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Abstract
The twisted Alexander polynomial is defined as a rational function, not necessarily a poly-

nomial. It is shown that for a ribbon 2-knot, the twisted Alexander polynomial associated to
an irreducible representation of the knot group to SL(2, F) is always a polynomial. Further-
more, the twisted Alexander polynomial of a fibered ribbon 2-knot of 1-fusion has the lowest
and highest degree coefficients 1 with breadth 2m − 2, where m is the breadth of its Alexander
polynomial.

1. Introduction

1. Introduction
The twisted Alexander polynomial was introduced by Lin [19] and Wada [28], which not

only are useful in classifying classical knots but have wide applications and generalizations;
see [6, 17, 21]. In the previous papers [13, 14] we have seen the twisted Alexander poly-
nomial are also useful in classifying the ribbon 2-knots. Kitano and Morifuji [18] proved
that the twisted Alexander polynomial of a classical knot group associated to any nonabelian
SL(2, F)-representation is a polynomial, and as a corollary, they showed that it is always a
monic polynomial of degree 4g − 2 for a fibered knot of genus g. In this paper we consider
analogous properties of the twisted Alexander polynomial for a ribbon 2-knot.

A ribbon 2-knot is an embedded 2-sphere in S 4 obtained by adding r 1-handles to a
trivial 2-link with r + 1 components for some r, which is called a ribbon 2-knot of r-fusion.
Note that any classical knot group is a ribbon 2-knot group; cf. Proposition 2.1. We show
the twisted Alexander polynomial of a ribbon 2-knot group associated to an irreducible
SL(2, F)-representation is a polynomial (Theorem 4.2). Then, we give a condition for the
twisted Alexander polynomial of a ribbon 2-knot group associated to a reducible SL(2,C)-
representation to be a polynomial (Theorem 4.5). We give an example of ribbon 2-knot of
1-fusion having a nonabelian reducible representation to SL(2,C) whose twisted Alexander
polynomial is not a Laurent polynomial (Example 6.2).

Next, we show that the twisted Alexander polynomial of a fibered ribbon 2-knot of 1-
fusion associated with an irreducible SL(2, F)-representation has the lowest and highest de-
gree coefficients 1 with breadth 2m − 2, where m is the breadth of its Alexander polynomial
(Corollary 5.8). We give examples of non-fibered ribbon 2-knots whose Alexander poly-
nomial has lowest and highest degree coefficients ±1 (Examples 6.5 and 6.6). They do not
satisfy the conditions of the coefficients and the breadths of the twisted Alexander poly-
nomials of a fibered ribbon 2-knot. It is known a classical knot is fibered if and only if
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the commutator subgroup of the knot group is finitely generated. Yoshikawa [31] showed
a ribbon 2-knot of 1-fusion has a similar property (Proposition 5.3). Using this we have
confirmed that for a ribbon 2-knot K presented by virtual arcs with up to four crossings K
listed in [12, Table 2] is fibered if and only if its Alexander polynomial is nontrivial and the
lowest and highest degree coefficients are ±1 (Theorem 6.4).

This paper is organized as follows: In Sect. 2 we review a ribbon 2-knot. In Sect. 3 we
define the twisted Alexander polynomial for a ribbon 2-knot. In Sect. 4 we discuss the divis-
ibility of the twisted Alexander polynomial for a ribbon 2-knot; we prove above-mentioned
Theorems 4.2 and 4.5. In Sect. 5 we give some properties of the twisted Alexander poly-
nomial for a ribbon 2-knot of 1-fusion. In Sect. 6 we give some examples of the twisted
Alexander polynomials of ribbon 2-knots of 1-fusion related to Sects. 4 and 5.

2. Ribbon 2-knot

2. Ribbon 2-knot
A ribbon 2-knot is an embedded 2-sphere in S 4 obtained by adding r 1-handles to a trivial

2-link with r + 1 components for some integer r; cf. [15, p. 178]. The fusion number of a
ribbon 2-knot K is the least number of r possible for K. Yajima [29] characterized the knot
group G(K) = π1(S 4 − K) of a ribbon 2-knot K.

Proposition 2.1. A finitely presented group G is the group of some ribbon 2-knot K,
G � G(K) if and only if (i) G/G′ � Z, where G′ is the commutator subgroup of G, and (ii)
G has a Wirtinger presentation of deficiency one.

A group presentation 〈 x1, . . . , xn | r1, . . . , rm 〉 is called a Wirtinger presentation, if each
relator is described in a form wi jxiw

−1
i j x−1

j where wi j is a word of the free group 〈x1, . . . , xn〉;
cf. [4, p. 86]. Note that a classical knot group is a ribbon 2-knot group by Artin’s spinning
construction; cf. Sect. 3J in [26].

