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Abstract
A Riemannian metric g on a domain Q in R" defines a map F, from (€2, g) into the symmetric
space of positive definite real symmetric n X n matrices (Sym™(n), i), where h is the Cheng-Yau
metric on Sym*(n). We show that the map F, is a harmonic immersion if Q is a regular convex
cone and g is the Cheng-Yau metric on Q. We also prove that the map F|, is totally geodesic if
Q is a homogeneous self-dual regular convex cone and g is the Cheng-Yau metric on Q.

Introduction

Let g be a Riemannian metric on a domain  in R” with the standard coordinate x =
(x',...x") and Sym™ (n) the symmetric space of positive definite real symmetric n X n matri-
ces. Then g defines a map F, : Q — Sym*(n) which is given by F,(x) = [¢;;(x)]1<; j<n- The
goal of this paper is to show the following Main Theorem in Section 4.

Main Theorem. Let g be the Cheng-Yau metric on a regular convex cone Q in R" and h
the Cheng-Yau metric on Sym*(n). Then F, : (Q,g) — (Sym*(n), h) is a harmonic immer-
sion. In particular, if Q is a homogeneous self-dual regular convex cone, then F is totally
geodesic.

A regular convex domain is a convex domain in R"” which does not contain a full straight
line. If a regular convex domain Q satisfies that zx belongs to € for all x in 2 and all positive
real number ¢, then Q is said to be a regular convex cone. A regular convex cone € in R" is
called homogeneous if a subgroup of GL(R") acts on Q transitively. In addition, a regular
convex cone Q in R” is said to be self-dual if there exists a inner product (-, -) of R” such that
the dual cone Q* = {y € R" | (x,y) > 0 for all x € Q \ {0}} coincides with Q. It is known
that a homogeneous self-dual regular convex cone is a Riemannian symmetric space with
respect to the Cheng-Yau metric (cf. Theorem 4.6 in [2]). A symmetric space Sym™(n) is
an example of homogeneous self-dual regular convex cones in the space of real symmetric
n X n matrices Sym(n) which can be identified with RW; 1).

We denote by D the standard flat affine connection on R”. A Riemannian metric g on a
domain Q in R” is said to be a Hessian metric if there exists a convex function ¢ € C*(Q)
such that

g = Ddo,
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that is,

o0y
Oxi’ dxi) ~ Oxioxi

There exists a special Hessian metric on a regular convex domain from the following.

9ij = 9(

Theorem 2.1 ([1]). Let Q be a regular convex domain in R". Then there exists a unique
convex solution ¢ € C*(Q) of the Monge-Ampére equation

& 2
— o2
de [axiaxj 1<ijen  C
P(x) = o0 (x — 0Q)
such that the Hessian metric g = Ddy is complete, which is called the Cheng-Yau metric.

We denote by VY the Levi-Civita connection for a Riemannian metric g. The map F, :
(Q,9) — (Sym*(n), h) is said to be harmonic if the tension field trg(Vg’hdF 4) equals to 0.
In particular, F, is called totally geodesic if V-"’hng = (0. To prove Main Theorem, the
following theorem plays an important role.

Theorem 4.2. If g is a Hessian metric, then we have
0 9 9 i) i)
Oxk” ox! OxI” 9xk” ox!

a 0
try (V' dF g )ij = 2(B)is = (@) (yg)'y) = 2AV0arg)(5 = =),

(VdF ) ) = 29((V%, %,)(

0
In particular, (Vg’hdF 9)i j( is symmetric with respect to i, j, k, L.

0
7% o)

Here, y, = V¢ - D, a, = %dlog det Fy and B, = Da,. The Cheng-Yau metric g on a
regular convex cone Q satisfies V9, = 0 (cf. Proposition 2.6). Further, g satisfies V,y, = 0
if Q is a homogebeous self-dual regular convex cone (cf. Proposition 2.7). Hence we can
show Main Theorem.

