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Abstract
A Riemannian metric g on a domain Ω in Rn defines a map Fg from (Ω, g) into the symmetric

space of positive definite real symmetric n×n matrices (Sym+(n), h), where h is the Cheng-Yau
metric on Sym+(n). We show that the map Fg is a harmonic immersion if Ω is a regular convex
cone and g is the Cheng-Yau metric on Ω. We also prove that the map Fg is totally geodesic if
Ω is a homogeneous self-dual regular convex cone and g is the Cheng-Yau metric on Ω.

Introduction

Let g be a Riemannian metric on a domain Ω in Rn with the standard coordinate x =
(x1, . . . xn) and Sym+(n) the symmetric space of positive definite real symmetric n× n matri-
ces. Then g defines a map Fg : Ω→ Sym+(n) which is given by Fg(x) = [gi j(x)]1≤i, j≤n. The
goal of this paper is to show the following Main Theorem in Section 4.

Main Theorem. Let g be the Cheng-Yau metric on a regular convex cone Ω in Rn and h
the Cheng-Yau metric on Sym+(n). Then Fg : (Ω, g) → (Sym+(n), h) is a harmonic immer-
sion. In particular, if Ω is a homogeneous self-dual regular convex cone, then Fg is totally
geodesic.

A regular convex domain is a convex domain in Rn which does not contain a full straight
line. If a regular convex domainΩ satisfies that tx belongs toΩ for all x inΩ and all positive
real number t, then Ω is said to be a regular convex cone. A regular convex cone Ω in Rn is
called homogeneous if a subgroup of GL(Rn) acts on Ω transitively. In addition, a regular
convex cone Ω in Rn is said to be self-dual if there exists a inner product 〈·, ·〉 of Rn such that
the dual cone Ω∗ = {y ∈ Rn | 〈x, y〉 > 0 for all x ∈ Ω̄ \ {0}} coincides with Ω. It is known
that a homogeneous self-dual regular convex cone is a Riemannian symmetric space with
respect to the Cheng-Yau metric (cf. Theorem 4.6 in [2]). A symmetric space Sym+(n) is
an example of homogeneous self-dual regular convex cones in the space of real symmetric
n × n matrices Sym(n) which can be identified with R

n(n+1)
2 .

We denote by D the standard flat affine connection on Rn. A Riemannian metric g on a
domain Ω in Rn is said to be a Hessian metric if there exists a convex function ϕ ∈ C∞(Ω)
such that

g = Ddϕ,

2010 Mathematics Subject Classification. Primary 53C25; Secondary 53C43.
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that is,

gi j := g
( ∂
∂xi ,

∂

∂x j

)
=
∂2ϕ

∂xi∂x j .

There exists a special Hessian metric on a regular convex domain from the following.

Theorem 2.1 ([1]). Let Ω be a regular convex domain in Rn. Then there exists a unique
convex solution ϕ ∈ C∞(Ω) of the Monge-Ampére equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

det
[ ∂2ϕ

∂xi∂x j

]
1≤i, j≤n

= e2ϕ

ϕ(x)→ ∞ (x→ ∂Ω)

such that the Hessian metric g = Ddϕ is complete, which is called the Cheng-Yau metric.

We denote by ∇g the Levi-Civita connection for a Riemannian metric g. The map Fg :
(Ω, g) → (Sym+(n), h) is said to be harmonic if the tension field trg(∇g,hdFg) equals to 0.
In particular, Fg is called totally geodesic if ∇g,hdFg = 0. To prove Main Theorem, the
following theorem plays an important role.

Theorem 4.2. If g is a Hessian metric, then we have

(∇g,hdFg)i j

( ∂
∂xk ,

∂

∂xl

)
= 2g

((∇g∂
∂xi
γg
)( ∂
∂x j ,

∂

∂xk

)
,
∂

∂xl

)

trg(∇g,hdFg)i j = 2((βg)i j − (αg)r(γg)r
i j) = 2(∇gαg)

( ∂
∂xi ,

∂

∂x j

)
.

In particular, (∇g,hdFg)i j

( ∂
∂xk ,

∂

∂xl

)
is symmetric with respect to i, j, k, l.