A ribbon 2-knot of 1-fusion is presented as a 2-knot R(p1, q1, . . . , pn, qn) for some integers
p1, q1, . . . , pn, qn, which is given by the moving pictures as follows: Let L0 = S 1

0 ∪ S 1
1 be a

trivial 2-component link in R3. We add a band B to L0 as shown in Fig. 1, where τp1 , . . . , τpn ,
σq1 , . . . , σqn are pairs (D3, a∪β) of a 3-ball D3 and a properly embedded arc a and band β as
shown in Fig. 2. Regard the band B as the image of an embedding b : I×I → R3, B = b(I×I),
so that S 1

i ∩ b(I × I) = b(I × {i}), i = 0, 1, where I is the unit interval [0, 1]. We take disjoint
2-disks D0 ∪D1 in R3 so that S 1

i = ∂Di, i = 0, 1. Let K0 = (L0 − b(I × ∂I))∪ b(∂I × I). Then
we define the ribbon 2-knot R(p1, q1, . . . , pn, qn) in S 4 = R4 ∪ {∞} by:

R(p1, q1, . . . , pn, qn) ∩ (R3 × {t}) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

K0 for |t| < 1;

K0 ∪ B = L0 ∪ B for |t| = 1;

L0 for 1 < |t| < 2;

D0 ∪ D1 for |t| = 2;

∅ for |t| > 2,

The knot group of K = R(p1, q1, . . . , pn, qn) has a presentation

(1) 〈 x, y | wxw−1y−1 〉, w = xp1yq1 · · · xpnyqn ,

where x and y are meridians of S 1
0 and S 1

1, respectively. We denote this group presentation
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Fig.1. Adding a band B to a trivial link L0 = S 1
0 ∪ S 1

1.

Fig.2. Embedded arc and band, τp and σq.

by G(p1, q1, . . . , pn, qn).
The Alexander polynomial of a ribbon 2-knot K, ΔK(t) ∈ Z[t, t−1], is defined up to ±tn.

The Alexander polynomial of the ribbon 2-knot R(p1, q1, . . . , pn, qn) is given as follows:

ΔK(t) = t−q1−q2−···−qn
(
1 − tp1 + tp1+q1 − tp1+q1+p2 + · · ·(2)

−tp1+q1+p2+···+pn + tp1+q1+p2+···+pn+qn
)

= tpn+pn−1+···+p1
(
1 − t−qn + t−qn−pn − t−qn−pn−qn−1 + · · ·

−t−qn−pn−qn−1−···−q1 + t−qn−pn−qn−1−···−q1−p1
)
,

where we normalize so that ΔK(1) = 1 and (d/dt)ΔK(1) = 0; cf. [11, 16, 20].

3. Twisted Alexander polynomial

3. Twisted Alexander polynomial
Let K be a ribbon 2-knot with knot group G = G(K) and ρ : G → SL(n, F) a representa-

tion, where F is a field. Suppose G is presented by a Wirtinger presentation 〈 x0, x1, . . . , xm |
r1, . . . , rm 〉, where xi are meridians. Let φ : F → G be the canonical homomorphism, which
induces the ring homomorphism φ̃ : ZF → ZG, where F = 〈x0, x1, . . . , xm〉 is the free group
with free basis {x0, x1, . . . , xm}. Let α : G → G/G′ � 〈t〉 be the abelianization given by
α(xi) = t, 0 ≤ i ≤ m. Then ρ and α induce the ring homomorphisms α̃ : ZG → Z[t, t−1] and
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ρ̃ : ZG → M(n, F), where M(n, F) is the set of n × n matrices over F. Now, we define a ring
homomorphism Φρ = (ρ̃ ⊗ α̃) ◦ φ̃ as follows:

Φρ : ZF
φ̃−−−−−−−→ ZG

ρ̃⊗α̃−−−−−−−−−→ M(n, F[t, t−1])

∂ri

∂x j
�−−→

∑
g∈G
μi,gg �−−→

∑
g∈G
μi,gα(g)ρ(g),

(3)

where ∂/∂x j denotes the Fox derivation and μi,g ∈ Z. Let Aρ,x0 =
(
Φρ(∂ri/∂x j)

)
1≤i, j≤m

∈
M(mn, F[t, t−1]). Denote by In the identity matrix of order n. Then the twisted Alexander
polynomial of K associated to the representation ρ is defined to be a rational function

(4) ΔG,ρ(t) =
det Aρ,x0

det(In − tρ(x0))
,

which is well-defined up to a factor (±1)ntnk, k ∈ Z. We also denote this by ΔK,ρ(t). In gen-
eral, det Aρ,x0/det(In − tρ(x0)) is not a Laurent polynomial. If it is a Laurent polynomial, the
twisted Alexander polynomial is presented as a polynomial. See [17, 28] for more details.

Note that we can use relations instead of relators in this definition. In fact, let ri = ri1r−1
i2

in F for each i. Then,

(5)
∂ri

∂x j
=
∂ri1

∂x j
+ ri1
∂r−1

i2

∂x j
=
∂ri1

∂x j
− ri
∂ri2

∂x j
,

and so

(6) Φρ

(
∂ri

∂x j

)
= Φρ

(
∂ri1

∂x j

)
− Φρ(ri)Φρ

(
∂ri2

∂x j

)
= Φρ

(
∂(ri1 − ri2)
∂x j

)
.

