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1/2

Hausdorff

I = [0, 1] a f0, f1 : I → I

f0(x) = ax, f1(x) = ax+ (1− a).

f0 0 f1 1 f0, f1
S(a) = {f0, f1} a < 1/2 J(S) J(S)

Cantor a ≥ 1/2 J(S) = I f0(J(S)) ∩ f1(J(S)) %= ∅

π : {0, 1}∞ → I 1

J1(S(a))

Hausdorff

a J1(S(a)) Hausdorff J1(S(a)) Hausdorff

S(a) J1(S(a))

graph directed Markov system J1(S(a)) Hausdorff

graph directed Markov system

1. bk ≤ a ≤ ck (k ≥ 2)

dimH J1(S(a)) = − log λk

log a

λk Ak Ak 2

k λk

2. bk ≤ a ≤ ck (k ≥ 2)

dimH J1(S(a)) ≥ − log(2k+2 − 6)

(k + 3) log a
.

k = 1 k = 10

Manderbrot

Hutchinson [3]

Barnsley[1] Falconer[2] Mordin

Urbanski[4] graph directed Markov system

Hausdorff Hausdorff
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k bk ck λk log λk log(2k+2 − 6)/(k + 3)

1 0.5698402822 0.6180339754 1.0 0.0

2 0.5356873572 0.5436890423 1.6180339887 0.4812118251 0.4605170186

3 0.5172810853 0.5187900364 1.8392867552 0.6093778634 0.5430160897

4 0.5083449185 0.5086604059 1.9275619755 0.6562559792 0.5800632872

5 0.5040674508 0.5041382611 1.9659482366 0.6759746921 0.6005026306

6 0.5020004213 0.5020170510 1.9835828434 0.6849047264 0.6134956575

7 0.5009901822 0.5009941757 1.9919641966 0.6891211854 0.6226536669

8 0.5004921257 0.5004931390 1.9960311797 0.6911607989 0.6295995634

9 0.5002452433 0.5002454817 1.9980294703 0.6921614300 0.6351404166

10 0.500122398 0.5001224577 1.9990186327 0.6926563765 0.6397154038

1: bk ck λk log λk log(2k+2 − 6)/(k + 3)

graph directed Markov system

Hausdorff

[5]
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1

Hausdorff

3. {an}∞n=1 k,m ak+m ≤ ak+am
{bn}∞n=1 k,m bk+m ≤ bkbm

Hausdorff

4. {an}∞n=1 lim
n→∞

an
n

−∞ inf
n∈N

an
n

. m ≥ 1 k k = qm+ r q ≥ 0 0 ≤ r ≤ m−1

ak
k

=
aqm+r

qm+ r
≤ qam + ar

qm
=

am
m

+
ar
qm

.

k → ∞ q → ∞

lim sup
k→∞

ak
k

≤ am
m

,

m ∈ N

lim sup
k→∞

ak
k

≤ inf
ak
k
.

inf
n∈N

an
n

5. b ∈ R {an}∞n=1 k,m ak+m ≤ ak + am + b

a = lim
n→∞

an
n

k ak ≥ ka− b

. (ak+m + b) ≤ (ak + b) + (am + b) {an + b}

lim
n→∞

an + b

n
= lim

n→∞

an
n

= inf
an + b

n
,

a k

a ≤ ak + b

k

ak ≥ ka− b

1.1

d > 0

Rd
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6. X Rd Σ

X S := {fi : X → X | i ∈ Σ} i ∈ Σ fi
X

Σn := {ω = ω1ω2 . . .ωn | ωi ∈ Σ} Σ∗ =
⋃

n=1Σ
n

Σ∞ ω ∈ Σ∞ n ω|n := ω1ω2 . . .ωn

τ ∈ Σ∗ fτ

fτ = fτ1 ◦ fτ2 · · · ◦ fτ|τ | .

|τ | τ

ω ∈ Σ∞ {fω|n(X)}n=1 fi X

fi X si s := max{si | i ∈ Σ} < 1

fω|n(X) ⊃ fω|n+1
(X), (∀n ∈ N)

|fω|n(X)| < sn|X|,

|X| X X

∞⋂

n=1

fω|n(X),

ω ∈ Σ∞ π : Σ∞ → X π

J(S) := π(Σ∞) =
⋃

ω∈Σ∞

∞⋂

n=1

fω|n(X),

J(S) S

⋃

i∈Σ
fi(J(S)) = J(S),

⋃

ω∈Σn

fω(J(S)) = J(S), (∀n ∈ N) (1)

π σ

σi
Σ∞ −→ Σ∞

π ↓ ↓ π

J(S) −→ J(S)

fi

1

• J(S) fi(J(S))∩ fj(J(S)) %= ∅ i, j(I %= j)

• i, j(I %= j) fi(J(S)) ∩ fj(J(S)) = ∅
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Hausdorff Σ∞ µ J(S) Hausdorff

m = µ◦π−1 ω ∈ Σ∗ [ω] := {τ ∈ Σ∞ | τ ||ω| =
ω}

Σ∞ =
⋃

|ω|=n

[ω],

[ω] µ [ω] Σ∞

Σ∞ s ω, τ ∈ Σ∞

ds(ω, τ) := s|ω∧τ |,

|ω ∧ τ | := max{n ∈ N | ω|n = τ |n}

1.2 Hausdorff

g : Σ∞ → R α > 0 L > 0

|g(ω)− g(τ)| ≤ L(ds(ω, τ))
α,

7. g : Σ∞ → R σ : Σ∞ → Σ∞

σ(ω) = ω2ω3 . . . n ∈ N ω, τ ∈ Σ∞ ω|n = τ |n

|
n−1∑

j=0

g(σj(ω))−
n−1∑

j=0

g(σj(τ))| < M,

M > 0

. ω|n = τ |n

|
n−1∑

j=0

g(σj(ω))−
n−1∑

j=0

g(σj(τ))| ≤
n−1∑

j=0

|g(σj(ω))− g(σj(τ))|

≤
n−1∑

j=0

L(ds(σ
j(ω),σj(τ)))α

= L
n−1∑

j=0

sα(n−j) < L
1

1− sα
.

n−1∑

j=0

g(σj(ω)) Sng(ω)

e−M <
exp(Sng(ω))

exp(Sng(τ))
< eM .
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8. Sng(ω) supτ∈[ω|n]{Sng(τ)} infτ∈[ω|n]{Sng(τ)}
n ≥ 1 ω ∈ Σ∞ M > 0

1 <
exp(supτ∈[ω|n]{Sng(τ)})

exp(Sng(ω))
≤ eM ,

e−M ≤
exp(infτ∈[ω|n]{Sng(τ)})

exp(Sng(ω))
< 1.

