3.

Step 5: Solve BIP(Q*, S S'). Let S%SY and 255" be an optimal solution
and the optimal value of BIP(Q™, S°, S1), respectively.

Step 6: Set Q + QU{SE"SN QF « Q+U{SE"SN}USUB-ICG(Q, SG*SH, ).

Step 7: For each feasible solution S’ € {S©”5)} U SUB-ICG(Q, S©G™5Y N), if
f(S") > f(S*) holds, then set S* + S.

Step 8: If 2(5"5") < £(S*), then return to Step 3.

Step 9: If [S°U S < n—1and |SY < k — 1 hold, then set L + LU {(S°U
{i*},Sl), (50751 U {f})}’ z(sou{i*},sl) — Z(SO,Sl) and Z(SO,Slu{z‘*}) i Z(SO,Sl)’

where i* = argmax;c \n (sous1)f(S' U {i}). Return to Step 3.

We note that the branch-and-cut algorithm is similar to that for the traveling
salesman problem based on a BIP formulation with an exponential number of

subtour elimination constraints [17, 34].
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We finally propose an improved branch-and-cut algorithm that introduces a
local search algorithm to improve the lower bound from the incumbent solution.

To improve the efficiency of the branch-and-cut algorithm, it is also important
to improve the lower bound from the incumbent solution S* (i.e., the best feasible
solution obtained so far). We accordingly introduce a simple local search at each
node (5%, S1) of the branch-and-cut algorithm. We first apply the greedy algorithm
from S! to obtain an initial feasible solution S € F', where we only consider adding
an element i € N\ (S°US') at each iteration. We then repeatedly replaces S with
a better feasible solution S in its neighborhood NB(S) until no better feasible
solution is found in NB(S). For a given feasible solution S € F, we define an
exchange neighborhood as NB(S) = {S’ C N | S\ {i} U{j},i € S\ S',j €
N\ (SUSY}.

Algorithm LS(S%, S!)

Input: A node of the branch-and-cut algorithm (S°, S*).
Output: A feasible solution S.

Step 1: Apply the greedy algorithm from S! to obtain an initial feasible solution
S.

Step 2: Find the best feasible solution S € NB(S). If f(S’) > f(S) holds, then

set S < S’ and return to Step 2; otherwise, output S and exit.

To improve lower bounds, for a node (S°, S1), we apply the local search algo-
rithm and obtain a feasible solution S. If f(S) > f(S*) holds, then we replace the
incumbent solution S* with S. If we find the solution S such as f(S) > f(S*),
then we add the S into Q" because a good feasible solution tends to be a good
constraint to improve upper bounds. The improved branch-and-cut algorithm is

defined as follows.
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Algorithm BC-ICG+(S, \)

Input: The initial feasible solution S. The number of feasible solutions to be

generated at each node .
Output: The incumbent solution S*.

Step 1: Set L «+ {(0,0)}, z%Y + oo, @ + {S}, QF + {Sq...., S} and
S*+ S.

Step 2: Apply the first k iterations of ICG(S,\) to update the sets @ and Q*

and the incumbent solution S*.
Step 3: If L = ) holds, then output the incumbent solution S* and exit.

Step 4: Extract a node (S°, S') from the top of the list L. Set S «+ LS(SY, S1).
If £(S) > f(S*) holds, then set S* « S and Q1 « QT U{S*}. If 205" <
f(S*) holds, then return to Step 3.

Step 5: Solve BIP(Q*, S%, S1). Let S©™5") and 2(5°5") be an optimal solution
and the optimal value of BIP(Q™, S°, S1), respectively.

Step 6: Set Q + QU{SS"SH, QT « QTU{SE"SHUSUB-ICG(Q, 5™ \).

Step 7: For each feasible solution S’ € {S©”5Y} U SUB-ICG(Q, S©G™SY N, if
f(S") > f(S*) holds, then set S* < S.

Step 8: If 2(5"5") < f(S*), then return to Step 3.

Step 9: If [S°U S < n—1and |SY < k —1 hold, then set L + LU {(S°U
(i}, 81, (S0, S0 U {i*})}, 2(S°UGTLSY) (L S(°8Y) and 58810 (o (505",

where i* = argmax;c yn (sous1)f(S' U {i}). Return to Step 3.
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2.4 Computational Results

We tested three existing algorithms: (i) the A* search algorithm with the heuristic
function hpeq (A*-MOD), (ii) the A* search algorithm with the heuristic func-
tion hgem (A*-DOM) and (iii) the constraint generation algorithm (CG) and three
proposed algorithms: (iv) the improved constraint generation algorithm (ICG),
(v) the branch-and-cut algorithm (BC-ICG) and (vi) the improved branch-and-
cut algorithm (BC-ICG+). All algorithms were tested on a personal computer
with a 4.0 GHz Intel Core i7 processor and 32 GB memory. We report compu-
tational results for three types of well-known benchmark instances called facility
location (LOC), weighted coverage (COV) and bipartite influence (INF) accord-
ing to Kawahara et al. [46] and Sakaue and Ishihata [70]. We note that LOC
and COV instances can be formulated as simple MIP models and directly solved
by MIP solvers such as CPLEX 12.8. However, the submodular function maxi-
mization problem includes many classes of instances that can not be formulated as
simple MIP models, e.g., bipartite influence (INF), influence spread [47], document

summarization with diversity function [57, 56] and active learning [83].

Facility location (LOC) We are given a set of n locations N = {1,...,n} and
a set of m clients M = {1,...,m}. We consider selecting a set of k locations to
build facilities. We define g;; > 0 as the benefit of a client ¢ € M attaining from a
facility of location j € N. We select a set of locations S C N to build the facilities.
Each client ¢ € M attains the benefit from the most beneficial facility. The total

benefit for the clients is defined as

£(8) = " maxgy; (2.27)

Weighted coverage (COV) We are given a set of m items M = {1,...,m} and
a set of n sensors N = {1,...,n}. Let M; C M be the subset of items covered
by a sensor 7 € N, and w; > 0 be a weight of an item ¢ € M. We select a set of

sensors S C N to cover items. The total weighted coverage for the items is defined
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as
f(S) = iEZMwZ- max aqj, (2.28)
where a;; = 1 if 7 € M; holds and a;; = 0 otherwise.
Bipartite influence (INF) We are given a set of m targets M = {1,...,m} and
a set of items N = {1,...,n}. Given a bipartite graph G = (M, N; A), where
A C M x N is a set of directed edges, we consider an influence maximization
problem on G. Let p; € [0,1] be the activation probability of an item j € N.
The probability that a target i € M gets activated by a set of items S C N is
1 —[l;es(1 — gij), where gi; = p; if (i,5) € A holds and g;; = 0 otherwise. We
select a set of items S C N to activate targets. The expected number of targets
activated by a set of items S C N is defined as

HOESY (1 ~-TJa- qij)> . (2.29)

ieM jes

We tested all algorithms for 30 classes of randomly generated instances [78§]
that are characterized by several parameters. We set m = n+ 1 and k£ = 5,8
for LOC, COV and INF instances according to Kawahara et al. [46]. We set
n = 20, 30,40, 50,60 for LOC instances and n = 20, 40, 60, 80, 100 for COV and
INF instances. For LOC instances, g;; is a random value taken from interval
[0,1]. For COV instances, a sensor j € N randomly covers an item i € M with
probability 0.15, and w; is a random value taken from interval [0,1]. For INF
instances, p; is a random value taken from interval [0, 1], and the bipartite graph
G is a random graph in which an edge (i,j) € A is generated randomly with
probability 0.1. We set these parameters to different values from those in Sakaue
and Ishihata [70] considering the difference between the cardinality and knapsack
constraints. For each class of instances, five instances were generated and tested.
For all instances, we set the time limit to two hours (7200 seconds).

Tables 2.1 and 2.2 show the average computation time (in seconds) and the

average number of processed nodes of the algorithms for each class of instances,
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Fig. 2.1: Trends of the upper and lower bounds obtained by CG and ICG with
respect to the elapsed computation time (LOC, n = 40, k = 8)

respectively (see detailed computational results in [77]). If an algorithm could
not solve an instance optimally within the time limit, then we set the computation
time to 7200 seconds. The best computation time among the compared algorithms
is highlighted in bold. Table 2.3 shows the average relative gap (zy; — 215) /215 X 100
(%), where zy; and z;; are the upper and lower bounds obtained by the algorithms.
The numbers in parentheses show the number of instances optimally solved within
the time limit.

We first observed that ICG attained better results than CG for almost all
classes. Figure 2.1 represents trends of the upper and lower bounds obtained by
CG and ICG with respect to the elapsed computation time for an LOC instance
with n =40, k = 8.

From Figure 2.1, we observed that ICG improves the lower bound as well as

the upper bound. Although we have originally proposed ICG to improve the
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Fig. 2.2: Trends of the upper and lower bounds obtained by ICG and BC-ICG
with respect to the elapsed computation time (LOC, n = 50, k = 5)

upper bounds, it also improves the lower bounds with a number of better feasible
solutions than those obtained by CG.