4. Divisibility of the twisted Alexander polynomials of a ribbon 2-knot

4. Divisibility of the twisted Alexander polynomials of a ribbon 2-knot
For the twisted Alexander polynomial of a classical knot Kitano and Morifuji showed the

following [18, Theorem 1.1].

Proposition 4.1. Let K be a classical knot and G = π1(S 3 − K). If ρ : G → SL(2, F)
is a nonabelian representation, then the twisted Alexander polynomial ΔK,ρ(t) is a Laurent
polynomial with coefficients in F.

We have an analogous result for a ribbon 2-knot with ρ an irreducible representation.

Theorem 4.2. Let K be a ribbon 2-knot and ρ : G(K) → SL(2, F) an irreducible rep-
resentation. Then the twisted Alexander polynomial ΔK,ρ(t) is a Laurent polynomial with
coefficients in F.

In Example 6.2 we will give a ribbon 2-knot of 1-fusion having a nonabelian reducible
representation to SL(2,C) whose twisted Alexander polynomial is not a Laurent polynomial.
Theorem 4.2 follows from Proposition 2.1 and Propositions 4.3 and 4.4 below.

Proposition 4.3. Let G be a finitely presentable group with G/G′ � Z. If ρ : G →
SL(2, F) is an irreducible representation, then there exists an element c of G′ whose image
ρ(c) does not have the eigenvalue 1.
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Proposition 4.4. Suppose that a group G admits a finite presentation of deficiency one
with G/G′ � Z. Let ρ : G → SL(n, F) be a representation such that there exists an element
c of the commutator subgroup G′ of G, whose image ρ(c) does not have the eigenvalue 1.
Then the twisted Alexander polynomial ΔG,ρ(t) is a Laurent polynomial with coefficients in
F.

For the proof of Proposition 4.3, see the first and second paragraphs of the proof of The-
orem 3.1 in [18]. The proof of Proposition 4.4 is parallel to that of Proposition 8 in [28].

For a ribbon 2-knot K with ρ : G(K) → SL(2,C) a reducible representation we have the
following.

Theorem 4.5. Let K be a ribbon 2-knot and ρ : G(K) → SL(2,C) a reducible represen-
tation. Then the twisted Alexander polynomial ΔK,ρ(t) is a Laurent polynomial if and only
if either (i) there exists c ∈ G(K)′ such that ρ(c) does not have the eigenvalue 1, or (ii)
ΔK(e2) = 0 for any eigenvalue e of ρ(x), where x is a meridian.

In particular, if the Alexander polynomial ΔK(t) is reciprocal and ρ is nonabelian, then
ΔK,ρ(t) is a Laurent polynomial.

We divide the proof of Theorems 4.2 and 4.5 into a sequence of lemmas. Let K be a
ribbon 2-knot and G = G(K) presented by a deficiency one Wirtinger presentation

(7) 〈 x0, x1, . . . , xm | r1, . . . , rm 〉,
where each relator rk is of the form x−1

i xεl x jx−εl , ε = ±1. In fact, any group with a Wirtinger
presentation given in Sect. 2 can be deformed into this form by a sequence of Tietze trans-
formations. We use the notation introduced in Sect. 2. Suppose that ρ : G → SL(2, F) is
a representation such that the twisted Alexander polynomial ΔG,ρ(t) is not a Laurent poly-
nomial. By Propositions 4.3 and 4.4, ρ is reducible and 1 is an eigenvalue of ρ(c) for any
c ∈ G′. Then we may assume that

(8) ρ(xi) =
(
si ui

0 s−1
i

)

for i = 0, 1, . . . ,m. Furthermore, since xix−1
j ∈ G(K)′, we have s0 = s1 = · · · = sn, which we

write s. The Alexander polynomial ΔK(t) is given by

(9) det
(
α̃φ̃

(
∂ri

∂x j

))
1≤i, j≤m

.

Then we have the following.

Lemma 4.6.

(10) ΔG,ρ(t) =
Δ(st)Δ(s−1t)

(s − t)(s−1 − t)
.

Proof. Interchanging rows and columns appropriately, the matrix Aρ,x0 becomes

(11)
(
α̃sφ̃(∂ri/∂x j) ∗

0 α̃s−1 φ̃(∂ri/∂x j)

)
1≤i, j≤m

,

where α̃c is a linear expansion of xi �→ cα(xi) = ct. The time of interchanging columns
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and that of interchanging rows are the same, and so we have det Aρ,x0 = Δ(st)Δ(s−1t). Since

det
(
I − t

(
s u0

0 s−1

))
= (1 − st)(1 − s−1t) = (s − t)(s−1 − t), we obtain Eq. (10). �

Since ΔG,ρ(t) is not a Laurent polynomial, Lemma 4.6 immediately implies the following.

Lemma 4.7. It holds that ΔK(s2) � 0 or ΔK(s−2) � 0.

