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Abstract

Numerical methods for solving the flow around a moving or deforming membrane are developed by em-

ploying the ideas of the direct-discretisation of the Navier-Stokes equation even in the immediate vicinity

of the object surface and consistent-discretisation of the pressure Poisson equation with the incompress-

ible velocity field (i.e., consistent-coupling) that incorporates the boundary conditions on the surface to the

pressure equation. Comparative study of three different discretisation strategies is carried out to highlight

the effect of the consistent and direct discretisations. The validity of the present “consistent direct discreti-

sation” is established through comparisons with the analytical solutions for some fundamental shear-driven

2-D flow fields with a moving membrane of a flat and corrugated geometries. Also, the flows induced by

a membrane of circular geometry (i.e., particle) are compared with the reference numerical results under

prescribed motion in a stationary fluid as well as lateral migration in a shear flow. A three dimensional

problem is presented for an interaction problem between a spherical particle and Taylor-Green vortices, and

the result is verified by comparing with the independently-conducted numerical results. Finally, the method

is applied to an interaction problem between the fluid and flexible filament showing strong flapping and

snapping motions.
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1 Introduction

The interaction between a fluid and solid object is observed in a variety of problems in industrial appli-

cations and biological flows, such as the flows including fibres, solid particles, capsules and biological

cells. The modelling of the fluid-object interaction, particularly fluid-mediated multiple-body interaction,

is understood as one of the challenging subjects for computational fluid mechanics. For those problems,

a fixed-mesh approach is often employed regardless of the object geometry, and the fluid motion is solved

based on an Eulerian frame. The fluid-object interface is segmented by the fluid mesh, and each segment

immersed in the fluid experiences the fluid force. On the other hand, the effect of the object is incorporated

into the fluid governing equation or discretised equation as an external force.

In the immersed boundary methods of continuous forcing type, pioneered by Peskin [1] and further

developed by Goldstein et al. [2] and other researchers, the object geometry is represented by connected

Lagrangian markers, and the fluid force is projected onto the marker position by a continuous function

model of the delta function, and the same function is used to distribute the nodal force onto the Eulerian

field. Another popular method of fixed-mesh approach is discrete-forcing method (also known as direct-

forcing method), originally developed by Mohd-Yusof [3] for three-dimensional immersed object in a fluid.

In this method, the interaction force for imposing the no-slip condition is directly incorporated into the

discretised equation. Later, Fadlun et al. [4] applied the discrete-forcing idea for a moving object. Kim et

al. [5] proposed an improved idea of the discrete-forcing method by adjusting the mass conservation at the

interface. However, because the object surface generally does not align with the face of the computational

cell, it is hard to correctly calculate the hydrodynamic force associated with the no-slip and pressure bound-

ary conditions at the object surface. The existing methods experience the above problem for imposing the

boundary conditions at the interface, particularly for moving boundary problems, causing deterioration in

numerical accuracy due to the treatment of the flow field near the object surface.

For example, in the methods employing a regularised-delta function, because the nodal information (ve-

locity and force on the interface) is distributed over the fluid cells in the vicinity of the interface, the interface

has a substantial thickness, which decreases the accuracy of the fluid motion near the interface. Meanwhile,

for the discrete-forcing approaches that commonly resolve the interface as a sharp edge, Ikeno and Ka-

jishima [6; 7] pointed out an inconsistency between the incompressible velocity and pressure fields. They

proposed a proper discretisation procedure for the pressure Poisson equation that guarantees the velocity-

pressure consistency near the object surface. Dependence of the numerical result on the time increment is

also often pointed out to be a critical reason for the reduction in accuracy. Sato et al. [8] proposed a method

that addresses those problems by directly discretising the governing equations even in the immediate vicin-

ity of the interface. By employing a collocated Cartesian grid system, they treat the primary variables

(such as velocity, pressure and temperature) at the cell centres by directly solving the governing equations

with the consistent discretisation for the pressure Poisson equation, while the secondary properties (such

as derivatives and cell-face velocities) are obtained by interpolation and extrapolation [8]. The consistency
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is guaranteed by considering the distance from the cell centre to the interface and by carefully designing

the discretisation stencils with the primary and secondary variables. They mentioned that, in the vicinity

of the immersed boundary, both solving the governing equations for the primary variables and undertaking

the velocity-pressure consistency are equally essential for accurately satisfying the mass and momentum

conservations under given boundary conditions associated with the interface. Their “consistent direct dis-

cretisation” approach was found to substantially improve the numerical accuracy for the flow field around a

stationary solid object of a finite-volume, and the method showed that the numerical accuracy is insensitive

to the Courant numbers (under a fixed spatial resolution) [8].

Another problem involving an immersed boundary is spurious pressure oscillation due to moving bound-

ary. Breugem [9] mentioned that, for fixed-mesh approaches, the high-frequency oscillations in the force

and torque are caused by the violation of the translational invariance in the interpolation operation. Seo

and Mittal [10] demonstrated the pressure oscillations associated with the appearance of the fresh and dead

cells (as the spurious mass source and sink, respectively) and mentioned the significance of the geometric

conservation law for reducing the pressure oscillations. They employed a cut-cell method to mass conser-

vation in a problem of an oscillating cylinder, and successfully reduced the pressure spikes. The above two

studies suggest that the treatment of the discontinuous change of the stencils due to the passing interface is

of importance for fixed-mesh approaches in general, and therefore, the methods with sharp edge treatment

like the discrete-forcing approach particularly needs more attention to the consistency in velocity-pressure

coupling for ensuring the mass and momentum conservations in a moving boundary problem.

In the present work, moving boundary treatment in the fixed-mesh approach is further explored by un-

dertaking the consistency in the velocity-pressure coupling and the direct discretisation of the momentum

equation even in the immediate vicinity of the moving interface. Although the consistent direct discreti-

sation approach [8] has been constructed to cover a case with a moving boundary, the method does not

account for the discrete change of the discretisation stencils due to the passing interface. This problem par-

ticularly exacerbates in the case with a thin object of virtually zero-thickness. In the present study, a solution

approach for moving/deforming boundary treatment of the consistent direct discretisation is presented for

thin object by taking account of the front and rear sides of the moving membrane for determining the dis-

cretisation stencils in the vicinity of the interface. Through comparisons with analytical solutions for some

fundamental flow fields with a moving membrane, the validity of the present moving boundary treatment

for the consistent direct discretisation is established. Time histories of the hydrodynamic force on an object

and trajectories are investigated for externally-oscillated circular membrane and migrating (rigid/capsule)

particle in a wall-bounded shear flow. For a 3-D problem, an interaction between a spherical particle and

a vortical flow is conducted. The results are compared with the reference numerical data in the literature

to show that the proposed consistent direct discretisation is a fundamental tool to fluid-particle interaction

problem on a Cartesian system. The applicability to an interaction problem between a flexible membrane

and a uniform flow is also demonstrated.

3



Postprint Journal of Computational Physics, Vol. 371, pp.1018-1042 (2018)
http://doi.org/10.1016/j.jcp.2018.05.033

2 Governing equations for fluid and membrane

Throughout the present paper, the material properties, such as density, viscosity and bending stiffness, are

assumed to be constant. The governing equations are non-dimensionalised based on the reference length

L, reference velocity U and the reference pressure ρfU
2, where ρf is the fluid density. The following three

characteristic non-dimensional numbers exist: the Reynolds number Re = UL/ν, the density ratio of the

membrane to the fluid r = ρsb/ρfL [11] and the non-dimensional bending stiffness γ = EI/ρfU
2L3,

where ν is the kinetic viscosity, ρsb the mass per unit length of the membrane with a characteristic scale of

the membrane b and EI is the bending rigidity.

The governing equations for incompressible flow are the continuity equation and Navier-Stokes (N-S)

equation:

∇ · u = 0 (1)
∂u

∂t
+ u · ∇u = ∇ · σ + f ext , (2)

where u (= (u, v) or (u1, u2) in the Cartesian coordinate system) is the velocity, t the time and f ext the

external force. The stress tensor σ for a Newtonian fluid is given by the following form:

σ = −pI +
1

Re

(
∇u+ (∇u)T

)
, (3)

where p is the pressure and I is the identity tensor.