Here, γg = ∇g − D, αg =
1
2

d log det Fg and βg = Dαg. The Cheng-Yau metric g on a
regular convex cone Ω satisfies ∇gαg = 0 (cf. Proposition 2.6). Further, g satisfies ∇gγg = 0
if Ω is a homogebeous self-dual regular convex cone (cf. Proposition 2.7). Hence we can
show Main Theorem.

In Section 1, we give a brief review of Hessian geometry. In Section 2, we discuss the
Cheng-Yau metrics on regular convex cones. In Section 3, we give a brief summary of
the Cheng-Yau metric on Sym+(n). In Section 4, we consider the map Fg : (Ω, g) →
(Sym+(n), h) and prove Main Theorem. In Section 5, we conclude that the conditions in
Main Theorem are crucial by giving examples.

1. Difference tensors and Koszul forms for Hessian metrics

1. Difference tensors and Koszul forms for Hessian metrics
In this section, we give a brief review of the properties of Difference tensors and Koszul

forms for Hessian metrics. Note that we use Einstein’s summation convention throughout
this paper.

Definition 1.1. For a Riemannian metric g on a domain Ω in Rn, we define the difference
tensor γg by

γg(X, Y) = ∇gXY − DXY.
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Remark 1.2. The components (γg)i
jk of γg with respect to the standard coordinate coin-

cide with the Christoffel symbols of ∇g, that is,

(γg)i
jk =

1
2
gil
(∂glk

∂x j +
∂gl j

∂xk −
∂g jk

∂xl

)
.

Proposition 1.3. Let g be a Hessian metric. Then we have

g(X, γg(Y, Z)) =
1
2

(DXg)(Y, Z) =
1
2

(DYg)(X, Z) = g(Y, γg(X, Z)),

that is,

(γg)i jk =
1
2
∂g jk

∂xi =
1
2
∂gik

∂x j = (γg) jik,

(γg)i
jk =

1
2
gil ∂g jk

∂xl =
1
2
gil ∂glk

∂x j ,

where (γg)i jk = gil(γg)l
jk.

Proof. By the definition of Hessian metrics we have

∂glk

∂x j =
∂gl j

∂xk =
∂g jk

∂xl .

Hence it follows from Remark 1.2 that

(γg)i
jk =

1
2
gil ∂g jk

∂xl =
1
2
gil ∂glk

∂x j .

�

Definition 1.4. For a Riemannian metric g on a domain Ω in Rn, we define a closed
1-form αg and a symmetric 2-form βg by

αg =
1
2

d log det[gi j]1≤i, j≤n, βg = Dαg.

The forms αg and βg are called the first Koszul form and the second Koszul form, respectively.
If there exists a real number λ such that βg = g, then g is called Hesse-Einstein.

Remark 1.5. Let (αg) j = αg
( ∂
∂x j

)
and (βg)i j = βg

( ∂
∂xi ,

∂

∂x j

)
. By the definition of Koszul

forms we have

(αg) j =
1
2
gkl ∂gkl

∂x j = (γg)i
i j,

(βg)i j =
1
2
gkl
( ∂2gkl

∂xi∂x j −
∂gkr

∂xi g
rs ∂gsl

∂x j

)
.

Proposition 1.6. Let g be a Hessian metric and (αg)k = gkl(αg)l. Then we have

(αg)k = gi j(γg)k
i j.
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Proof. From Remark 1.5 and Proposition 1.3, we obtain

(αg)k = gkl(αg)l

= gkl(γg)
j
jl

= gklgi j(γg)i jl

= gi jgkl(γg)li j

= gi j(γg)k
i j.

�

Proposition 1.7 (c.f. Proposition 3.5 in [2]). Let g be a Hessian metric on a domain Ω in
R

n and gT a Kähler metic on TΩ � Ω ⊕ √−1Rn defined by

gT
i j̄(x +

√−1y) = gi j(x).

Then the Ricci tensor RT for gT is expressed by

RT
i j̄(x +

√−1y) = −1
2

(βg)i j(x).

In particular, gT is Kähler-Einstein if and only if g is Hesse-Einstein.

2. The Cheng-Yau metrics on regular convex cones

2. The Cheng-Yau metrics on regular convex cones
In this section, we discuss the Cheng-Yau metrics which are examples of Hesse-Einstein

metrics.