9. g : Σ∞ → R

P (g) := lim
n→∞

1

n
log

∑

|ω|=n

exp( sup
τ∈[ω]

{Sng(τ)}),

Σ∞ µ Q > 1

Q−1 ≤ µ([ω])

exp(−|ω|P (g) + supτ∈[ω]{Sng(τ)})
≤ Q,

. ω ∈ Σ∞ Sk+mg(ω) = Skg(ω) + Smg(σk(ω))

exp(Sk+mg(ω)) = exp(Skg(ω) + Smg(σk(ω)))

= exp(Skg(ω)) exp(Smg(σk(ω))),

ω = αβγ(|α| = k, |β| = m, γ ∈ Σ∞)

∑

|αβ|=k+m

exp(Skg(ω)) exp(Smg(σk(ω))) =
∑

|α|=k

∑

|β|=m

exp(Skg(αβγ)) exp(Smg(σk(αβγ)))

=
∑

|α|=k

∑

|β|=m

exp(Skg(αβγ)) exp(Smg(βγ))

≤ eM
∑

|α|=k

exp(Skg(αγ))
∑

|β|=m

exp(Smg(βγ))

≤ eM
∑

|ω|=k

exp( sup
τ∈[ω]

{Skg(τ)})
∑

|ω|=m

exp( sup
τ∈[ω]

{Smg(τ)}).

8

∑

|ω|=k+m

e−M exp( sup
τ∈[ω]

{Sng(τ)}) ≤
∑

|ω|=k+m

exp(Sk+mg(ω)),

∑

|ω|=k+m

exp( sup
τ∈[ω]

{Sk+mg(τ)}) ≤ e2M
∑

|ω|=k

exp( sup
τ∈[ω]

{Skg(τ)})
∑

|ω|=m

exp( sup
τ∈[ω]

{Smg(τ)}).

8



pn :=
∑

|ω|=n

exp( sup
τ∈[ω]

{Sng(τ)}),

log pm+k ≤ log pk + log pm + 2M.

log pm+k

∑

|ω|=k+m

exp( sup
τ∈[ω]

{Sk+mg(τ)}) ≥
∑

|ω|=k+m

exp(Sk+mg(ω))

=
∑

|α|=k

∑

|β|=m

exp(Skg(αβγ)) exp(Smg(βγ))

≥ e−M
∑

|α|=k

exp(Skg(αγ))
∑

|β|=m

exp(Smg(βγ))

≥ e−3M
∑

|ω|=k

exp( sup
τ∈[ω]

{Skg(τ)})
∑

|ω|=m

exp( sup
τ∈[ω]

{Smg(τ)}).

log pk + log pm − 3M ≤ log pm+k.

log pk + log pm − 3M ≤ log pm+k ≤ log pk + log pm + 3M.

{log pn}∞n=1 4 lim
n→∞

log pn
n

= P (g)

{log pn}∞n=1 {− log pn}∞n=1 5 k ∈ N

kP (g)− 3M ≤ log pk ≤ kP (g) + 3M,

e−3M exp(kP (g)) ≤ pk ≤ e3M exp(kP (g)),

pn Σ∞ m ∈ N Σ∞ Borel

A

µm(A) :=
1

pm

∑

[ω]⊂A,|ω|=m

exp( sup
α∈[ω]

{Smg(α)}),

Σ∞ m ∈ N {µm}∞m=1 Helly

µ {µmj}∞j=1

µ

9



k ≤ m |ω| = k

µm([ω]) =
1

pm

∑

[τ ]⊂[ω],|τ |=m

exp( sup
α∈[τ ]

{Smg(α)}),

≤ 1

pm

∑

[τ ]⊂[ω],|τ |=m

exp(Smg(τβ))eM (β ∈ Σ∞)

=
1

pm
eM

∑

[τ ]⊂[ω],|τ |=m

exp(Skg(τβ)) exp(Sm−kg(σ
k(τβ)))

=
1

pm
eM

∑

τ∈ω×Σm−k

exp(Skg(τβ)) exp(Sm−kg(σ
k(τβ))).

τ = ωα(α ∈ Σm−k)

1

pm
eM

∑

τ∈ω×Σm−k

exp(Skg(τβ)) exp(Sm−kg(σ
k(τβ)))

=
1

pm
eM

∑

α∈Σm−k

exp(Skg(ωαβ)) exp(Sm−kg(σ
k(αβ)))

≤ 1

pm
eM exp( sup

τ∈[ω]
{Skg(τ)})

∑

α∈Σm−k

exp( sup
τ∈[α]

{Sm−kg(τ)}).