For solid object, a membrane of open/closed geometry under prescribed/free motion in a fluid is em-

ployed in two dimensions, unless specified otherwise. For non-deformable object, Newton’s equation of

motion is solved for translating and angular velocities. For flexible membrane, the governing equation is as

follows:

r
∂2X

∂t2
=

∂

∂s

(
T
∂X

∂s

)
+ F +B (4)

where X is the location of material point on the membrane, s the arc length along the surface, T the tension,

F the force exerted by the fluid and B the bending force determined by:

B = − ∂2

∂s2

(
γ
∂2X

∂s2

)
. (5)

In the present study, the membrane is assumed to be infinitely thin and inextensible. The inextensible

condition is represented as follows:

∂X

∂s
· ∂X
∂s

= 1 . (6)

Deformation of membrane is only relevant to Section 5, and, in the other sections, the membrane geom-

etry is fixed and/or the motion is prescribed in a flow.
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3 Numerical method

The fluid and object are alternatively time-updated. For each time step, the membrane velocity and position

are updated, followed by the time-marching procedure of the fluid phase.

In the following numerical procedure, the fluid force on the Eulerian frame is projected onto the mem-

brane, and the effect of the presence of the membrane on the fluid is incorporated as the boundary condition.

3.1 Time update of the fluid

The fluid equations are spatially discretised by a second-order central finite difference on a collocated grid,

and a fractional step method is employed for the velocity-pressure coupling. For the time-marching of

the N-S equation, unless specified otherwise, the second-order Adams-Bashforth and the Crank-Nicolson

methods are employed for the convective and viscous terms, respectively.

The procedure for updating the fluid phase is explained in the following. Hereafter, δ/δxk stands for

a second-order central finite difference operator for the first-order derivative in the xk direction and the

superscript n represents the discrete time level.

1. The N-S equation is time advanced with the pressure gradient term and implicit treatment of the

viscous term [12] to obtain the predicted velocity up
k (k = 1, 2):

up
k − un

k

Δt
= −δpn

δxk

+
3Cn

k − Cn−1
k

2
+

1

Re

δ

δxl

δ

δxl

(
up
k + un

k

2

)
, (7)

where Cn
k represents the convective term of the conservative form, (∇ · (u⊗ u) · ek)

n.

2. The velocity u∗∗
k is calculated by removing the effect of the pressure gradient from up

k.

u∗∗
k = up

k +Δt
δpn

δxk

. (8)

3. The cell-face (i.e., the surface of the control volume) velocity U∗∗
k (k=1, 2) is constructed from the

cell-centred velocity u∗∗
k by interpolation:

U∗∗
k = u∗∗

k

xk , (9)

where ( · )xk stands for a second-order interpolation with respect to xk. No summation convention

applies for the repeating indices in the right-hand side of the above equation.

4. The pressure Poisson equation is solved to obtain the pressure p at the next time level:

δ

δxl

(
δpn+1

δxl

)
=

1

Δt

δU∗∗
k

δxk

. (10)
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5. The cell-face and cell-centred velocities are corrected by the pressure field:

Un+1
k = U∗∗

k −Δt
δpn+1

δxk

, (11)

un+1
k = u∗∗

k −Δt
δpn+1

δxk

. (12)

Hereafter, the Cartesian components (U1, U2), (u
p
1 , u

p
2) are also denoted as (U, V ), (up, vp), respectively,

to specify the cell indices.

3.2 Forcing methods for the fluid phase

A membrane immersed in a fluid is set up in two dimensions, as shown in Fig. 1. The effect of the fluid-

membrane interface is incorporated into the Eulerian equation of the fluid with a set of boundary conditions

specified on the membrane surface.

In the following, three different discretisation strategies are introduced. Fundamental idea of the dis-

cretisation procedure is briefly reviewed as Case 1, followed by the consistent direct discretisation procedure

based on the method by Sato et al. [8] and its improved idea, as Cases 2 and 3.

Hereafter, the computational cells partitioned by the object boundary are referred to as “boundary cells”,

as represented by triangles in Fig. 1, which are typically characterised by the segmented centre-to-centre

lines (connecting the adjacent cell centres shown by the broken lines) by the membrane.

3.2.1 Case 1: Discrete forcing approach based on Ref. [4]

By following the standard treatment of the discrete-forcing method [4], the boundary condition is enforced

by specifying the fluid velocity in the boundary cells through interpolations from the velocities on the solid

surface and the predicted fluid velocity in the neighbouring cell. In Fig. 1, the x component of the velocity

(up) on the boundary cell (i, j) is predicted by the linear interpolation function φ1:

up
i,j = [φ1 (u

p)]i,j

=
1

εx + 1

(
εxu

p
i+1,j + un+1

b

)
(0 < εx < 1) . (13)

Here, εx is the non-dimensional distance in the x direction from the cell centre (i, j) to the object surface

normalised by the grid spacing Δx, and ub is the x component of the fluid velocity defined on the object

boundary at the point represented by the cross symbol (×) in Fig. 1. Due to the no-slip condition, ub is the

same as the membrane velocity. On the same boundary cell, the interpolation of the y component of the

velocity (vpi,j) is given as follows:

vpi,j =
1

εx + 1
(εxv

p
i+1,j + vn+1

b ) ,

where vb is the y component of the fluid velocity on the boundary defined at the same point as ub.
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Note that the cells of indices (i− 1, j + 1) and (i− 1, j) in Fig. 1 are partitioned by the interface in

the two directions: for (i− 1, j) cell, the interface cuts through the two centre-to-centre lines of (i− 1, j)-

(i − 1, j + 1) and (i − 1, j)-(i, j). Also, for the configuration in Fig. 2, the cell (i, j) is partitioned by the

interface in the two directions. For those cells, the velocity interpolation formula, Eq. (13), is applied in

both directions, and the average of those is assigned as the value at the bidirectionally-opened boundary

cell; for example, for the configuration in Fig. 2,

up
i,j =

1

2

[
1

εx + 1

(
εxu

p
i+1,j +

[
ub

]
(i−1,j)
(i,j)

)
+

1

εy + 1

(
εyu

p
i,j+1 +

[
ub

]
(i,j)
(i,j−1)

)]
,

where the time level for ub is omitted for simplicity. Instead, the two cell indices attached to ub indicate the

centre-to-centre line which defines the boundary velocity ub at the intersection with the interface. At every

iteration in the Crank-Nicolson method, the predicted velocity at the boundary cell is given by the above

interpolations.

For the configuration of Fig. 1, the velocity U∗∗ on the cell face, (i−1/2, j), is given by the interpolation

function φ2 from the velocities of the object surface and the fluid on the cell faces:

U∗∗
i− 1

2
,j

= [φ2 (U
∗∗)]i− 1

2
,j

=
1

εx + 0.5

(
(εx − 0.5)U∗∗

i+ 1
2
,j
+ un+1

b

)
. (14)

In this strategy of Case 1, by following the discrete-forcing idea of Fadlun et al. [4], the above discreti-

sation schemes, Eqs. (13) and (14), are applied to those terms in the N-S equation (Eq. (7)), the right-hand

side of the pressure Poisson equation (Eq. (10)) and the velocity corrections (Eqs. (11) and (12)). The pres-

sure Poisson equation is discretised by a central finite difference scheme, regardless of the presence of the

object. Therefore, the coefficient matrix for the Poisson equation is symmetric. The boundary treatment

results in the violation of the no-slip boundary condition on the membrane surface, as the pressure boundary

treatment is not consistent with that for the velocity field [8].

A special treatment for the discrete change of the stencil is necessary when the membrane jumps over a

cell centre. This is a common issue for the discrete-forcing methods, including the following Cases 2 and

3, and the detail will be explained later.
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3.2.2 Case 2: Consistent direct discretisation based on Ref. [8]

In this case, the N-S equation is discretised by taking account of the distances to the interface from the

centre of the boundary cell, so that the mass and momentum in the boundary cell are accurately conserved.

Based on the configuration in Fig. 1, the discretisations of the x component of the N-S equation at the

boundary cell (i, j) is explained in the following.