Theorem 2.1 ([1]). Let Ω be a regular convex domain in Rn. Then there exists a unique
convex solution ϕ ∈ C∞(Ω) of the Monge-Ampére equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

det
[ ∂2ϕ

∂xi∂x j

]
1≤i, j≤n

= e2ϕ

ϕ(x)→ ∞ (x→ ∂Ω)

such that the Hessian metric g = Ddϕ is complete, which is called the Cheng-Yau metric.

Remark 2.2. The first and second Koszul forms for the Cheng-Yau metric g = Ddϕ are

αg = dϕ, βg = g.

Proposition 2.3. Let Ω be a regular convex domain in Rn and g = Ddϕ the Cheng-Yau
metric on Ω. Assume that a = [ai

j]1≤i, j≤n ∈ GL (n,R) satisfies ax ∈ Ω for all x ∈ Ω. Then

(1) ϕ(ax) = ϕ(x) − log | det a|.
(2) a∗g = g.

Proof. We define ϕ̃ ∈ C∞(Ω) by

ϕ̃(x) = ϕ(ax) + log | det a|.
Then we obtain
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∂ϕ̃

∂x j (x) = al
j
∂ϕ

∂xl (ax),

∂2ϕ̃

∂xi∂x j (x) = ak
ial

j
∂2ϕ

∂xk∂xl (ax).

Hence we have

det
[ ∂2ϕ̃

∂xi∂x j (x)
]
= (det a)2 det

[ ∂2ϕ

∂xk∂xl (ax)
]

= (det a)2e2ϕ(ax)

= e2(ϕ(ax)+log | det a|)

= e2ϕ̃(x).

Therefore ϕ̃ is also the unique convex solution of the Monge-Ampére equation, that is,

ϕ̃ = ϕ.

This implies the first assertion. The second assertion follows from

∂2ϕ

∂xi∂x j (x) = ak
ial

j
∂2ϕ

∂xk∂xl (ax).

�

Corollary 2.4. Let Ω be a homogeneous regular convex domain in Rn and x0 a fixed
point in Ω. Assume that a ∈ C∞(Ω,GL(n,R)) satisfies x = a(x)x0 for all x ∈ Ω. Then the
Cheng-Yau metric g = Ddϕ on Ω is expressed by

g = −Dd log | det a(x)|.
Proof. It follows from Proposition 2.3 that

ϕ(x) = ϕ(a(x)x0) = ϕ(x0) − log | det a(x)|.
Hence we have

g = Ddϕ = −Dd log | det a(x)|.
�

Proposition 2.5. Let Ω be a regular convex cone in Rn and g = Ddϕ the Cheng-Yau
metric on Ω. Then

(1) x j ∂ϕ

∂x j = −n.

(2) gradϕ := gi j ∂ϕ

∂xi

∂

∂x j = −x j ∂

∂x j .

(3) x j(γg)i jk =
1
2

x j ∂gik

∂x j = −gik.

Proof. Since Ω is a cone, tx ∈ Ω for all x ∈ Ω and all t > 0. Hence it follows from
Proposition 2.3 that

ϕ(tx) = ϕ(x) − n log t for x ∈ Ω and t > 0.

Therefore



512 S. Akagawa

x j ∂ϕ

∂x j =
d
dt

∣∣∣∣∣
t=1
ϕ(tx) = −n.

Taking the derivative of both sides with respect to xi, we have

∂ϕ

∂xi + x jgi j = 0.

This implies (2). Further, taking the derivative of both sides respect to xk, we obtain

gki + gik + x j ∂gi j

∂xk = 0,

that is,

x j ∂gik

∂x j = −2gik.

It follows from Proposition 1.3 that

x j(γg)i jk =
1
2

x j ∂gik

∂x j .

�

Proposition 2.6. Let g = Ddϕ be the Cheng-Yau metric on a regular convex cone Ω in
R

n. Then we have

∇gαg = ∇gdϕ = 0.

Proof. It follows from Proposition 2.5 that

(∇gdϕ)
( ∂
∂xi ,

∂

∂x j

)
=
∂2ϕ

∂xi∂x j − (γg)k
i j
∂ϕ

∂xk

= gi j − gkl(γg)li j
∂ϕ

∂xk

= gi j + xl(γg)li j

= 0.

�

It is known that a homogeneous self-dual regular convex cone satisfies the following
stronger condition than Proposition 2.6.

Proposition 2.7 (c.f. Proposition 4.12 in [2]). Let g be the Cheng-Yau metric on a homo-
geneous self-dual regular convex cone Ω in Rn. Then we have

∇gγg = 0.