µm([ω])

e−Mµm([ω]) ≤ pm−k

pm
exp( sup

τ∈[ω]
{Skg(τ)}).

pm−k

pm
exp( sup

τ∈[ω]
{Skg(τ)}) ≤ e2Mµm([ω]).

e−Mµm([ω]) ≤ pm−k

pm
exp( sup

τ∈[ω]
{Skg(τ)}) ≤ e2Mµm([ω]).

pn pkpm−ke−3M ≤ pm ≤ pkpm−ke3M

e−5M

pk
≤ µm([ω])

exp(supτ∈ω{Skg(τ)})
≤ e5M

pk
,

pk

e−8M ≤ µm([ω])

exp(−kP (g) + supτ∈[ω]{Skg(τ)})
≤ e8M

k ≤ m ω ∈ Σ∗

e−8M ≤ µ([ω])

exp(−|ω|P (g) + supτ∈[ω]{S|ω|g(τ)})
≤ e8M ,

10



Σ∞ s g : Σ∞ → R

10. g(ω) := log |f ′
ω1
(π(σ(ω)))|

.

|g(ω)− g(τ)| =
∣∣log |f ′

ω1
(π(σ(ω)))|− log |f ′

τ1(π(σ(τ)))|
∣∣

≤
∣∣|f ′

ω1
(π(σ(ω)))|− |f ′

τ1(π(σ(τ)))|
∣∣

min{|f ′
ω1
(π(σ(ω)))|, |f ′

τ1(π(σ(τ)))|}
.

ω ∧ τ ω τ 1.|ω ∧ τ | = 0

∣∣|f ′
ω1
(π(σ(ω)))|− |f ′

τ1(π(σ(τ)))|
∣∣

min{|f ′
ω1
(π(σ(ω)))|, |f ′

τ1(π(σ(τ)))|}
<

max{||f ′
i ||}−min{min{|f ′

i |}}
min{min{|f ′

i |}}
ds(ω, τ)

ε.

2.|ω ∧ τ | ≥ 1

fi C1+ε L′ > 0

|f ′
i(x)− f ′

i(y)| ≤ L′|x− y|ε,

∣∣|f ′
ω1
(π(σ(ω)))|− |f ′

τ1(π(σ(τ)))|
∣∣

min{|f ′
ω1
(π(σ(ω)))|, |f ′

τ1(π(σ(τ)))|}
≤ L′

min{|f ′
ω1
(π(σ(ω)))|, |f ′

ω1
(π(σ(τ)))|} |π(σ(ω))− π(σ(τ))|ε

≤ L′|X|s−ε

min{|f ′
ω1
(π(σ(ω)))|, |f ′

ω1
(π(σ(τ)))|}s

nε

=
L′|X|s−ε

min{|f ′
ω1
(π(σ(ω)))|, |f ′

ω1
(π(σ(τ)))|}ds(ω, τ)

ε.

g

11. A ⊂ Rd s ≥ 0 δ > 0 Hs
δ(A)

Hs
δ(A) := inf{

∑

i=1

|Bi|s | A ⊂
⋃

i=1

Bi}

A s Hausdorff Hs(A)

Hs(A) := sup
δ

Hs
δ(A) = lim

δ→0
Hs

δ(A)

A Hausdorff dimH A Hs(A)

dimH A := sup{s ≥ 0 | Hs(A) = ∞} = inf{s ≥ 0 | Hs(A) = 0}

Hausdorff

11



12. E ⊂ Rd µ Rd 0 < c < ∞

1. x ∈ E lim supr→0
µ(B(x,r))

rt ≤ c t ≤ dimH E

2. x ∈ E lim supr→0
µ(B(x,r))

rt ≥ c t ≥ dimH E

. 1. δ > 0

Eδ = {x ∈ E | 0 < r ≤ δ µ(B(x, r)) < crt}

{Ui} E δ Eδ Ui Eδ x

x |Ui| B Ui Eδ

µ(Ui) ≤ µ(B) < c|Ui|t,

µ(Eδ) ≤ Σi{µ(Ui) | Ui ∩ Eδ %= ∅} ≤ cΣi|Ui|t

{Ui} E δ

µ(Eδ) ≤ cHt
δ(E) ≤ cHt(E)

δ 0 Eδ E

µ(E) ≤ cHt(E)

2.E δ > 0 C

{B(x, r) | x ∈ E, 0 < r ≤ δ, µ(B(x, r)) > crt}

E ⊃
⋃

B∈C
B

C Bi ∈ C Bi

4 B̃i ⋃

B∈C
B ⊃

⋃

i

B̃i

{B̃i} E 8δ

Ht
8δ(E) ≤ Σi|B̃i|t ≤ 4tΣi|Bi|t ≤ 8tc−1Σiµ(Bi) ≤ 8tc−1µ(Rn)

δ → 0

Ht(E) ≤ 8tc−1µ(Rn) < ∞

E Ht(E) > 8tc−1µ(Rn) E

t Hausdorff

m x r > 0

r Hausdorff

m(B(x, r) ∩ J(S)) 0 rt,

dimH J(S) = t

12



1.3 Hausdorff

Hausdorff

13. S := {fi : X → X|i ∈ Σ}
U ⊂ X {fi(U)}

⋃
i∈I fi(U) ⊃ U

U = intX

14. S := {fi : X → X|i ∈ Σ} K ≥ 1

n n ω ∈ Σn x, y |f ′
ω(x)|

|f ′
ω(y)|

≤ K

Hausdorff

15. S := {fi : X → X|i ∈ Σ} g : Σ∞ → R

g(ω) := log |f ′
ω1
(π(σ(ω)))| P (tg) = 0 t dimH J(S) = t

. t P (tg) = 0 9 Σ∞ µ

Q−1 ≤ µ([ω])

exp(supτ∈[ω]{Sntg(τ)}
≤ Q,

g

Q−1 ≤ µ([ω])

||f ′
ω||t

≤ Q,

Hausdorff m = µ ◦ π−1

x ∈ J(S) r > 0 m(B(x, r) ∩ J(S))

1

ω π(ω) = x n B(x, r) ∩ J(S) ⊃ fω|n(J(S)) B(x, r) ∩
J(S) %⊃ fω|n−1

(J(S)) B(x, r) ∩ J(S) ⊃ fω(J(S))

m(B(x, r) ∩ J(S)) ≥ µ ◦ π−1(fω|n(J(S)))

= µ([ω|n])
≥ Q−1||f ′

ω|n ||
t,

n B(x, r)∩J(S) %⊃ fω|n−1
(J(S)) r ≤ |fω|n−1

(J(S))| ≤ ||f ′
ω|n−1

|| |J(S)|

m(B(x, r) ∩ J(S)) ≥ Q−1||f ′
ω|n ||

t

≥ Q−1|J(S)|−1γrt.

