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Abstract
Our aim in this paper is to deal with boundary limits of monotone Sobolev functions for the

double phase functional Φp,q(x, t) = tp + (b(x)t)q in the unit ball B of Rn, where 1 < p < q < ∞
and b(·) is a non-negative bounded function on B which is Hölder continuous of order θ ∈ (0, 1].

1. Introduction

1. Introduction
We say that a continuous function u is monotone in the unit ball B of Rn (n ≥ 2) in the

sense of Lebesgue, if both

max
D

u(x) = max
∂D

u(x) and min
D

u(x) = min
∂D

u(x)

hold for every relatively compact open set D with the closure D ⊂ B (see [15]). Clearly, har-
monic functions are monotone, and more generally, solutions of elliptic partial differential
equations of second order and weak solutions for variational problems may be monotone. A
function u ∈ W1,p(B) is -harmonic if it is a weak solution of equation

div((x,∇u)) = 0,

where (x, ξ) · ξ ≈ |ξ|p for some fixed p ∈ (1,∞), ξ ∈ Rn (see [12]). Note that -harmonic
functions and hence coordinate functions of quasiregular mappings are monotone (see [8,
12, 14, 24, 26, 28]), and thus the class of monotone functions is considerably wide. For these
facts, see Gilbarg-Trudinger [9], Heinonen-Kilpeläinen-Martio [12], Serrin [27], Vuorinen
[29, 30] and [7].

Regarding regularity theory of differential equations, Baroni, Colombo and Mingione
[1, 2, 5, 6] studied a double phase functional:

Φ(x, t) = Φp,q(x, t) = tp + (b(x)t)q,

where 1 < p < q < ∞ and b(·) is a non-negative bounded function on B which is Hölder
continuous of order θ ∈ (0, 1]. Harjulehto, Hästö and Karppinen [10] studied local higher
integrability of the gradient of a quasiminimizer of the double phase functional. We refer to
[5] for the minimization problem and [4] for the eigenvalue problem for the double phase
functional. See also [11] for the boundedness of maximal operators.

We say that a function u on B has a nontangential limit � at ξ ∈ ∂B if
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lim
x∈Γ(ξ,a)→ξ

u(x) = �

for all a > 0, where Γ(ξ, a) = {x ∈ B : |x − ξ| ≤ a(1 − |x|)}.
If 0 < α < n, 1 < p < ∞, G is an open set in Rn and E ⊂ G, then the relative (α, p)-

capacity is defined by

Cα,p(E; G) = inf
∫

G
f (y)pdy,

where the infimum is taken over all nonnegative measurable functions f on G such that∫
G
|x − y|α−n f (y)dy ≥ 1 for every x ∈ E;

see [17] and [22] for the basic properties of (1, p)-capacity. For simplicity, we write Cα,p(E)
= 0 if Cα,p(E ∩G; G) = 0 for every bounded open set G ⊂ Rn.

In [21], we studied boundary limits of monotone Sobolev functions on B satisfying

(1.1)
∫

B
|∇u(x)|p dx < ∞,

where ∇ denotes the gradient and 1 < p < ∞. Manfredi-Villamor [16] proved the following
result concerning the existence of nontangential limits for monotone functions.

Theorem A ([16, Theorem 1]). Let n − 1 < p < n. If u is a monotone function on B
satisfying (1.1), then u has a nontangential limit at ξ ∈ ∂B \ E, where C1,p(E) = 0.

The nontangential limits for harmonic functions have been discussed by many authors;
see e.g. Carleson [3], Mizuta [19] and Wallin [31]. For -harmonic functions, we refer to
Koskela-Manfredi-Villamor [14]. Note from [19, 20] that Theorem A is the best possible as
to the size of the exceptional set.

Our aim in this paper is to study boundary limits of monotone Sobolev functions for the
double phase functional Φ(x, t), as an extension of Theorem A ([16]) and [14].

Theorem 1.1. Let n − 1 < p < n, 1/p − 1/q = θ/n and

n − (1 + θ)p
p

=
n − q

q
> 0.

If u is a monotone function on B satisfying

(1.2)
∫

B
Φ(x, |∇u(x)|) dx < ∞,

then bu has a nontangential limit at ξ ∈ ∂B \ E, where C1,q(E) = 0.