Next, Figure 2.2 represents trends of the upper and lower bounds obtained
by ICG and BC-ICG with respect to the elapsed computation time for an LOC
instance with n = 50, k = 5. From Figure 2.2, we observe that BC-ICG could
obtain good lower bounds at an early stage, and also it has the strength to improve
the upper bound close to the optimal value.

Next, Figure 2.3 represents trends of the upper and lower bounds obtained by
A*-MOD and BC-ICG with respect to the elapsed computation time for an COV
instance with n = 60, £ = 5. We can observe that BC-ICG could obtain good
lower bounds at an early stage, and also it has the strength to improve the upper
bound close to the optimal value. However, when A*-MOD attains good upper

bounds at an early stage, A*-MOD often performs better than our algorithms.
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Fig. 2.3: Trends of the upper and lower bounds obtained by A*-MOD and BC-ICG
with respect to the elapsed computation time (COV, n = 60, k = 5)

We observe that ICG, BC-ICG and BC-ICG+ solved optimally 138, 148 and
148 out of all 150 instances, respectively. On the other hand, A*-MOD, A*-DOM
and CG solved optimally 124, 114 and 108 instances, respectively. Figure 2.4 shows
performance profiles [21] of the algorithms for a parameter 1 < g < 10. For a given
set of algorithms A and instances J, the performance profile is defined in terms
of computation time T(A,I) of an algorithm A € A to solve an instance I € J
optimally. For a pair of algorithm A € A and instance I € J, the performance

ratio R(A, I) (i.e., the ratio of computation time over the best) is defined as

T(A,I)

min T'(A', I)’
AleA

R(AI) = (2.30)

where we set R(A, I) = oo if none of the algorithms solved the instance I optimally.
We note that R(A,I) > 1 holds by definition. The performance profile of an
algorithm A € A illustrates the function p,(7y) that represents the number of
instances I € J satisfying R(A,I) < 7. From Figure 2.4, we observed that BC-
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Fig. 2.4: Performance profiles for the algorithms
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ICG and BC-ICG+ solve almost all instances with v = 3. We also observed that
ICG solve about 120 instances optimally out of all 150 instances with v = 3 while
the conventional constraint generation (CG) solved less than 40 instances.

Table 2.1 also shows the shifted geometric mean [1, 66] of the computation
time of the algorithms in the bottom line. For an algorithm A € A, the shifted
geometric mean SGM (A) is defined as follows:

SCM(A) = exp (Z In (max {1, (A, I) + shz‘ft})) it (2.31)

Iej |j|

where we set shift = 10 according to [66]. If an algorithm could not solve an in-
stance optimally within the time limit, then we set the computation time to 7200
seconds. We can observe that the improvement between CG and ICG is much
larger than the improvement between ICG and BC-ICG. According to compari-
son of the algorithms through the shifted geometric mean of their computation
time, we observed that our BC-ICG and BC-ICG+ performed better than existing
algorithms.

Tables 2.1 and 2.3 show that BC-ICG and BC-ICG+ performed better than
the existing algorithms, CG, A*-MOD and A*-DOM especially for the instances
with & = 8. We observe that the A* search algorithms obtain upper bounds by
repeatedly adding an increment fg({i}) of an element i ¢ S from the current node
S until |S| = k holds. The A* search algorithms accordingly obtain much worse
upper bounds when the size k of the cardinality constraint grows. On the other
hand, our algorithms obtain upper bounds by solving reduced BIP problems with
the original cardinality constraint |S| = k. Our algorithms accordingly obtain
good upper bounds regardless of the size k of the cardinality constraint.

In Table 2.1, neither A*-MOD, A*-DOM, CG nor ICG could solve any of LOC
instances with n = 60, & = 8. However, in Table 2.3, the average relative gap
of ICG is much smaller than those of the others. Similarly, BC-ICG and BB-
ICG+ attain good feasible solutions very close to optimal ones for a few remaining
instances not optimally solved.

From Table 2.2, we observed that BC-ICG and BC-ICG+ attained optimal
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solutions while processing much smaller numbers of nodes than A*-MOD and A*-
DOM. These results show that ICG attained much better upper bounds than
the heuristic functions h,,.q and hg,, for most instances and then the proposed

algorithms succeeded in drastically reducing the computation time.

2.5 Conclusion

We present an efficient branch-and-cut algorithm for the non-decreasing submod-
ular function maximization problem based on a BIP formulation with a huge num-
ber of constraints. Nemhauser and Wolsey formulated the submodular function
maximization problem into a BIP formulation with a huge number of constraints.
They proposed a constraint generation algorithm that starts from a small subset
of constraints taken from the constraints and repeats solving a reduced BIP prob-
lem while adding a new constraint at each iteration. However, their algorithm
is often not efficient because it needs to solve many reduced BIP problems until
obtaining an optimal solution. To overcome the issue, we propose an improved
constraint generation algorithm that starts from a small subset of constraints taken
from the constraints and repeats solving a reduced BIP problem while adding a
promising set of constraints at each iteration. We incorporate it into a branch-
and-cut algorithm to attain good upper bounds with much less computational
effort. According to computational results for well-known benchmark instances,
our algorithm achieved better performance than the existing A* search algorithms
and the conventional constraint generation algorithm. We also confirmed that im-
proved constraint generation algorithm obtained better upper bounds as well as
lower bounds than the conventional constraint generation algorithm because our

algorithm obtained good feasible solutions at each iteration.
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Table 2.1: Computation time (in seconds) of the algorithms

Type n k  A*MOD A*-DOM CG ICG BC-ICG BC-ICG+
2 5 2.73 (5) 456 (5) 1.84 (5) 0.43 (5) 0.56 (5) 0.46 (5)
30 5 12.86 (5) 30.10 (5) 17.51 (5) 3.76 (5) 5.36 (5) 470 (5)
LOC 40 5 69.20 (5)  149.34 (5)  376.61 (5) 59.01 (5) 39.87 (5) 40.52 (5)
50 5 157.73 (5)  454.99 (5) >3077.19 (4)  653.63 (5)  131.46 (5) 143.06 (5)
60 5 76156 (5)  1110.01 (5) > 3573.43 (3) > 3381.84 (4)  522.35 (5) 508.97 (5)
20 8 20.48 (5) 48.60 (5) 0.33 (5) 0.35 (5) 0.36 (5) 0.30 (5)
30 8 43848 (5)  1374.28 (5) 12,57 (5) 5.75 (5) 6.95 (5) 6.45 (5)
LOC 40 8  3505.04 (5) > 6241.26 (3) 162849 (5)  204.23 (5) 74.49 (5) 79.86 (5)
50 8 > 7200.00 (0) > 7200.00 (0) > 5867.61 (2) > 4468.14 (2)  906.46 (5) 869.84 (5)
60 8 > 7200.00 (0) > 7200.00 (0) > 7200.00 (0) > 7200.00 (0) > 4868.44 (3) > 4758.71 (3)
20 5 0.18 (5) 047 (5) 0.16 (5) 0.10 (5) 0.11 (5) 0.08 (5)
40 5 445 (5) 15.06 (5) 8.31 (5) 1.74 (5) 1.59 (5) 1.80 (5)
COV 60 5 66.21 (5)  148.28 (5) 98.95 (5) 12.86 (5) 11.55 (5) 11.67 (5)
80 5 13588 (5)  515.23 (5) >4802.33 (2)  182.03 (5) 49.45 (5) 55.52 (5)
100 5 51239 (5)  1833.23 (5) > 7200.00 (0)  838.32 (5)  108.11 (5) 118.37 (5)
20 8 462 (5) 3.22 (5) 0.10 (5) 0.06 (5) 0.06 (5) 0.07 (5)
40 8 155159 (5) > 3849.41 (4) 1.52 (5) 1.38 (5) 1.02 (5) 1.22 (5)
COV 60 8 > 6732.94 (1) > 7200.00 (0) 13.50 (5) 5.57 (5) 6.23 (5) 6.37 (5)
80 8 > 7200.00 (0) > 7200.00 (0) > 2267.01 (4)  207.66 (5)  114.62 (5) 125.64 (5)
100 8 > 7200.00 (0) > 7200.00 (0) > 7200.00 (0) > 4722.16 (2) 2879.97 (5)  3059.22 (5)
20 5 0.09 (5) 0.29 (5) 047 (5) 0.07 (5) 0.09 (5) 0.07 (5)
40 5 0.87 (5) 3.42 (5) 6.15 (5) 0.24 (5) 0.25 (5) 0.28 (5)
INF 60 5 2.65 (5) 16.28 (5) 14.15 (5) 0.39 (5) 0.48 (5) 0.38 (5)
80 5 11.45 (5) 65.24 (5) > 1654.00 (4) 0.78 (5) 0.89 (5) 0.76 (5)
100 5 36.68 (5)  229.64 (5) > 3456.56 (4) 1.66 (5) 2.07 (5) 2.53 (5)
20 8 0.94 (5) 2.89 (5) 1.59 (5) 0.33 (5) 0.55 (5) 0.38 (5)
40 8 2078 (5) 12905 (5)  544.52 (5) 1.99 (5) 2.40 (5) 2.73 (5)
INF 60 8 28436 (5)  1928.39 (5) > 6414.80 (1) 14.71 (5) 19.15 (5) 25.91 (5)
80 8 986.43 (5) > 5710.28 (2) > 7200.00 (0) 29.82 (5) 37.85 (5) 51.39 (5)
100 8 > 5403.02 (3) > 7200.00 (0) > 7200.00 (0) 54.48 (5) 81.03 (5) 120.55 (5)
SGM > 44887 > 1041.65 > 471.74 > 89.23 > 64.98 > 68.00
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Table 2.2: Number of processed nodes by the algorithms