13



γ := infi∈Σ infx∈X{|f ′
i(x)|}

2

Σ∗ F (x, r)

F (x, r) := {ω ∈ Σ∗|fω(J(S)) ∩B(x, r) %= φ, fω(J(S)) ⊂ B(x, 2r), fω||ω|−1
(J(S)) %⊂ B(x, 2r)}.

ω ∈ F (x, r) K−1||f ′
ω|| |J(S)| ≤ infω∈Σn{|f ′

ω|}|J(S)| < |fω(J(S))| <
4r r < |fω||ω|−1

(J(S))| < ||f ′
ω||γ−1|J(S)|

|fω(X)| ≤ ||f ′
ω|| |X| < 4Kr|X|,

⋃

ω∈F (x,r)

fω(X) ⊂ B(x, (1 + 4K|X|)r),

ω, τ ∈ F (x, r) 0

F (x, r)

V (fω(X)) > V (X)(K−1||f ′
ω||)d

> K−dV (X)(γ|J(S)|−1r)d,

V d

+F (x, r)K−dV (X)(γ|J(S)|−1r)d < Vd(1 + 4K|X|)drd,

+F (x, r) < Vd(1+4K|X|)d
K−dV (X)(γ|J(S)|−1)d

Vd d

m(B(x, r) ∩ J(S)) ≤ µ([F (x, r)])

=
∑

ω∈F (x,r)

µ([ω])

≤
∑

ω∈F (x,r)

Q||f ′
ω||t

≤ Q
∑

ω∈F (x,r)

(4Kr)t

≤ Q(4K)trt+F (x, r).

12

1.4 Graph Directed Markov System

Rd

Graph Directed Markov System( GDMS GDMS

(V,E,A, i, t) V

E A : E ×E → {0, 1} i t

14



u, v Auv = 1

t(u) = i((v) A

E∞
A = {η ∈ E∞ | Aηiηi+1 = 1 for all i ≥ 1}.

m

En
A = {η ∈ En | Aηiηi+1 = 1 for all i ≥ 1}.

E∗
A =

⋃∞
n=1E

n
A A

A irreducible a, b ∈ E

η ∈ E∗
A aηb ∈ E∗

A GDMS

• (V,E, i, t)

• A,

• {Xv ⊂ Rd | v ∈ V },

• e ∈ E s (0 < s < 1) fe : Xi(e) → Xt(e)

S = {fe : Xt(e) → Xi(e) | e ∈ E}

GMDS V

GDMS

16. π : E∞
A →

⋃
v∈V Xv

π(η) =
∞⋂

l=1

fη|l(Xt(ηl)) (η ∈ E∞
A ).

GMDS S J(S)

J(S) =
⋃

η∈E∞
A

π(η).

E∞
A π J(S)

GDMS Hausdorff

GDMS

17. GDMS S = {fe : Xt(e) → Xi(e) | e ∈ E}
U ⊂

⋃
v∈V Xv e, e′ ∈ E (e %= e′)

fe(U ∩Xt(e)) ∩ fe′(U ∩Xt(e′)) = ∅
⋃

e∈E
fe(U ∩Xt(e)) ⊂ U,

15



f x f ′
x |f ′(x)| = max{|f ′

x(y)|}
max

18. GDMS S = {fe : Xt(e) → Xi(e) | e ∈ E} K ≥ 1

η ∈ En
A (n = 1, 2, . . . ) x, y ∈ Xt(ηn)

|f ′
η(x)|

|f ′
η(y)|

≤ K

GDMS A irreducible

Hausdorff

19. GDMS S = {fe : Xt(e) → Xi(e) | e ∈ E}
A irreducible P(t)

P (t) = lim
n→∞

1

n
log

∑

η∈En
A

||f ′
η||t.

Hausdorff dimHJ(S)

dimHJ(S) = sup{t > 0 | P (t) > 0} = inf{t > 0 | P (t) < 0}.

19 9 A irreducible
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2

2.1

I = [0, 1] 2 S = {f0, f1}

f0(x) = ax, f1(x) = ax+ (1− a) (2)

0 < a < 1 a 1/2

I

a 1/2 g = (
√
5− 1)/2 J1(a)

!"#

$

%

#"&
#"#

1: a 1/2 g J1(a)

1 J1(a) m : I → N ∪ {∞}

m(x) = +{ω ∈ Σ∞ | π(ω) = x} (x ∈ I),

k = 0, 1, . . . Jk(S(a))

Jk(S) = {x ∈ I | m(x) = k}.

J(S) = J1(S) ∪ J2(S) ∪ · · · ∪ J∞(S).

a J1(a) Hausdorff

1/2 < a < 1 F F ∗

F = f0(I) ∩ f1(I) = [1− a, a],

F ∗ =
⋃

µ∈{0,1}∗
fµ(F ).