Example 1.2. Examples of b(x) are |x− x0|θ with x0 ∈ ∂B and (1− |x|)θ, where 0 < θ ≤ 1.

Remark 1.3. In Theorem 1.1, as will be seen in Remark 4.1 given below, condition (1.2)
can not be replaced by the single condition∫

B
(b(x)|∇u(x)|)q dx < ∞.

Hence Theorem 1.1 deeply depends on the double phase functional.
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The key lemma to prove Theorem 1.1 is Lemma 2.1 below. We discuss the sharpness of
condition (1.2) in the last section (Remark 4.1).

It is well known that a coordinate function u = fi of a quasiregular mapping f =
( f1, ..., fn) : B → Rn is -harmonic (see [12, Theorem 14.39]) and monotone in B, so
that Theorem 1.1 gives the following corollary.

Corollary 1.4. Let n − 1 < p < n and 1/p − 1/q = θ/n, If u is a coordinate function of a
quasiregular mapping on B satisfying (1.2), then bu has a nontangential limit at ξ ∈ ∂B \ E,
where C1,q(E) = 0.

Miklyukov [18] studied the nontangential limits for quasiregular mappings with finite
Dirichlet integral.

Throughout this paper, let C denote various constants independent of the variables in
question.

2. Preliminary lemmas

2. Preliminary lemmas
We use the notation B(x, r) to denote the open ball centered at x of radius r.
Let us begin with the key fact for monotone functions.

Lemma 2.1. If u is a monotone function on B(x0, 2r) and p > n − 1, then

|u(x) − u(y)|p ≤ Crp−n
∫

B(x0,2r)
|∇u(y)|p dy

whenever x, y ∈ B(x0, r).

For this, see e.g. [13, Lemma 7.1], [16, Remark, p. 9] and, for the case p = n, [30,
Section 16].

Lemma 2.2. For a nonnegative measurable function f on B such that∫
B
Φ(y, f (y)) dy < ∞,

set

E1 = {x0 ∈ Rn :
∫

B
|x0 − y|1+θ−n f (y) dy = ∞},

E2 = {x0 ∈ Rn :
∫

B
|x0 − y|1−nb(y) f (y) dy = ∞},

E3 = {x0 ∈ Rn : lim sup
r→0

r(1+θ)p−n
∫

B(x0,2r)
f (y)p dy > 0}

and

E4 = {x0 ∈ Rn : lim sup
r→0

rq−n
∫

B(x0,2r)
(b(y) f (y))q dy > 0}.

Then C1,q(E1 ∪ E2 ∪ E3 ∪ E4) = 0.

Proof. By [23, Section 7], we find C1+θ,p(E1) = 0, C1,q(E2) = 0, C1+θ,p(E3) = 0 and
C1,q(E4) = 0. Hence, in view of [22, Section 5.2, Theorem 2.4], we have C1,q(E1 ∪ E2 ∪
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E3 ∪ E4) = 0 since n − (1 + θ)p = (p/q)(n − q) < n − q. �

Lemma 2.3. Let u be a continuous function on B such that

(2.1)
∫ 1

0
rθ|∇u(rη)| dr < ∞

and

(2.2)
∫ 1

0
b(rη)|∇u(rη)| dr < ∞

for η ∈ ∂B. Then lim
r→0

b(rη)u(rη) exists and is finite.

Proof. Let u be a continuous function on B such that (2.1) and (2.2). Let 0 < r0 < 1. Note
that

u(x) = u(r0η) −
∫ r0

|x|
d
dr

u(rη) dr

for x = |x|η. Hence

b(x)u(x) = b(x)u(r0η) − b(x)
∫ r0

|x|
d
dr

u(rη) dr

= b(x)u(r0η) −
∫ r0

|x|
(b(x) − b(rη))

d
dr

u(rη) dr −
∫ r0

|x|
b(rη)

d
dr

u(rη) dr.

By (2.1) and (2.2), we have∫ 1

|x|

∣∣∣∣∣(b(x) − b(rη))
d
dr

u(rη)
∣∣∣∣∣ dr ≤ C

∫ 1

0
rθ|∇u(rη)| dr < ∞

and ∫ 1

|x|

∣∣∣∣∣b(rη)
d
dr

u(rη)
∣∣∣∣∣ dr ≤ C

∫ 1

0
b(rη)|∇u(rη)| dr < ∞.