Type n k A*-MOD A*~-DOM BC-ICG BC-ICG+
20 5 2.66x10° (5)  2.02x10%(5)  3.80x 10° (5)  3.00 x 10° (5)
30 5 9.70 x 10? (5) 7.16 x 10® (5) 3.90 x 10! (5) 2.62 x 10! (5)
LOC 40 5 3.55 x 10* (5) 3.06 x 10* (5) 2.22 x 102 (5) 1.03 x 102 (5)
50 5 5.76 x 10* (5) 5.00 x 10* (5) 1.94 x 102 (5) 1.93 x 102 (5)
60 5 9.82 x 10 (5) 8.56 x 10 (5) 3.42 x 102 (5) 3.06 x 102 (5)
20 8 245 x10* (5)  7.51 x 10% (5) 1.00 x 10° (5) 1.00 x 10° (5)
30 8 2,67 x10° (5) 1.14 x 10° (5) 1.22 x 10* (5) 1.06 x 10* (5)
LOC 40 8 148 x10%°(5) >4.68x10°(3)  6.94x 10" (5)  7.18 x 10" (5)
50 8 > 1.77 x 10° (0) > 2.65 x 10° (0) 2.07 x 102 (5) 1.58 x 102 (5)
60 8 >9.98x10°(0) > 1.54x10° (0) > 5.00 x 10 (3) > 3.33 x 10? (3)
20 5 6.12x10%(5)  5.54 x 10% (5) 1.00 x 10° (5) 1.00 x 10° (5)
40 5 488x10° (5) 474 x10%(5)  6.20x 10° (5)  5.40 x 10° (5)
COV 60 5 1.75 x 10* (5) 1.74 x 10* (5) 2.86 x 10! (5) 3.02 x 10! (5)
80 5 214 x10*(5) 214 x 10* (5) 1.02 x 102 (5) 1.07 x 102 (5)
100 5 4.89 x 10* (5) 4.88 x 10* (5) 1.45 x 10% (5) 1.36 x 102 (5)
20 8  1.32x10*(5)  9.50 x 10% (5) 1.00 x 10° (5) 1.00 x 10° (5)
40 8 977 x10° (5) > 4.55 x 10° (4) 1.00 x 10° (5) 1.00 x 10° (5)
COV 60 8 >1.57x10%(1) > 2.74 x 10° (0) 1.40 x 10° (5) 1.00 x 10° (5)
80 8 >1.01x10°(0) > 1.03x 10° (0) 6.20 x 10° (5) 4.20 x 10° (5)
100 8 >6.91x10°(0) >6.79x 10* (0) 534 x 10" (5)  4.90 x 10' (5)
20 5 214x10%(5) 213 x 10% (5) 1.00 x 10° (5) 1.00 x 10° (5)
40 5 7.45 x 102 (5) 7.45 x 102 (5) 1.40 x 10° (5) 1.40 x 10° (5)
INF 60 5  1.14 x 10% (5) 1.14 x 10° (5) 1.40 x 10° (5) 1.00 x 10° (5)
80 5  2.74x10° (5)  2.74 x 10% (5) 1.80 x 10° (5) 1.00 x 10° (5)
100 5 596x10°(5)  5.96x 10 (5)  5.00x 10° (5)  4.20 x 10° (5)
20 8 213 x10% (5) 1.37 x 10° (5)  4.60 x 10° (5)  2.60 x 10° (5)
40 8 1.29 x 10* (5) 1.29 x 10* (5) 1.42 x 10" (5) 1.38 x 10" (5)
INF 60 8  6.12x10*(5)  6.12x10* (5)  6.42x10' (5)  6.78 x 10! (5)
80 8  1.22x10°(5) >1.06x10°(2)  854x 10" (5)  9.06 x 10! (5)
100 8 >4.03 x10° (3) > 7.14 x 10* (0) 1.22 x 102 (5) 1.27 x 102 (5)
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Table 2.3: Relative gap (zus — 215)/2s X 100 (%) of the algorithms

Type n k A*MOD A*-DOM CG ICG  BC-ICG BC-ICG+

205 0.00(5) 0.00 (5) 0.00(5) 0.00(5) 0.00 (5) 0.00 (5)
305 0.00(5) 0.00(5) 0.00(5) 0.00(5) 0.00(5) 0.00 (5)
LOC 40 5 0.00(5) 0.00 (5) 0.00(5) 0.00 (5) 0.00 (5) 0.00 (5)
50 5 0.00(5) 0.00(5) 0.01(4) 0.00(5) 0.00 (5) 0.00 (5)
60 5 0.00(5) 0.00(5) 0.31(3) 0.04(4) 0.00 (5) 0.00 (5)
20 8 0.00(5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5)
30 8 0.00(5) 0.00(5) 0.00(5) 0.00(5) 0.00 (5) 0.00 (5)
LOC 40 8 0.00(5) 056 (3) 0.00(5) 0.00 (5) 0.00 (5) 0.00 (5)
50 8 3.26 (0)  2.85 (0) 0.20 (2) 0.03 (2) 0.00 (5) 0.00 (5)
60 8 7.17(0) 4.75 (0) 0.71 (0) 0.35 (0) 0.16 (3) 0.14 (3)
20 5 0.00(5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5)
40 5 0.00 (5)  0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5)
COV 60 5 0.00 (5 0.00(5) 0.00(5) 0.00(5) 0.00(5) 0.00 (5)
805 0.00(5) 0.00(5) 1.31(2) 0.00(5) 0.00 (5) 0.00 (5)
100 5 0.00 (5) 0.00 (5) 2.55 (0) 0.00 (5) 0.00 (5) 0.00 (5)
20 8 0.00(5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5)
40 8 0.00 (5)  0.40 (4) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5)
COV 60 8 866 (1) 9.89(0) 0.00(5) 0.00(5) 0.00 (5) 0.00 (5)
80 8 13.12(0) 14.83 (0) 0.01 (4) 0.00 (5) 0.00 (5) 0.00 (5)
100 8 23.24 (0) 19.04 (0) 1.54 (0) 0.10 (2) 0.00 (5) 0.00 (5)
205 0.00(5) 0.00 (5) 0.00(5) 0.00(5) 0.00 (5) 0.00 (5)
40 5 0.00(5)  0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5) 0.00 (5)
INF 60 5 0.00(5) 0.00 (5 0.00 (5 0.00(5) 0.00(5) 0.00 (5)
80 5 0.00(5) 0.00(5) 0.03(4) 0.00(5) 0.00 (5) 0.00 (5)
100 5 0.00 (5) 0.00 (5) 0.42(4) 0.00 (5) 0.00 (5) 0.00 (5)
20 8 0.00(5) 0.00 (5) 0.00(5) 0.00(5) 0.00 (5) 0.00 (5)
40 8 0.00 (5) 0.00 (5) 0.00(5) 0.00(5) 0.00 (5) 0.00 (5)
INF 60 8 0.00(5) 0.00(5) 253 (1) 0.00(5) 0.00 (5) 0.00 (5)
80 8 0.00(5) 0.28(2) 5.52(0) 0.00(5) 0.00 (5) 0.00 (5)
100 8 053 (3) 5.00(0) 6.14 (0) 0.00(5) 0.00 (5) 0.00 (5)
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Chapter 3

An Efficient Branch-and-Cut
Algorithm for Approximately
Submodular Function

Maximization

3.1 Introduction

In many practical situations, utility functions may not be necessarily submodular.
However even in those cases, submodularity can be approximately satisfied in vari-
ous problems such as feature selection [18, 85], boosting influence spread [59], data
summarization [7] and combinatorial auction [16, 80]. For this reason, the opti-
mization of an approximately submodular function has been attracted an increasing
attention recently [19, 39]. By considering such a problem, we can contribute to
solving wider range of problems. This type of function is defined with a submodular
ratio v, which defined for a set function f as the maximum value 0 < v < 1 such
that f(SU{i})—f(S) >~ (f(TU{i})—f(T)),forall S CT C N andi ¢ T. That

is, a submodular ratio v measures how close the function is to submodular [18, 43].

