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Abstract
The twisted Alexander polynomial is defined as a rational function, not necessarily a poly-
nomial. It is shown that for a ribbon 2-knot, the twisted Alexander polynomial associated to
an irreducible representation of the knot group to SL(2,F) is always a polynomial. Further-
more, the twisted Alexander polynomial of a fibered ribbon 2-knot of 1-fusion has the lowest
and highest degree coefficients 1 with breadth 2m — 2, where m is the breadth of its Alexander
polynomial.

1. Introduction

The twisted Alexander polynomial was introduced by Lin [19] and Wada [28], which not
only are useful in classifying classical knots but have wide applications and generalizations;
see [6, 17, 21]. In the previous papers [13, 14] we have seen the twisted Alexander poly-
nomial are also useful in classifying the ribbon 2-knots. Kitano and Morifuji [18] proved
that the twisted Alexander polynomial of a classical knot group associated to any nonabelian
SL(2, F)-representation is a polynomial, and as a corollary, they showed that it is always a
monic polynomial of degree 4g — 2 for a fibered knot of genus g. In this paper we consider
analogous properties of the twisted Alexander polynomial for a ribbon 2-knot.

A ribbon 2-knot is an embedded 2-sphere in S* obtained by adding r 1-handles to a
trivial 2-link with r + 1 components for some r, which is called a ribbon 2-knot of r-fusion.
Note that any classical knot group is a ribbon 2-knot group; cf. Proposition 2.1. We show
the twisted Alexander polynomial of a ribbon 2-knot group associated to an irreducible
SL(2, F)-representation is a polynomial (Theorem 4.2). Then, we give a condition for the
twisted Alexander polynomial of a ribbon 2-knot group associated to a reducible SL(2, C)-
representation to be a polynomial (Theorem 4.5). We give an example of ribbon 2-knot of
1-fusion having a nonabelian reducible representation to SL(2, C) whose twisted Alexander
polynomial is not a Laurent polynomial (Example 6.2).

Next, we show that the twisted Alexander polynomial of a fibered ribbon 2-knot of 1-
fusion associated with an irreducible SL(2, F)-representation has the lowest and highest de-
gree coeflicients 1 with breadth 2m — 2, where m is the breadth of its Alexander polynomial
(Corollary 5.8). We give examples of non-fibered ribbon 2-knots whose Alexander poly-
nomial has lowest and highest degree coefficients =1 (Examples 6.5 and 6.6). They do not
satisfy the conditions of the coefficients and the breadths of the twisted Alexander poly-
nomials of a fibered ribbon 2-knot. It is known a classical knot is fibered if and only if
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the commutator subgroup of the knot group is finitely generated. Yoshikawa [31] showed
a ribbon 2-knot of 1-fusion has a similar property (Proposition 5.3). Using this we have
confirmed that for a ribbon 2-knot K presented by virtual arcs with up to four crossings K
listed in [12, Table 2] is fibered if and only if its Alexander polynomial is nontrivial and the
lowest and highest degree coefficients are =1 (Theorem 6.4).

This paper is organized as follows: In Sect. 2 we review a ribbon 2-knot. In Sect. 3 we
define the twisted Alexander polynomial for a ribbon 2-knot. In Sect. 4 we discuss the divis-
ibility of the twisted Alexander polynomial for a ribbon 2-knot; we prove above-mentioned
Theorems 4.2 and 4.5. In Sect. 5 we give some properties of the twisted Alexander poly-
nomial for a ribbon 2-knot of 1-fusion. In Sect. 6 we give some examples of the twisted
Alexander polynomials of ribbon 2-knots of 1-fusion related to Sects. 4 and 5.

2. Ribbon 2-knot

A ribbon 2-knot is an embedded 2-sphere in S * obtained by adding  1-handles to a trivial
2-link with r + 1 components for some integer r; cf. [15, p. 178]. The fusion number of a
ribbon 2-knot K is the least number of r possible for K. Yajima [29] characterized the knot
group G(K) = m;(S* — K) of a ribbon 2-knot K.

Proposition 2.1. A finitely presented group G is the group of some ribbon 2-knot K,
G = G(K) if and only if 1) G/G" = Z, where G’ is the commutator subgroup of G, and (ii)
G has a Wirtinger presentation of deficiency one.