• Convective term:[
∂(Uu)

∂x
+

∂(V u)

∂y

]
i,j

=
1

Δx

(
Ui+ 1

2
,j

ui,j + ui+1,j

2
− Ui− 1

2
,j [φ3 (u)]i− 1

2
,j

)

+
1

Δy

(
Vi,j+ 1

2

ui,j + ui,j+1

2
− Vi,j− 1

2

ui,j + ui,j−1

2

)
, (15)

where

[φ3 (u)]i− 1
2
,j =

(εx − 0.5) ui,j + 0.5un+1
b

εx
. (16)

• Viscous term: [
∂2u

∂x2
+

∂2u

∂y2

]
i,j

=
1

0.5 (εx + 1)Δx

((
δu

δx

)
i+ 1

2
,j

−
(
ui,j − ub

εxΔx

))

+
1

Δy

((
δu

δy

)
i,j+ 1

2

−
(
δu

δy

)
i,j− 1

2

)
. (17)

• Pressure gradient term: [
∂p

∂x

]
i,j

=

[
φ4

(
δp

δx

)]
i,j

, (18)

where [
φ4

(
δp

δx

)]
i,j

=
1

εx + 0.5

(
εx

(
δp

δx

)
i+ 1

2
,j

+ 0.5

(
∂p

∂x

)
b

)
. (19)

• Pressure Poisson equation:

Δt

Δx

((
δpn+1

δx

)
i+ 1

2
,j

−
[
φ5

(
δpn+1

δx

)]
i− 1

2
,j

)
+

Δt

Δy

((
δpn+1

δy

)
i,j+ 1

2

−
(
δpn+1

δy

)
i,j− 1

2

)

=
1

Δx

(
U∗∗
i+ 1

2
,j
−
[
φ2 (U

∗∗)
]
i− 1

2
,j

)
+

1

Δy

(
V ∗∗
i,j+ 1

2
− V ∗∗

i,j− 1
2

)
, (20)

where [
φ5

(
δp

δx

)]
i− 1

2
,j

=
εx − 0.5

εx + 0.5

(
δp

δx

)
i+ 1

2
,j

. (21)
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• Velocity correction:

un+1
i,j = u∗∗

i,j −Δt

[
φ4

(
δpn+1

δx

)]
i,j

, (22)

Un+1
i− 1

2
,j
= U∗∗

i− 1
2
,j
−Δt

[
φ5

(
δpn+1

δx

)]
i− 1

2
,j

. (23)

Eqs. (15) ∼ (18) are substituted into Eq. (7), and the velocities in the boundary cell (i.e., the (i, j) cell

in Fig. 1) are obtained directly, rather than by the interpolation of Eq. (13). In this sense, the momentum

equation is solved in the immediate vicinity of the fluid-solid interface, while the cell-face variables are

obtained by interpolation/extrapolation. The discretisations of the pressure equation (Eq. (20)) and velocity

correction (Eqs. (22) and (23)) are the same as Ikeno and Kajishima [7], which guarantees that the velocity

and pressure fields are consistent for this Case 2 by considering the distance to the interface from the

cell centre. For this reason, the coefficient matrix for the pressure Poisson equation (see left-hand side of

Eq. (20)) is no longer symmetric.

When a boundary cell of nearly-zero distance to the interface (εx � 0) exists, εx in the denominators

in Eqs. (15) and (17) yields large values for the convective and viscous terms. To avoid the singularity in

this situation, Case 2 sets up a criterion [8]: given a threshold of εlim as a nearly-touching interface (or,

sometimes “centre-skimming” interface when it moves) in the boundary cell where εx ≤ εlim is satisfied,

the N-S discretisation is switched to the linear interpolation, Eqs. (13) and (14), to stably obtain a predicted

velocity field. For the treatments of the pressure equation and the velocity correction in the boundary cells

of εx ≤ εlim, the discretisation schemes at the boundary cells, Eqs. (20) and (22), remain the same, since

those schemes are not singular with respect to εx. The value of εlim is given in the following section.

3.2.3 Case 3: Case 2 with extended stencils for moving boundary problem

In a boundary cell of εx ≤ εlim, the above Case 2 adopts the linear interpolation schemes (Eqs. (13) and

(14) for determining the velocities in the (i, j) cell), rather than solving the N-S equation in the centre-

skimming boundary cell. In this Case 3, a different strategy with extended stencil is employed for avoiding

the singularity as well as for maintaining the consistency. The discretisations for the convective and viscous

terms are modified as follows in the cells under the above distance criterion:

• Convective term[
∂(Uu)

∂x
+

∂(V u)

∂y

]
i,j

=
1

Δx

(
Ui+ 1

2
,j

ui,j + ui+1,j

2
− Ui− 1

2
,j [φ6 (u)]i− 1

2
,j

)

+
1

Δy

(
Vi,j+ 1

2

ui,j + ui,j+1

2
− Vi,j− 1

2

ui,j + ui,j−1

2

)
(24)

where

[φ6 (u)]i− 1
2
,j =

(εx − 0.5) ui+1,j + 1.5ub

εx + 1
(25)
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• Viscous term [
∂2u

∂x2
+

∂2u

∂y2

]
i,j

=
1

(εx + 0.5)Δx

((
δu

δx

)
i+ 1

2
,j

−
(
∂u

∂x

)
b

)

+
1

Δy

((
δu

δy

)
i,j+ 1

2

−
(
δu

δy

)
i,j− 1

2

)
(26)

where (
∂u

∂x

)
b

=
(εx + 2)2 ui+1,j − (εx + 1)2 ui+2,j − (2εx + 3) ub

(εx + 1) (εx + 2)Δx
. (27)

The other discretisation schemes are the same as Case 2. Note that the treatment of Eq.(27) do not destroy

the diagonally-dominant condition for discretising Eq.(26) for the Crank-Nicolson method.

This Case 3 is a thorough implementation of the direct discretisation even under a centre-skimming

situation in the vicinity of the object surface by employing a wider stencil. In case of a boundary segment

intersecting with both the x- and y-grid lines and either (or both) of (εx, εy) is smaller than εlim, the stencil is

extended in the directions away from the centre and the intersecting points (e.g., the +x and +y directions

for Fig. 2).

3.2.4 Pressure boundary condition

Here, let us discuss the pressure boundary condition in the consistent direct discretisation. The following

note on the independence of the pressure boundary condition in the velocity-pressure consistency applies

to both Cases 2 and 3.

Because a collocated grid is employed in the present study, an interpolation is necessary to specify

the pressure gradient on the cell centre. Eq.(19) includes the pressure gradient on the object boundary,

while Eq.(21) does not specify (∂p/∂x)b. In the practical implementation, the boundary pressure gradient

(∂p/∂x)b in Eq.(19) is set to be 0. This is a simplified treatment and there may be more accurate boundary

conditions (e.g., [13]). However, this difference in the treatment of the boundary pressure gradient does

not violate the consistency between the velocity and pressure fields as explained in the following.

Here let us consider a situation where the cell-face velocities and the pressure gradient at the cell face

of the boundary cell (i− 1/2, j) in Fig 1 are given as follows (instead of Eqs.(14) and (21)):

U∗∗
i− 1

2
,j
= [φ′

2 (U
∗∗)]i− 1

2
,j =

1

εx + 0.5

(
(εx − 0.5)U∗∗

i+ 1
2
,j
+ u∗∗

b

)
. (14′)

[
φ′
5

(
δp

δx

)]
i− 1

2
,j

=
1

εx + 0.5

(
(εx − 0.5)

(
δp

δx

)
i+ 1

2
,j

+

(
∂p

∂x

)
b

)
. (21′)
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where u∗∗
b is the intermediate fluid velocity on the object surface. By substituting the above equations into

the pressure Poisson equation (20), replacing φ2 and φ5 with φ′
2 and φ′

5, respectively, the following pressure

equation is obtained:

Δt

Δx

((
δp

δx

)
i+ 1

2
,j

− εx − 0.5

εx + 0.5

(
δp

δx

)
i+ 1

2
,j

)
+

Δt

Δy

((
δp

δy

)
i,j+ 1

2

−
(
δp

δy

)
i,j− 1

2

)

=
1

Δx

(
U∗∗
i+ 1

2
,j
− 1

εx + 0.5

(
(εx − 0.5)U∗∗

i+ 1
2
,j
+ u∗∗

b −Δt

(
∂p

∂x

)
b

))
+

1

Δy

(
V ∗∗
i,j+ 1

2
− V ∗∗

i,j− 1
2

)
.

We can reasonably assume the boundary velocity of the fluid un+1
b to be time-updated from its intermediate

boundary velocity u∗∗
b as

un+1
b = u∗∗

b −Δt

(
∂p

∂x

)
b

.

Then, the above pressure equation coincides with Eq.(20). This result suggests that, in the situation of

Eq.(21′), the mass conservation should be coupled with Eq.(14′) in terms of the consistency between the

incompressible velocity and pressure fields.

In the present methods (Eqs.(15) ∼ (27)), however, ub is already time-updated as the membrane velocity

to the (n+ 1)-level. Therefore, the above discussion means that, with the updated boundary velocity un+1
b ,

the associated interpolated cell-face velocity by φ2 (i.e., Eq.(14) for Eq.(20)) and the interpolated boundary

pressure gradient by φ5 (i.e., Eq.(21)) constitute a consistent system. In the above discussion, the pressure

boundary condition at the membrane surface in Eq.(19) is formally independent of the consistency between

the velocity and pressure fields.

3.2.5 Treatment of jump cell (common to Cases 1 to 3)

Another issue related to a moving boundary is the forcing treatment when the interface travels jumping

over the centre of the boundary cell within one time step. As schematically shown in Fig. 3, the centre of

the (i, j) cell initially belonging to the stencil of the front side (i.e., the right-hand side) of the interface

immediately changes to that in the rear side (i.e., the left-hand side). Hereafter, the cell that switches the

stencils as the interface travels is referred to as “jump cell”.

