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Abstract
Let W be a manifold with boundary M given together with a conformal class C which restricts
to a conformal class C on M. Then the relative Yamabe constant Y~(W, M; C) is well-defined.
We study the short-time behavior of the relative Yamabe constant Y5,,(W, M; C) under the Ricci
flow g, on W with boundary conditions that mean curvature Hz, = 0 and g;|y € C = [go]. In
particular, we show that if the initial metric go is a Yamabe metric, then, under some natural

assumptions, %Lzo Y151 (W, M;C) > 0 and is equal to zero if and only the metric gy is Einstein.

1. Introduction

In this short note, we analyze the behavior of the relative Yamabe constant of manifolds
with boundary under the Ricci flow with appropriate boundary conditions. It turns out that
the evolution equation of the relative Yamabe constant is analogous to the one on closed
manifolds, given in [4].

1.1. Relative Yamabe constant. Let W be a compact manifold with boundary M =
OW # 0 and dim W = n > 3. For a metric g on W we denote by g = gl and by H; the mean
curvature along the boundary M with respect to the outward unit normal vector. We also de-
note by [g] and [g] the corresponding conformal classes, and by C(W) and C(M) the spaces
of conformal classes on W and M, respectively. Given C € C(W) we define C = AC to be the
restriction C|y; and we denote by C(W, M) the space {(C,C) | C € C(W), C = 4C }. We also
consider a normalized conformal class C? = {ge C | H; = 0 ). Itis easy to observe that
the normalized class C(¥’ c C is always non-empty, and there is a natural bijection between
the spaces C(W, M) and CO(W, M) = {(C©,C) | C € C(W), C =9dC } (see [5, (1.4)]).

Let R(W) stand for the space of Riemannian metrics on W. Fix a conformal class C €
C(M), we need the following spaces of metrics:

Rc(W, M) ={g € R(W)|d[g] = C}, RE(W,M)={geRc(W,M)|H;=0}.
Consider the normalized Einstein-Hilbert functional /¢ : Rg))(W, M) — R given by

_ fW Rng’g

Ic(@) = —15,

where Rj is the scalar curvature and do is the volume element. Similarly to the case of
closed manifolds, the Einstein-Hilbert functional /- is not bounded for any manifold of
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680 B. Borvinnik anND P. Lu

dimension > 3 with any fixed conformal class on the boundary.

Denote by Crit(I¢) the set of critical metrics of the functional Ic. It is well-known that
the set Crit(l¢) C Rg)) (W, M) coincides with the set of Einstein metrics g on W such that
d[g] = C and the mean curvature H; = 0 on M, see [1].

Fix (C, C) € C(W, M), the relative Yamabe constant Y=(W, M; C) is defined as

Ye(W,M;C) = inf Ic(g).
GeC®

The functional I¢|zo : g — 1(g) from restriction is called the Yamabe functional.

Let v be the outward unit normal vector along the boundary M. Fix a § € C©, then
any metric in C can be written as uv%zg where u € CT (W) is a smooth positive function
satisfying d,u = 0 on M, see [5, (1.4)].

Hence the relative Yamabe constant Y5(W, M; [g]) can be written as

Jw (M [Vau + Réuz)d%

n-2
€)) Yig1(W, M; [g]) = iélf(w) 5 = ,
uecCe Zdo) "
6vu560nM (fwu : O-g)

where V; is the Riemannian connection of the metric g.
The Euler-Lagrange equation for any minimizer « of the functional (1) is

_4(n— 1)

n+2
) 5 Agut + Rgu = Yigg (W, M; [gDur=  on W,

o,u=0 on M.

‘We assume that the minimizer u is normalized as

3) fuf—"zdag _ 1,
w

It is well-known that there exists a solution of (2) in a generic case due to Escobar, see [5]
for details. Actually Escobar’s results have been generalized in many ways, for example,
see [3, 8]. Itis also well-known that the normalized solution u is unique if Y5 (W, M; [g]) <
0 and there are examples of multiple solutions if Y5 (W, M;[g]) > 0. For a normalized
minimizer u, the metric uni—zg has volume one, constant scalar curvature Y5 (W, M; [g]), and
zero mean curvature along the boundary. The metric is called a Yamabe metric.