In Section 1, we give a brief review of Hessian geometry. In Section 2, we discuss the
Cheng-Yau metrics on regular convex cones. In Section 3, we give a brief summary of
the Cheng-Yau metric on Sym*(n). In Section 4, we consider the map F, : (Q,g9) —
(Sym*(n), h) and prove Main Theorem. In Section 5, we conclude that the conditions in
Main Theorem are crucial by giving examples.

1. Difference tensors and Koszul forms for Hessian metrics

In this section, we give a brief review of the properties of Difference tensors and Koszul
forms for Hessian metrics. Note that we use Einstein’s summation convention throughout
this paper.

DerntTion 1.1. For a Riemannian metric g on a domain Q in R”, we define the difference
tensor vy, by

Yy(X,Y) = VY — DxY.
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Remark 1.2. The components (yg)i].k of y, with respect to the standard coordinate coin-
cide with the Christoffel symbols of V7, that is,
. 1 ./ 0gni dg1; 09k
i _ (Y I TR
095 = 39 (50 * 3 ~ Tt
Proposition 1.3. Let g be a Hessian metric. Then we have
1 1
9X.yy(Y.2)) = 5(Dxg)(Y. 2) = 5(Dyg)(X. Z) = g(¥.7,(X. 2)),

that is,
19gjx _ 10gi

(Yolijk = T e (Yg) jiks

Vo) i = %Q”% = %g"’%,
where (y,)ijx = gil()’g)ljk-
Proof. By the definition of Hessian metrics we have
oxl oxk  oxl’
Hence it follows from Remark 1.2 that

( )i _lﬂ%_lil%
Yol k=29 g T 27 o

DermniTioN 1.4, For a Riemannian metric g on a domain Q in R”, we define a closed
I-form @, and a symmetric 2-form S, by

1
@y = Edlog detlgijli<ij<n» By = Day.

The forms a, and S, are called the first Koszul form and the second Koszul form, respectively.
If there exists a real number A such that 8, = g, then ¢ is called Hesse-Einstein.

0 0 0 "
RemARrk 1.5. Let (ay); = ag(@) and (B,)i; = ﬁg(@, C,E) By the definition of Koszul
forms we have
1 8gkl i
(a'g)j = Egklﬁ = (yg) ij
_ 1y 529k1 0gikr 509
Bydij = 29 (8xi8xj oxt 7 OxJ )

Proposition 1.6. Let g be a Hessian metric and (a/g)k = gkl(ag)l. Then we have

(@) = g"(y)).
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Proof. From Remark 1.5 and Proposition 1.3, we obtain
(@) = gy
= gkl(%;)jﬂ
= g"9" (v
= gijgkl(Yg)lij
= g”()’g)kij-
O
Proposition 1.7 (c.f. Proposition 3.5 in [2]). Let g be a Hessian metric on a domain € in
R" and g" a Kdiihler metic on TQ = Q ® V—1R" defined by
giT;(x + V=1y) = gi;(x).
Then the Ricci tensor RT for g is expressed by

1
RI.T]-.(x +V-1y) = _E(ﬁg)ij(x)-

In particular, g is Kéihler-Einstein if and only if g is Hesse-Einstein.

2. The Cheng-Yau metrics on regular convex cones

In this section, we discuss the Cheng-Yau metrics which are examples of Hesse-Einstein
metrics.

Theorem 2.1 ([1]). Let Q be a regular convex domain in R". Then there exists a unique
convex solution ¢ € C*(Q) of the Monge-Ampére equation

8290 ] — 82<p
axiaxj 1<i,j<n
p(x) = o (x > 0Q)

det[

such that the Hessian metric g = Ddy is complete, which is called the Cheng-Yau metric.
Remark 2.2. The first and second Koszul forms for the Cheng-Yau metric g = Ddy are
ay=do, py,=g9.

Proposition 2.3. Let Q) be a regular convex domain in R" and g = Ddy the Cheng-Yau
metric on Q. Assume that a = [d’ jli<ij<n € GL(n,R) satisfies ax € Q for all x € Q. Then

(1) ¢(ax) = ¢(x) — log|detal.
(2) a'g=g.

Proof. We define € C*(QQ) by
@(x) = ¢(ax) + log| detal.