In the beginning of (n + 1)-st time step of the fluid phase, the velocity and pressure at the jump cell

(i, j) do not reflect the already-updated position of the interface, Xn+1, but still assigned with the values

of the fluid in the front side of the membrane (see Fig. 3). With no consideration of the stencil switch (i.e.,

keeping the values in the right-hand side of the cell (i, j)), the values at the jump cell will be inconsistent

with the values in the left-hand side, causing non-physical flow field. This problem will appear in all the

cases of 1 to 3.

In the present study, upon appearance of the jump cell (i, j), the values of the velocity components and

pressure of the jump cell are discarded before proceeding into the fluid routine at the (n+ 1)-st step. Then,

11
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those values in the rear side of the membrane are substituted with the interpolated values from the adjacent

cell (i − 1, j) with a switched stencil: the interpolation of the velocity components at (i, j) is given by the

linear scheme (Eq. (13)) with the updated velocity un+1
b :

up
i,j =

[
φj
1 (u

p)
]
i,j

=
1

εLx + 1

(
εLxu

p
i−1,j + un+1

b

)
, (13′)

where εLx Δx is the x-distance from the cell centre (i, j) to the membrane (see Fig. 3). The value of the

pressure in the rear side of the membrane is extrapolated by a second-order biased difference method:

pi,j = [φ7 (p)]i,j

= 2pi−1,j − pi−2,j . (28)

For time-updating the convective term by the Adams-Bashforth method,
[
Cn−1

k

]
i,j

(see Eq. (7)) also needs

to be evaluated based on the switched stencil. There may be several methods, and in the present study,[
φ7(C

n−1
k )

]
i,j

is used for re-evaluating the convective flux at the previous time level.

Note that the substitution function φ7 is used only for referring to the values at the jump cell (i, j)

in the convective and pressure terms for predicting up
i−1,j from the N-S equation. Meanwhile, as already

explained, the predicted velocity up at the jump cell (i, j) is updated/finalised by the interpolation (Eq. (13′))

between the object velocity ub and the velocity at the neighbouring cell of the same side, (i − 1, j), and

pn+1
i,j is given by solving the pressure Poisson equation. Those procedures are performed at every iteration

of Crank-Nicolson method or at the end of the prediction step by the Adams-Bashforth method.

When the membrane partitions the boundary cell in more than two directions (i.e., the centre-to-centre

lines in both the x and y directions are segmented by the membrane), the interpolated values in the respective

directions are summed with the weight factor of 1/2, by following Fadlun et al. [4] and Sato et al. [8].

The fluid-solid interface is represented by a set of Lagrangian markers, and, as is usual in moving

boundary problems, the Lagrangian markers do not exist on the surface point indicated by the symbol of

× in Figs. 1 ∼ 3. Therefore, ub is linearly interpolated from the nearest two Lagrangian markers onto the

intersecting points of the interface and the centre-to-centre line of the adjacent cells.

12
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3.3 Spatial discretisation and time update of the membrane motion

The variables on the membrane are defined on the Lagrangian markers, except for the tension that is defined

in the middle of the markers.

The fluid-to-membrane force per unit length F is obtained from the difference between the fluid stresses

σ (Eq. (3)) on both sides of the membrane:

F = σ+ · n+ + σ− · n− , (29)

where n is the unit normal vector, and the suffixes “±” distinguish the sides of the membrane, as illustrated

in Fig. 4. The fluid stress defined on the Eulerian frame is projected onto the Lagrangian markers: suppose

Xm is the closest Lagrangian marker from the cell centre of the working cell (i, j), and the components of

Eq. (3) on Xm is evaluated by the Taylor expansion:

g(Xm) = gi,j +ΔX

(
∂g

∂x

)
i,j

+ΔY

(
∂g

∂y

)
i,j

+O
(
ΔX2,ΔXΔY,ΔY 2

)
, (30)

where g is either the pressure or velocity gradient, and ΔX and ΔY are, respectively, the distances from

Xm to (i, j) in the x and y directions. These processes are applied for both sides of the membrane and

repeated for every Lagrangian marker, and finally, the force acting on a Lagrangian marker is given by

Eq. (29). For the evaluation of the derivatives in Eq.(30), the discretisation of (∂g/∂y)i,J (J = j − 1, j for

both sides of the membrane) is explained under the configuration of Fig. 4 where the membrane partitions

the (i, j)-(i, j − 1) segment. In the following, w is eigher u or v.(
δ

δy

δw

δx

)
i,j

� 1

Δy

(
−−wi−1,j + wi+1,j

2Δx
+

−wi−1,j+1 + wi+1,j+1

2Δx

)
−1

2

(
∂3w

∂x∂y2

)
i,j

Δy (31)

(
δ

δy

δw

δy

)
i,j

� wi,j − 2wi,j+1 + wi,j+2

Δy2
−
(
∂3w

∂y3

)
i,j

Δy (32)

(
δp

δy

)
i,j

� −pi,j + pi,j+1

Δx
− 1

2

(
∂2p

∂y2

)
i,j

Δy

(
δ

δy

δw

δx

)
i,j−1

� 1

Δy

(
−−wi−1,j−2 + wi+1,j−2

2Δx
+

−wi−1,j−1 + wi+1,j−1

2Δx

)
+
1

2

(
∂3w

∂x∂y2

)
i,j−1

Δy

(
δ

δy

δw

δy

)
i,j−1

� wi,j−1 − 2wi,j−2 + wi,j−3

Δy2
+

(
∂3w

∂y3

)
i,j−1

Δy

(
δp

δy

)
i,j−1

� −pi,j−2 + pi,j−1

Δx
+

1

2

(
∂2p

∂y2

)
i,j−1

Δy .
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The numerical accuracies could be improved by employing higher-order schemes. Examples of second-

order finite-difference schemes for Eqs.(31) and (32) are constructed as follows:(
δ

δy

δw

δx

)
i,j

� 1

2Δy

(
−3

−wi−1,j + wi+1,j

2Δx
+ 4

−wi−1,j+1 + wi+1,j+1

2Δx
− −wi−1,j+2 + wi+1,j+2

2Δx

)

−1

6

(
∂4w

∂x3∂y

)
i,j

Δx2 +
1

3

(
∂4w

∂x∂y3

)
i,j

Δy2 ,(
δ

δy

δw

δy

)
i,j

� 1

Δy2

(
12wb

(1 + εy)(2 + εy)(3 + εy)
+

−5 + εy
1 + εy

wj+1 +
8− 2εy
2 + εy

wj+2 +
−3 + εy
3 + εy

wj+3

)

+
11− 6εy

12

(
∂4w

∂y4

)
i,j

Δy2 .

There may be different ways of discretisation for specifying the fluid forces on the object surface. LeVeque

and Li [14] and Li [15] developed their immersed interface method by incorporating the jump values of

the pressure and velocity gradient into the finite-difference formulation. Miyauchi et al. [16] proposed a

different method that explicitly incorporates a jump value at the interface into the finite-element formulation

on a fixed mesh. In their approach, the jump value is treated as an independent variable and solved in an

implicit manner. Those ideas are even applicable to the entire discretisation procedure of the N-S terms.

Incorporation of the jump values of the pressure and velocity gradients into the present finite-difference

formulation in a consistent manner is the subject of ongoing study by the present authors.

For non-deformable membrane, unless the motion of the object is prescribed, the fluid force F is

surface-integrated and the Newton’s equation of motion for the gravity centre is solved: for the trans-

lating and angular velocities the 2nd-order Adams-Bashforth method is employed, and the position and

orientation are time-updated by the Crank-Nicolson method.

For flexible membrane, on the other hand, a second-order central finite difference scheme is employed

for the spatial discretisation of Eq.(4). The tension T is obtained by solving the following elliptic equa-

tion [17]:

∂X

∂s
· ∂2

∂s2

(
T
∂X

∂s

)
=r

{
1

2

∂2

∂t2

(
∂X

∂s
· ∂X
∂s

)
− ∂2X

∂t∂s
· ∂

2X

∂t∂s

}
− ∂X

∂s
· ∂

∂s
(B + F ) , (33)

together with the inextensible condition, Eq. (6). The time-advancement of the positions and velocities of

the Lagrangian markers on the membrane are briefly summarised by following Huang et al. [17].