Lemma 4.8. If ρ is nonabelian, then ΔK(s2) = 0.

Proof. Let M(t) =
(
α̃φ̃(∂ri/∂x j)

)
be the Alexander m×(m+1) matrix. By the fundamental

property

(12) w − 1 =
m∑

j=0

∂w

∂x j
(x j − 1),

we see 0 = (t − 1)
∑m

j=0 α̃φ̃(∂ri/∂x j) and then 0 =
∑m

j=0 α̃φ̃(∂ri/∂x j). Thus, M(t)1 = 0, where
1 = t(1, . . . , 1). If ri = x−1

k xεj xlx
−ε
j , then ρ(xεj xl) = ρ(xk xεj), which implies

(13) (1 − s2ε)u j − uk + s2εul = 0,

and on the other hand, we see

(14)
(
α̃φ̃

(
∂ri

∂x0

)
, . . . , α̃φ̃

(
∂ri

∂xm

))
u = t−1((1 − tε)u j − uk + tεul),

where u = t(u0,u1, . . . , um). Therefore, M(s2)u = 0. If ρ is nonabelian, 1 and u are linearly
independent, rank M(s2) < m, and we obtain ΔK(s2) = 0. �

5. Twisted Alexander polynomials of a fibered ribbon 2-knot of 1-fusion

5. Twisted Alexander polynomials of a fibered ribbon 2-knot of 1-fusion
For a classical fibered knot, Kitano and Morifuji proved the following [18, Theorem 3.2];

cf. [2, 5, 7, 8, 9, 10]. In this section, we prove an analogous theorem for a fibered ribbon
2-knot of 1-fusion. For a fibered knot we refer the reader to Sect. 10H in [26].

Proposition 5.1. Let ρ : G(K) → SL(2, F) be a nonabelian representation of a genus g
fibered classical knot K. Then the twisted Alexander polynomial ΔK,ρ(t) is presented as a
monic polynomial of degree 4g − 2.

Remark 5.2. A polynomial c0+c1t+ · · ·+cmtm ∈ F[t] is called monic if the highest degree
coefficient cm is one. In Proposition 5.1, the lowest degree coefficient c0 is also one. In fact,
if a knot K is fibered, then so is its mirror image K!. There is a nonabelian representation
ρ′ : G(K!) → SL(2, F) such that ΔK!,ρ′(t) is equal to ΔK,ρ(t−1) up to a factor t2k (k ∈ Z),
which is also monic.

For a classical knot it was shown by Neuwirth [22] and Stallings [27] that a knot K is
fibered if and only if the commutator subgroup of the knot group is finitely generated or,
equivalently, free. For a fibered ribbon 2-knot of 1-fusion we have an analogous theorem
due to Yoshikawa [31]; cf. [1].

Proposition 5.3. Let K be a ribbon 2-knot of 1-fusion. Then K is fibered if and only if
the commutator subgroup of the knot group is finitely generated or, equivalently, free.
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Suppose that a ribbon 2-knot of 1-fusion K is fibered. Then the commutator subgroup
of the knot group G(K) is finitely generated, and by [31, Lemma] (cf. [23]) the knot group
G(K) is presented by

(15) 〈x, a0, . . . , am−1 | xaix−1 = ai+1 (i = 0, . . . ,m − 2), xam−1x−1 = w 〉,
where w is a word in a0, . . . , am−1 and the abelianized group G(K)/G(K)′ is the infinite cyclic
group 〈x〉, and the commutator subgroup G(K)′ is the free group 〈a0, . . . , am−1〉. Also, the
map ai �→ ai+1 (i = 0, . . . ,m − 2), am−1 �→ w induces an automorphism ϕ of G(K)′; see
[31, Remark in Sect. 2]. Let M be the m × m integral matrix corresponding to the induced
automorphism G(K)′/G(K)′′ → G(K)′/G(K)′′ of the free abelian group of rank m. Then,
the Alexander polynomial of K, ΔK(t), is given by det(M− tI), where I is the identity matrix.
Thus, we obtain:

Proposition 5.4. Let K be a fibered ribbon 2-knot of 1-fusion. Then the lowest and
highest degree coefficients of ΔK(t) are ±1, and the breadth of ΔK(t) coincides with the rank
of the free commutator subgroup of the knot group.

This immediately implies:

Corollary 5.5. If a non-trivial ribbon 2-knot of 1-fusion has trivial Alexander polynomial,
then it is not a fibered knot.

Proof. If a fibered ribbon 2-knot of 1-fusion K has trivial Alexander polynomial, then by
Proposition 5.4 the commutator subgroup of its knot group is trivial, and so the knot group
is infinite cyclic group. Since a ribbon 2-knot of 1-fusion is trivial if and only if its knot
group is infinite cyclic ([20]), K is trivial. �
Thus, for example, all the knots in the family of ribbon 2-knots of 1-fusion with trivial

Alexander polynomial which we have classified in [13] are non-fibered.