17



20. (2) S(a) = {f0, f1} a > 1/2

⋃

m≥2

Jm(S(a)) = F ∗

. x ∈
⋃

m≥2 Jm(S(a)) m(x) ≥ 2 ω,ω′ ∈
{0, 1}∞ π(ω) = π(ω′) = x ω ω′ µ

µ ω ω′

ω = µ0ω̃ (ω̃ ∈ {0, 1}∞),

ω′ = µ1ω̃′ (ω̃′ ∈ {0, 1}∞).

x = fµ(π(0ω̃)) = fµ(π(1ω̃
′)).

x ∈ fµ(f0(I)) ∩ fµ(f1(I)) = fµ(F ),

x ∈ F ∗ µ ∈ {0, 1}∗

x ∈ fµ(F ) = fµ0(I) ∩ fµ1(I),

ω = µ0 · · · and ω′ = µ1 · · · π(ω) = π(ω′) = x

21. g a ≥ g J1(S(a)) = {0, 1}

. F 1− a f0(F ) a2 g < a

f0(F ) ∩ F %= ∅,

f i+1
0 (F ) ∩ f i

0(F ) %= ∅

i = 0, 1, . . . f i
0(F ) f0 f i

0(1− a) = ai(1− a) 0

∞⋃

i=0

f i
0(F ) = (0, a],

∞⋃

i=0

f i
1(F ) = [1− a, 1),

(0, 1) 2 1

ω = 0n1ω̃ π(ω) ∈ fn
0 f1(I) 0 0

1 1

18



k = 1, 2, . . . bk 1/2 < a < 1

ak+2 − ak+1 + 2a− 1 = 0. (3)

bk f0fk
1 f0(1) = 1− a 1/2 < a < 1 ck 1/2 < a < 1

−ak+2 + 2a− 1 = 0. (4)

f0f
k+1
1 (0) = 1− a 1/2 < a < 1

22. bk 1/2 < a < 1 (3) ck 1/2 < a < 1

(4)

1

2
< · · · < bk < ck < · · · < b2 < c2 < b1 < c1.

bk ck 1/2

. Pk(a) Qk(a)

Pk(a) = ak+2 − ak+1 + 2a− 1,

Qk(a) = −ak+2 + 2a− 1,

(3) Pk(a) = 0 (4) Qk(a) = 0

bk < ck . k ≥ 2

P ′
k(a) = (k + 2)ak+1 − (k + 1)ak + 2,

P ′′
k (a) = (k + 2)(k + 1)ak − k(k + 1)ak−1.

P ′′
k (a)

{
≤ 0 if 1/2 < a ≤ k/(k + 2)

> 0 if k/(k + 2) < a < 1.

1/2 < a < 1

P ′
k(a) ≥ P ′

k

(
k

k + 2

)

= (k + 2)

(
k

k + 2

)k+1

− (k + 1)

(
k

k + 2

)k

+ 2

= 2−
(

k

k + 2

)k

> 0.

Pk(a) 1/2 < a < 1 −ck+2
k + 2ck − 1 = 0,

Pk(ck) = ck+2
k − ck+1

k + 2ck − 1

= 2ck+2
k − ck+1

k

= ck+1
k (2ck − 1)

> 0,

19



1
2 < ck < 1 Pk(bk) = 0 bk < ck

ck+1 < bk bk < 0.536 0 < k < l bl+2
l − bl+1

l +

2bl − 1 = 0

Pk(bl) = bk+2
l − bk+1

l + 2bl − 1

= (bk+2
l − bk+1

l )(1− bl−k
l ).

0 < k < l Pk(bl) < 0 bl < bk ≤ b2 < 0.536

(Table 1 )

Q′
k(a) = −(k + 2)ak+1 + 2,

Q′′
k(a) = −(k + 2)(k + 1)ak < 0,

1
2 < a < 1 Q′

k(
1
2) = −(k+2)(12)

k+1+2 > 0 Q′
k(1) = −k < 0

Q′
k(a) Q′

k(a) = 0 a

C(k) Q′
k(

2
3) > 0 k ≥ 2 C(k)

2/3 a < C(k) Qk(a) Qk(C(k)) = 2C(k)(k+1)
k+2 −1 > 0

1
2 < ck < C(k) bk+2

k − bk+1
k + 2bk − 1 = 0 bk < 0.536

Qk+1(bk) = −bk+3
k + 2bk − 1

= −bk+3
k − bk+2

k + bk+1
k

= −bk+1
k {(bk +

1

2
)2 − 5

4
}

> 0,

bk < C(k + 1) ck+1 < bk
bk ck 1/2 ck 1/2 + ε (ε > 0)

1

2
+ ε < ck < C(k)

k Qk(a) a < C(k) Qk(ck) = 0

Qk(1/2 + ε) = −(1/2 + ε)k+2 + 2ε

< 0

k

23. l < k bk < ck < bl < cl Ql(a) < 0 bk ≤ a ≤ ck a

24. bk ≤ a Pk(a) ≥ 0 f0fk
1 f0(1) ≥ f1(0)

a < ck Qk(a) < 0 f0f
k+1
1 (0) < f1(0) bk ≤ a < ck

f0fk
1 (F ) F f1fk

0 (F )

F

20



2: a = 0.5 ω ∈ {0, 1}3 fω(I) a = 0.52 a = 0.58

S(a) = {f0, f1} a = 1/2 k J(S(a))

J(S(a)) = I =
⋃

ω∈{0,1}k
fω(I), (5)

fω(I) 0 1 2 a

1/2 (5)

2

I I ′ I < I ′ x ∈ I y ∈ I ′

x < y

25. 1/2 < a < bk−1 fω−1(I) < fω+1(I) ω ∈ {0, 1}k+1 \
{0 · · · 0, 1 · · · 1}

. ω ∈ {0, 1}k+1 \ {0 · · · 0, 1 · · · 1}

fω−1(1) < fω+1(0) (6)

µ ω − 1 ω + 1 (ω + 1)− (ω − 1) = 2

ω − 1 = µ01 · · · 11, ω + 1 = µ10 · · · 01,

ω − 1 = µ01 · · · 10, ω + 1 = µ10 · · · 00.

fµ (6) 1 ≤ n ≤ k + 1

f0(1) = f0f
n−1
1 (1) < f1f

n−2
0 f1(0)

f0f
n−2
1 f0(1) < f1f

n−1
0 (0) = f1(0)

a < bn−2 1 ≤ n ≤ k 22

fω−1(I) fω+1(I) Xω ( 3 )

26. 1/2 < a < bk−1 ω ∈ {0, 1}k+1 Xω

Xω = fω(I)− int(fω−1(I))− int(fω+1(I)) (ω %= 0 · · · 0, 1 · · · 1),
X0···0 = f0···0(I)− int(f0···01(I)),

X1···1 = f1···1(I)− int(f1···10(I)).