There is a remarkable property of the relative Yamabe constant Y=(W, M; C), namely, we
have the inequality Yo(W,M;C) < Y (D", S n=1.Cy), where Cy, is conformal classes of
the standard metric on the hemisphere D" with totally geodesic boundary S"~!. Further-
more, the equality holds if and only if the pair (W, C), (M, C)) is conformally equivalent to
(D", Cy), (S" ', Cy)). This leads to the definition of the Yamabe invariant Y(W, M C):

) Y(W.M;C) = sup Ye(W,M;O).
C,0C=C

ReEMARK. Assume that a conformal metric § = ﬁﬁg has zero mean curvature on M and
has constant scalar curvature R; = R. Then the function # satisfies the Euler-Lagrange

equations (2), where the relative Yamabe constant Y5 (W, M; [g]) is replaced by R. Hence
the metric ft%é is a critical metric, but not necessarily a minimum of the functional I¢|zw .
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1.2. The Result. We consider the Ricci flow with the following boundary conditions:
5 0,g, = —2Ricy,  with mean curvature Hy, = 0 and g,y € [golu] = Co.
Here is our main result:

Theorem A. Let g, be the solution of Ricci flow (5) on W with initial metric gy being a
Yamabe metric. Assume that there is a C'-family of positive smooth functions u(t), t € [0, €)
for some € > 0, with u(0) = 1 such that the metric u(t)ﬁgt is a Yamabe metric (with unit

Yi5.(W, M; Co) > 0 and

volume and constant scalar curvature Y5,(W, M; Cy)). Then %Lzo

the equality holds if and only if g¢ is an Einstein metric.

In fact, we will compute the evolution equation for the Yamabe constant and the cor-
responding sub-critical constant under Ricci flow (5), see Theorem B below. If the initial
metric gp is a Yamabe metric, then the formula is very simple:

d
©) —| Yiga(W,M;Cy) = 2f IRic) [*dog, > 0,
dt =0 w gdo

where Ricg0 is the norm of the traceless Ricci tensor. The proof is given at the end of §2.

1.3. Ricci Flow on manifolds with boundary. Since we have assumed the existence of
the Ricci flow (5) on manifolds with boundary in Theorem A, here we briefly review some
results due to Gianniotis [6] on the initial value problem of (5).

Let (W,5®) be a Riemannian manifold with the mean curvature Hyo = 0 along M.
Choose conformal class Cy = [5®|4/] on boundary M. According to [6, Theorem 1.2], there
exists a short-time solution g, of (5) in the space

C®(W x (0, T]) N CH@U+02(w 5 10, T])

with the property that g, converges to the initial metric 5 in the C!**(W)-Cheeger-Gromov
topology and C*-topology away from the boundary M as t — 0%, (i.e. it converges to §*
up to diffeomorphism).

To get better regularity of the short-time solution g, of (5), the initial metric §© has to
satisfy the following compatibility condition, namely,

(7) (Ricgo)" = f- @7,

see [6, Theorem 1.1]. Here f is a smooth positive function and S” denotes the tangential to
the boundary part of the tensor S, see [6, p.314]. Then the solution g, is in

C2+Q,(2+a)/2(W X [0’ T])

and converges to the initial metric g in C2**(W) ([6, Theorem 4.2]).

From above discussion we conclude that the relative Yamabe constant Y5,(W, M; [é(o)l M)
is differentiable for ¢+ > 0. Furthermore, if the compatibility condition (7) is satisfied, then
relative Yamabe constant Y5(W, M; [5@)a]) is continuous at ¢ = 0.

Remark. Even though the boundary conditions given in (5) are not as general as the ones
studied by Gianniotis [6], they define the Ricci flow on the space Rg))(W, M). Furthermore,
the space Rg))(W, M) is suitable for defining a relative version of the Perelman’s functional
to provide a gradient flow equivalent to the Ricci flow (5).
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2. Proofs

2.1. Subcritical Yamabe problem. In order to analyze the Yamabe problem, it is im-
portant to consider the sub-critical regularization of the Yamabe functional, namely, the
functional Y, : ROW) = {g e R(W) | Hj; = 0} — R defined by

4(n—1 2
_ (R v + R o
Y[)(W g) = inf

2
e, T )

for p € [1, 12y Note that the Yamabe constant Yi51(W, M [glp]) equals to the constant

n-2
Y, (W, g) if p attains the critical value p = %

Clearly, the corresponding Euler-Lagrange equation of functional Y, is

4(n-1)
(8) n-2

Agu + Ryu =Y (W, g)u” on W,
ou=0 on M.

Again, we assume the following normalization condition:

9) fw ul*ldoy = 1.

Remark. It should be noted that the existence of solution u of (8) and (9) follows from
the direct method in the calculus of variation because p is sub-critical exponent. In that case
the constants Y ,(W, g) have the same sign as the relative Yamabe constant Y5, (W, M; [glm]),
however, the value of Y ,(W, ) depends on the metric g, not only on the conformal class [g].
In particular, if p = 1, Y,(W,g) coincides with the principal eigenvalue of the conformal
Laplacian with minimal boundary condition, see [5] for details.