3. The symmetric space of positive definite real symmetric matrices

3. The symmetric space of positive definite real symmetric matrices
In this section, we give a brief summary of the Cheng-Yau metric h on a regular convex

cone Sym+(n) in Sym(n) which is identified with R
n(n+1)

2 . Since GL(n,R) acts on Sym+(n)
transitively by A · P := tAPA for A ∈ GL(n,R) and P ∈ Sym+(n), Sym+(n) is homoge-
neous. Further, Sym+(n) is self-dual with respect to an inner product 〈P,Q〉 := tr (PQ) (c.f.
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Example 4.1 in [2]).
We denote by P = (Pi j)1≤i≤ j≤n the standard coordinate of Sym+(n). The Cheng-Yau metric

h on Sym+(n) is expressed by

h = −n + 1
2

Dd log det P.

Lemma 3.1. For all X1, X2, X3 ∈ Sym(n) and σ ∈ S 3, we have

tr (Xσ(1)Xσ(2)Xσ(3)) = tr (X1X2X3).

Proof. We have

tr (X1X2X3) = tr t(X1X2X3)

= tr (tX3
tX2

tX1)

= tr (X3X2X1).

The other equations follow from the commutativity of the trace. �

Proposition 3.2. We identify X = [Xi j]1≤i, j≤n ∈ Sym(n) with
∑
i≤ j

Xi j

( ∂
∂Pi j

)
P
∈ TPSym+(n).

Then we have

hP(X, Y) =
n + 1

2
tr (P−1XP−1Y),

(Dh)P(X, Y,Z) = −(n + 1) tr (P−1XP−1YP−1Z),

(γh)P(X, Y) = −1
2

(XP−1Y + YP−1X).

Proof. For X ∈ Sym(n) we define a vector field X̃ =
∑
i≤ j

Xi j
∂

∂Pi j
∈ X (Sym+(n)). Since

DX̃Ỹ = 0 for all X, Y ∈ Sym(n), we have

hP(X, Y) = −n + 1
2

(DỸd log det P)P(X)

= −n + 1
2

(Ỹ X̃ log det P)P

= −n + 1
2

(Ỹ tr (P−1X̃))P

=
n + 1

2
tr (P−1YP−1X)

=
n + 1

2
tr (P−1XP−1Y),

(Dh)P(X, Y, Z) =
n + 1

2
(DZ̃h)P(X, Y)

=
n + 1

2
(Z̃h(X̃, Ỹ))P

= −n + 1
2

tr (P−1ZP−1XP−1Y + P−1XP−1ZP−1Y).

Since P ∈ Sym+(n), there exists P
1
2 ∈ Sym+(n) such that (P

1
2 )2 = P. Hence it follows from

Lemma 3.1 that
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tr (P−1ZP−1XP−1Y) = tr (P−
1
2 ZP−1XP−1P−1YP−

1
2 )

= tr ((P−
1
2 ZP−

1
2 )(P−

1
2 XP−

1
2 )(P−

1
2 YP−

1
2 ))

= tr ((P−
1
2 XP−

1
2 )(P−

1
2 YP−

1
2 )(P−

1
2 ZP−

1
2 ))

= tr (P−1XP−1YP−1Z).

Therefore we have

(Dh)P(X, Y, Z) = −(n + 1) tr (P−1XP−1YP−1Z).

Moreover, we obtain

hP

(
−1

2
(XP−1Y + YP−1X), Z

)
= −n + 1

4
tr (P−1XP−1YP−1Z + P−1YP−1XP−1Z)

= −n + 1
2

tr (P−1XP−1YP−1Z)

=
1
2

(Dh)P(X, Y, Z)

= hP((γh)P(X, Y), Z),

where the last equality follows from Proposition 1.3. Hence we have

(γh)P(X, Y) = −1
2

(XP−1Y + YP−1X).

�

4. Maps given by Riemannian metrics

4. Maps given by Riemannian metrics
In this section, we consider the map Fg : (Ω, g) → (Sym+(n), h), where g is a Rie-

mannian metric on a domain Ω in Rn and h is the Cheng-Yau metric on Sym+(n). Since
TSym+(n) � Sym+(n) × Sym(n), the space of all C∞-sections of F∗gTSym+(n) can be iden-

tified with C∞(Ω, Sym(n)). In particular, (∇g,hdFg)
( ∂
∂xk ,

∂

∂xl

)
and trg(∇g,hdFg) belong to

C∞(Ω, Sym(n)).