Consequently we see from dominated convergence theorem that lim
r→0

b(rη)u(rη) exists and

is finite. �

3. Proof of Theorem 1.1

3. Proof of Theorem 1.1
Proof of Theorem 1.1. Let u be a monotone function on B satisfying (1.2). Suppose

ξ ∈ ∂B \ E1. Then∫
B
|ξ − y|1+θ−n|∇u(y)| dy ≥

∫
B∩∂B(ξ,1)

(∫ 1

0
rθ|∇u((1 − r)ξ + rη)| dr

)
dS (η),

so that

(3.1)
∫ 1

0
rθ|∇u((1 − r)ξ + rη)| dr < ∞

for every η ∈ B∩∂B(ξ, 1) except for a set of the (n−1)-dimensional measure zero. Similarly,
if ξ ∈ B ∩ ∂B(ξ, 1) \ E2, then
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∫

B
|ξ − y|1−nb(y)|∇u(y)| dy

≥
∫

B∩∂B(ξ,1)

(∫ 1

0
b((1 − r)ξ + rη)|∇u((1 − r)ξ + rη)| dr

)
dS (η),

so that

(3.2)
∫ 1

0
b((1 − r)ξ + rη)|∇u((1 − r)ξ + rη)| dr < ∞

for every η ∈ B ∩ ∂B(ξ, 1) except for a set of the (n − 1)-dimensional measure zero.
Set L(ξ, η) = {(1 − r)ξ + rη; 0 < r < 1}. Then we see from (3.1), (3.2) and Lemma 2.3

that lim
x∗∈L(ξ,η)→ξ

b(x∗)u(x∗) exists and is finite for every η ∈ B∩ ∂B(ξ, 1) except for a set of the

(n − 1)-dimensional measure zero.
In view of Lemma 2.1, we find for x ∈ B(x∗, r) with x∗ ∈ L(ξ, η) and B(x∗, 2r) ⊂ B

|b(x)u(x) − b(x∗)u(x)| ≤ |b(x) − b(x∗)||u(x) − u(x∗)| + |b(x) − b(x∗)||u(x∗)|
≤ C

(
r(1+θ)p−n

∫
B(x∗,2r)

|∇u(y)|p dy
)1/p

+Crθ|u(x∗)|

and

|b(x∗)u(x) − b(x∗)u(x∗)| ≤ Cb(x∗)
(
rp−n

∫
B(x∗,2r)

|∇u(y)|p dy
)1/p

≤ C
(
rp−n

∫
B(x∗,2r)

|b(x∗) − b(y)|p|∇u(y)|p dy
)1/p

+C
(
rp−n

∫
B(x∗,2r)

(b(y)|∇u(y)|)p dy
)1/p

≤ C
(
r(1+θ)p−n

∫
B(x∗,2r)

|∇u(y)|p dy
)1/p

+C
(
rq−n

∫
B(x∗,2r)

(b(y)|∇u(y)|)q dy
)1/q

by Jensen’s inequality, so that

|b(x)u(x) − b(x∗)u(x∗)| ≤ C
(
r(1+θ)p−n

∫
B(x∗,2r)

|∇u(y)|p dy
)1/p

+Crθ|u(x∗)|

+C
(
rq−n

∫
B(x∗,2r)

(b(y)|∇u(y)|)q dy
)1/q

.

Consequently, as in the proof of Theorem 2 in [21], we insist that b(x)u(x) has a nontangen-
tial limit at ξ ∈ ∂B \ (E1 ∪ E2 ∪ E3 ∪ E4). �

4. Sharpness

4. SharpnessRemark 4.1. We can find a monotone function u on B and a non-negative bounded θ-
Hölder continuous function b on B satisfying
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(1)
∫

B
(b(x)|∇u(x)|)q dx < ∞; and

(2) lim sup
x∈Γ(ξ,1)→ξ

b(x)u(x) = ∞ for all ξ ∈ L = {(ξ′, 0) : |ξ′| = 1}.
Note here that C1,q(L) > 0 when n − q < n − 2 or q > n − 1 ≥ 2.

For this, set

ϕ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 (t < −2),
t + 2 (−2 ≤ t < −1),
1 (−1 ≤ t < 1),
2 − t (1 ≤ t < 2),
0 (t ≥ 2).