1. Eq.(33) is discretised with respect to the arc length s around the Lagrange marker m, and the tension

at the (n+ 1)-st step, T n+1, is obtained by solving the following equation:(
δXn

m

δs

)
· δ
δs

δ

δs

(
T n+1
m+ 1

2

δXn

δs

∣∣∣∣
m+ 1

2

)

= r

{
1

2

1

Δt2

[
1− 2

δXn
m

δs
· δX

n
m

δs
+

δXn−1
m

δs
· δX

n−1
m

δs

]
− δW n

m

δs
· δW

n
m

δs

}

−δXn
m

δs
· δ

δs
(Bn

m + F n
m) , (34)
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where δ/δs is an operator of a second-order finite difference along the arc length, and W n
m is the

velocity of the Lagrangian marker m at the time level n, given as follows:

W n
m =

Xn
m −Xn−1

m

Δt
.

The term (δX/δs · δX/δs)n+1 appears as one of the discretised terms of ∂2/∂t2 (∂X/∂s · ∂X/∂s),

and it is replaced with the inextensible condition, Eq. (6), following Huang et al. [17].

2. The locations of the Lagrangian markers are updated to Xn+1
m by solving Eq. (4) discretised as:

r
Xn+1

m − 2Xn
m +Xn−1

m

Δt2
=

δ

δs

(
Tm+ 1

2

δX

δs

∣∣∣∣
m+ 1

2

)n+1

+Bn
m + F n

m . (35)

In the present study with a flexible membrane, one end of the membrane is free and the other end is

fixed in space with the simply-supported (pinned) condition. The boundary conditions are given as

follows:

Free end :
∂2X

∂s2
=

∂3X

∂s3
= 0 ,

Fixed end (pinned) : X = X0,
∂2X

∂s2
= 0 ,

where X0 is the position vector of the fixed end.

The solution procedures are summarised as follows. The fluid force (based on the flow field at the

n-th step) F n
m projected onto the Lagrangian marker m by Eq. (29) is substituted into Eq. (34) to solve

the tension T , and the positions of the Lagrangian markers are updated by Eq. (35). Then, based on the

updated marker positions, the velocity and pressure fields of the fluid are solved by either of the three cases

in Section 3.2.

4 Validation

The methods are tested by comparing with analytical and reference numerical solutions of the following

four different two-dimensional flows: (1) a flat plate oscillating within its plane, (2) a corrugated plate

in a channel moving at a constant speed and (3) a cylinder oscillating in a stationary fluid and (4) parti-

cle migration suspended in a shear flow. These problems commonly involve a flow induced by a moving

boundary, which are selected for validating the treatments of the consistent direct discretisation near the

moving boundary. The third and fourth problems do not always take exact membrane structure, but by

applying the present discretisation strategies to one side of the ringed surface (except for a capsule structure

enclosing a fluid), the hydrodynamic force on the object surface is evaluated and compared with the refer-

ence numerical data. For those problems, the comparisons are carried out for the above three strategies of

the discretisations.
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In the following sections, the grid spacing is uniform in both the x and y directions, and represented by

Δ. Sato et al. [8] mentioned that an appropriate value for εlim should be given depending on the problems,

and in the present study, the limiting value of εx and εy in Cases 2 and 3 are determined to be εlim = 0.1 from

a preliminary study by changing εlim in the range between 0.01 and 0.2. Hereafter, as there is no possibility

of misunderstandings, εx and εy are represented simply by ε.

4.1 Flow induced by an oscillating flat plate

A flat plate is placed in a stationary fluid and externally oscillated at a constant frequency in the direction

parallel to the plate. The flow field of developing boundary layer above the moving wall is determined by the

balance between the external driving force and viscous diffusion (with no effect of the pressure term), and

the analytical solution exists for this problem. Although the numerical simulation considers the convective

term, no velocity component should emerge in the wall-normal direction, which eventually produces very

little numerical error in the velocity in that direction. In addition, no jump cell takes place in this problem.

Therefore, the problem is suited for validation of the jump-free treatments in the vicinity of the moving wall

that partitions the boundary cells to be ε ≤ εlim.

As shown in the schematic of the computational domain in Fig. 5, the x axis is taken along the flat plate.

The plate is approximately centred in the y direction of the computational domain, but slightly displaced by

ηΔ(< Δ/2) along the y-axis in the middle of the boundary cell, so that the plate surface does not align with

the fluid cell face and centre. Two patterns of the η-displacement are tested: Configuration 1 as η = 0.499

and Configuration 2 as η = 0.4, and the corresponding distances between the plate and the cell centre are

ε = 0.01 and 0.1, respectively. As both configurations satisfy ε ≤ εlim, Cases 2 and Case 3 adopt different

algorithms for the interpolation in the boundary cells. Note that, in Case 2, the one side of the plate employs

the direct discretisation, while the discretisation in the other side (i.e., the side including the centre of the

boundary cell) turns out to be the same as that of Ikeno and Kajishima [7].

The velocity of the plate is prescribed by the following equation:

u = U0 cosωt , (36)

where U0 is the velocity amplitude and ω is the angular velocity. Initially, the fluid is stationary, and the

motion of the plate is given impulsively. The periodic and traction-free boundary conditions are imposed

in the x and y directions, respectively. The Reynolds number, based on U0 as the reference velocity and

the reference length L to be the travel distance of the plate in one period (4U0/ω), is set to be 100, and ω

is determined accordingly. The time increment is Δt/(L/U0) = 1 × 10−3, and the spatial resolutions are

varied in the following range: Δ/L = 0.1, 0.05, 0.033, 0.025, 0.01 and 0.005.

Assuming that the flow is homogeneous in the x direction and u → 0 as |y| → ∞, the following

analytical solution of the velocity field is obtained [18]:

uth = U0e
−k|y−y0| cos (ωt− k|y − y0|) , (37)
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where k =
√

ω/2ν and y0 = L− ηΔ.

Figure 6 shows the grid convergence of the simulated velocity profile for Configuration 1 against the

theoretical profile. The numerical error is averaged in the time range of 5 ≤ t ≤ 10 after reaching quasi-

steady state and evaluated with the L2 and L∞-norms. From Fig. 6, Case 1 exhibits about first-order

convergences with respect to Δ for both L2 and L∞-norms. In Case 2, the L2 and L∞-norms of the errors

show about 1.4-th and 1.2-nd orders of convergence, respectively, whereas the method of Case 3 takes

about 1.7-th and 1.4-th orders for the L2 and L∞-norms, respectively. Note that the result of Case 3 shows

about the same error level as Case 1 in the lower resolution range, and gradually cuts the error to the

same level as Case 2 as the spatial resolution is increased. The reason for the relatively large errors for

Case 3 in the lower resolution range is that, due to the extended stencil for a cell of ε ≤ εlim, the sharp

change in the developing boundary layer was not captured. Eq. (37) suggests that the velocity component

attenuates exponentially in the ±y direction, and in the present problem set-up, the amplitude of the velocity

component 0.25L away from the oscillating plate in the normal direction decays to about 0.01U0. Under

a low spatial resolution, only a several grid points exist within the normal distance of 0.25L. Therefore,

the treatment of extending the stencil in the boundary cell (Case 3) is not suitable to resolve the boundary

layer under the low resolution cases. On the other hand, the error in Case 3 is expected to decrease with

the increase in the spatial resolution, and the higher convergence rate eventually shows even a smaller error

than Case 2 in L∞-norm for the spatial resolution smaller than Δ/L = 1× 10−2.

In Configuration 1, as the distance εΔ is sufficiently small, the emerging errors due to the interpolation

procedures of the velocities (for Cases 1 and 2) in the boundary cells of ε ≤ εlim are found to be relatively

small. Therefore, by taking the maximum possible gap distance η = 0.5− εlim in Configuration 2, the effect

of the interpolation strategy is examined in the following.

Figure 7 shows the convergence of the numerical errors for Configuration 2 with respect to the spatial

resolution in the L2 and L∞-norms. In comparison to Fig. 6, the decreasing trend of the errors in Case 3

is different from that in Configuration 1. In the lower resolution range (Δ/L ≥ 0.05), the result of Case 3

is about the same error level as Case 1, while in the higher resolution range (Δ/L < 0.05) the error level

is below Case 2. The larger error in the lower resolution range of Case 3 is caused by the same reason

as in Configuration 1 (i.e., the poor resolution for capturing the boundary layer). On the other hand, at

sufficiently fine spatial resolutions, Case 3 shows the sufficient accuracy for evaluating the viscous term in

a boundary cell of ε ≤ εlim, resulting in a better accuracy than the method employing the linear interpolation

(Case 2) in that cell.

The above results suggest that Cases 2 and 3 employing the direct discretisation of the viscous term

in the boundary cell can attain better accuracies than Case 1 where the viscous term is calculated with the

linearly-interpolated velocities. Therefore, aiming the validation of the discretisation of the viscous term in

this problem, the result indicates that the direct discretisation effectively improves the numerical accuracy.