A group presentation { xy,...,X,|71,...,1, ) is called a Wirtinger presentation, if each
relator is described in a form w; jx,-wi‘j1 x]‘.1 where w;; is a word of the free group (xi, ..., x,);
cf. [4, p. 86]. Note that a classical knot group is a ribbon 2-knot group by Artin’s spinning
construction; cf. Sect. 3J in [26].

A ribbon 2-knot of 1-fusion is presented as a 2-knot R(p1, g1, - - - , Pu» gn) fOr some integers
P1sq1,---»Pns qn, Which is given by the moving pictures as follows: Let Ly = S(l) U S{ be a
trivial 2-component link in R3. We add a band B to L as shown in Fig. 1, where 7,,...,7,,,
Ogp»--->0g, are pairs (D3, aUp) of a 3-ball D? and a properly embedded arc a and band j8 as
shown in Fig. 2. Regard the band B as the image of an embedding b : IxI — R3, B = b(IxI),
so that Si1 Nb(I x1)=>b(x{i}),i=0,1, where I is the unit interval [0, 1]. We take disjoint
2-disks DyU Dy inR? so that S| = 4Dy, i = 0, 1. Let Ko = (Lo — b(I X 81)) U b(dI x I). Then
we define the ribbon 2-knot R(p1, g1, . .., Pu, gn) in S* = R* U {0} by:

Ky for |#| < 1;

KoUB=LyUB forlt=1;
R(P1.q1, -, Pungn) N (R X (1)) =4 Lo for 1 < |r| < 2;

Dy U D, for |f| = 2;

0 for |t > 2,

The knot group of K = R(p1,q1,-- -, P, gn) has a presentation
(1) < X,y | wxw—ly—l >’ w = xply‘ﬂ .. ,xpny%’

where x and y are meridians of S (1) and S {, respectively. We denote this group presentation
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Fig.2. Embedded arc and band, 7, and o.

by G(Pl’ q1s---5DPns (’In)
The Alexander polynomial of a ribbon 2-knot K, Ax(t) € Z[t,t™'], is defined up to +¢".

The Alexander polynomial of the ribbon 2-knot R(p1, g1, - - -, Pn, gx) 1 given as follows:
(2) AK(Z‘) =N (1 — P it qitpy
_tP1+‘Il+P2+'"+Pn + tpl+‘/l+P2+"'+Pn+‘]n)
— tp;z+pn7]+“'+pl (1 — l»_Qn + t_qn_Pn — t_qn_Pn_qnfl + ..

—f TP 1T t‘@n‘l’n‘%—l“““]l‘]’l) ,

where we normalize so that Ag(1) = 1 and (d/dt)Ak(1) = 0; cf. [11, 16, 20].

3. Twisted Alexander polynomial

Let K be a ribbon 2-knot with knot group G = G(K) and p : G — SL(n, F) a representa-
tion, where F is a field. Suppose G is presented by a Wirtinger presentation { xo, X1, . . . , X, |
r1,...,Tm ), Where x; are meridians. Let ¢: F' — G be the canonical homomorphism, which
induces the ring homomorphism $: ZF — ZG, where F = (xg, X1, . .., Xp) is the free group
with free basis {xp, x1,...,Xx,}. Let @ : G — G/G" = (t) be the abelianization given by
a(x;) =t,0 <i < m. Then p and a induce the ring homomorphisms @ : ZG — Z[t, '] and
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p: ZG — M(n,F), where M(n,F) is the set of n X n matrices over F. Now, we define a ring
homomorphism @, = (p ® @) o ¢ as follows:

¢ pea

®,: ZF ZG M(n,Flt, ')
3) or;
P D Higg > 1ig@(@p(g),
Xj geG geG

where d/dx; denotes the Fox derivation and u;, € Z. Let Ay, = (<I>p((9r[- /0x j))l<i jem

M(mn,F[t,t']). Denote by I, the identity matrix of order n. Then the twisted Alexander
polynomial of K associated to the representation p is defined to be a rational function

detA

2%

det(Z, — 1p(xp))’

which is well-defined up to a factor (+1)"#"%, k € Z. We also denote this by Ag ,(¢). In gen-

eral, detA, . /det(l, — 1p(xp)) is not a Laurent polynomial. If it is a Laurent polynomial, the

twisted Alexander polynomial is presented as a polynomial. See [17, 28] for more details.
Note that we can use relations instead of relators in this definition. In fact, let r; = r,-lrl.‘z1

in F for each i. Then,

“) Ag () =

ai‘,‘ am arl-_zl 8r,~1 (91",'2
) =t =7 —ri—,
8xj ij 8)(] ij 6.?6]'
and so
Or; oril Orp o(ri — rin)
6 o |— =D, |—|-D,(r)P,|—|=D,| ———].
© () = 0 ) - oo (2] = ()

4. Divisibility of the twisted Alexander polynomials of a ribbon 2-knot

For the twisted Alexander polynomial of a classical knot Kitano and Morifuji showed the
following [18, Theorem 1.1].