21



f     (I)ω−1 f     (I)ω+1

f  (I)ω

Xω

3: Xω

ω %= 0 · · · 0, 1 · · · 1

Xω = [fω−1(1), fω+1(0)]

= [fα1 . . . fαk+1(1), fβ1 . . . fβk+1
(0)]

ω − 1 = α1 . . .αk+1 ω + 1 = β1 . . .βk+1

X0···0 = [0, f0 . . . f0f1(0)],

X1···1 = [f1 . . . f1f0(1), 1],

25 bk ≤ a ≤ ck Xω {0, 1}n

ω, τ ∈ {0, 1}n i

i = min{1 ≤ j ≤ n | ωj %= τj}.

ωi < τi ω < τ

27. bk ≤ a ≤ ck l ≤ k + 2 ω, τ ∈ {0, 1}l ω < τ

fω(x) < fτ (x) x ∈ I

. x ∈ I f0(x) < f1(x) l

ω < τ ω, τ ∈ {0, 1}l

fω1 · · · fωl(x) < fτ1 · · · fτl(x),

f0fω1 · · · fωl(x) < f0fτ1 · · · fτl(x) < f0f1 · · · f1(x),
f1f0 · · · f0(x) < f1fω1 · · · fωl(x) < f1fτ1 · · · fτl(x),

bk ≤ a ≤ ck

f10...0(x)− f01...1(x) = al+1 − 2a+ 1 = −Ql−1(a) > 0

23 l + 1

28. 1/2 < a < bk−1 ω ∈ {0, 1}k

fω(I) ∩ fω+1(I) = fµ(F ),

µ ω ω + 1

22



.

ω = µ01 · · · 1, ω + 1 = µ10 · · · 0.

0 ≤ n ≤ k − 1

fω(I) ∩ fω+1(I) = fµ(f0f
n
1 (I) ∩ f1f

n
0 (I)),

f0f
n
1 (I) = [a− an+1, a],

f1f
n
0 (I) = [1− a, an+1 + (1− a)].

an+1 + (1− a)− a = −Qn−1(a) > 0 23

f0f
n
1 (I) ∩ f1f

n
0 (I) = F = [1− a, a],

2.2 GDMS

bk ≤ a ≤ ck (k = 1, 2, . . . ) GDMS Sk(a)

(Vk, Ek, Ak, i, t)

Vk = {0, 1}k+1,

Vk k+1 (k+1)

Ek = {(ω,φ0(ω)) ∈ Vk × Vk | ω %= 1 · · · 1} ∪ {(ω,φ1(ω)) ∈ Vk × Vk | ω %= 0 · · · 0},

φ0,φ1 : Vk → Vk

φ0(ω) =
⌊ω
2

⌋
, φ1(ω) =

⌊ω
2

⌋
+ 2k.

⌊
ω
2

⌋
ω/2 Ak : Ek ×Ek → {0, 1} φ0,φ1

Ak((ω,φl(ω)), (ω
′,φm(ω′))) =

{
1 (φl(ω) = ω′)

0 (otherwise).

GDMSSk(a)

Sk(a) = {fe : Xt(e) → Xi(e) | e ∈ Ek},

fe =

{
f0|Xt(e)

if e = (ω,φ0(ω))

f1|Xt(e)
if e = (ω,φ1(ω)).

GMDS

23



29. GDMS Sk(a) U

U =
⋃

ω∈Vk

int(Xω).

e, e′ ∈ E (e %= e′)

fe(U ∩Xt(e)) ∩ fe′(U ∩Xt(e′)) = ∅. (7)

⋃

e∈Ek

fe(U ∩Xt(e)) ⊂ U. (8)

. (8)

X0···0 = [0, f0 . . . f0f1(0)] = [0, ak(1− a)],

X1···1 = [f1 . . . f1f0(1), 1] = [1− ak(1− a), 1].

f0(int(X0···0)) = [0, ak+1(1− a)) ⊂ [0, ak(1− a)) = int(X0···0),

f1(int(X1···1)) = (1− ak+1(1− a), 1] ⊂ (1− ak(1− a), 1] = int(X1···1).

ω %= 0 · · · 0, 1 · · · 1 j = 0, 1 p ∈ Vk

fj(int(Xω)) ⊂ int(Xp) (9)

ω − 1 = α1 . . .αk+1 ω + 1 = β1 . . .βk+1 2 2

αk+1 = βk+1 = 0

fj(int(Xω)) = (fjfα1 . . . fαk+1(1), fjfβ1 . . . fβk+1
(0))

= (fjfα1 . . . fαk(a), fjfβ1 . . . fβk
(0)),

β1 . . .βk − α1 . . .αk =
⌊β1 . . .βk+1

2

⌋
−
⌊α1 . . .αk+1

2

⌋

=
β1 . . .βk+1 − α1 . . .αk+1

2

= 1.

γ1 . . . γk

γ1 . . . γk = α1 . . .αk − 1.

γ1 . . . γk1 < α1 . . .αk0 27

fγ1 . . . fγkf1(1) < fα1 . . . fαkf0(1),

24



fγ1 . . . fγk(1) < fα1 . . . fαk(a).

fjfγ1 . . . fγk(1) < fjfα1 . . . fαk(a),

fj(int(Xω)) ⊂ (fjfγ1 . . . fγk(1), fjfβ1 . . . fβk
(0)).

jγ1 . . . γk jβ1 . . .βk 2 p jγ1 . . . γk < p < jβ1 . . .βk
fj(int(Xω)) ⊂ int(Xp)

(7) j = 0, 1 fj

fj(int(Xω)) ∩ fj(int(Xω′)) = ∅

ω %= ω′

ω %= 1 · · · 1 ω′ %= 0 · · · 0

f0(int(Xω)) ∩ f1(int(Xω′)) = ∅

f0(int(Xω)) ⊂ f0(I) \ F,

f1(int(Xω′)) ⊂ f1(I) \ F.