2.2. Evolution equations for the constant Y ,(W, ). Here is our main technical result:

Theorem B. Let g, be a solution of the Ricci flow (5) on W for t € [0,T). Denote
g: = G:ly. Given p € (1, %], assume that there is a C'-family of smooth positive functions
u(t), t € [0,T), which satisfy

4n—-1) _
(10) — ﬁAgll/{(t) + Rglu([) = Yp(W, gt)l/t(t)p on W,
(n f w(ty g, = 1,
114
(12) O,u(t)=0 onM,
where v, is the outward unit normal vector with respect to metric g,. Then
d 8n—-1)—0 - = 2
(13) Y, (W.g) = f ( = DR (¥, Ty + 2 |ﬁ0| u2) do,
dt W n—2

2 -1 4dn-1) -, = _
+|- - P f (n )Rqu|2+R2u2 doy
n p+1)Jw\ n-2 7
__ 4n—-1) ~-
+ u*AR - —RAuz) do
fw( (p+Dn-2) o

8(n—1 —
_ (n-1) f (2uRic(Vu, V) + u()vrh) doy,,
M

n—2
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where u = u(t), h = 81, and Rlc V, A, and R are the traceless Ricci tensor, the Riemann

connection, the Laplace-Beltrami operator, and the scalar curvature of metric g,, respec-
tively.

Proof. We use a short-hand notation Y ,(t) = Y ,(W, g(z)). First we note that

Y,,(z):f(“" Rk +Ru)dag,
w n

We compute
d 8n—-—1)=— - - 8n—1) = =
(14) EYP@ = j‘:v( pa— Ric(Vu, Vu) + ) (Vu,Vhy|doy,
. ) _
n f ((AR +2[Riq )zﬂ + 2Ruh)dag,
W
4n—-1) = - ~
_ f ( (=D |Vuf’ +Ru2)R dos,,
w\ n—=2
|‘ | ﬁR - = —2 ddoy,
where we have used = 2Ric(Vu, V) + 2Vu, V), B = AR + 2 [Ric| and 252 =
—-R do,.
To eliminate the terms containing 4 in formula (14), we use integration by parts to rewrite
8 1
(15) f ( (n— )(V Vi + 2Ruh) do,
w\ -
8m—1) - _ 8 1
- f (_ =D A+ 2Ruh) dog, + (” ) f ud,, hdo,.
w n-—2

Taking derlvatlve ; of both sides of the equation (10) and then multiplying the result by 2u
as in [4, p.149], we get

8= D An v 2kun = 100D

n— n—

+ 2(5 (z)) uP*' +2pY ,(t)uPh.

_ _ _ _ — 2
w(Ric, V¥u) — 2 (AR +2 |Ric| )u2

Plugging this formula into equation (15) and then plugging the resulting equation into the
formula (14) for %Y,,(t) to eliminate the terms containing 4, we have

ityp(;):f (8( _ )R1C(Vu Vu) — (AR+2|R10|) z)da'g,

" f (MM@, VVu) - (4(n —D Wu’z + Ruz)R) doy,
w\ n—2 n—2

2p _ d 8(n—1)
+mv,,(r) fw up+1Rd0'g<,)+2EYp(t)+ — fM udy,hdo,,

1 -
~fLt"’hd(rghz—j‘u”“Rda'gr

which is obtained by taking derlvatlve . of the constraint (11).

where we have used
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To simplify further the above formula for .Y »(1), we compute using integration by parts
f u(ﬁ, ?Vu)d(r,—h
W .
1 - - —_ = —
=- —f u(VR,Vuydo; — f Ric(Vu, Vu)doy, +f uRic(Vu, v;)do,
2 Jw w M
1 _ —_ = —
=2 f RAu*doy, - f Ric(Vu, Vu)do,, + f uRic(Vu, v,)do,,
14 w

M

where we have used d,,u = 0 to get the last equality. Hence we obtain

d 8(n—1
16 v, = f "= D) RV, Fu) + (AR+2|R1C| ) 2\ dor,
- 1)+ 4n-1) = _ o\ -
+f _4(n DRAu2 + (n=1) |Vu'2 + Ru?|R doy,
w n-2 n-—2
2p P+l 16(n—1)f — =
-— Rdog — ———— Ric(V
P 1Yp(t)j;vu dog, p— Mu ic(Vu,v))do,,