In this chapter, we address the problem of maximizing a non-decreasing approx-
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imately submodular function f under a cardinality constraint (hereafter, referred

to as approximately submodular function maximization problem):

maximize f(5) (3.1)

subject to |[S| <k, SCN,
where k£ < n is a positive integer comprising the cardinality constraint. A set
function is non-decreasing if f(S) < f(7T') for all S C T and f() = 0. Das and
Kempe [18] presented a greedy algorithm for the problem that guarantees (1—e~7)-
approximation ratio for a given submodular ratio 7. Chen et al. [13] proposed an
A* search algorithm to obtain an exactly optimal solution for the approximately
submodular function maximization problem. Their algorithm computes an upper
bound by a variant of variable fixing techniques with O(n) oracle queries. Their
algorithm quickly finds upper bounds; however the attained upper bounds are not
often tight enough to prune nodes of the search tree effectively. Therefore, their
algorithm often processes a huge number of nodes of the search tree until obtaining
an optimal solution.

We present an efficient branch-and-cut algorithm for the approximately sub-
modular function maximization problem based on its binary integer programming
(BIP) formulation with an exponential number of constraints. First, we define ap-
proximately submodular function with different formulations by using submodular
ratio v and an upper bound of submodular ratio 7 [43]. Based on the formulation,
we derive a BIP formulation of the approximately submodular function maximiza-
tion problem. Due to the success of the BIP formulation, we develop a constraint
generation algorithm [67]. Unfortunately, the constraint generation algorithm is
not efficient because of a large number of reduced BIP problems to be solved. To
overcome this, we propose an improved constraint generation algorithm, where a
promising set of constraints is added at each iteration. We further incorporate
it into a branch-and-cut algorithm to attain good upper bounds while solving a
smaller number of reduced BIP problems. Finally, we evaluate our algorithms
under comparisons with the existing algorithms using three types of well-known

benchmark instances and the combinatorial auction problem.
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3.2 Existing Algorithms

We review the approximation guarantee of the standard greedy algorithm in Chap-
ter 1, and also we introduce A* search algorithm proposed by Chen et al. [13] for
the approximately submodular function maximization problem.

Since our definition of approximately submodular function is slightly differ-
ent from others [18, 39|, we show that the greedy algorithm achieves (1 — e™7)-
approximation ratio with our definition here. The manner of the following proof

is similar to the previous proof for Proposition 1.

Proposition 12. If f is nondecreasing, approzimately submodular with a sub-
modular ratio vy, f(0) = 0, then the greedy algorithm returns a solution S which

achieves

182 (1- %) 157

where S* is an optimal solution.

Proof. By non-decreasingness and approximately submodularity, we obtain the
following inequality. We let S* = {i1, 5, ...,ix} and S be a solution obtained by
the greedy algorithm at step .
(S < f(SWusSY
= fSN) +f(SOU i) - F(SO) -+

FSOU iy, .. in}) = F(SPDU iy, ... k1))
= fS) + f({in} [ SY) + f({ia} | SY U {in}) +
i} [ SYU i, ik

FESO) + (N f({in} | SY) + (/1) f{iz} | SY) + -+ +

(/) f({ir} | S9)
= S8+ (N iy | SY) + f({ia} | SY) + o+ F({in)} | 5D}
< F(SY) + R(/N{FSUY) = F(SD)}

IN

By reformulation, we obtain the following inequality.
Y *
LLR(87) = (SO} < F(5040) - f(5)
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Let 0, = f(S*) — f(S®). We obtain:

20 < 8=
5t+1 S (1 - %) 6t-

By induction, we have:
Y\ k
< - — .
o < (1 k) 5

We apply this common inequality 1 — x < e~ to the previous inequality, and we

obtain:
5 < (1 - %)k(so < (el)k(so = e,

We use the definition of d; to reformulate, and obtain:

f(S7) = f(Sk) < e (f(S7) = f(0))

By f(0) = 0, we obtain

rs0 = (1- %) 157

e

]

Next, we review A* search algorithm proposed by Chen et al. [13] (see de-
tails in Section 2.2). Chen et al. [13] presented a heuristic function A(-) for the
A* search algorithm. Let S be the current node of the A* search algorithm. We
consider the following reduced problem of the approximately submodular function

maximization problem for obtaining A(-).

maximize fg(7')

(3.2)
subject to T C N\ ST, |T| <k —|9],

where ST = {i € N | i < Spax}; and fs(-) = f(- | S). Let T* be an optimal
solution of the reduced problem (3.2). By approximately submodularity and non-
decreasingness properties, we obtain ), (1/7)fs({i}) > fs(T') for any T' C N

and the following inequality.

max ST fo({ih) > % S fs({i}) > f5(T7). (3.3)

TEN\S*[TI<k—IS] Y Pt
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Since the reduced problem (3.2) is still NP-hard, we consider obtaining an upper
bound of fs(T*). Let ST be the non-increasing ordered set with respect to fs({i})
for i € N\ ST. We assume that |S U S*| > k, because we can obtain the upper
bound by computing f(S U S*) otherwise. Let [p] = {1,...,p} and 5'[;] denote
the set of the first p = k — |S| elements of the sorted set ST. We then define a

heuristic function A(-) by

h(S) = = 3 Sl (3.4)

oot
zeS[p]

We note that we let g[;] U S be a feasible solution S’ € F' for the node S (Step 4).
If fs({i}) = 0 holds for some i € 5'[;}, then we conclude fs(gag]) = fs(T*) . An
upper bound for a given node S is computed as f(S) = f(S) + h(S).

3.3 Binary Integer Programming Formulation

In this section, we formulate the approximately submodular function maximization
problem into a binary integer programming (BIP) problem with a huge number of
constraints. For the preparation, we need to obtain two kinds of submodular ratios.
First, by the definition of approximately submodular function, a submodular ratio
7 is obtained as follows:

{3 19)

T S ({7 (83)

where we regard 0/0 = 1. To analyze a function f, Johnson et al. [43] defined an

upper bound ¥ of the submodular ratio 7.

o @18
seN f({i} | SU{j})’

where i ¢ SU{j}. It is easy to see that v < 7 because of the considered solution

(3.6)

spaces.
We note that to obtain exact submodular ratios v and % is NP-hard in general
according to Bai and Bilmes [5]. They also showed that submodular ratios can

not be computed in polynomial time in the oracle model [19]. However, for some
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applications it is possible to obtain a lower bound of submodular ratio vy quickly.
For example, in feature selection problem, Das and Kempe [18] showed that a
lower bound of submodular ratio can be obtained by the smallest eigenvalue of a
covariance matrix which is positive semi-definite.

For the preparation of the BIP formulation, we first define an approximately

submodular function [79] as follows.

Proposition 13. Fach of the following statements is equivalent and defines an

approzimately submodular function if there exists constants 1 > 5 >y > 0:
(i) f(A) = f(ANB) =~v(f(AUB) - f(B)), VA,BCN.

(i) f({i} [ S) =z~ f{i} | T), VSCTCN,i¢T.

(i) f({i} [9) =7 f({i} | SU{e}), VS CN,i¢ SU{e}.

(iv) S(T) < F(S) + f{a} | 9) +% iy 19+ F{ay 15) =

JET\(SU{j1.j2})

> f{i} | TUS\{i}), VS, TC N, ji1,ja€T\S.

i€S\T

2| =

(v) S(T) < F(S)+1({in} | S)+%f({j2}|5)+. > LS vse
TCNjiji2€T\S. SRR

The following proof is for Proposition 13. We prove with the following steps,

(i) & (i) < (i), (i) = (iv) = (v) = (iii).
Proof. (i) = (ii). Let SCTCN,i¢ T, A=SU{i},B="T in (i). We obtain
FE 1) = vf{i} | T). (3.7)

(i) = (i). Let {s1,...,5} = A\ B. We put that into (ii), and we obtain the

following inequality for ¢ = 1,..., 1.

fHId lANBU g1, dicad) 2 f{Gs | BU{G, -5 Jie})- (3.8)
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Take sum of the following [ inequalities,

fUnt 1 ANB) > ~vf({u} ]| B)
fit ANBU{i}) > ~vf({j2} | BU{j})

v oo

Fad 1ANBU gy, ia}) = AAf{ad [ BU L, -5 d) )
We then obtain
f(A) = f(ANB) 2 y(f(AU B) — f(B)). (3.10)
(i) = (iii). It is clear when we let 7= S U {e}. Since (ii) considers larger sets
than (iii), s s
= ) S BT SO
(iii) = (ii). VS C T C N,i ¢ T, T\S = {ku. ..., k,}, we obtain the following

inequalities by (iii). We let S; = S U {ky,..., k;}.

fHi18) = Af{i} | Su{k})
FEHISUER) = @ ISuhkd)
FE 1S ULk, o kg}) = AF{E [ T).
By adding these inequalities, we obtain
FEHIS) 2 AT+ G- DA SUtbh