30. bk ≤ a < ck l = 0, 1, . . .

⋃

η∈El
Ak

fη(Xt(ηl)) ∪
⋃

|µ|≤l+k

fµ(F ) = I, (10)

fη(Xt(ηl)) η ∈ El
Ak

fµ(F ) |µ| ≤ l + k

. l 28 Xω Xω+1

k µ

fω(I) ∩ fω+1(I) = fµ(F ).

⋃

ω∈{0,1}k+1

Xω ∪
⋃

|µ|≤k

fµ(F ) = I.

Xω fµ(F ) l = 0

l (10)

⋃

η̃∈El+1
Ak

fη̃(Xt(η̃l+1)) =
⋃

η∈El
Ak

i(η1) ,=1···1

f0fη(Xt(ηl)) ∪
⋃

η∈El
Ak

i(η1) ,=0···0

f1fη(Xt(ηl)). (11)

25



(10) f0
⋃

η∈El
Ak

i(η1) ,=1···1

f0fη(Xt(ηl)) ∪
⋃

η∈El
Ak

i(η1)=1···1

f0fη(Xt(ηl)) ∪
⋃

|µ|≤l+k

f0fµ(F ) = f0(I).

i(η1) = 1 · · · 1 η ∈ El
Ak

f0fη(Xt(ηn)) ⊂ f0(X1···1) ⊂ F,

⋃

η∈El
Ak

i(η1) ,=1···1

f0fη(Xt(ηl)) ∪
⋃

|µ|≤l+k

f0fµ(F ) = f0(I), (12)

(12) f0fη(Xt(ηl)) f0fµ(F )

⋃

η∈El
Ak

i(η1) ,=0···0

f1fη(Xt(ηl)) ∪
⋃

|µ|≤l+k

f1fµ(F ) = f1(I), (13)

f1fη(Xt(ηl)) f1fµ(F ) 24 f0fη(Xt(ηl)) (i(η1) %=
1 · · · 1) f1(I) f1fµ(F )

f1fη(Xt(ηl)) (i(η1) %= 0 · · · 0) f0fµ(F )

(11) (12) (13)
⋃

η̃∈El+1
Ak

fη̃(Xt(η̃l+1)) ∪
⋃

|µ|≤l+1+k

fµ(F ) = f0(I) ∪ f1(I) = I,

l + 1

31. bk ≤ a < ck J(Sk(a)) = J1(S(a))

. 20 J1(S(a)) = (F ∗)c

(J(Sk(a)))
c = F ∗.

x /∈ J(Sk(a)) l

x /∈
⋃

η∈El
Ak

fη(Xt(ηl)).

30

x ∈
⋃

|µ|≤l+k

fµ(F ) ⊂ F ∗.

x ∈ F ∗ ν ∈ {0, 1}∗ x ∈ fν(F ) 30

l = |ν|+ 1 fη(Xt(ηl)) η ∈ El
Ak

fν(F ) fνf0fk
1 (F ) fνf1fk

0 (F )

24

fν(F ) ⊂ int(fν(F ) ∪ fνf0f
k
1 (F ) ∪ fνf1f

k
0 (F ))
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4: S1(a)

bk ≤ a < ck fη(Xt(ηl)) fν(F )

x /∈
⋃

η∈El
Ak

fη(Xt(ηl)),

x /∈ J(Sk(a))

2.3 k = 1, 2 1

GDMS Sk(a)

1 k = 1 k = 2

32. a ≥ b1 dimHJ1(S(a)) = 0

. a ≥ c1 = g J1(S(a)) = {0, 1} dimHJ1(S(a)) = 0

b1 ≤ a < c1 ( 4 ) 31 J1(S(a)) = J(S1(a)) GDMS S1(a)

V1 = {00, 01, 10, 11},

E1 = {(00, 00), (00, 01), (01, 10), (10, 01), (11, 10), (11, 11)},

A1 =





1 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 1





.
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E∞
A1

(00, 00)∞, (11, 11)∞, {(01, 10)(10, 01)}∞, {(10, 01)(01, 10)}∞,

(00, 00)n(00, 01){(01, 10)(10, 01)}∞ (n = 0, 1, . . . ),

(11, 11)n(11, 10){(10, 01)(01, 10)}∞ (n = 0, 1, . . . ).

J(S1(a)) dimHJ1(S(a)) = 0

33. a ≥ b1 dimH
⋃∞

i=2 Ji(S(a)) = 1

k = 2

34. b2 ≤ a ≤ c2

dimHJ1(S(a)) = −
log 1+

√
5

2

log a
,

. b2 ≤ a ≤ c2 ( 5 ) 31 b2 ≤ a < c2 J1(S(a)) =

J(S2(a)) a = ck J1(S(a)) ⊂ J(S2(a)) J(S2(a)) \ J1(S(a))

fν(F ) (ν ∈ {0, 1}∗)

dimH J1(S(a)) = dimH J(S2(a)).