Proposition 4.1. Let K be a classical knot and G = m(S® = K). Ifp : G — SL(2,F)
is a nonabelian representation, then the twisted Alexander polynomial Ak (1) is a Laurent
polynomial with coefficients in F.

We have an analogous result for a ribbon 2-knot with p an irreducible representation.

Theorem 4.2. Let K be a ribbon 2-knot and p : G(K) — SL(2,F) an irreducible rep-
resentation. Then the twisted Alexander polynomial Ak (1) is a Laurent polynomial with
coefficients in F.

In Example 6.2 we will give a ribbon 2-knot of 1-fusion having a nonabelian reducible
representation to SL(2, C) whose twisted Alexander polynomial is not a Laurent polynomial.
Theorem 4.2 follows from Proposition 2.1 and Propositions 4.3 and 4.4 below.

Proposition 4.3. Let G be a finitely presentable group with G/G' = Z. Ifp : G —
SL(2,F) is an irreducible representation, then there exists an element c of G’ whose image
p(c) does not have the eigenvalue 1.
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Proposition 4.4. Suppose that a group G admits a finite presentation of deficiency one
with G/G’" = Z. Let p : G — SL(n,F) be a representation such that there exists an element
c of the commutator subgroup G’ of G, whose image p(c) does not have the eigenvalue 1.
Then the twisted Alexander polynomial A (1) is a Laurent polynomial with coefficients in
F.

For the proof of Proposition 4.3, see the first and second paragraphs of the proof of The-
orem 3.1 in [18]. The proof of Proposition 4.4 is parallel to that of Proposition 8 in [28].

For a ribbon 2-knot K with p : G(K) — SL(2,C) a reducible representation we have the
following.

Theorem 4.5. Let K be a ribbon 2-knot and p: G(K) — SL(2,C) a reducible represen-
tation. Then the twisted Alexander polynomial Ak ,(t) is a Laurent polynomial if and only
if either (i) there exists ¢ € G(K)' such that p(c) does not have the eigenvalue 1, or (ii)
Ax(e*) = 0 for any eigenvalue e of p(x), where x is a meridian.

In particular, if the Alexander polynomial Ak(t) is reciprocal and p is nonabelian, then
Ak (?) is a Laurent polynomial.

We divide the proof of Theorems 4.2 and 4.5 into a sequence of lemmas. Let K be a
ribbon 2-knot and G = G(K) presented by a deficiency one Wirtinger presentation

(7) <XO,X1,...,Xm|r1,...,}’m>,

where each relator ry is of the form xl.‘lxlfx X, €, € = x1. In fact, any group with a Wirtinger
presentation given in Sect. 2 can be deformed into this form by a sequence of Tietze trans-
formations. We use the notation introduced in Sect. 2. Suppose that p : G — SL(2,F) is
a representation such that the twisted Alexander polynomial Ag ,(7) is not a Laurent poly-
nomial. By Propositions 4.3 and 4.4, p is reducible and 1 is an eigenvalue of p(c) for any

c € G’. Then we may assume that

) p(x;) = (f) s”l_f‘;)

fori =0, 1,..., m. Furthermore, since x,»xjf1 € G(K)’, we have sg = 51 = --+ = 5, which we
write 5. The Alexander polynomial Ag(#) is given by

9) det (&& ( g;"‘ )) .
JIT1<i, j<m

Then we have the following.