Proposition 4.1. We have

(∇g,hdFg)
( ∂
∂xk ,

∂

∂xl

)
=
∂2Fg
∂xk∂xl −

1
2

(∂Fg
∂xk F−1

g

∂Fg
∂xl +

∂Fg
∂xl

F−1
g

∂Fg
∂xk

)
− (γg)r

kl
∂Fg
∂xr ,

trg(∇g,hdFg)) = gkl
( ∂2Fg
∂xk∂xl −

∂Fg
∂xk F−1

g

∂Fg
∂xl − (γg)r

kl
∂Fg
∂xr

)
.

Proof. We obtain

(∇g,hdFg)
( ∂
∂xk ,

∂

∂xl

)
= ∇h

∂

∂xk
dFg
( ∂
∂xl

)
− dFg

(
∇g∂
∂xk

∂

∂xl

)

=
∂2Fg
∂xk∂xl + (γh)Fg

(∂Fg
∂xk ,

∂Fg
∂xl

)
− dFg

(
(γg)r

kl
∂

∂xr

)

=
∂2Fg
∂xk∂xl −

1
2

(∂Fg
∂xk F−1

g

∂Fg
∂xl +

∂Fg
∂xl

F−1
g

∂Fg
∂xk

)
− (γg)r

kl
∂Fg
∂xr ,
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where the last equality follows from Proposition 3.2 in the case of X =
∂Fg
∂xk , Y =

∂Fg
∂xl and

P = Fg. We also have

trg(∇g,hdFg) = gkl(∇g,hdFg)
( ∂
∂xk ,

∂

∂xl

)

= gkl
( ∂2Fg
∂xk∂xl −

∂Fg
∂xk F−1

g

∂Fg
∂xl − (γg)r

kl
∂Fg
∂xr

)
.

�

We denote by (∇g,hdFg)i j

( ∂
∂xk ,

∂

∂xl

)
and trg(∇g,hdFg)i j the (i, j)-components of

(∇g,hdFg)
( ∂
∂xk ,

∂

∂xl

)
and trg(∇g,hdFg), respectively.

Theorem 4.2. If g is a Hessian metric, then we have

(∇g,hdFg)i j

( ∂
∂xk ,

∂

∂xl

)
= 2g

((∇g∂
∂xi
γg
)( ∂
∂x j ,

∂

∂xk

)
,
∂

∂xl

)

trg(∇g,hdFg)i j = 2
(
(βg)i j − (αg)r(γg)ri j

)
= 2(∇gαg)

( ∂
∂xi ,

∂

∂x j

)
.

In particular, (∇g,hdFg)i j

( ∂
∂xk ,

∂

∂xl

)
is symmetric with respect to i, j, k, l.

Proof. From Proposition 4.1 and Proposition 1.3 we obtain

((∇g,hdFg)i j

( ∂
∂xk ,

∂

∂xl

)
=
∂2gi j

∂xk∂xl −
1
2

(∂gir

∂xk g
rs ∂gs j

∂xl +
∂gir

∂xl
grs ∂gs j

∂xk

)
− (γg)r

kl
∂gi j

∂xr

= 2
∂(γg) jkl

∂xi − 2grs
(
(γg)rik(γg)s jl + (γg)ilr(γg) jks

)
− 2(γg)r

kl(γg)ri j

= 2
(∂(γg) jkl

∂xi − (γg) jrl(γg)r
ik − (γg) jkr(γg)r

il − (γg)rkl(γg)r
i j

)

= 2g
((∇g∂

∂xi
γg
)( ∂
∂x j ,

∂

∂xk

)
,
∂

∂xl

)
.

It follows from Proposition 1.6, Remark 1.5 and Proposition 1.3 that

trg(∇g,hdFg)i j = g
kl
( ∂2gi j

∂xk∂xl −
∂gir

∂xk g
rs ∂gs j

∂xl − (γg)r
kl
∂gi j

∂xr

)

= gkl
( ∂2gkl

∂xi∂x j −
∂gkr

∂xi g
rs ∂gsl

∂x j

)
− (αg)r ∂gi j

∂xr

= 2
(
(βg)i j − (αg)r(γg)ri j

)

= 2(∇gαg)
( ∂
∂xi ,

∂

∂x j

)
�

Corollary 4.3. If g is a Hessian metric on a domain Ω in Rn and the map Fg : (Ω, g) →
(Sym+(n), h) is harmonic, then trg βg is nonnegative constant.
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Proof. Since gi j trg(∇g,hdFg)i j = 0, it follows from Theorem 4.2 that

0 = gi j((βg)i j − (αg)r(γg)ri j)

= trgβg − (αg)r(αg)r.