GDMS J(S2(a))

(V2, E2, A2, i, t)

V2 = {000, 001, 010, 011, 100, 101, 110, 111},

E2 = {(000, 000), (000, 001), (001, 010), (001, 011), (010, 100), (010, 101), (011, 110),
(100, 001), (101, 010), (101, 011), (110, 100), (110, 101), (111, 110), (111, 111)},

A2 =





1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 1 0 0

0 0 1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1





.
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5: S2(a) .

dimH J(S2(a)) ≤ − log λ2

log a
, (14)

λ2 = (1 +
√
5)/2 A2 {fη(Xt(ηl)) | η ∈ El

Ak
}

J(S2(a)) al s > 0

Hs
al(J(S2(a))) ≤

∑

η∈El
Ak

|fη(Xt(ηl)|
s

= als+El
Ak

≤ alscλl
2 (c ).

asλ2 < 1

Hs
al(J(S2(a))) → 0 as l → ∞,

Hs(J(S2(a))) = 0.

asλ2 < 1 s dimH J(S2(a)) ≤ s (14)

29 GDMS GDMS

A2 irreducible 19 (14)

A2 irreducible GDMS
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GDMS

V ′
2 = {001, 010, 011, 100, 101, 110},

E′
2 = {(001, 010), (001, 011), (010, 100), (010, 101), (011, 110),

(100, 001), (101, 010), (101, 011), (110, 100), (110, 101)},

A′
2 =





0 0 1 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 1 0 0

0 0 0 0 0 0 0 0 1 1

1 1 0 0 0 0 0 0 0 0

0 0 1 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 1 0 0





.

GDMS S′
2(a)

dimH J(S′
2(a)) ≤ dimH J(S2(a)), (15)

A′
2 irreducible 19

J(S′
2(a)) Hausdorff topological pressure functionP (t)

P (t) = lim
n→∞

1

n
log

∑

ω∈En
A′
2

||f ′
ω||t

= lim
n→∞

1

n
log +En

A′
2
+ t log a

= log λ′
2 + t log a,

λ′
2 A′

2

dimH J(S′
2(a)) = − log λ′

2

log a
. (16)
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λ′
2 = λ2 A2

det(A2 − sE)

= det





1− s 1 0 0 0 0 0 0 0 0 0 0 0 0

0 −s 1 1 0 0 0 0 0 0 0 0 0 0

0 0 −s 0 1 1 0 0 0 0 0 0 0 0

0 0 0 −s 0 0 1 0 0 0 0 0 0 0

0 0 0 0 −s 0 0 1 0 0 0 0 0 0

0 0 0 0 0 −s 0 0 1 1 0 0 0 0

0 0 0 0 0 0 −s 0 0 0 1 1 0 0

0 0 1 1 0 0 0 −s 0 0 0 0 0 0

0 0 0 0 1 1 0 0 −s 0 0 0 0 0

0 0 0 0 0 0 1 0 0 −s 0 0 0 0

0 0 0 0 0 0 0 1 0 0 −s 0 0 0

0 0 0 0 0 0 0 0 1 1 0 −s 0 0

0 0 0 0 0 0 0 0 0 0 1 1 −s 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1− s





= s2(1− s)2 det(A′
2 − sE′).

A2 0, 1 A′
2 (14) (15) (16)

− log λ2

log a
= − log λ′

2

log a
= dimH J(S′

2(a)) ≤ dimH J(S2(a)) ≤ − log λ2

log a
.

2.4

34 35

35. bk ≤ a ≤ ck (k ≥ 2)

dimH J1(S(a)) = − log λk

log a
,

λk Ak

36. bk ≤ a ≤ ck (k ≥ 2) J1(S(a)) Hausdorff

dimH J1(S(a)) ≥ − log(2k+2 − 6)

(k + 3) log a
.

34 bk ≤ a ≤ ck 31 bk ≤
a < ck J1(S(a)) = J(Sk(a)) a = ck J1(S(a)) ⊂ J(Sk(a))

J(Sk(a))\J1(S(a)) fν(F ) (ν ∈ {0, 1}∗)

dimH J1(S(a)) = dimH J(Sk(a)),
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(Vk, Ek, Ak, i, t)

dimH J(Sk(a)) ≤ − log λk

log a
(17)

(14)

29 GDMS GDMS

Ak irreducible 19

(17)

Akirreducible GDMS

(V ′
k, E

′
k, A

′
k, i, t)

V ′
k = Vk \ {0 · · · 0, 1 · · · 1} E′

k Ek 0 · · · 0, 1 · · · 1
A′

k Ak E′
k × E′

k

ω ∈ {0, 1}k+1 φ0 (resp. φ1) ω 0 resp. 1

φ0(ω1 . . .ωkωk+1) = 0ω1 . . .ωk

φ1(ω1 . . .ωkωk+1) = 1ω1 . . .ωk

A′
k irreducible p, q ∈ V ′

k p q

E∗
A′

k
r0, r1 ∈ {0, 1}

r0 %= p1, r1 %= qk+1.

φq1 · · ·φqk+1φr1φr0(p) = q,

i = 1, . . . , k

φqi · · ·φqk+1φr1φr0(p) ∈ V ′
k.

A′
k irreducible

(15) (16)

dimH J(S′
k(a)) ≤ dimH J(Sk(a)), (18)

dimH J(S′
k(a)) = −

log λ′
k

log a
, (19)

λ′
k A′

k
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Ak 0, 1 A′
k

det(Ak − sE)

= det





1− s 1 0 · · · 0 0 0 0

0 −s 1 1 0 · · · 0 0

0 0 0 0
...

... A′
k − sE′ 0 0

...
...

...
...

0 0 0 0

0 0 · · · 0 1 1 −s 0

0 0 0 · · · 0 0 1 1− s





= s2(1− s)2 det(A′
k − sE′).

(17) (18) (19)

− log λk

log a
= −

log λ′
k

log a
= dimH J(S′

k(a)) ≤ dimH J(Sk(a)) ≤ − log λk

log a
.

36 (A′
k)

k+3 1

m

tr(A′
k)

(k+3)m ≥ (2k+2 − 6)m,

Perron-Frobenius

(k + 3) log λ′
k = lim

m→∞

1

m
log tr(A′

k)
(k+3)m

≥ log(2k+2 − 6),
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3

2

1

GDMS

Hausdorff

• GDMS

• GDMS 1

• GDMS irreducible irreducible

1

GDMS

GDMS

irreducible

1 Hausdorff

2, 3

GDMS
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