Then we obtain
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Hence we have

82

@ _ 2 6290
7 (0] = (deta)’ det|

Oxkox!
= (det a)?e?@V

— e2(¢(ax)+log | detal)

det] (ax)]

— 2800
Therefore ¢ is also the unique convex solution of the Monge-Ampére equation, that is,
¢=¢.

This implies the first assertion. The second assertion follows from

2 2

Iy
0x'ox7 ) =da

O

Corollary 2.4. Let Q be a homogeneous regular convex domain in R" and xo a fixed
point in Q. Assume that a € C*(Q, GL(n,R)) satisfies x = a(x)xy for all x € Q. Then the
Cheng-Yau metric g = Ddy on Q is expressed by

g = —Dd log|det a(x)|.
Proof. It follows from Proposition 2.3 that
@(x) = pla(x)xo) = ¢(xo) —log|deta(x)|.
Hence we have
g = Ddy = —Dd log|det a(x)|.
O

Proposition 2.5. Let Q be a regular convex cone in R" and g = Ddy the Cheng-Yau
metric on Q. Then

Oy
j - _
(1) x P n.

00 9

2 dy = lj—.—. = - ]—..

(2) grady gl axéaxf * ox/
iy Y = =i 29k _

(3) x (7g)uk = 2)6 o Gik-

Proof. Since Q is a cone, tx € Q for all x € Q and all r > 0. Hence it follows from
Proposition 2.3 that

o(tx) = p(x) —nlogt forxe Qandr > 0.

Therefore
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0p d
% _ 4 __
Yox Tt =1 (i) = =n.

Taking the derivative of both sides with respect to x/, we have

Op ;
g + x/gij =0.
This implies (2). Further, taking the derivative of both sides respect to x*, we obtain
.8g,-j
i+ g+ x'— =0,
9ki t Gik T X E:
that is,
0gi
J —2g;
X 8xj - 2glk
It follows from Proposition 1.3 that
j 1 ;0gik
J )
X (')/g)zjk 2x o)

O

Proposition 2.6. Let g = Ddy be the Cheng-Yau metric on a regular convex cone € in
R". Then we have

Via, = Vidp = 0.
Proof. It follows from Proposition 2.5 that

i 6) %  Op

(nggo)(ax"’ oxi) = dxiox o) 1 g xk

dp
=gij— gkl(')/g)lij%
=9t xl(%;)lij
=0.

O

It is known that a homogeneous self-dual regular convex cone satisfies the following
stronger condition than Proposition 2.6.

Proposition 2.7 (c.f. Proposition 4.12 in [2]). Let g be the Cheng-Yau metric on a homo-
geneous self-dual regular convex cone € in R". Then we have

Viy, = 0.

3. The symmetric space of positive definite real symmetric matrices

In this section, we give a brief summary of the Cheng-Yau metric / on a regular convex
cone Sym*(n) in Sym(n) which is identified with R™". Since GL(n,R) acts on Sym*(n)
transitively by A - P := 'APA for A € GL(n,R) and P € Sym*(n), Sym*(n) is homoge-
neous. Further, Sym™(n) is self-dual with respect to an inner product (P, Q) := tr (PQ) (c.f.
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Example 4.1 in [2]).
We denote by P = (P;j)1<i<<n the standard coordinate of Sym™(n). The Cheng-Yau metric
h on Sym™(n) is expressed by

+1
h=-"

Ddlogdet P.
Lemma 3.1. For all Xy, X,, X5 € Sym(n) and o € S35, we have
tr XoXo2)Xo3) = r(X1X2X3).