+ (3 =DfHiH [ SU Lk, kg-1})-
By multiplying these inequalities from the bottom, we can obtain the following

relation for f({i} | SU{ki,..., ki}), fort=1,..., qg—1,

PO SU (k.. k) 2 7 (1) | ). (3.13)
By using (3.13), we rewrite the inequality (3.12) as follows.
FULLS) = Af(G) I T)+ (- DB () | T) + 924 | T)
+ .+ T)Y
— D+ 6 -0 () .
— () | ).
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We note that 47 represents the lower bound of 7.
(iii) = (iv). For arbitrary S and T with T\ S = {ji,..., i} and S\ T =
{ki,..., k,}, we obtain

fSUT) = f(9)
= Z[f(S u{j,..., Ji}) — fF(SU{j,. .., Ji-1})]

= Jg 1 SU{gn, - dea})

t=1

S S) + F(La} | SUGH) + S} | SU G 4. 1)
+f{at 1 SU{,. ... Ji-1})
< US4 LF() 1 8) + %f({js} 18) -+ %f({jl} )
= St S Y S s).
v JET\(SU{j1,2})
Similarly, we obtain the following inequality.
F(SUT) — f(T)
= STk, ki}) — F(TU{kr, ..., ki—1})]
= > FURI T Uk kit \ (k) (3.16)

t=1
q
> S f({k  TUS ()
t=1
= > U TUS\{i}).
i€S\T
We obtain (iv) by adding these two inequalities.
(iv) = (v). HVS C T C N, then S\ T = (. We obtain (v).
(v) = (iii). Let VS C N, T = SU{j1,J2},71 € N\ (SU{j2}) in (v), then we
obtain

F(S U Lnda}) < F(S) + Fn} | S) + %f({jz} 1 9). (3.17)

fab [ SU{n}) = fSU{j,de}) — fF(SU{})
FS Uy, d2}) — fF{a} | S) = £(5) (3.18)
I} | 9)

IN
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]

Proposition 14. Fach of the following statements is equivalent and defines a
non-decreasing approximately submodular function if there exists constants 1 >

¥ =7 >0:
(i) f(A) = f(ANB) =~ (f(AUB) - f(B)), VA,BC N.
(1i%) f({i} | S) 2~y f{i} | T) =0, VSCTCN,i¢T.

F{i} |

= |~

(iv') f(T) < £(S) + f({ji} | S) +§ [yl o+ Y
u{sj

JET\(SU{j1,j2})

S), ¥S, T C N,j1,j2€T\S.

Proof. (i*) < (ii*). We skip the proof of (i*) = (ii*) since it is the similar manner
as (i) = (ii).

(ii*) = (i*). vf({i} | T) > 0. Since v > 0, we obtain f({i} | T) > 0 and
f(A) < f(B). The rest is the same manner as (i) = (i).

(ii*) = (iv"). It is clear that (ii*) = (ii) = (iv). When f({i} | T') > 0, the last
term of (iv) is nonpositive, and that brings us (iv*).

(iv*) = (ii*). Suppose that S =T U {i} in (iv*), we obtain f(T) < f(T'U {i})
or f({i} | T) > 0 with v > 0. O

We next consider a set X of (7, vy) satisfying the following condition.

néf(SHf({jl}lS)yj1+%f({jz}|5)yjz+ S 2GS

JEN\(SU{j1,j2})
VS C N, |S| <k, ji1,jo € N\ S,
(3.19)

where y = (y1,...,y,) € {0, 1}
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Proposition 15. Suppose f(-) is a non-decreasing approzimately submodular func-

tion, (n,yT) € X if and only if n < f(T), T ={j € N|y; =1} C N.

Proof. («<). Suppose n < f(T), then for all S C N, we obtain the following
inequality.

f(S)+f({j1}\S)y};+%f({jz}|5)y§;+ S Lrr st

JEN—=(SU{j1.32})

=f(5)+f({jl}|S)yﬁ+%f({j2}|5)y£+ S i st

JET—(SU{j1.j2})

> f(T) >,
(3.20)

where the first inequality comes from Proposition 14 (iv*).

(=). If (n, y*) € X, we obtain the following inequality,

N < f(T)+f({j1}|T)ijl+%f({jz}|T) S g im

FENN(TU{j1,52})

= f(D).
(3.21)

]

We now replace ¥ with v due to ¥ > . We formulate the approximately

submodular function maximization problem into the following BIP problem (3.22).

maximize z

subject to = < f(S)+ G S w+ S = fUiHS)

i€N\(SU{3})
jJeEN\S, Ser, (3.22)

ieN
y; € {0,1}, i € N,

where j = argmax;cngf({i} | S). F denotes the set of all feasible solutions

satisfying the cardinality constraint |S| < k.
We note that by solving the problem (3.22), we obtain the optimal value and

an optimal solution. Although an original problem does not hold submodularity,
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by formulating the original problem with an approximately submodular function,

we can obtain an optimal solution of the original problem.

3.4 Proposed Algorithms

We first present an existing exact algorithm called a constraint generation algo-
rithm for the approximately submodular function maximization problem based on
the algorithm [67]. The constraint generation algorithm often needs to solve a
large number of reduced BIP problems because of generating only one constraint
at each iteration. We accordingly propose an improved constraint generation algo-
rithm to generate a promising set of constraints for attaining good upper bounds
while solving a smaller number of reduced BIP problems. Moreover, we develop a

branch-and-cut algorithm by using the above algorithm.

3.4.1 Constraint Generation Algorithm

We introduce an exact algorithm called a constraint generation algorithm proposed
by Nemhauser and Wolsey [67] (see details in Section 2.2.2). The different part of
the algorithm is presented as follows. Given a set of feasible solutions @) C F', we

define BIP(Q) as the following reduced BIP problem of the problem (3.22).

maximize z

subject to = < () + f({} [ )y + 3. = F{i} )y SeQ.

iEN\(SU{j})
ieN
y; €4{0,1}, i € N,
(3.23)
where j = argmax;c g f ({1} | 5).
Although a lower bound ~ of the exact v is sufficient for solving the problem

(3.22) exactly, a better lower bound of submodular ratio v close to the exact sub-

modular ratio v attains higher efficiency for the constraint generation algorithm.
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We note that when we consider a general non-decreasing set function f with
a submodular ratio v which is able to be obtained, this algorithm has a poten-
tial to obtain an optimal solution. Although this algorithm is able to obtain an
optimal solution with a submodular ratio v close to 0, the efficiency of the algo-
rithm becomes very low. In this thesis, we mainly consider problems with a given

submodular ratio ~.

3.4.2 Improved Constraint Generation Algorithm

We propose an improved constraint geration algorithm based on the previous im-
poroved constraint generation algorithm (see details in Section 2.3.1). Here, we
only present the different part of the algorithm. Let y® = ( Y), e ,y,(f)) and
2® be an optimal solution and the optimal value of BIP(Q) at the ¢-th iteration
of the constraint generation algorithm, respectively. We note that z(*) gives an
upper bound of the optimal value of the problem (3.22). To improve the upper
bound z®, it is necessary to add a new feasible solution S’ € F to () satisfying

the following inequality.

> (S + S+ Y Lriy) 8 . (3.24)

iEN\(5'U{5})

After solving BIP(Q), we obtain at least one feasible solution S* € @ attaining
the optimal value 2 of BIP(Q), i.e.,

A0 = ps LN )00+ S S s (32)

iEN\(S7U{5})

Let S® be the optimal solution of BIP(Q) corresponding to y®, where we
assume S® & Q.

We then consider adding an element j € S® \ S% to S% In the case with
satisfying j = argmax;en o f({i} | S), we obtain the following inequality by ap-

proximately submodularity:
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20 = FS)+ OIS+ Y~ i S

ieN\(Shuim
= f(SH+ISH+ D ;f({i}|8u)y§t)
iEN\{ShU{j}) (3.26)
= fESuih+ X S Sy

iEN\(STU{5})

FEUGh+ > fi I Sfu i v,

iEN\(STU{5})

-

v

where y](-t) =1duetojeS®,

In the other case when we add u € S®\S% into S%, where u # argmax;e v o.f ({7} |

S), we obtain a similar inequality.

I G R I P AR S P U

ileN\(Shu{j})
= (SO + F{GY ] SY o + > F{u} | 5% yi+
1 .
ST S f{iy ] $h yY
iEN\(SIU{j,u})

_ f<sﬂ>+f<{j}\5ﬂ>y§”+%f({u}\sm 3 %ﬂ{z’ush)yﬁt)

ieN\(SEU{j,u})

> fSulu)+FH S0+ Y %f({i}IS”)yft)
iEN\(SIU{j,u})
> (50U {u}) + S () | SHU {ud) 5Ot

> i SFu{ud) u,

iEN\(S5U{j,u}) (327
3.27

where y{” = 1 due to u € S®.