For β > 0, 0 < θ ≤ 1 and a > 1, consider

u(x) = (1 − |x′| + |xn|)−β and b(x) =
∞∑
j=1

(1 − |x′|)θaϕ((2− j − (1 − |x′|))2 ja),

where x = (x1, ..., xn−1, xn) = (x′, xn). Then u is monotone in B.
If |2− j − (1 − |x′|)|2 ja ≤ 2 and |2− j − (1 − |y′|)|2 ja ≤ 2, then

|b(x) − b(y)| ≤ ∣∣∣(1 − |x′|)θa − (1 − |y′|)θa∣∣∣ϕ((2− j − (1 − |x′|))2 ja)

+ (1 − |y′|)θa ∣∣∣ϕ((2− j − (1 − |x′|))2 ja) − ϕ((2− j − (1 − |y′|))2 ja)
∣∣∣

≤ C
∣∣∣(1 − |x′|)θ − (1 − |y′|)θ∣∣∣ + (1 − |y′|)θa ∣∣∣|x′| − |y′|∣∣∣ 2 ja

≤ C|x′ − y′|θ +C
(
2− j

)θa ∣∣∣|x′| − |y′|∣∣∣θ (2− ja
)1−θ

2 ja

≤ C|x′ − y′|θ ≤ C|x − y|θ,
which implies that b is θ-Hölder in B.

Set B′j = {(x′, 0) : 2− j − 2− ja+1 < 1 − |x′| < 2− j + 2− ja+1} and B′ =
∞⋃
j=1

B′j. Moreover,

∫
B

(b(x)|∇u(x)|)q dx ≤ C
∫

B

(
b(x)(1 − |x′| + |xn|)−β−1

)q
dx

≤ C
∫

B′
b(x)q

⎛⎜⎜⎜⎜⎝
∫
|xn |≤
√

1−|x′|2
(1 − |x′| + |xn|)−(β+1)q dxn

⎞⎟⎟⎟⎟⎠ dx′

≤ C
∫

B′
b(x)q(1 − |x′|)−(β+1)q+1 dx′

≤ C
∞∑
j=1

2− j(θaq−(β+1)q+1)2− ja < ∞

when θaq − (β + 1)q + 1 + a > 0.
Hence, letting a = n − 1 and

θ(n − 1) < β < θ(n − 1) − 1 + n/q,

then we see that (1) and (2) hold.
Finally note :
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(3)
∫

B
|∇u(x)|p dx = ∞ when β ≥ −1 + 2/p and p > n − 1 ≥ 2.

Acknowledgements. We would like to express our thanks to the referee for his/her kind
comments.

References

[1] P. Baroni, M. Colombo and G. Mingione: Regularity for general functionals with double phase, Calc. Var.
Partial Differential Equations 57 (2018), Paper No 62, 48pp.

[2] P. Baroni, M. Colombo and G. Mingione: Non-autonomous functionals, borderline cases and related func-
tion classes, St Petersburg Math. J. 27 (2016), 347–379.

[3] L. Carleson: Selected problems on exceptional sets, Van Nostrand Mathematical Studies 13, D. Van Nos-
trand Co., Inc., Princeton, N.J.-Toronto, Ont.-London, 1967.

[4] F. Colasuonno and M. Squassina: Eigenvalues for double phase variational integrals, Ann. Mat. Pura Appl.
(4) 195 (2016), 1917–1959.

[5] M. Colombo and G. Mingione: Regularity for double phase variational problems, Arch. Ration. Mech.
Anal. 215 (2015), 443–496.

[6] M. Colombo and G. Mingione: Bounded minimisers of double phase variational integrals, Arch. Ration.
Mech. Anal. 218 (2015), 219–273.

[7] T. Futamura and Y. Mizuta: Boundary behavior of monotone Sobolev functions on John domains in a metric
space, Complex Var. 50 (2005), 441–451.

[8] T. Futamura and T. Shimomura: Boundary behavior of monotone Sobolev functions in Orlicz spaces on
John domains in a metric space, J. Geom. Anal. 28 (2018), 1233–1244.

[9] D. Gilbarg and N.S. Trudinger: Elliptic partial differential equations of second order, Second Edition,
Springer-Verlag, Berlin, 1983.
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