Proof. We have

tr (X1 X2X3) = tr'(X1X2X3)
= tr(‘X5'X,'X))
= tr (X3X2X)).
The other equations follow from the commutativity of the trace. m|

B
Proposition 3.2. We identify X = [Xijli<ijen € Sym(n) with )" Xi(

W)P € TpSym™(n).
ij

i<j
Then we have
1
he(X,Y) = "2 i (PTIXPTY),
(Dh)p(X,Y,Z) = —(n+ D tr (P7'XP'YP'2),

(ym)p(X, Y) = —%(XP‘IY YY),

- 0
Proof. For X € Sym(n) we define a vector field X = Z Xij

aTij € 2°(Sym*(n)). Since

i<j
DsY = 0forall X,Y € Sym(n), we have
1
hp(X,Y) = — %(Dyd log det P)p(X)

n+
2

—”%1(% (P71 X))

1 -
(YXlogdet P)p

n+1

tr(P'YP'X)

+1
L wPixply),

n+
2

'12;1(2;,(;(, )p

1
(Dh)p(X, Y, Z) = (Dzh)p(X,Y)

n+1

tr(P'ZP'XP'Y + PT'XP'ZP7Y).

Since P € Sym*(n), there exists Pl e Sym*(n) such that (P%)2 = P. Hence it follows from
Lemma 3.1 that
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tr(P2ZP'XP ' P lypP )

tr (P 2ZP 3)(PTEXP I)(PTIYP))
tr((P2XP 2)(P 2 YP 3)(PT1ZP %))
tr (P'XP~'YP'2).

tr(P'ZP'XP'y)

Therefore we have
(Dh)p(X,Y,Z) = —(n+ Dtr (PT'XP~'YP7' 7).
Moreover, we obtain

1 +1
hp(—i(xp—ly +YP'X), z) = _"T wr(P'xP'yP'z+ P 'yP'xP'2)

+1
— — (P xPYPZ)

= %(Dh)P(X, Y.7)
= hp((yn)p(X,Y),2),

where the last equality follows from Proposition 1.3. Hence we have

(yp(X,Y) = —%(XP—l Y+ YP'X).

4. Maps given by Riemannian metrics

In this section, we consider the map F, : (Q,g) — (Sym*(n),h), where g is a Rie-
mannian metric on a domain Q in R” and 4 is the Cheng-Yau metric on Sym*(n). Since
TSym*(n) = Sym*(n) X Sym(n), the space of all C*-sections of F *TSym+(n) can be iden-

0
tified with C*(Q, Sym(n)). In particular, (V% hdF )(

I I 1) and trg(VghdF ) belong to
C*(Q, Sym(n)).
Proposition 4.1. We have

g 0 »*F, 1,0F, _0F, OF, _ 0F,
T Ad) = F,'— +—F,
Oxk 6x1) Axkaxl (8xk 9 oxl * ox; ¢ (9xk) (vg)' kla o

(Vo dF,)(

&»#F, OF, | 0F, OF,

h _u
ry(V"dFy) = g (8)6"8 I gxk 9 oxl ~ 09w axr)

Proof. We obtain

0 0
(Vo'"dF )(a 0 gu1) = Vi dFy(55) = dF (V! e —)
aF or, OF, 0
= W +(Yn)F, (W,W) dF, ((Vg) kl%)

&»*F, 1,0F, |0F, OF,  0F, oF,
= —_— — —F —2) - r__J
axkox ( Oxk ™9 ox! - ox; 7 Oxi ) o) u ox"’
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0F, _ OF