By the inequality (3.26), (3.27) with v ~ 1, we observe that it is preferable
to add the element j € S® \ S% to S® for improving the upper bound z®. It is

necessary to remove another element i € S* if |S%| = k holds.

3.4.3 Branch-and-Cut Algorithm

We propose a branch-and-cut algorithm incorporating the improved constraint

generation algorithm. The process of the branch-and-cut algorithm is almost same
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as the previous one (see details in Section 2.3.2). The different part of the algorithm
is as follows. The value of a node (S, S') is defined as the optimal value z(5"5")

of the following reduced BIP problem BIP(Q™, S, S1):

maximize z

subject to z < f(S)+ f({j} | S)y; + Z lf({l} | S)yi,

ieN\(SU{j})
SeQr,
>y <k—19Y, (3.28)
iEN\(SOUS)
y; €{0,1}, i€ N\ (S°USh),
Yi = 07 (NS SO’
yi =1, (S Sla

where j = argmax;c\\ o f ({7} | ), and QT is the set of feasible solution generated

by the improved constraint generation algorithm so far.

3.5 Computational Results

3.5.1 Application in Combinatorial Auction

We consider the combinatorial auction (CA) problem [16, 80] that asks a bidder
to select a package of items to maximize its utility, which is formulated as the
approximately submodular function maximization problem. A greedy algorithm
obtains a feasible solution quickly, however it often fails to obtain important items
for the problem. To do so, we need an optimal solution as well as other good
solutions whose objective value are close to the optimal value. For this purpose,
we modify BC-ICG to hold all incumbent solutions obtained so far as well as
the final incumbent solution. For this problem, we can obtain a lower bound of

submodular ratio quickly, therefore we show the formula for it.

Combinatorial auction (CA) We are given a set of n items N = {1,...,n}.

We select a set of items S C N to make a package of items. We define w; as the
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individual utility of an item ¢ € N and 7;; as the mutual utility for a pair of items

1,7 € N. The utility of a package of items is defined as

f(9) :Zwi+ Zﬁj- (3.29)

€S i,jeS

We have tested BC-ICG for an instance arising from a supermarket transaction
data containing 170 items and 9835 transactions.! We set the size of the package
k = 2,3. We also set the individual utility randomly w; € [1,2], while setting
the mutual utility r;; € [—0.09,0.01] according to the number of times that both
items i, j are selected in the same transaction. We obtain a lower bound v of the
submodular ratio v by the following formula:

= min{ o ZjEL[qu m’ }
- ieN | w; + ZjeU[

where the sets U and L are the non-increasing positive and non-decreasing negative

T (3.30)
ordered set with respect to r;; for an item ¢ € N, respectively, and ¢; = min{k —
L |L|}, ¢ = min{k — 1,|U|}. We note that Ly, (resp., Up,)) represents the first
¢ (resp., q2) elements of a sorted set L (resp., U). For the instance, we obtained
7 =0.906,0.736 with k = 2,3, respectively.

Table 3.1 shows the frequency of items in the series of solutions obtained by
BC-ICG. The optimal solutions obtained by BC-ICG are [“yogurt”, “frozen veg-
etables”], [“yogurt”, “sugar”, “organic products”| for k = 2,3, respectively. On
the other hand, the feasible solutions obtained the greedy algorithm are [“tea”,
“yogurt”], [“tea”, “yogurt”, “frozen vegetables”] for k = 2,3, respectively. We
note that “tea” is not selected in the optimal solutions while it has the largest
value of the 170 items. That is, the greedy algorithm sometimes fails to attain
important items constitute the optimal solution. We can also see the difference
between the solution obtained by a greedy algorithm and the optimal solution for

k = 3. According to the Table 3.1, by obtaining the frequency of items in the

Thttp://www.sci.csueastbay.edu/ esuess/classes/Statistics_6620/Presentations/ml13/groceries.csv
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Table 3.1: Frequency of items in a series of solutions obtained by BC-ICG.

“tea”  “yogurt” “sugar” “organic products” “frozen vegetables” “softner”
k=2 1 3 2 1 2 1
k=3 1 4 2 2 3 0

series of solutions, we can see which elements are more important or are selected
in good solutions.

We chose the mutual utility r;; € [—0.09,0.01] because we need to keep the
submodular ratio value higher than 0.7. If we set r;; € [—0.09,0.05], then the
submodular ratio became very small and we could not solve the problem within
a reasonable computation time. On the other hand, if we set r;; € [—0.09, 0.005],
then we can obtain larger submodular ratio than those of this example. Moreover,
when k becomes larger, a lower bound of submodular ratio v often becomes smaller.
Therefore, we often need to arrange the mutual setting utility value r;; and k for

maintaining the proper submodular ratio value such as v > 0.7.

3.5.2 Benchmark Instances

We tested two existing algorithms: (i) the A* search algorithm with the heuristic
function Ay, (A*-MOD), (ii) the constraint generation algorithm (CG) and two
proposed algorithms: (iii) the improved constraint generation algorithm (ICG),
(iv) the branch-and-cut algorithm (BC-ICG). All algorithms were tested on a per-
sonal computer with a 4.0 GHz Intel Core i7 processor and 32 GB memory. For
CG, ICG, and BC-ICG, we use a mixed integer programming (MIP) solver called
CPLEX 12.8 [40] for solving reduced BIP problems, and the number of feasible
solutions to be generated at each iteration A is set to 10k based on computational
results of preliminary experiments.

We report computational results for three types of well-known benchmark in-
stances called facility location (LOC), weighted coverage (COV), and bipartite in-
fluence (INF) according to Kawahara et al. [46] and Sakaue and Ishihata [70]. We

note that those instances were originally generated for the submodular function
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maximization problem. For generating instances for the approximately submod-
ular function maximization problem, we replace the original utility function f(S5)
with f(S) + rg for a number of feasible solutions, where rg is a reward value for a
feasible solution S C F. We randomly selected 1000k feasible solutions S C F' and
modified their utility functions while satisfying non-decreasing and a given lower
bound 7y = 0.8 of the submodular ratio 7.

We tested all algorithms for 18 classes of randomly generated instances that
are characterized by several parameters. We set m =n + 1 and k = 5,8 for LOC,
COV and INF instances according to Kawahara et al. [46]. We set n = 20, 30,40
for LOC instances and n = 20,40,60 for COV and INF instances. For LOC
instances, g;; is a random value taken from interval [0,1]. For COV instances,
a sensor 7 € N randomly covers an item ¢ € M with probability 0.15, and w;
is a random value taken from interval [0,1]. For INF instances, p; is a random
value taken from interval [0, 1], and the bipartite graph G is a random graph in
which an edge (i,7) € A is generated randomly with probability 0.1. We set these
parameters to different values from those in [70] considering the difference between
the cardinality and knapsack constraints. For each class of instances, five instances
were generated and tested. For all instances, we set the time limit to 7200 seconds.

Tables 3.2 and 3.3 show the average computation time (in seconds) and the
average number of processed nodes of the algorithms for each class of instances,
respectively. If an algorithm could not solve an instance optimally within the time
limit, then we set the computation time to 7200 seconds. The best computation
time among the compared algorithms is highlighted in bold. The numbers in
parentheses show the number of instances optimally solved within the time limit.
According to Table 3.2, ICG performed better than CG in most of instances. We
can see that when & = 8, ICG tends to perform better than A*-MOD although
when & = 5, A*-MOD performed better than our algorithms. Our algorithms
can obtain good upper bounds regardless of k. Therefore, when k& becomes very
large, our algorithms sometimes perform very well. However, the existing A*-

MOD adds increments from a node S, the upper bounds tended to become large
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when k is large. However, when k is smaller, A*-MOD performed well because
the computation time for each node S is much quicker than our algorithms which
solve a reduced BIP problem for each node.

Figure 3.1 shows trends of the upper and lower bounds obtained of CG and
ICG with respect to the computation time for an LOC instance (n = 30, k = 8).
We can see that ICG attained better upper and lower bounds than those of CG by
generating good feasible solutions and adding them as constraints at each iteration.
The number of iterations that CG and ICG solved a reduced BIP problem were 275
and 35, respectively. We succeeded in improving the efficiency of CG by reducing
the number of iterations.

Next, Figure 3.2 shows trends of upper and lower bounds obtained of ICG
and BC-ICG with respect to the computation time for an LOC instance (n = 40,
k = 5). We can see that BC-ICG obtained better lower bounds than those of
ICG by searching nodes of a search tree. BC-ICG has the strength to improve
the upper bound close to the optimal value. We obtained that ICG solved 105
reduced BIP problems, and BC-ICG solved 299 reduced BIP problems (searched
294 nodes). Although BC-ICG solved more reduced BIP problems than ICG, a
tree search improved the efficiency to obtain better upper bounds.