Lemma 4.6.
A(sHA(s™ 1)
(s—0(s'=1)

Proof. Interchanging rows and columns appropriately, the matrix A, , becomes

&,$(0r;/9x;)) . )
1<i,j<m 7

(10) AG (1) =

Y 0 a1 (0ri/0x;)

where @, is a linear expansion of x; — ca(x;) = ct. The time of interchanging columns
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and that of interchanging rows are the same, and so we have detA, ,, = A(st)A(s~'t). Since
det (1 - t(g s”_(’l)) = (1-s0)(1 - 57'1) = (s — £)(s~! — #), we obtain Eq. (10). o
Since Ag (1) is not a Laurent polynomial, Lemma 4.6 immediately implies the following.
Lemma 4.7. It holds that Ax(s*) # 0 or Ag(s™%) # 0.
Lemma 4.8. If p is nonabelian, then Ag(s*) = 0.

Proof. Let M(t) = (&&(ﬁr,- /0x j)) be the Alexander m X (m+ 1) matrix. By the fundamental
property

N Ow
(12) w—1= Za—xj(x,-— 1),
J=0
wesee0=(-1) Z;.”:O a¢(r;/dx;) and then 0 = 2?1:0 a@(r;/0x;). Thus, M(1)1 = 0, where
1="'1,....,1).If r; = x,:lx;xlxjff, then p(xjxl) = p(xkx;), which implies
(13) (1 = s%u; — uy + s*u; = 0,

and on the other hand, we see

~ [ Or; ~ [ Or;
(14) ad L), ad| =)= N = O — g+ €up),
0xg 0xp,
where u = ‘(uo,u1, . . ., ). Therefore, M(s*)u = 0. If p is nonabelian, 1 and u are linearly
independent, rank M(s?*) < m, and we obtain Ag(s*) = 0. m]

5. Twisted Alexander polynomials of a fibered ribbon 2-knot of 1-fusion

For a classical fibered knot, Kitano and Morifuji proved the following [18, Theorem 3.2];
cf. [2,5,7, 8,9, 10]. In this section, we prove an analogous theorem for a fibered ribbon
2-knot of 1-fusion. For a fibered knot we refer the reader to Sect. 10H in [26].

Proposition 5.1. Let p : G(K) — SL(2,F) be a nonabelian representation of a genus g
fibered classical knot K. Then the twisted Alexander polynomial A, (1) is presented as a
monic polynomial of degree 4g — 2.

ReMaRrk 5.2. A polynomial ¢y +cit+---+c,t" € F[t] is called monic if the highest degree
coefficient ¢,, is one. In Proposition 5.1, the lowest degree coefficient ¢ is also one. In fact,
if a knot K is fibered, then so is its mirror image K!. There is a nonabelian representation
0 G(K!) > SL(2,F) such that Ak () is equal to Ak, (") up to a factor % (k € 2),
which is also monic.

For a classical knot it was shown by Neuwirth [22] and Stallings [27] that a knot K is
fibered if and only if the commutator subgroup of the knot group is finitely generated or,
equivalently, free. For a fibered ribbon 2-knot of 1-fusion we have an analogous theorem
due to Yoshikawa [31]; cf. [1].

Proposition 5.3. Let K be a ribbon 2-knot of 1-fusion. Then K is fibered if and only if
the commutator subgroup of the knot group is finitely generated or, equivalently, free.
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Suppose that a ribbon 2-knot of 1-fusion K is fibered. Then the commutator subgroup
of the knot group G(K) is finitely generated, and by [31, Lemma] (cf. [23]) the knot group
G(K) is presented by

-1 . -1
(15) <X, ap,...,dm-1 | Xaix = dijy] (l = 09 Y (O 2)’ Xdp-1X =W >a

where w is a word in ay, . . . , a,,—1 and the abelianized group G(K)/G(K)' is the infinite cyclic
group (x), and the commutator subgroup G(K)’ is the free group {ay, . ..,an,-1). Also, the
map a; — ajy; (i = 0,...,m —2), a,—; — w induces an automorphism ¢ of G(K)'; see
[31, Remark in Sect. 2]. Let M be the m X m integral matrix corresponding to the induced
automorphism G(K)'/G(K)" — G(K)'/G(K)" of the free abelian group of rank m. Then,
the Alexander polynomial of K, Ag(?), is given by det(M —¢tI), where I is the identity matrix.
Thus, we obtain:

Proposition 5.4. Let K be a fibered ribbon 2-knot of 1-fusion. Then the lowest and
highest degree coefficients of Ak (t) are 1, and the breadth of Ak(t) coincides with the rank
of the free commutator subgroup of the knot group.