_8-D f ud, hder,,.
2 Ju

n—

Next we eliminate Y ,(¢) from the right-hand side of (16). Multiplying (10) by Ru and inte-
grating we get

_ 2n—1) - 5 (4n—1
0 f W' Rdory, = f (—("—)Rmh( - )|v i +Ru) )d(rg,,
w W n—2 n—

4y ()—f(8("_l)ﬁ(vu,w)+2|ﬁ|2u2)d(r@
w\ n-2

hence

dt

-1 4n-1) ¢ = 2\ 5
Sy f ( (r=1) |Vu|2 + Ruz) Rdoy,
p+1Jw\ n=-2

9~ 5 4n-1) = 5
+f (u AR — —(p+1)(n 2)RAu )d(rg,

f 2uR_ic(Vu, V) + uavth) doy,.
M

8(n

- —0 ~ 2 — 012 _
As calculated in [4, p.151] by using Ric = Ric + §g and |Ric| = ‘Ric ‘ + R{, we get (13)
from the formula above. o

Remark. Concerning the assumption in Theorem A, that there are functions u(#) such
. 4 . .
that the metrics u (t)=2 g, are a C 1—famlly of smooth Yamabe metrics, there are two cases
here.

Case 1: The relative Yamabe constant Y5,1(W, M; [go]) < 0. Then there is a unique solution
u(0) of the Yamabe problem, and it could be shown that for small ¢ the Yamabe
metrics u(t)ﬁg, is a smooth in ¢ family of metrics, this is a consequence of recent
result due to S. Hamanaka ([2]) who proved a relevant Koiso’s decomposition type
result for manifolds with boundary (cf. to the Koiso’s decomposition theorem [7,
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Corollary 2.9] for closed manifolds).

Case 2: The relative Yamabe constant Y;1(W, M; [go]) > 0. Then, in general, the corre-
sponding Yamabe metric is not unique. Thus in this case it is not clear whether
there exists a C'-family of smooth functions u(f) which satisfy the assumption even
for a short time.

2.3. Boundary terms. Below we compute the boundary terms appearing in (13) using
local coordinates. Fix a boundary point p € M and a time ¢, we choose local coordinates
(x',---,x") on W around p such that (g,); i(p) = ¢;; and the outward unit normal vector

3
vi(p) =0n = 55
Part A, 9,v,. The outward unit normal vector at time 7 near ¢ can be written as

1 n—1 }
vi(p) = % [Z a' (Ho;y + an] »

=1

where ¢’ (f) = 0 and

i

=1 i",j=1

n—1 n—1
b@=¢@mmwﬂ§}MMmd®+EH%WWW®M®.

From

n—1

0= b - Givin 0 )p) = Y @ D@)r (P + @D)in(p)

7=

foreachi =1,2,--- ,n — 1, by taking the derivative d%|;:l of the equality above we have

L dal
(%

=1

=t

Orj + aj/(t)(_z(Rng,)i’j’(P))) — 2(Ricg,)ia(p) = 0.

Hence
da”
— :2R.’i’n 5 5= :_R-’nn
il (Ricg,)in(p) &l (Ricg,)
and
n—1
(17) Ovi(p) =2 Z(Rng,)m, (P)0; + (Ricg,)y,, (p)0y,.

i'=1

Part B, 0, ,h. Write v, = vic’)i. From 0,u = d,,u = 0 on M, we have by (17)
0

0,(V0iu) = (0,v)0iu + v',0,u
n—1 ‘
2 Z(Ricg,)i,nai,u + (Ricg, )un@utt + ViDjh.

=1

We have established

n—1
(18) dyh =2 Z(Ricg,),v,a,-,u.

i'=1



686 B. Borvinnik anND P. Lu

Part C, @(?u, v). This term is

n—1
(19) R,-/V,-uvj = Z I_?y,,al»u + Rnnvnu
i'=1

o
= Z(Ricg,),vwai,u.
=1

n+

Finally we give a proof of Theorem A. When p = nT2 in Theorem 2.2, we have that

Y (1) = Y, (W, M; [g,]) and

d 8

EY[Q,J(VV, M;lg:]) =j‘;/( ;n_z)RIC (Vu, Vu) +2|R1c | 2)d0'g!
- 2n-1 --
+ f (uZAR— MRAMZ) doy,
w n

8 1
(n ) f 2uRic(Vu, v) + ué?v,h) doy,.

(20)

Note that if the initial metric go is a Yamabe metric with constant scalar curvature Ry, =
Yig01(W, M [go]), then u(0) = 1 and (')V,h|t:0 = 0 by (18), thus the formula (20) evidently
reduces to (6).
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