where the last equality follows from Proposition 3.2 in the case of X = Tk Y= 6_7 and
X X
P = F,. We also have
a 0
try (V' dF,) = g*(Vo"dF )(— Pl —)
_ g OF, OF, | 0F, oy OF, 9Ly,
axkox  oxk ¢ ax Mgy
O
g,h (9 8 g.h
We denote by (V¢ ng),](a o 1) and try(V9"dF,);; the (i, j)-components of
0
(V-‘]hng)(a 7 z) and try(V9"dF ), respectively.
Theorem 4.2. If g is a Hessian metric, then we have
0 0, 0
)
(V¥ ng)’J(a K 9 l) Zg(( 2 79)((9x] Bxk) @)
try(VdF )i = 2((By)ij = (@) (vg)rij) = 2(V0er )( i —).
g g9)ij 9)ij g) Yg)rij N oy’ oy
. h o 0
In particular, (V¥ ng),](a o 1) is symmetric with respect to i, j, k, L.
Proof. From Proposition 4.1 and Proposition 1.3 we obtain
o 9\ g; 1,0, ,,095; g .09 9gij
Vg,hdF i—, — :_J__ ir rs SJ] + ir rs J J
("dFo)i( g 5) = g ~ 2ok o * o ? axk) O
Oy g) jut . .
= 255 = 20" (Yo + P (Vg jes) = 2009) Vol
Oy g) ji .
= 2( 8g ij - (yg)jrl(yg) ik~ (')’g)jkr(')’g)rﬂ - (yg)rkl(yg)rij)
a0\ 0
g
=29((V", yg)( 5 ) )
It follows from Proposition 1.6, Remark 1.5 and Proposition 1.3 that
0%g;; dgir .09 0gi;
N _ ki 2 iy sJ L
try (V7" dFy)ij = (axkaxl oxk S_ ~ 0k (9xr)
_ kz( P gu agkrgrsagsl)_( )rﬁgu
0x'oxi  Ox Y
= 2((By)ij — (@) Yy)riy)
0
20 )
O

Corollary 4.3. If g is a Hessian metric on a domain Q in R" and the map F, : (Q,g) —
(Sym*(n), h) is harmonic, then try 3, is nonnegative constant.
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Proof. Since ¢/ try(Vg’hdF ¢)ij = 0, it follows from Theorem 4.2 that
0= gij((ﬁg)ij - (a’g)r(%;)rij)
= trgﬁg - (a'g)r(a'g)r‘
Moreover, since VY, = 0 by Theorem 4.2, (a,)"(a,) is nonnegative constant. ]
Main Theorem. Let g be the Cheng-Yau metric on a regular convex cone € in R" and h

the Cheng-Yau metric on Sym*(n). Then F, : (Q,g) — (Sym*(n), h) is a harmonic immer-
sion. In particular, if Q is a homogeneous self-dual regular convex cone, then F, is totally

geodesic.
i 0 . 0gij ..
Proof. Leta = a (ﬂ) € Ker(dF,),, that is, Wa =0foralll <i,j < n It follows
XK/ x X
from Proposition 2.5 that
0g;;
0= x’%ak = —Zgjkak

Hence a = 0. This implies that F, is an immersion. It follows from Theorem 4.2 and
Proposition 2.6 that tr,(V*"dF,) = 2V%q, = 0. If Q is a homogeneous self-dual regular
convex cone, we have V¢/'dF, = 2V%y, = 0 from Theorem 4.2 and Proposition 2.7. O

5. Examples of regular convex domains and non-self-dual homogeneous regular
convex cones

The condition in Main Theorem that a regular convex domain is a cone is crucial to
obtain a harmonic map. In fact, Example 5.1 shows that the Cheng-Yau metric does not
give a harmonic map if the regular convex domain is not a cone. Another condition of
Main Theorem that a homogeneous regular convex domain is self-dual is also necessary.
Example 5.2 implies that the Cheng-Yau metric does not provide a totally geodesic map if a
homogeneous regular convex cone is not self-dual.

ExampLe 5.1. Let Q = {x = (x!, ¥*) e R? | x> - l(x')2 > 0}. The regular convex domain
Q) with the Cheng-Yau metric g is known as an example of Hessian manifolds of constant
Hessian sectional curvature (c.f. Proposition 3.8 in [2]). The solution of the Monge-Ampére
equation on Q is

() = —% log(x* — %(x‘f) +log %
We have

dyp = % (x'dx! = dx?),

2 -den)
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e :§; x2+%(xl)2 —Xl
T2 @-gerl o Ly
2 1 1 x!
-1 _ 4,2 L. 12
Fo = 3(x Z(X))[ xbox?+ Ihy? ]’
2
d¢
9 9 -1 ax' RRLPIRIC N
grad%”:[ﬁ a_]F ap |T W T g
ox2

Hence we obtain
trg(Vgag) = trgﬂg - (ag)r(ag)r
= try g — do(grady)

[\

3
2
0.