This immediately implies:

Corollary 5.5. If a non-trivial ribbon 2-knot of 1-fusion has trivial Alexander polynomial,
then it is not a fibered knot.

Proof. If a fibered ribbon 2-knot of 1-fusion K has trivial Alexander polynomial, then by
Proposition 5.4 the commutator subgroup of its knot group is trivial, and so the knot group
is infinite cyclic group. Since a ribbon 2-knot of 1-fusion is trivial if and only if its knot
group is infinite cyclic ([20]), K is trivial. |

Thus, for example, all the knots in the family of ribbon 2-knots of 1-fusion with trivial
Alexander polynomial which we have classified in [13] are non-fibered.

RemMark 5.6. Yanagawa [30] has shown that every ribbon 2-knot bounds W—(open 3-disk)
in S*, where W is a connected sum of copies of S x §2; cf. [3].

Let ¢ be an automorphism of the free group (aj,...,a,). Put G = (x,ay,...,a, |
xa;ix' = @(a;) (i = 1,...,m) ). Suppose that G/G’ = Z = {t) and the abelianization a
sends x to z. Then a(a;) = 1 for any i.

Theorem 5.7. With the above notation the twisted Alexander polynomial Ag ,(t) associ-
ated to a representation p: G — SL(n,F) is presented as a rational function of the form:
co+cit+ - FCyu "+ £
(=D +dit+ - +dy "+ 1

(16) Ag,p(1) =
where co = (=1)"". In particular, if Ag (1) is a Laurent polynomial presented by
(17) AG,p(t) =eg+eit+---+eut”,

with epe, # 0, then u = n(m — 1), eg = (=" and e, = 1.

Proof. If we put xo = x, x| = ay, ..., X, = ay, then
A(xa: — ola:
(18) det A, = det (cbp (M))
da; 1<i,j<m
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Op(a;)
_ det ((5,~ (1) D ( ))
T "\ da; 1<i,j<m

= det(t(p(x) ® 1) — M)
=(=D"det(M) +cit+---+1",

where
0 a; _~ 0 a;
R I
da; 1<i,j<m da; 1<i,j<m
If we put b; = ¢(a;), i = 1,...,m, then we obtain another presentation of G as follows.
(20) G =(x.br,....by | xp™ (b)x™" =b; (i = 1,...,m)).

By using this presentation, we obtain the twisted Alexander polynomial
, detA’

1) " det(Z, — 1p(x))’
where

o= (g, (Fai =00
(22) A= (q)p( ob; ))1<i,j<m.

Since (aai/abj)lSi,jsg(ab,‘/aaj)]si,]gm = I, we see that

23) detA’ = A det(l, — tp(x))

aai
= det[®, (xS _ 5,
© ( g (xab/ l]))lgi,jgm

= det (tp(x)ﬁ& (%) - 6[jln)
j

1<i,j<m

R T
il 1<, j<m

= det (t(p(x) ® I,,) — M) det(M ™)
= det(M) " detA, ,

Since both detA’ and detA,, are monic polynomials with the same degree, we obtain
det(M) = 1. O

Corollary 5.8. Let K be a fibered ribbon 2-knot of 1-fusion whose Alexander polynomial
has breadth m and p : G(K) — SL(2,F) be an irreducible representation. Then the twisted
Alexander polynomial Ak (1) is presented as a polynomial of breadth 2m — 2 whose lowest
and highest degree coefficients are 1.

Proof. The knot group G(K) is presented by (15). By Theorem 4.2, Ak ,(¢) is a Laurent
polynomial. By Theorem 5.7, multiplying 72 for some k € Z, Ak (1) is a monic polynomial
of degree 2m — 2 such that the constant term is 1. m|
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6. Examples

In this section, we give several examples of ribbon 2-knots of 1-fusion and their twisted
Alexander polynomials associated to the representations to SL(2,C). Since the twisted
Alexander polynomial is well-defined up to a factor of r**, k € Z, we ignore a factor of
2 in the equality of the twisted Alexander polynomial. Let us consider the presentation
Eq. (1) of the group G of the ribbon 2-knot K = R(pi1,q1,-- -, Pn,qn) of 1-fusion. Then
since x and y are conjugate, any nonabelian representation G — SL(2,C) is conjugate to a
representation p : G — SL(2, C) given by p(x) = X and p(y) = Y, where

s 1 s 0
24) X:(O s‘l)’ Y:(u s‘l)

for some s, u € C with s # 0 and (s, u) # (+1,0). Such a representation p is parametrized by
the trace s + s~ and u. See [24, 25]; cf. [13, Proposition 3.1]. Furthermore, the nonabelian
representation p is reducible if and only if u + (s + s7!)?> = 4 or u = 0; cf. [13, Lemma 3.2].
In this section / stands for the identity matrix of order 2. We will use the following to find a
representation p.