Remark 5.6. Yanagawa [30] has shown that every ribbon 2-knot bounds W−(open 3-disk)
in S 4, where W is a connected sum of copies of S 1 × S 2; cf. [3].

Let ϕ be an automorphism of the free group 〈a1, . . . , am〉. Put G = 〈x, a1, . . . , am |
xaix−1 = ϕ(ai) (i = 1, . . . ,m) 〉. Suppose that G/G′ � Z = 〈t〉 and the abelianization α
sends x to t. Then α(ai) = 1 for any i.

Theorem 5.7. With the above notation the twisted Alexander polynomial ΔG,ρ(t) associ-
ated to a representation ρ : G → SL(n, F) is presented as a rational function of the form:

(16) ΔG, ρ(t) =
c0 + c1t + · · ·+cnm−1tnm−1 + tnm

(−1)n + d1t + · · ·+dn−1tn−1 + tn ,

where c0 = (−1)nm. In particular, if ΔG,ρ(t) is a Laurent polynomial presented by

(17) ΔG, ρ(t) = e0 + e1t + · · · + eμtμ,

with e0eμ � 0, then μ = n(m − 1), e0 = (−1)n(m−1), and eμ = 1.

Proof. If we put x0 = x, x1 = a1, . . ., xm = am, then

det Aρ,x = det
(
Φρ

(
∂(xai − ϕ(ai)x)

∂a j

))
1≤i, j≤m

(18)
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= det
(
δi jΦρ(x) − Φρ

(
∂ϕ(ai)
∂a j

))
1≤i, j≤m

= det(t(ρ(x) ⊗ Im) − M)

= (−1)nm det(M) + c1t + · · · + tnm,

where

(19) M =
(
Φρ

(
∂ϕ(ai)
∂a j

))
1≤i, j≤m

=

(
ρ̃φ̃

(
∂ϕ(ai)
∂a j

))
1≤i, j≤m

.

If we put bi = ϕ(ai), i = 1, . . . ,m, then we obtain another presentation of G as follows.

(20) G =
〈
x, b1, . . . , bm | xϕ−1(bi)x−1 = bi (i = 1, . . . ,m)

〉
.

By using this presentation, we obtain the twisted Alexander polynomial

(21) Δ′ =
det A′

det(In − tρ(x))
,

where

(22) A′ =
(
Φρ

(
∂(xai − bix)
∂b j

))
1≤i, j≤m

.

Since (∂ai/∂b j)1≤i, j≤g(∂bi/∂a j)1≤i, j≤m = Im, we see that

det A′ = Δ′ det(In − tρ(x))(23)

= det
(
Φρ

(
x
∂ai

∂b j
− δi j

))
1≤i, j≤m

= det
(
tρ(x)ρ̃φ̃

(
∂ai

∂b j

)
− δi jIn

)
1≤i, j≤m

= det

⎛⎜⎜⎜⎜⎜⎝t(ρ(x) ⊗ Im)
(
ρ̃φ̃

(
∂ai

∂b j

))
1≤i, j≤m

− Inm

⎞⎟⎟⎟⎟⎟⎠
= det (t(ρ(x) ⊗ Im) − M) det(M−1)

= det(M)−1 det Aρ,x

Since both det A′ and det Aρ,x are monic polynomials with the same degree, we obtain
det(M) = 1. �

Corollary 5.8. Let K be a fibered ribbon 2-knot of 1-fusion whose Alexander polynomial
has breadth m and ρ : G(K) → SL(2, F) be an irreducible representation. Then the twisted
Alexander polynomial ΔK,ρ(t) is presented as a polynomial of breadth 2m − 2 whose lowest
and highest degree coefficients are 1.

Proof. The knot group G(K) is presented by (15). By Theorem 4.2, ΔK,ρ(t) is a Laurent
polynomial. By Theorem 5.7, multiplying t2k for some k ∈ Z, ΔK,ρ(t) is a monic polynomial
of degree 2m − 2 such that the constant term is 1. �
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6. Examples

6. Examples
In this section, we give several examples of ribbon 2-knots of 1-fusion and their twisted

Alexander polynomials associated to the representations to SL(2,C). Since the twisted
Alexander polynomial is well-defined up to a factor of t2k, k ∈ Z, we ignore a factor of
t2k in the equality of the twisted Alexander polynomial. Let us consider the presentation
Eq. (1) of the group G of the ribbon 2-knot K = R(p1, q1, . . . , pn, qn) of 1-fusion. Then
since x and y are conjugate, any nonabelian representation G → SL(2,C) is conjugate to a
representation ρ : G → SL(2,C) given by ρ(x) = X and ρ(y) = Y , where

(24) X =
(
s 1
0 s−1

)
, Y =

(
s 0
u s−1

)

for some s, u ∈ C with s � 0 and (s, u) � (±1, 0). Such a representation ρ is parametrized by
the trace s + s−1 and u. See [24, 25]; cf. [13, Proposition 3.1]. Furthermore, the nonabelian
representation ρ is reducible if and only if u + (s + s−1)2 = 4 or u = 0; cf. [13, Lemma 3.2].
In this section I stands for the identity matrix of order 2. We will use the following to find a
representation ρ.