Next, Figure 3.3 shows trends of upper and lower bounds obtained of A*-MOD
and BC-ICG with respect to the computation time for an LOC instance (n = 60,
k = 5). When k = 8 A*-MOD often obtained large upper bounds and spent
much computation time, therefore we see the trend of an instance of k = 5. We
can observe that our BC-ICG obtains much better upper bounds at an early stage
than those of A*-MOD. We can see that BC-ICG improved upper bounds more
efficient than A*-MOD according to the slope of the upper bounds trend. However,
when A*-MOD obtains good upper bounds at an early stage, the algorithm tends
to perform better than our algorithms.

According to Table 3.3, BC-ICG processed much smaller number of nodes
than A*-MOD due to ICG attaining good upper bounds. We note that A*~-MOD

performed well for INF instances, because the utility function f(.S) became close to
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linear and A*-MOD gave tight upper bound f(S) = f(S) + h(S) for the instances.

Figure 3.4 shows performance profiles [21] of the algorithms for a parameter
1 < B < 10 (see details in Chapter 2). We observed that BC-ICG solved 78
instances optimally out of all 90 instances while CG solved only 41 instances with
£ = 3. These computational results show that BC-ICG improved the efficiency of

the conventional CG.

Table 3.2 also shows the shifted geometric mean [66] of the computation time
of the algorithms in the bottom line (see the details in Chapter 2). We can see
that the improvement between ICG and CG is much larger than the improvement
between ICG and BC-ICG. According to comparison of the algorithms through
the shifted geometric mean of their computation time, we observed that our ICG

improved CG, and BC-ICG performed better than other algorithms.

We note that if a submodular ratio 7 is small, then it is very difficult to solve
the original problem (3.22) optimally. The difficulty comes with a situation when
we need to prepare all the constraints. The situation occurs as follows. Suppose
that we have any constraint S € F;S # S*, a solution vector y = (y1,...,Yn),
y; € {0,1}. We consider a right hand side of the inequality of a problem (3.22);

K8+ S+ S SR S) w (3.31)

iEN\(SU{j})

where j = argmax;c g f ({7} | ). If the value of the right hand side becomes larger
than the optimal value of the original problem for any .S, we end up with preparing
all the constraints. Therefore, it is very important to maintain a submodular ratio

v to be large.

We also consider a situation that it is difficult to obtain an optimal solution.
In the situation, we can use the algorithms as approximation algorithms which
output a feasible solution when the gap between upper and lower bounds becomes

small enough.
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Table 3.2: Computation time (in seconds) of the proposed and the existing algo-

rithms.
Type n k v A*-MOD CG ICG BC-ICG
20 5 0.8 0.97 (5) 1.39 (5) 0.52 (5) 0.70 (5)
LOC 30 5 0.8 8.69 (5) 27.98 (5) 11.57 (5) 10.98 (5)
40 5 0.8 51.00 (5)  2369.62 (5)  973.04 (5)  183.09 (5)
20 8 0.8 13.22 (5) 30.01 (5) 0.35 (5) 0.32 (5)
LOC 30 8 0.8 409.50 (5) 99.74 (5) 21.77 (5) 17.29 (5)
40 8 0.8 > 5703.85 (4) > 5367.68 (3) > 3433.23 (3)  667.62 (5)
20 5 0.8 0.40 (5) 0.36 (5) 0.25 (5) 0.29 (5)
COV 40 5 0.8 16.36 (5) 52.49 (5) 9.98 (5) 14.15 (5)
60 5 0.8 163.36 (5) 1739.64 (5) 262.39 (5) 145.73 (5)
20 8 0.8 8.71 (5) 0.07 (5) 0.10 (5) 0.09 (5)
COV 40 8 0.8 > 3468.47 (4) > 1441.96 (4) 2.31 (5) 3.18 (5)
60 8 0.8 > 7200.00(0)  108.86 (5) 35.81 (5) 32.49 (5)
20 5 0.8 0.36 (5) 2.46 (5) 0.61 (5) 1.07 (5)
INF 40 5 0.8 8.61 (5) > 1992.35 (4) 15.98 (5) 22.14 (5)
60 5 0.8 61.20 (5) > 4467.06 (2) 16.68 (5) 25.17 (5)
20 8 0.8 3.32 (5) 3.46 (5) 15.98 (5) 1.75 (5)
INF 40 8 0.8  438.83 (5) > 3775.80 (3) > 1670.35 (4)  912.62 (5)
60 8 0.8 > 4980.66 (4) > 7200.00 (0) > 7200.00 (0) > 7200.00 (0)
SGM > 95.88 > 118.12 > 39.69 > 31.42
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Table 3.3: Number of processed nodes by the proposed and the existing algorithms.

Type n k vy A*-MOD BC-ICG
20 5 0.8  5.62x10%(5)  8.60 x 10° (5)
LOC 30 5 0.8 274x10*(5) 830 x 10 (5)
40 5 0.8  1.03x10° (5)  3.77 x 102 (5)
20 8 0.8  4.68x10*(5)  1.00 x 10° (5)
LOC 30 8 0.8  6.55x10° (5)  4.78 x 10! (5)
40 8 0.8 >3.71x10% (4)  3.09 x 10 (5)
20 5 0.8 203x10%(5)  1.00 x 10° (5)
COV 40 5 0.8  2.63x10* (5)  6.14 x 10* (5)
60 5 0.8  1.07x10° (5)  1.96 x 10% (5)
20 8 0.8 354 x10%*(5)  1.00 x 10° (5)
COV 40 8 0.8 >2.71x10°(4)  1.00 x 10° (5)
60 8 0.8 >3.00x10% (0)  9.80 x 10° (5)
20 5 0.8  1.16 x 10® (5)  2.62 x 10! (5)
INF 40 5 0.8  9.04x10%(5)  1.86 x 10% (5)
60 5 0.8  3.02x10*(5)  1.71 x 102 (5)
20 8 0.8 951 x10%(5)  1.70 x 10! (5)
INF 40 8 0.8  3.90x10° (5)  5.20 x 10% (5)
60 8 0.8 >2.01x10°%(4) > 1.94 x 10 (0)
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Fig. 3.1: Trends of the upper and lower bounds obtained by CG and ICG with
respect to the elapsed computation time (LOC, n = 30, k = 8).

3.6 Conclusion

In this chapter, we define an approximately submodular function with a submodu-
lar ratio v and an upper bound of submodular ratio 4 [43]. By using the definition,
we succeed in formulating the non-decreasing approximately submodular function
maximization problem into a BIP formulation with an exponential number of con-
straints. For the problem, we develop a constraint generation algorithm which
was propsed for submodular function maximization problem. The constraint gen-
eration algorithm starts from a small subset of constraints and repeats solving a
reduced BIP problem while adding a new constraint at each iteration. Therefore,
the constraint generation algorithm is often not efficient because the algorithm
needs to solve too many reduced BIP problems until obtaining an optimal solu-

tion. To overcome the difficulties, we propose an improved constraint generation
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Fig. 3.2: Trends of the upper and lower bounds obtained by ICG and BC-ICG
with respect to the elapsed computation time (LOC, n = 40, k = 5).

algorithm that starts from a small subset of constraints and repeats solving a
reduced BIP problem while adding a promising set of constraints at each iter-
ation. We then incorporate it into a branch-and-cut algorithm to attain good
upper bounds. According to computational results for three types of well-known
benchmark instances, the improved constraint generation performed better than
conventional constraint generation algorithm. The improved constraint generation
obtained better upper bounds as well as good lower bounds since it generates many
good feasible solutions at each iteration. According to the performance profile and
the shifted geometric mean criteria, we confirmed that branch-and-cut algorithm

performed better than other algorithms, especially in larger-size instances.
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Chapter 4

Conclusion

Throughout this thesis, we have considered a combinatorial problem that selecting
a subset S of a finite whole set N for maximizing some utility functions. This thesis
focuses the combinatorial problem when a function f is non-decreasing and sub-
modular which describes an important property in computer science and economic
areas. We consider the maximization problem under a cardinality constraint, which
is called the submodular function maximization problem. Moreover, real applica-
tions such as feature selection proposed by Das and Kempe [18] sometimes do not
hold exact submodularity. As an extension of the submodular function maximiza-
tion problem, we consider an approximately version of submodular function which
is called approximately submodular function. For the both problems, “the sub-
modular function” and “the approximately submodular function” maximization
problems, many heuristic algorithms including a variety of greedy algorithms have
been proposed. However, the heuristic algorithms do not satisfy the objective of
some applications, that seeks an optimal solution. Therefore, this thesis focused

on proposing efficient exact algorithms.