Case 3 attains a better accuracy than Case 2 under a situation when the clipping distance ε is around

the limiting value and a sufficiently fine mesh is employed. Otherwise, the discretisation strategy of Case 2
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shows decrease in error at a constant rate and sufficient accuracy over the range of the grid spacings, sug-

gesting that the treatment for the ε−1 terms (i.e., the threshold for ε and the switch of the scheme to the linear

interpolation) works effectively. However, with a sufficiently fine grid spacing that captures the boundary

layer, the discretisation of Case 3 gives better accuracy.

4.2 Flow induced by a moving corrugated plate

The second problem is a flow around a curved object travelling in a fluid at a constant speed, as schemat-

ically shown in Fig. 8. The corrugated plate of sinusoidal geometry is placed at the centre of the domain

bounded by the stationary flat solid walls, and the object is towed at a constant speed U0 in the +x direction.

The geometry and motion are prescribed as follows:

h(x, t) = h0 + δh0 cos (k (x− U0t)) , (38)

where h0 is the half channel width, k the wavenumber and δ the non-dimensional parameter between 0 and

1, such that the amplitude of the sinusoidal geometry δh0 varies between 0 and h0 (= H/2).

The periodic boundary condition is imposed in the x direction, and no-slip condition is imposed on the

top and bottom flat walls. The wave number k is set to be 2π/5H such that one wave length is accom-

modated in the domain width W = 5H . In this study, the parameter δ is set to be 0.15, unless specified

otherwise, and the amplitude of the sinusoidal geometry δh0 = 0.075H is sufficiently small in comparison

to the wave length. The Reynolds number, based on the average friction velocity and the half channel width

is set to be 1.5. Initially, the fluid is stationary and the corrugated plate is impulsively driven at the constant

speed. At the external domain boundaries, the Neumann condition is imposed for the pressure.

This problem is characterised by the flow field along a weakly-undulating geometry in the x direction,

where the intersecting angle between the interface and the cell face varies (unlike the problem in § 4.1). Al-

though the local geometric change in the y direction is small in comparison to the change in the longitudinal

direction, the treatment of the jump cells accounts for the numerical result in this problem.

An approximate analytical solution is constructed under the assumptions that (a) the lubrication ap-

proximation for fluid is applicable under the condition of kh0 � 1 and (b) a rectangle approximation is

applicable for the respective regions below and above the plate (hereafter, the lower and upper regions,

respectively) under the condition of δ � 1.

In the lower region, the lubricated analytical solution of the velocity components in the x and y direc-

tions, uth and vth, respectively, are constructed as follows:

uth(x, y, t) = R
y (h− y)

h3
+ 3U0

y (h− y)

h2
− U0

h− y

h
+ U0 (39a)

vth(x, y, t) =

(
R

y (h− y)

h3
+ 2U0

y (h− y)

h2

)
y

h

∂h

∂x
, (39b)
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where

R =− 3U0h0 (1− δ2)

1 + δ2/2
. (40)

As the flow phenomena in the upper and lower sides of the corrugated plate are the same (but with a phase

difference by π), only the flow in the lower region is taken for the error analysis in the following. Hereafter,

the phase angle is represented by ϕ = k (x− U0t).

Figure 9 plots the instantaneous velocity vectors obtained by Case 2. The spatial resolution and time

increment are chosen as Δ/H = 0.025 and Δt/(H/U0) = 5 × 10−5, respectively. Note that the projected

thickness of the corrugated plate is 2δh0 = 0.15H , and therefore this weakly-undulating geometry lies over

six computational cells. The velocity vectors in the upper region of the corrugated plate are plotted at every

10 grid points in the x direction. In the lower region of the plate, the velocity profiles are shown at four

characteristic locations in the x direction; the points of the most narrow and wide channel widths (ϕ = 0, π)

and the intermediate axial positions (ϕ = π/2, 3π/2). From the velocity vectors, the flow is accelerated

in the regions where the channel widens in the moving direction, and decelerated where it contracts. And

for all the axial locations, the velocity profiles are in good agreement with the analytical solution by the

lubrication assumption, as the present consistent direct discretisations (Cases 2 and 3) have sufficiently

sharp representation of the interface.

The velocity distributions in the y direction in Fig. 9 take concave and convex profiles. In between

the concave and convex velocity profiles, two axial locations of a nearly-linear velocity profile exist. The

necessary condition for the linear velocity profile is obtained from Eq. (39a) as R/h + 3U0 = 0, and the

corresponding phase angles are obtained as

ϕ = arccos

(
− 3 δ

2 + δ2

)
. (41)

Interestingly, the phase angle of the linear profile approaches π/2 as δ → 0. However, the situation of δ = 0

corresponds to a flat wall; therefore, the linear velocity profile actually appears everywhere. Meanwhile,

ϕ → π as δ → 1 means that the lubrication assumption becomes doubtful for the largely undulating

geometry of the plate. In the present situation, the amplitude parameter δ is 0.15, and the linear velocity

profiles should appear at ϕ � 0.57π, 1.57π, which are close to the locations of the nearly-linear cross-

sectional velocity profiles in Fig. 9.

Figure 10 shows the grid dependence of the velocity to the analytical solution. The errors are evaluated

by the L2 and L∞-norms after reaching quasi-steady state. The figure shows that, for all the cases, the both

L2 and L∞ errors tend to decrease by decreasing the grid spacing, while the decrease rate is rather saturated

at the highly resolved conditions.

This is probably because the assumptions for the approximate solution Eq.(39). To check the effective

range of the lubrication assumption, δ is decreased to 0.10. Figure 11 shows the error trends of u in the

range of Δ ≤ 2δh0 (i.e., the projected thickness of the corrugation). The graph shows an improved error
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level (with respect to the lubrication solution) with this reduced amplitude δ. Therefore, the numerical error

is readily decreased by imposing an ideal situation for the lubrication assumption.

The trend of the grid convergence of the pressure gradient is also investigated for the same geometry as

Fig. 9. The approximate analytical solution of the pressure gradient due to the moving corrugated plate is

given as:

−∂p

∂x
=

6μfU0

h2

(
1− δ2

1 + δ2/2

h0

h
− 1

)
(42)

in the lower-half region of the plate, where μf is the viscosity. Figure 12 summarises the result. For all the

cases, except at the lowest spatial resolution (Δ/H = 0.167), the errors decrease with the spatial resolution.

At Δ/H = 0.167, the numerical accuracies for all the cases are apparently improved. This is because, at

this lowest spatial resolution, the grid spacing is larger than the maximum displacement of the undulation

(twice the undulation amplitude, 2δh0 = 0.15H): the plate moves along a path between two cell centres

(i.e., the width is Δy = 0.167H), and therefore, no jump cell takes place in both x and y directions. Due to

this situation of the substantial insufficiency in resolution, the balance between the pressure gradient and the

wall shear stresses simply determines the flow (with no spurious pressure oscillations, as explained later),

and therefore, the computation apparently yields the reduced error in the pressure gradient.

4.3 Flow induced by an oscillating cylinder

In the previous subsections, the effect of the object on the shear-driven fluid flow has been studied. To

assess the validity of the fluid force acting on the object, the flow induced by a cylinder oscillating in a

stationary fluid is simulated, and the pressure fluctuation in association with the appearance of jump cell

due to the motion of the object is discussed.

A schematic of the flow field is shown in Fig. 13. The diameter of the cylinder is set to D. The domain

size is 50D and 30D in the x and y directions, respectively, and a stationary fluid is given as the initial

condition. For the boundary conditions, the gradient-free condition is given for the velocity components in

the x direction, and a traction-free boundary condition in the y direction is imposed with p = 0 (Dirichlet

boundary condition), assuming that the top and bottom boundaries are far enough from the oscillating

cylinder. The cylinder motion is prescribed as follows:

xc = x0 − A sin (2πft) , (43)

where x0 (= 25D) is the neutral position, A the amplitude of oscillation and f the frequency. The relative

distances of the Lagrangian markers on the cylinder surface are set to be about the same as the grid spacings.

The flow field of this problem is characterised by two non-dimensional numbers: Reynolds number

(Re = UmaxD/ν) and Keulegan-Carpenter (KC, hereafter) number (KC = Umax/fD), where Umax is the

maximum travelling speed of the cylinder, 2πfA.
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Present simulation result is compared with that of Dütsch et al. [19] who employed a body-fitted co-

ordinate system around the cylinder. Therefore, by adjusting the simulation condition to that of Dütsch et

al. [19], the two non-dimensional numbers are set to Re = 100 and KC = 5.