Lemma 6.1. For W ∈ SL(2,C), let R = WX − YW. Then, R = O if and only if R12 =

R22 = 0, where Ri j is the (i, j) entry of R.

Proof. Let Wi j be the (i, j) entry of W. Then we have

R11 = 0;(25)

R12 = W11 − (s − s−1)W12;(26)

R21 = −uW11 + (s − s−1)W21;(27)

R22 = W21 − uW12,(28)

and thus R21 = (s − s−1)R22 − uR12, which completes the proof. �

Example 6.2. Let K = R(1,−1). The Alexander polynomial isΔK(t) = 2t−t2 from Eq. (2).
We calculate the twisted Alexander polynomial. For the matrices X and Y in Eq. (24) let
R = ρ̃((xy−1)x − y(xy−1)) = (XY−1)X − Y(XY−1). Then from

(29) R =
⎛⎜⎜⎜⎜⎝ 0 −s2 − u + 2
−u

(
−s−2 − u + 2

)
−
(
s + s−1

)
u

⎞⎟⎟⎟⎟⎠ = O,

we have 3 cases:

(30) (s + s−1, u) = (0, 3),
(√

2 +
1√
2
, 0

)
,

(
−√2 − 1√

2
, 0

)
.

We denote the corresponding representations by ρ1, ρ2, ρ3, respectively. Then, ρ1 is irre-
ducible, and ρ2 and ρ3 are reducible. For r = wx − yw = xy−1x − yxy−1, we have

det Aρ,y = Φρ(∂r/∂x)(31)

= Φρ(1+xy−1 − y)
= det(I+XY−1 − tY)
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= 4 − u + (s + s−1)(u − 2)t + t2;

det(I − tY) = 1 − (s + s−1)t + t2,(32)

and so we obtain the twisted Alexander polynomial ΔK,ρ(t) = det Aρ,y/ det(I− tY) as follows:

ΔK,ρ1 (t) =
1 + t2

1 + t2 = 1;(33)

ΔK,ρ2 (t) =
(2
√

2 − t)(
√

2 − t)

(1/
√

2 − t)(
√

2 − t)
=

2
√

2 − t

1/
√

2 − t
=

4 − √2t

1 − √2t
;(34)

ΔK,ρ3 (t) =
(2
√

2 + t)(
√

2 + t)

(1/
√

2 + t)(
√

2 + t)
=

2
√

2 + t

1/
√

2 + t
=

4 +
√

2t

1 +
√

2t
.(35)

If ρ is reducible, then by Lemma 4.6 we have:

ΔK,ρ(t) =
ΔK(st)
s − t

· ΔK(s−1t)
s−1 − t

=
2st − s2t2

s − t
· 2s−1t − s−2t2

s−1 − t
=

(2s−1 − t)(2s − t)
(s − t)(s−1 − t)

,(36)

up to a factor t2, which yields Eqs. (34) (s =
√

2) and (35) (s = −√2), respectively.

Example 6.3. Let K = R(1,−2). Then K is a fibered knot since the commutator subgroup
G(K)′ of the knot group G(K) of K is a free group of rank 2.

Proof. Putting y = ax in

G(K) = 〈 x, y | (xy−2)x(xy−2)−1y−1 〉,
we obtain (xy−2)x(xy−2)−1y−1 = a−1(x−1a−1x)a(xax−1)a−1. Letting ai = xiax−i, we have
a−1

i a−1
i−1aiai+1a−1

i = 1, i ∈ Z, and so

G(K) = 〈 x, a0, a1 | xa0x−1 = a1, xa1x−1 = a−1
1 a0a2

1 〉.
Then the commutator subgroup G(K)′ is a free group with free basis a0, a1. In fact, the map
a0 �→ a1, a1 �→ a−1

1 a0a2
1 defines an automorphism ϕ of a free group with basis a0, a1.

The matrix corresponding to the induced isomorphism ϕ∗ is M =

(
0 1
1 1

)
, and so we

obtain the Alexander polynomial as follows: ΔK(t) = det
(−t 1

1 1 − t

)
= −1 − t + t2, which is

also obtained from Eq. (2). �

Next, we calculate the twisted Alexander polynomial associated to a nonabelian repre-
sentation to SL(2,C). For the matrices X and Y in Eq. (24) let R = (XY−2)X − Y(XY−2). By
Lemma 6.1 we consider R12 and R22, the (1, 2) and (2, 2) entries of R:

R12 = −s3 − (s + s−1)(u − 1);(37)

R22 = −(s−1 − 1 + s)(s−1 + 1 + s)u.(38)