First, for the submodular function maximization problem (Chapter 2), Nemhauser
and Wolsey [67] formulated the problem into a binary integer programming (BIP)
problem with an exponential number of constraints. Based on the BIP formu-

lation, Nemhauser and Wolsey proposed a constraint generation algorithm that
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starts from a reduced BIP problem with a small subset of constraints taken from
the constraints. Their algorithm repeats solving a reduced BIP problem while
adding a new constraint at each iteration. Their algorithm often needs to solve
many reduced BIP problems until obtaining an optimal solution. To overcome
this difficulty, we proposed an improved constraint generation algorithm which
generates a promising set of constraints at each iteration for improving upper
bounds. We incorporated the improved constraint generation algorithm into a
branch-and-cut algorithm to attain good upper bounds while solving a smaller
number of reduced BIP problems. To improve lower bounds, we also introduced a
local search algorithm for the branch-and-cut algorithm. According to the compu-
tational experiments, we confirmed that our algorithms improved the efficiency of
the conventional constraint generation algorithm [67], and also performed better
than the existing algorithms [13, 70].

Secondly, we considered the approximately submodular function maximization
problem (Chapter 3). We first define an approximately submodular function, and
we formulate it with different formulations by using a submodular ratio and an
upper bound of submodular ratio [43]. By the success of the formulation, we
formulated the approximately submodular function maximization problem into a
BIP problem with an exponential number of constraints. Due to the BIP for-
mulation, the conventional constraint generation algorithm [67] and the proposed
algorithms, the improved constraint geration algorithm and the branch-and-cut
algorithm could be applied for the problem with small modifications. According
to the computational experiments with random instances, we could see that im-
proved generation algorithm improved upper bound as well as lower bounds due
to generating many feasible solutions. We also observed that the proposed al-
gorithm performed better than the existing algorithms according to performance
profiles [21] and shifted geometry means [66].

In future work, problems under many other constraints need to be considered
because applications often involve with many complicated constraints. Although

it is not easy for generating a new constraint for the problem under linear con-
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straints, the author believes that we can generate a promising set of constraints
by using a MIP solver. For the approximately version of the problem, to obtain
the maximum submodular ratio has been known as NP-hard. Since a better lower
bound of a submodular ratio can not be obtained easily for an original problem,
we need to consider attaining a better lower bound of a submodular ratio v for a
node of a search tree. For example, an IP formulation to obtain the exact sub-
modular needs to be considered so that a better lower bound can be obtained.
By obtaining a better subodular ratio for a node, the branch-and-cut algorithm
should perform better. The author will research the topics and considers proposing
efficient algorithms which can be applied in wider area.

In recent years, “the submodular function” and “the approximately submodu-
lar function” maximization problems has attracted attention. In real applications,
there are many situations that seek the optimal solutions due to the importance of
the optimal solutions. Although we have consider an approximately submodular
function, there should have other approximately versions of submodular function.
If we can formulate a maximization problem with such a function into a BIP prob-
lem, the proposed algorithms in Chapter 2 can be applied for solving the problem
exactly. For real applications, we need to consider a problem under many con-
straints not only a cardinality constraint. The author believes that the proposed
algorithms based on the BIP formulation can deal with the problems under other
constraints with some modifications. The author hopes that this thesis will pro-
vide some assistance to the community of the submodular function maximization

problem.
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Appendix A

Computational Results

A.1 Computational Results for Simple MIP Mod-

els

For the submodular function maximization problem in Chapter 2, Facility location
(FOC) and weighted coverage (COV) problem can be formulated as simple MIP
models and directly solved by MIP solvers such as CPLEX 12.8.

The facility location (LOC) problem can be formulated as the following MIP
model [67].
maximize Z Z GijTij
ieM jEN

subject to inj <1, 1eM,

JEN

> i<k, (A1)

JEN

Tij < Y, 1€ M,j5 €N,
y; €1{0,1},  jE€N,
z;; € {0,1}, i€ M,j€E€N,

where y; = 1 means that a facility is placed at location j € N, i.e., the set of

locations S C N corresponds to a vector y = (v1,...,y,) satisfying y; = 1 for
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Table A.1: Computation time (in seconds) and average gap (2, — 2ip)/21» X 100

(%) of a MIP solver (CPLEX 12.8)

Type n k Time (s) Gap (%)

20 5 0.22 0.06

30 5 0.42 0.34

LOC 40 5 1.19 0.92
50 5 1.96 1.15

60 5 1.44 1.04

20 8 0.15 0.00

30 8 0.22 0.04

LOC 40 8 0.72 0.24
50 8 0.88 0.26

60 8 1.88 0.50

20 5 0.02 0.02

40 5 0.04 3.67

COV 60 5 0.08 4.96
80 5 0.12 8.39

100 5 0.09 7.94

20 8 0.02 0.03

40 8 0.04 0.07

COV 60 8 0.05 0.30
80 8 0.28 0.82

100 8 0.63 1.49
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7 € 5. For a given vector y, an optimal vector « is given by

1 for some j € N such that g;; = max gin
€

(A.2)

mij =
0 otherwise.
The weighted coverage (COV) problem can be formulated as the following MIP
model.
maximize Z W;Y;
ieM
subject to Zaijxj >y 1€ M,
JEN
ij <k (A.3)
JEN
J?jE{O,l}, jEN,
y; € {0,1}, 1€ M,
where z; = 1 means that a sensor j € N is selected to cover items, i.e., the set
of sensors S C N corresponds to a vector € = (z1,...,,) satisfying z; = 1 for
j € S. For a given vecor x, an optimal vector y is given by

1 Zaijmj Z 1

Y = jEN (A.4)
0 otherwise.

We have solved all LOC and COV instances of the above MIP models by a MIP
solver (CPLEX 12.8). Table A.1 shows the average computation time (in seconds)
and the average gap between the optimal values of MIP and its LP relaxation
(zip — 2ip) /20 x 100 (%) for each class of instances. 2z, and z, represent the
optimal values solved by an IP problem and an LP relaxation problem, respectively.
According to the gap in Table A.1, we can see that the MIP solver attains a good
upper bound by only solving an LP relaxation of the simple MIP formulations,
while the constraint generation (CG) algorithm solves many reduced BIP problems
to attain the comparable upper bounds. Therefore, the simple MIP formulation is
very efficient for the LOC and COV problems. However, our algorithms can solve
wider class of problems, not only problems which can be formulated as simple MIP

formulations.
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A.2 Settings of Computational Experiments

We set a few parameters to generate benchmark instances differently from those of
Sakaue and Ishihata [70] due to the difference between the cardinality constraint

and the knapsack constraint (see Section 2.4).

We set a parameter p for weighted coverage (COV) instances so that a sensor
j € N randomly covers an item ¢ € M with probability p = 0.15, while Sakaue
and Ishihata [70] originally set the parameter p = 0.3. If k x p > 1 holds, then it
is possible to cover all items by & sensors with high probability, and the optimal
value takes trivial >,y w; for the case. We note that COV instances become
rather easy for the case because the greedy algorithm often attains the optimal
solutions. To make a variety of hardness for COV instances, we set the parameter
p = 0.15 for satisfying k x p < 1 for COV instances with £k =5 and k x p > 1 for
those with £ = 8.

We set a parameter p for bipartite influence (INF) instances so that an edge
(i,j) € A is randomly generated with probability p = 0.1, while Sakaue and
Ishihata [70] originally set the parameter p = 0.3. Based on our preliminary
computational experiments, INF instances become rather hard for the case with
p = 0.3 under the cardinality constraint so that none of the algorithms attain
an optimal solution within the time limit for those n > 50. We note that the
submodular function maximization problem with the cardinality constraint tends
to be harder than that with the knapsack constraint. We accordingly set the

parameter p = 0.1 for INF instances. (more details in [77])

We would like to discuss situations where to solve a reduced BIP problem (2.26)
at a node of a search tree is difficult within a reasonable computation time. We
considered at least two ways to avoid the situation. The first way is to terminate
solving the reduced BIP problem at a node and search its child node within a
fixed computation time. If we do not obtain any solution at the node, we do not
generate any constraint at the node and search its child node. The second way is

to solve a linear programming problem of a reduced BIP problem (2.26) if a LP
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solver can not solve the reduced BIP problem. A linear programming problem of

the reduced BIP problem is defined as follows.

maximize 2

subject to z < f(S) + Z fH{i} | S) vi, S €@,

iEN\S
S w<k—18Y,
iEN\(S0US) (A.5)
0<y; <1, i€ N\ (S°UShH,
Yi = 07 (NS SO:
Y = 1, 1€ Sl.

However, we need to pay attention to the fact that upper bounds obtained by solv-
ing a LP problem are often too loose to prune nodes of a search tree. For applying
the improved constraint generation algorithm which generates a promising set of
constraints at each iteration, we need to obtain an optimal solution of the reduced
LP problem (A.5). We let (ygt), . ,y,(f)) be an optimal solution of the reduced LP
problem at tth iteration. We select k largest elements with respect to the value
0< yz-(t) < 1, and we consider a set of the elements to be a feasible solution S®.
We generate constraints S° C S® U S% where |S'| = k and a constraint S* € Q

attaining the optimal value of the reduced LP problem at kth iteration.

**In reference to IEEE copyrighted material which is used with permission
in this thesis, the IEEE does not endorse any of Osaka University’s products or

services. Internal or personal use of this material is permitted.
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