Lemma 6.1. For W € SL(2,C), let R = WX — YW. Then, R = O if and only if Rj, =
Roy = 0, where R;; is the (i, j) entry of R.

Proof. Let W;; be the (i, j) entry of W. Then we have

(25) Ry =0;

(26) Rip =Wy —(s— s HWiy;

(27) Ryp = —uWyy + (s — s HWay;

(28) Ry = Way —uWyy,

and thus Ry, = (s — s~ )Ry — uR)}», which completes the proof. O

ExampLE 6.2. Let K = R(1,—1). The Alexander polynomial is Ax(f) = 2t—1> from Eq. (2).
We calculate the twisted Alexander polynomial. For the matrices X and Y in Eq. (24) let
R = p((xy Hx — y(xy™")) = (XY~"HX — Y(XY~"). Then from

~ 0 -2 —u+2 3
(29) R_( —u(—s_z—u+2) —(s+s_])u ]_ o

we have 3 cases:

(30) (s+ s\ u) = (0,3), («/E + %,o), (—«/5 - %,o).

We denote the corresponding representations by pi, p2, p3, respectively. Then, p; is irre-
ducible, and p, and p3 are reducible. For r = wx — yw = xy~'x — yxy~', we have

G1) detA,, = ®,(dr/dx)

=0 (l+xy™' — )
= det(I+XY ™' — 1Y)
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=4—u+(s+sDw-21+17
(32) det(I — 1Y) =1—=(s+s Dt + 17,

and so we obtain the twisted Alexander polynomial Ag (1) = detA, ,/ det(I —tY) as follows:

1+
(33) AK,p, (l) = 52 =1;

(2\/§—t)(\/§—;) 2V2 —t 431
34 A _ _ . |
(34) Kp2(0) A/N2-D(N2-1) 1/N2-t 1-+2t
(35) A ps(D) = V2 + (V2 +1) ~ V2 + ¢ a4 NoT

AN2Z+D(V2+1)  1N2Z+t 1+V2t

If p is reducible, then by Lemma 4.6 we have:

Ag(st) Ag(s™'t) 25t - 22 257t — 571 B Q2s'—=n@2s-1)
-t s'—r 5=t sl—r (=01 =0p"

up to a factor ¢2, which yields Eqgs. (34) (s = V2) and (35) (s = —V2), respectively.

(36) Ak, =

ExampLE 6.3. Let K = R(1,-2). Then K is a fibered knot since the commutator subgroup
G(K)' of the knot group G(K) of K is a free group of rank 2.
Proof. Putting y = ax in

G(K) = x,y | (xy Hxxy D'yt ),

we obtain (xy 2)x(xy™2) 'y = a'(x 'a 'x)a(xax )a~'. Letting a; = x'ax”, we have

a;'a !\ aiaia;! = 1,i€Z, and so

G(K) ={x,a9,a; | )caox_1 =a, xa]x_1 = al_laoa% ).

Then the commutator subgroup G(K)' is a free group with free basis ag, a;. In fact, the map

1

ap = ay, ay b oaj aoaf defines an automorphism ¢ of a free group with basis ag, a;.

. . . . . . 0 1
The matrix corresponding to the induced isomorphism ¢, is M = ( | 1), and so we

- 1
obtain the Alexander polynomial as follows: Ag(?) = det( lt |- t) = —1 —t+ 2, which is

also obtained from Eq. (2). O

Next, we calculate the twisted Alexander polynomial associated to a nonabelian repre-
sentation to SL(2, C). For the matrices X and Y in Eq. (24) let R = (XY~2)X — Y(XY~?). By
Lemma 6.1 we consider R, and Ry;, the (1,2) and (2, 2) entries of R:

(37) Rip=—5—(s+ s Hu—-1);
(38) Rp=—(s"=14+90G"+1+s)u.