From R22 = 0 we obtain s + s−1 = ε = ±1 or u = 0. If s + s−1 = ε, then s3 = −ε, and so
R12 = 0 implies u = 2. If u = 0, then from R12 = 0 we obtain s + s−1 = ±c1, ±c2, where

c1 =

√
2 +
√

5 and c2 =

√
2 − √5. So, we have 6 representations ρi, 1 ≤ i ≤ 6, parametrized

by:
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(39) (s + s−1, u) = (1, 2), (−1, 2), (c1, 0), (−c1, 0), (c2, 0), (−c2, 0),

respectively; ρ1 and ρ2 are irreducible and the others are reducible.
For r = wx − yw = xy−2x − yxy−2, we have

det Aρ,y = Φρ(∂r/∂x)(40)

= Φρ(1 + xy−2 − y)
= det(I + t−1XY−2 − tY);

det(I − tY) = (s − t)(s−1 − t).(41)

For ρ = ρ1 or ρ2, we have

det Aρ,y = (1 + t2)(1 − εt + t2)t−2;(42)

det(I − tY) = 1 − εt + t2,(43)

where ε = 1 if ρ = ρ1 and ε = −1 if ρ = ρ2. This yields the twisted Alexander polynomial
as follows:

ΔK,ρ(t) = t−2 + 1.(44)

If ρ = ρi, i = 3, 4, 5, 6, then u = 0, and so

det Aρ,y = (s2 + st − t2)(s−2 + s−1t − t2)t−2,(45)

which yields the twisted Alexander polynomial as follows:

ΔK,ρ(t) =
(s2 + st − t2)(s−2 + s−1t − t2)

(s − t)(s−1 − t)
=

1 + pt + (3 − p2)t2 − pt3 + t4

1 − pt + t2 ,(46)

where p = s + s−1. This is also given by Lemma 4.6.

The ribbon 2-knots presented by virtual arcs with up to four crossings listed in [12, Ta-
ble 2] are all of 1-fusion, and among them there are 30 nontrivial knots whose Alexander
polynomial is nontrivial and the lowest and highest degree coefficient are ±1, where we do
not count both a knot and its mirror image. By calculating the commutator subgroup of
the group of these knots as in Example 6.3 we see they are all fibered. Thus, we have the
following.

Theorem 6.4. Let K be a ribbon 2-knot presented by virtual arcs with up to four cross-
ings, and let ΔK(t) be its Alexander polynomial. Then K is fibered if and only if ΔK(t) is
nontrivial and the lowest and highest degree coefficients of ΔK(t) are ±1.

Goda, Kitano, and Morifuji [9, Example 4.3] gave an example of a non-fibered classi-
cal knot with monic Alexander polynomial, whose non-fiberedness can be detected by the
twisted Alexander polynomial; cf. [18, Example 4.3]. The following example is an analo-
gous example for a ribbon 2-knot of 1-fusion.

Example 6.5. Let K0 = R(1,−3, 1, 2). The Alexander polynomial is ΔK0 (t) = t−1 − 1 + t.
Suppose K0 were a fibered knot. Then by Theorem 5.7 if the twisted Alexander polynomial
ΔK0,ρ(t) associated to a representation ρ : G(K0) → SL(2,C) is a Laurent polynomial, then
the lowest and highest degree coefficients are one and the breadth is 2. However, one of the
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twisted Alexander polynomials Eqs. (54) and (57) below detects K0 is not fibered.
We calculate the twisted Alexander polynomials ΔK0,ρ(t). For the matrices X and Y in

Eq. (24) let R = (XY−3XY2)X − Y(XY−3XY2). By Lemma 6.1 we consider R12 and R22, the
(1, 2) and (2, 2) entries of R:

R12= −s−3(−p2 + 3 − u) + pu(p2 − 1)(−p2 + 4 − u);(47)

R22= u(p2 − 1)(−p2 + 3 − u),(48)

where p = s + s−1. From R22 = 0 we obtain p = ε = ±1, u = −p2 + 3, or u = 0. Then
R12 = 0 implies

(49) (s + s−1, u) = (0, 3), (1, 2), (−1, 2), (
√

3, 0), (−√3, 0).

We denote the corresponding representations by ρi, 1 ≤ i ≤ 5, respectively; ρ4 and ρ5 are
reducible and the others are irreducible. For r = wx − yw = xy−3xy2x − yxy−3xy2, we have

det Aρ,y = Φρ(∂r/∂x)(50)

= Φρ(1 + t−2xy−3 + txy−3xy2 − ty − t−1yxy−3)

= det(I + t−2XY−3 + tXY−3XY2 − tY − t−1YXY−3)

det(I − tY) = (s − t)(s−1 − t).(51)

For ρ = ρ1, we have

det Aρ,y = (1 + t2)(1 + t2 + 3t4)t−4;(52)

det(I − tY) = 1 + t2,(53)

which yields the twisted Alexander polynomial as follows:

ΔK,ρ(t) = 1 + t2 + 3t4.(54)

For ρ = ρ2 or ρ3, we have

det Aρ,y = (1 − εt + t2)(1 − t2 + 2t4)t−4;(55)

det(I − tY) = 1 − εt + t2,(56)

where ε = 1 if ρ = ρ2 and ε = −1 if ρ = ρ3. This yields the twisted Alexander polynomial
as follows:

ΔK,ρ(t) = 1 − t2 + 2t4.(57)

For ρ = ρ4 or ρ5, we have

det Aρ,y = (1 + t2)(1 − √3εt + t2)t−4;(58)

det(I − tY) = 1 − √3εt + t2,(59)

where ε = 1 if ρ = ρ4 and ε = −1 if ρ = ρ5. This yields the twisted Alexander polynomial
as follows:

ΔK,ρ(t) = 1 + t2.(60)

This is also given by Lemma 4.6.
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We extend Example 6.5 as follows.