Moreover, since ∇gαg = 0 by Theorem 4.2, (αg)r(αg)r is nonnegative constant. �

Main Theorem. Let g be the Cheng-Yau metric on a regular convex cone Ω in Rn and h
the Cheng-Yau metric on Sym+(n). Then Fg : (Ω, g) → (Sym+(n), h) is a harmonic immer-
sion. In particular, if Ω is a homogeneous self-dual regular convex cone, then Fg is totally
geodesic.

Proof. Let a = ak
( ∂
∂xk

)
x
∈ Ker(dFg)x, that is,

∂gi j

∂xk ak = 0 for all 1 ≤ i, j ≤ n. It follows
from Proposition 2.5 that

0 = xi ∂gi j

∂xk ak = −2g jkak

Hence a = 0. This implies that Fg is an immersion. It follows from Theorem 4.2 and
Proposition 2.6 that trg(∇g,hdFg) = 2∇gαg = 0. If Ω is a homogeneous self-dual regular
convex cone, we have ∇g,hdFg = 2∇gγg = 0 from Theorem 4.2 and Proposition 2.7. �

5. Examples of regular convex domains and non-self-dual homogeneous regular
convex cones

5. Examples of regular convex domains and non-self-dual homogeneous regular
convex cones

The condition in Main Theorem that a regular convex domain is a cone is crucial to
obtain a harmonic map. In fact, Example 5.1 shows that the Cheng-Yau metric does not
give a harmonic map if the regular convex domain is not a cone. Another condition of
Main Theorem that a homogeneous regular convex domain is self-dual is also necessary.
Example 5.2 implies that the Cheng-Yau metric does not provide a totally geodesic map if a
homogeneous regular convex cone is not self-dual.

Example 5.1. Let Ω = {x = (x1, x2) ∈ R2 | x2 − 1
2

(x1)2 > 0}. The regular convex domain
Ω with the Cheng-Yau metric g is known as an example of Hessian manifolds of constant
Hessian sectional curvature (c.f. Proposition 3.8 in [2]). The solution of the Monge-Ampére
equation on Ω is

ϕ(x) = −3
2

log(x2 − 1
2

(x1)2) + log
3
2
.

We have

dϕ =
3
2
· 1

x2 − ( 1
2 (x1)2)

(x1dx1 − dx2),
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Fg =
3
2
· 1

(x2 − ( 1
2 (x1)2))2

[
x2 + 1

2 (x1)2 −x1

−x1 1

]
,

F−1
g =

2
3

(x2 − 1
2

(x1)2)
[

1 x1

x1 x2 + 1
2 (x1)2

]
,

gradϕ =
[
∂

∂x1

∂

∂x2

]
F−1
g

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∂ϕ

∂x1

∂ϕ

∂x2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = −(x2 − 1
2

(x1)2)
∂

∂x2 .

Hence we obtain

trg(∇gαg) = trg βg − (αg)r(αg)r

= trg g − dϕ(gradϕ)

= 2 − 3
2

=
1
2
� 0.

Therefore Fg : (Ω, g)→ (Sym+(n), h) is not harmonic from Theorem 4.2.

Example 5.2. We define a 5-dimensional vector space V and a regular convex cone Ω in
V by

V =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ v =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
v1 v2 v4

v2 v3 0
v4 0 v5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ∈ Sym(3)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,

Ω =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ x =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
x1 x2 x4

x2 x3 0
x4 0 x5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ∈ V

∣∣∣∣∣∣ x′ :=
[

x1 x2

x2 x3

]
, x′′ :=

[
x1 x4

x4 x5

]
∈ Sym+(2)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

The regular convex cone Ω is called the Vinberg cone, which is known as an example of
non-self-dual homogeneous regular convex cones [3]. Let

G =
{

A = (A′, A′′) =
( [

a 0
b1 c1

]
,

[
a 0
b2 c2

] )
∈ GL(2,R)2 | a, c1, c2 > 0

}
.