1 1

From Ry, = Oweobtain s + s =e=+loru=0. If s+ s ! = ¢, then s° = —¢, and so
Ri; = O implies u = 2. If u = 0, then from R, = 0 we obtain s + 57! = ¢y, ¢y, where
c1 =2+ V5 and =42 V5. So, we have 6 representations p;, 1 < i < 6, parametrized
by:
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(39) (s+su) = (1,2), (=1,2), (c1,0), (=¢1,0), (¢2,0), (=¢2,0),

respectively; p; and p; are irreducible and the others are reducible.
For r = wx — yw = xy~>x — yxy~>, we have

(40) detA,, = ,(dr/dx)
= D1+ 1y~ — y)
=det( + 7 'XY 2 1Y),
(41) det(I —tY) = (s —)(s' = 1).

For p = p; or p,, we have
(42) detA,, = (1 +)(1 — et + H)17%
(43) det(/ —tY) = 1 — et + °,

where € = 1 if p = p; and € = —1 if p = p,. This yields the twisted Alexander polynomial
as follows:

(44) Agp() =17+ 1.
Ifp=pi,i=3,4,5,6,then u = 0, and so

(45) detA,, = (s + st =) (s 2+ st =12,

which yields the twisted Alexander polynomial as follows:

(> +st -2+ 5"t —1) _1+pt+(3- POt —pt + 1t

(46) AK,p(t) = (S _ [)(S_l — f) 1- pt + tz

)

where p = s + s7!. This is also given by Lemma 4.6.

The ribbon 2-knots presented by virtual arcs with up to four crossings listed in [12, Ta-
ble 2] are all of 1-fusion, and among them there are 30 nontrivial knots whose Alexander
polynomial is nontrivial and the lowest and highest degree coefficient are +1, where we do
not count both a knot and its mirror image. By calculating the commutator subgroup of
the group of these knots as in Example 6.3 we see they are all fibered. Thus, we have the
following.

Theorem 6.4. Let K be a ribbon 2-knot presented by virtual arcs with up to four cross-
ings, and let Ag(t) be its Alexander polynomial. Then K is fibered if and only if Ax(t) is
nontrivial and the lowest and highest degree coefficients of Ag(t) are 1.

Goda, Kitano, and Morifuji [9, Example 4.3] gave an example of a non-fibered classi-
cal knot with monic Alexander polynomial, whose non-fiberedness can be detected by the
twisted Alexander polynomial; cf. [18, Example 4.3]. The following example is an analo-
gous example for a ribbon 2-knot of 1-fusion.

ExampLE 6.5. Let Ky = R(1,-3,1,2). The Alexander polynomial is Ag,(¢) = =1+
Suppose Ky were a fibered knot. Then by Theorem 5.7 if the twisted Alexander polynomial
Ak, p(t) associated to a representation p : G(Ko) — SL(2,C) is a Laurent polynomial, then
the lowest and highest degree coeflicients are one and the breadth is 2. However, one of the
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twisted Alexander polynomials Egs. (54) and (57) below detects Ky is not fibered.

We calculate the twisted Alexander polynomials Ak, (7). For the matrices X and Y in
Eq. (24) let R = (XY*XY?)X — Y(XY3XY?). By Lemma 6.1 we consider R, and R»,, the
(1,2) and (2, 2) entries of R:

(47) Rip= =57 (=p* + 3 —u) + pu(p’ = 1)(=p* + 4 - u);

(48) Ry=u(p® = 1)(=p +3 — ),

where p = s+ s7'. From Ry = O we obtain p = € = 1, u = —p*> + 3, oru = 0. Then
Ri> = 0 implies

(49) (s+s " u) =(0,3), (1,2), (-1,2), (V3,0), (=V3,0).

We denote the corresponding representations by p;, 1 < i < 5, respectively; p, and ps are
reducible and the others are irreducible. For r = wx — yw = xy > xy*x — yxy > xy?, we have

(50) detA,, = ®,(0r/0x)
=Q,(1 + 2xy 4 txyxy? -ty — lyxy ™)
=det(] + XY + XY XY? —tY —7'YXY )

(51) det(I - tY) = (s — (s~ — ).