N =

Therefore F, : (Q,g) — (Sym*(n), h) is not harmonic from Theorem 4.2.

ExampLE 5.2. We define a 5-dimensional vector space V and a regular convex cone Q in
V by

ol o ot
V=3v=|0v* v 0 |€Sym@3);,
0 v
XN x 12 1 .4
Q=lx=|2 2 0 |lev]|x:=|" 7 X = Yot es m*(2)
2 .3 4 5 y
d 0 5 X=X Xt x

The regular convex cone Q is called the Vinberg cone, which is known as an example of
non-self-dual homogeneous regular convex cones [3]. Let

G:{A:(A',A"):([“ 0 H“ 0 ])eGL(Z,R)zla,cl,cz>0}.

bl C1 b2 C2
Then we can define a group representation p : G — GL(V) by
(p(Aw) = AV'A",  (p(Aw) = A"Vv"'A” forve VandA = (A",A")€G.

We obtain p(A)x € Q for all x € Q and all A € G, that is, p(G) acts on Q. We define
B:Q — Gby

Vil 0 V! 0
(b

x_z x1x3_(X2)2 i xlxi_(/\A)Z
Vo N Ve N

Then we have
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1 2 4

1 00 A
pBxN| 0 1 0|=|x* ¥ 0 |=x
0 0 1 * 0 X

Hence p(G) acts on Q transitively. Let B(x) € GL(5,R) be the matrix representation of
p(B(x)) € GL(V) with respect to the standard basis

1 00 010 0 0 0 0 0 1 000
OO0 O0Of,)1 0 O0f,fO 1T OYf,J]O O OYf,O O O
0 0 O 0 0 O 0 0 0 1 00 0 0 1
Then we obtain
x! 0 0 0 0
2 X3 = (x2)? 0 0 0
xt 0 0 Vxles — (4?2 0
(x*? 0 0 2x44 /xlxs_(ﬁ)z xS —(x4)?

Therefore it follows from Corollary 2.4 that the Cheng-Yau metric g on € is expressed by
g = —Ddlog | det B(x)|
(' - D)3 - () )
(xh)
3 1.3 22y, 3 1.5 442 1
= —Dd(ilog(x 2= () + S loglax = (1)) ~ log x ).

= -Dd log(

that is,
EI6S) S |¢5) N NN 1 32 —3x° 32
2(x1x3 _(x2)2)2 2()(1 X _()51)2)2 (xl )2 (x1x3 _(x2)2)2 2(xlx3 —(X2)2)2 (XIXS—()H)Z)Z 2()(] XS_(/&)Z)Z
3723 3G B+ —3x'x2 0 0
(xlx3_(X2)2)2 (x1x3 _(XZ)Z)Z (XIXS—(XZ)Z)Z
- @) —3xl 2 3@l
Fg - (Xlxﬁ,(ri)Z)Z (X1X3—(X2)2)2 2(x]x3—(x2)2)2 0 O
—3x4%° 0 0 3O+ —3xlat
(o= ()2 (e (e -(h?)?
3(xh? 0 0 —3alat 3
26— ()22 G- 26—

Let xo be the unit 3 X 3 matrix in €, that is, x(l) = xg = xg = 1 and x% = xg = 0. Since
1 0922

(Yg)22r = 3 o we obtain

3

(Yg)221(x0) = (¥g)223(x0) = ~5

(Yg)222(x0) = (Yg)224(x0) = (¥g)225(x0) = 0,

0(yg)22
0x2

(x0) = 9.
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We also have

Fg(xo) =

S OO O™
SO O WO
S ONvIw O O
S WO OO
N O O O O

Hence

o 0 0 0
) : @) =20 ) ) )

o | (V7 =573
Gso (( (,%zyg)(axz 0x? ox?

0
= (21)2222 (x0) — 3(9”()60)(79)221(360)2 i 933(79)223()60)2)
1( 3 2 2, 3.2
=9-3(3 (‘5) +3(-3))
9
= g + 0.

Therefore F, : (Q,g) — (Sym™(n), h) is not totally geodesic from Theorem 4.2.
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