Then we can define a group representation ρ : G → GL(V) by

(ρ(A)v)′ = A′v′ tA′, (ρ(A)v)′′ = A′′v′′ tA′′ for v ∈ V and A = (A′, A′′) ∈ G.

We obtain ρ(A)x ∈ Ω for all x ∈ Ω and all A ∈ G, that is, ρ(G) acts on Ω. We define
B : Ω→ G by

B(x) =

⎛⎜⎜⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎢⎢⎣
√

x1 0
x2√
x1

√
x1 x3−(x2)2

x1

⎤⎥⎥⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎢⎢⎣
√

x1 0
x4√
x1

√
x1 x5−(x4)2

x1

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎟⎟⎠ .

Then we have
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ρ(B(x))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1 x2 x4

x2 x3 0
x4 0 x5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = x.

Hence ρ(G) acts on Ω transitively. Let B̃(x) ∈ GL(5,R) be the matrix representation of
ρ(B(x)) ∈ GL(V) with respect to the standard basis⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 1 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1
0 0 0
1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

Then we obtain

B̃(x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1 0 0 0 0

x2
√

x1x3 − (x2)2 0 0 0

(x2)2

x1
2x2
√

x1 x3−(x2)2

x1
x1 x3−(x2)2

x1 0 0

x4 0 0
√

x1x5 − (x4)2 0

(x4)2

x1 0 0 2x4
√

x1 x5−(x4)2

x1
x1 x5−(x4)2

x1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Therefore it follows from Corollary 2.4 that the Cheng-Yau metric g on Ω is expressed by

g = −Dd log | det B̃(x)|

= −Dd log
( (x1x3 − (x2)2)

3
2 (x1x5 − (x4)2)

3
2

(x1)

)

= −Dd
(3
2

log(x1x3 − (x2)2) +
3
2

log(x1x5 − (x4)2) − log x1
)
,

that is,

Fg =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3(x3)2

2(x1 x3−(x2)2)2 +
3(x5)2

2(x1 x5−(x4)2)2 − 1
(x1)2

−3x2 x3

(x1 x3−(x2)2)2
3(x2)2

2(x1 x3−(x2)2)2
−3x4 x5

(x1 x5−(x4)2)2
3(x4)2

2(x1 x5−(x4)2)2

−3x2 x3

(x1 x3−(x2)2)2
3(x1 x3+(x2)2)
(x1 x3−(x2)2)2

−3x1 x2

(x1 x3−(x2)2)2 0 0

3(x2)2

(x1 x5−(x4)2)2
−3x1 x2

(x1 x3−(x2)2)2
3(x1)2

2(x1 x3−(x2)2)2 0 0

−3x4 x5

(x1 x5−(x4)2)2 0 0 3(x1 x5+(x4)2)
(x1 x5−(x4)2)2

−3x1 x4

(x1 x5−(x4)2)2

3(x4)2

2(x1 x5−(x4)2)2 0 0 −3x1 x4

(x1 x5−(x4)2)2
3(x1)2

2(x1 x5−(x4)2)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Let x0 be the unit 3 × 3 matrix in Ω, that is, x1
0 = x3

0 = x5
0 = 1 and x2

0 = x4
0 = 0. Since

(γg)22r =
1
2
∂g22

∂xr , we obtain

(γg)221(x0) = (γg)223(x0) = −3
2
,

(γg)222(x0) = (γg)224(x0) = (γg)225(x0) = 0,

∂(γg)222

∂x2 (x0) = 9.
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We also have

Fg(x0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0 0 0
0 3 0 0 0
0 0 3

2 0 0
0 0 0 3 0
0 0 0 0 3

2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Hence

gx0

(
(∇g∂

∂x2
γg)
(
∂

∂x2 ,
∂

∂x2

)
,
∂

∂x2

)
=
∂(γg)222

∂x2 (x0) − 3(γg)22r(x0)(γg)r
22(x0)

=
∂(γg)222

∂x2 (x0) − 3
(
g11(x0)(γg)221(x0)2 + g33(γg)223(x0)2

)

= 9 − 3
(1
2

(
−3

2

)2
+

2
3

(
−3

2

)2)

=
9
8
� 0.

Therefore Fg : (Ω, g)→ (Sym+(n), h) is not totally geodesic from Theorem 4.2.
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