For p = p;, we have

(52) detA,, = (1 + )1+ + 3™,
(53) det(/ —tY) = 1 + 7,

which yields the twisted Alexander polynomial as follows:

(54) Ak (1) =1 +1+ 3%,

For p = p, or p3, we have
(55) detA,, = (1 — et + ) (1 = + 2t
(56) det(I — 1Y) =1 — et + 1%,

where € = 1 if p = p, and € = —1 if p = p3. This yields the twisted Alexander polynomial
as follows:

(57) Ak (t) =1-1+21%

For p = p4 or ps, we have
(58) detA,, = (1+ ) (1 — Vet + )™
(59) det(I — tY) = 1 — V3et + £,

where € = 1 if p = p4 and € = —1 if p = ps. This yields the twisted Alexander polynomial
as follows:

(60) Agp(t) =1+ 1.

This is also given by Lemma 4.6.
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We extend Example 6.5 as follows.

ExampLE 6.6. Let K; = R(1,-3,1 — 3k, 2 + 3k) be a ribbon 2-knot of 1-fusion. Then, K}
is fibered if and only if k < 0.

Proof. The Alexander polynomial is Ak, (f) = —t~% + 7173k + 173k For the matrices X
and Y in Eq. (24) with (s + s7',u) = (¢,2), e = +1, X3 = ¥> = —el and XYX = YXY, we
have W = XY 3X!-3y2t3k = _eX~1y~! and WX — YW = O. Thus there is an irreducible
representation p : G(K;) — SL(2,C) sending x, y to X, Y, respectively.

We calculate the twisted Alexander polynomial Ak, ,(7) of K; for k > 0 associated to the
representation p which is parametrized by (s+s~', u) = (1,2). Since p is irreducible, A Kip(D)

is a Laurent polynomial by Theorem 4.2. For r = wx — yw, w = xy>x'~3*y>*3*  we have

(61) detA,, = ®,(dr/dx)

31, 2 1-3k -3 1-3k 243k
=d>p(1—xy X +x "+ +x )4y x Ny

—y+ryxy (P xl_Sk))
=detM,

where
M =1 - 2XY ' X+ X7 e TXI) Xy Py
— Y+ YXY X 472X e R,

Then in each entry of M the lowest and highest terms appear in ~!3*Xy3x'-3¢ =
(—e 13k and (- Y+ XY 3 X! 3ky23K) = —1(Y+eX?Y?), respectively. Since det(—e)* X!
= 1 and det(~Y — eX?Y?) = det(eX*(X — Y)Y) = det(X — Y) = 2, the lowest and highest
terms of det M are 12~ and 212, respectively. Then, since det(/ — tY) = 1 —¢+ 1, the lowest
and highest terms of the twisted Alexander polynomial A, ,(f) = A,/ det(I — tY) are 1>~
and 2, respectively, Ak, ,(f) = 2% + ... + 2. So, if k > 0, then the breadth of A ,(?) is
2 + 6k (> 6k), and hence K is not fibered.

Let K,, = R(1,-3,m,3 — m); so, Ky = K;_3. We show if m > 4, then the commutator
subgroup of the knot group G(K,,) is a free group of finite rank, and thus K, is fibered by
Proposition 5.3.

Putting y = ax in
(62) G(Ky) = (x| Gy X"y (™ x "y x Ty ™),
we obtain
(63) x(ax) XM (ax)> " x(ax)" 3 x " (ax)}x ax)!

—a'xa xa X @ Y 3 x(xa
=a_1(x_la_lx)(x_za_lxz)(xm_3a_1x_m+3)(xm_4a_lx_m+4) . (xza—lx—Z)(xa—lx—l)

1

Y3 x M axaxax™ a!

X (Cax H(Pax3) - (" ax ") (7 lax)a(xax Ha”
By putting a; = x'ax™', this becomes

-1 -1 -1 -1 -1 -1 -1 -1
(64) ag a_ja_y(a,,_sa, 4+ a, a; )axas---ay-2)a_1apd1d, .
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Then the commutator subgroup G(K,,)’ is presented as follows:

> ’ . .
(65) GKn) =Cai(i€Z)|rj(j€Z)),
where
(66) ri=aata; aql acl e ara ) (@alins  Qiem)Ais1A a0 03050
J = Gl \Gin 1% jem—2 j+4 3\ j 4t 15 JHm) O 10 j+20 430 1.
Then since a; is expressed in a word of a1, aji2, ..., j4m, and a;,,, 18 expressed in a word
ofaj,aj,...,ajm-1, G(K,) is a free group of rank m, completing the proof. O
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