Example 6.6. Let Kk = R(1,−3, 1 − 3k, 2 + 3k) be a ribbon 2-knot of 1-fusion. Then, Kk

is fibered if and only if k < 0.

Proof. The Alexander polynomial is ΔKk (t) = −t−6k + t−1−3k + t1−3k. For the matrices X
and Y in Eq. (24) with (s + s−1, u) = (ε, 2), ε = ±1, X3 = Y3 = −εI and XYX = YXY , we
have W = XY−3X1−3kY2+3k = −εX−1Y−1 and WX − YW = O. Thus there is an irreducible
representation ρ : G(Kk)→ SL(2,C) sending x, y to X, Y , respectively.

We calculate the twisted Alexander polynomial ΔKk ,ρ(t) of Kk for k > 0 associated to the
representation ρ which is parametrized by (s+ s−1, u) = (1, 2). Since ρ is irreducible, ΔKk ,ρ(t)
is a Laurent polynomial by Theorem 4.2. For r = wx − yw, w = xy−3x1−3ky2+3k, we have

det Aρ,y = Φρ(∂r/∂x)(61)

= Φρ
(
1 − xy−3(x−1 + x−2 + · · · + x1−3k) + xy−3x1−3ky2+3k

−y + yxy−3(x−1 + x−2 + · · · + x1−3k)
)

= det M,

where

M =I − t−2XY−3(t−1X−1 + t−2X−2 + · · · + t1−3kX1−3k) + tXY−3X1−3kY2+3k

− tY + t−1YXY−3(t−1X−1 + t−2X−2 + · · · + t1−3kX1−3k).

Then in each entry of M the lowest and highest terms appear in t−1−3kXY−3X1−3k =

(−ε)kt−1−3kX−1 and t(−Y+XY−3X1−3kY2+3k) = −t(Y+εX2Y2), respectively. Since det(−ε)kX−1

= 1 and det(−Y − εX2Y2) = det(εX2(X − Y)Y) = det(X − Y) = 2, the lowest and highest
terms of det M are t−2−6k and 2t2, respectively. Then, since det(I − tY) = 1− t+ t2, the lowest
and highest terms of the twisted Alexander polynomial ΔKk ,ρ(t) = Aρ,y/ det(I − tY) are t−2−6k

and 2, respectively, ΔKk ,ρ(t) = t−2−6k + · · · + 2. So, if k > 0, then the breadth of Δk,ρ(t) is
2 + 6k (> 6k), and hence Kk is not fibered.

Let K̃m = R(1,−3,m, 3 − m); so, Kk = K̃1−3k. We show if m ≥ 4, then the commutator
subgroup of the knot group G(K̃m) is a free group of finite rank, and thus K̃m is fibered by
Proposition 5.3.

Putting y = ax in

G(K̃m) = 〈 x, y | (xy−3xmy3−m)x(ym−3x−my3x−1)y−1 〉,(62)

we obtain

x(ax)−3xm(ax)3−mx(ax)m−3x−m(ax)3x−1(ax)−1(63)

=a−1x−1a−1x−1a−1xm−1(a−1x−1)m−3x(xa)m−3x1−maxaxax−1a−1

=a−1(x−1a−1x)(x−2a−1x2)(xm−3a−1x−m+3)(xm−4a−1x−m+4) · · · (x2a−1x−2)(xa−1x−1)

× (x2ax−2)(x3ax−3) · · · (xm−2ax−m+2)(x−1ax)a(xax−1)a−1.

By putting ai = xiax−i, this becomes

a−1
0 a−1
−1a−1
−2(a−1

m−3a−1
m−4 · · · a−1

2 a−1
1 )(a2a3 · · · am−2)a−1a0a1a−1

0 .(64)
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Then the commutator subgroup G(K̃m)′ is presented as follows:

(65) G(K̃m)′ = 〈 ai (i ∈ Z) | r j ( j ∈ Z) 〉,
where

(66) r j = a−1
j+2a−1

j+1a−1
j (a−1

j+m−1a−1
j+m−2 · · · a−1

j+4a−1
j+3)(a j+4a j+5 · · · a j+m)a j+1a j+2a j+3a−1

j+2.

Then since a j is expressed in a word of a j+1, a j+2, . . . , a j+m, and a j+m is expressed in a word
of a j, a j+1, . . . , a j+m−1, G(K̃m)′ is a free group of rank m, completing the proof. �
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