Figure 14 plots the instantaneous flow fields (after reaching quasi-steady state) near the cylinder. Here,

the grid spacing and time increment are Δ/D = 0.02 and Δt/(D/Umax) = 2.5 × 10−3, respectively. The

velocity and pressure fields in Fig. 14(a) are shown for the moment when the cylinder is on the move at

Umax in the +x direction (i.e., when the phase angle of the oscillation is π). The velocity vectors show the

significant change in the flow field around the cylinder, especially a vortical structure in the trailing-edge

side. This observation coincides with the pressure distribution shown in the lower-half region of the figure.

In Fig. 14(b), the profiles of the axial and transverse velocity components are shown at three different axial

locations: a cross-section cutting through the cylinder centre, and 0.1D up- and down-stream sides from

the leading and trailing edges. The symbols are the numerical result by Dütsch et al. [19], and the lines

are those by Case 2 of the present method. The figure shows that the results from the present simulation

are in good agreement with those obtained using a body-fitted coordinate system. Our preliminary study

shows that the similar velocity and pressure profiles are observed for Case 3, while large discrepancies are

observed for the velocity profiles with Case 1 in those cross-sections (figure omitted). This is because, in

Case 1, the velocity field corrected by the pressure field does not satisfy the no-slip condition exactly at the

object surface, causing a slight imbalance with the cylinder velocity.

To check the fluid force on the object surface, the fluid stress σ is projected onto the Lagrangian markers

as explained in Eq. (30), and drag force on the moving cylinder is calculated.

The time history of the drag coefficient is compared with that of Dütsch et al. [19] in Fig. 15. Case 1

exhibits strong fluctuation of the drag coefficient with time, and the preliminary study shows that the in-

crease in the spatial resolution (Δ/D = 0.02 and 0.0125) does not improve this fluctuating trend. On the

other hand, the results by Cases 2 and 3 show relatively small fluctuation, and along with the preliminary

observations at Δ/D = 0.02 and 0.04, increasing the spatial resolution successively suppress the temporal

fluctuations in the drag coefficient.

Figure 16 plots the total variation of the drag coefficient from the result of Dütsch et al. [19] against

the spatial resolution. The figure shows that the variation in the result of Case 1 is less sensitive to the

spatial resolution, while the variation in the results by Cases 2 and 3 exhibit monotonous decreases with the

resolution. This error-decreasing trend suggests that, given an appropriate time increment under sufficiently

fine spatial resolution, the present discretisation strategies (Cases 2 and 3) are applicable to fluid-structure

interaction problems.
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4.4 Particle migration in a shear flow

In the previous subsections, the motions of the object are prescribed. To apply the method to a problem

of fluid-driven motion, migration of particle in a shear flow is studied. Only Case 3 is employed as a fully

consistent case.

Figure 17(a) shows a schematic of the problem. A single rigid particle (i.e., a finite-volume object) of

diameter D is placed in wall-driven shear flow in a 2-D channel of width L = 4D. The bulk Reynolds

number, Reb = UL/ν, is 40. The initial position of the particle centre is at y = D, and the particle is

released into the flow with zero translating and angular velocities, i.e., with a finite velocity gap δV/U =

0.25× (2− y/D) (0.5 ≤ y/D ≤ 1.5) against the background shear flow. The particle is rigid and it has the

same density as the ambient fluid (neutrally-buoyant). The velocity distribution inside the rigid particle is

given by u = vp + r × ωp, where vp and ωp are the translating and angular velocities, and r is the radial

vector from the particle centre (|r| ≤ D/2). The spatial resolution is Δ/D = 0.0125, and the spacings

between the equally-arranged Lagrangian markers on the particle surface is Δs/D = 0.0090.

Figure 17(b) compares the time histories of the y-coordinate of the particle with the available numerical

results in the literature [20]. The present numerical result shows good agreement with the reference data.

For comparison, a membrane of capsule structure filled with the fluid is tested. The membrane does not

deform, and the fluid enclosed by the membrane has the same density and viscosity as the fluid outside.

The density ratio r is unity. The other computational parameters are the same, and the numerical procedure

for solving the fluid inside the capsule is the same as the treatment of the fluid motion separated by the

membrane in Section 4.2. In Fig. 17(b), the fluid-filled capsule exhibits slower migration than the rigid

case. The reason for the different behaviours for the rigid and capsule particles is that the fluid motion inside

the capsule is immediately induced by the particle rotation. Figure 18 shows the instantaneous velocity

fields inside and outside the capsule at t = 60 and 135. In the initial developing stage (t � 100L/U ), a

translating component is predominant for the flow inside the capsule (Fig. 18(a)), and the boundary layer

is developed inside the capsule (Fig. 18(b)) from the observation on the moving frame of reference at the

particle translating velocity. In the secondary developing stage (t > 100L/U ) as shown in Fig. 18(c), a rigid

rotation of the fluid is fully developed. The above figures suggest that the rotating motion of the capsule

is also influential to the lateral migration of the capsule. Figure 19 compares the angular velocities of the

rigid and capsule particles against the lateral position of the particle, y/L. In the initial developing stage,

the capsule needs less energy to revolve as it only drags the fluid near the inner surface of the capsule,

while the rigid particle has to revolve the entire body. Therefore, the capsule revolves at slightly higher

angular velocity than the rigid particle, resulting in the additional Magnus lift in the −y direction for the

flow configuration in Fig. 17(a). The difference in strength in the lift causes the capsule a slower migration

towards the centreline.

Migration motion is known to show a delicate response against the slight difference in particle density.

Therefore, another comparison is the motion of non-neutrally buoyant particle in a shear flow under the
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effect of the gravity. Only the case with rigid particle is studied, and no capsule particle is employed here.

The gravity effect on the fluid motion is solved by giving the external force in Eq.(2), whereas the rigid

particle experiences the gravity at the gravity centre (in the equation of motion). Figure 20(a) shows a

schematic of the problem. The spatial resolutions of the fluid mesh and the Lagrangian markers are the

same as the above neutrally buoyant case. Bulk Reynolds number Reb = UL/ν, particle Reynolds number

U(D/2)2/(νL) and Froude number gL/U2 are set to be 40, 0.625 and 392, respectively, where g is the

magnitude of the gravitational acceleration. The particles are rigid, and the density ratio of the solid to

the fluid ρs/ρf is tested for the following two cases: 1.002 and 0.998. The respective initial slip velocities

δV/U (at the particle centre level) are given as 0.637 × (L/D)Re−1
b and 0.057 × (L/D)Re−1

b . Initially,

the particle is placed at y = 0.5L. Figure 20(b) shows that the results of both density cases show good

agreement with the reference numerical results [20].

For a wider applicable range of the density ratio, an interaction problem between a vortical flow and a

3-D rigid particle of 10 times higher density than the ambient fluid is simulated in Appendix. The validity

is assessed through comparisons with independently-conducted numerical results [21].

The above results suggest that the method is applicable to fluid-particle interaction problems.

5 Application: Flapping filament

The method with Case 3 is coupled with the motion of a flexible filament, and applied to an interaction

problem between a filament and uniform flow in two dimensions. In this section, the convective and viscous

terms in Eq. (2) are time-updated by the four-stage Runge-Kutta (RK4) method, Although no difficulty

arises by the semi-implicit method for the fluid phase (i.e., the Crank-Nicholson method) to perform the

following simulations, the explicit time-marching method is employed to carry out the simulations within a

feasible computational time.

The numerical procedure for the motion of the filament is as explained in Section 3.3. To assess the

validity, the motion of a filament under the effect of the gravity (with no ambient fluid) is simulated, and

the result is compared with the numerical result by Huang et al. [17]. One end of the filament is pinned and

the other end is free. The number of Lagrangian markers along the filament is 50, while Huang et al. (2007)

used 100 points of markers. The time increment of our simulation is 5× 10−4, and the other computational

parameters are the same as [17]. Figure 21 is the comparison of the time evolutions of the horizontal

displacement of the filament at the free end. Although the oscillation frequency is slightly different, the

amplitudes of the oscillations and the shapes of the curves agree well to each other; even the agreement

of the asymmetry in the displacement curve around each peak, indicating that the snapping motion of the

free end is simulated. The figures suggest that the numerical method for solving the motion of the filament

of Huang et al. [17] has been implemented correctly. In the following, the proposed method is applied for

interaction problem between a flexible filament and a uniform flow.
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Figure 22 shows a schematic of the computational domain. As the figure shows, the natural filament

length is L, and the computational domain size is 20L and 10L in the x and y directions, respectively. The

leading edge of the filament is pinned in space, allowing rotation around the fixed marker point. A uniform

flow U0ex is allowed to enter at the left boundary, and the convective boundary condition is given at the

outgoing boundary. A traction-free boundary condition is specified at the top and bottom boundaries. The

initial orientation of the filament is inclined by 0.01 [rad] against the x axis. The filament is supported

still for a certain period of time in the initial developing stage until the flow around the stationary filament

reaches steady state, and then the interaction between the fluid flow and filament is started. In the following,

L and U0 are taken as the reference length and velocity, respectively. The Lagrangian markers on the

filament are arranged at the same intervals as the fluid cell size.

The numerical result is compared with the analysis for the flapping condition by Connell and Yue [11].

They showed, by their linear stability analysis, that the stable condition (i.e., no flapping condition) for a

filament in a uniform flow is given with three non-dimensional numbers of Re, r and γ as

r <
4αRe−0.5 + γ k2

1− 2αRe−0.5k − 0.5 γ k3
, (44)

where α = 0.33 and k is the wavenumber of the flapping filament. Eq. (44) shows that increasing k causes

the increase in the right-hand side. Therefore, by specifying the smallest wavenumber, the stable limit for

the density ratio is obtained.

By fixing γ and Re to be 1 × 10−5 and 100, respectively, numerical simulations are carried out for

different values of r, under the spatial resolution of Δ/L = 0.04 and time increment of Δt/(L/U0) =

4×10−4. From Eq. (44), this condition estimates a stable limit for the density ratio to be r = 0.22. Figure 23

shows the time-evolutions of the y-displacements of the trailing edge for different density ratios. As r is

increased, the flapping amplitudes become large. The figure shows that the filament is almost stationary at

r = 0.15 and in a small flapping state at r = 0.20, suggesting an approximate agreement with the critical

density ratio predicted by Eq. (44). Note that the derivation of Eq. (44) assumes a constant tension along

the infinite filament length: practically, this assumption would estimate a slightly more stable condition for

flapping according to the analysis with variable tension [22].

Figure 24 shows the sequential snapshots of the velocity and pressure fields together with the corre-

sponding geometry of the filament. The density ratio of the filament is r = 0.5. And the time range in

Fig. 24 is set 20.0 ≤ t/(L/U0) ≤ 22.4, where the most violent (but regular) motion of the filament tip is

observed. The colour correspond to the pressure level.

The figure shows the large deviations in the velocity vectors around the trailing edge in response to

the large y-displacements at the filament tip. Also, from the different flow patterns in the upper and lower

sides of the filament, the velocity field is resolved sharply in the transverse direction across the filament.

Considering the smooth evolution of the displacements in Figs. 23 and 24, the pressure fluctuations in

Fig. 15 due to the moving object cause little influence on the motion of the filament.
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Strong snapping motions of the filament are observed in Figs. 24(a) and 24(c), which are also found in

Fig 23 as the sharp asymmetric peaks for r = 0.50 at around t = 20.0. The pressure distributions in Fig. 24

exhibit sharp discontinuity across the object surface. This highlighted pressure gap across the thin object

is because the method considers the position of the filament in the discretisations of the velocity prediction

and the pressure Poisson equation, suggesting the importance of the direct discretisation and the consistent

coupling between the incompressible velocity and pressure fields.

6 Conclusion

For solving a moving boundary problem with a thin membrane in a fluid on a Cartesian system, we showed

the importance of (1) the consistency between the velocity and pressure fields by taking account of the

distance to the object surface from the cell centre and (2) the direct discretisation of the primary variables

arranged at the centre of the fixed computational cell in the Cartesian frame. A particular problem arises

when a “jump cell” takes place in association with the passage of the interface across a cell centre of bound-

ary cell within a single time step. For this problem, the discretisation stencil was switched accordingly, and

the terms in the rear side of the membrane were re-evaluated with the value at the previous time level (just

before the jump takes place) and incorporated into the consistent direct discretisation schemes.

The validity of the numerical results were established through comparisons with the analytical solutions

of the fluid motions for such solid-induced flow problems as an oscillating flat plate and translating corru-

gated plate. The numerical results showed that the fluid motions in both sides of the moving interface were

solved with sufficient accuracies, regardless of the implementation of a threshold for the surface distance

or a wider stencil introduced in place of the threshold. However, with sufficiently fine grid spacing for

capturing the boundary layer, the method with a wider stencil is recommended as this treatment constitutes

the fully consistent coupling between the pressure and incompressible velocity fields. The result suggested

that the two fluids in both sides of the interface were sharply separated across the thin membrane with the

aid of the jump-cell treatment for the moving boundary. The fluctuation in hydrodynamic force acting on

the membrane in association with the jump cells was found to be readily reduced by increasing the spatial

resolution. Migration motion of the particle in a shear flow was also studied to check the interaction be-

tween the object and the fluid. The three density cases of neutrally-buoyant, slightly-heavier and -lighter

particles than the ambient fluid showed good agreement with the reference numerical results. The results

suggested the potential applicability to a particle-dispersed two-phase flow problem.

The method was further applied to a flapping filament in a uniform flow. Through observation of the

interaction between the fluid and flexible filament, the sharp treatment of the interface was capable of

capturing the fluid motions in both sides of the filament and the violent motion of the filament.

In the end, let us mention future perspectives for applying the present method to high Reynolds number

flows. There may be three points to be considered for dealing with high Reynolds number flows; higher res-

olution, stabilisation and turbulence modelling. For the treatment of higher resolution, the present method
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can adopt a local mesh refinement around a moving membrane as the method is developed with different

grid spacings in all the directions. To damp the numerical instabilities, if necessary, upwind schemes are

easily constructed by considering the position of the object surface, and our preliminary study shows that

an upwind scheme effectively stabilises a high-Reynolds number flow. For further high Reynolds num-

bers, a turbulence model is necessary. The original version of the consistent discretisation by Ikeno and

Kajishima [7] was developed for large-eddy simulation around an object of non-regular geometry, and the

same idea can be applied to the present method.

The present study showed the effectiveness of the consistent coupling and direct discretisation for solv-

ing the fluid motions around a moving thin structure and rigid particle, and the proposed idea is expected to

promote further development of numerical analysis of multiphase flows.
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Appendix: Particle motion in a 3-D vortical flow

A wider applicable range of density ratio is investigated through a simulation of a flow containing a rigid

particle of 10 times higher density than the ambient fluid. For this demonstration, the present method is

extended to three dimensions, and an interaction problem between the Taylor-Green vortices and a 3-D rigid

spherical particle is solved. The result is compared with the independently-conducted numerical results by

Fukada et al. [21]. To match the same problem in their study, the following computational set-up and

conditions are employed.

The velocity components of the unit Taylor-Green vortex UTG are represented as follows:

UTG · ex = U sin
( y
L

)
, UTG · ey = −U sin

(x
L

)
, UTG · ez = 0,

where U and L are the velocity and the length units, and ei (i = x, y, z) is the basis vector. The flow is

maintained by introducing the following external forcing terms in the right-hand side of Eq.(2):

f ext · ex =
Uν

L2
sin
( y
L

)
, f ext · ey = −Uν

L2
sin
(x
L

)
, f ext · ez = 0.

The Reynolds number is defined as Re = UL/ν = 18. The particle diameter D/L = 2π/16 and the

density ratio of the rigid particle to the ambient fluid is 10. The spatial resolution and the time increment

are set to D/Δ = 24 and (U/L)Δt = 3.31 × 10−4, respectively. Initially, the particle is released from the

centre-coordinates of (xc/πL, yc/πL, zc/πL) = (1/2, 1, 0) into the flow with the same centre velocity as

the local undisturbed flow velocity (UTG|xc,yc,zc) and the angular velocity 0.

The centre of the solid particle is tracked in the Lagrangian way by integrating the hydrodynamic force

on the outer surface of the particle (Section 3.3). For projecting the hydrodynamic force onto the parti-

cle surface, a tri-linear interpolation is employed. When the solid surface partitions the boundary cell in

the three directions (i.e., tri-directionally opened boundary cell), the interpolated values in the respective

directions are summed with the weight factor of 1/3.

Figure 25 compares the particle trajectory by the present method (red solid line) with the other two

numerical results obtained by Fukada et al. [21]; a fully-resolved simulation by an immersed boundary

method [9] and a simulation based on a volume-averaged equation considering the surface stress and flow

disturbance [21]. Agreement of the particle trajectories in the vortical flow is good, and the results suggests

the applicability of the present method to a wider range of the density ratio.
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Figure 1: Configuration of a Cartesian grid and a membrane. The filled circle and filled triangle represent
the fluid and boundary cells, respectively, and the cross symbol shows the immersed point.
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Figure 3: Change in the positional context between the cell centre (i, j) and the interface when the mem-
brane crosses the cell centre within one time step. Upon appearance of the jump cell (i, j) in the left-hand
side of the membrane, the switch of the stencil needs to be updated for the discretisation.
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Figure 4: Schematic of the method for calculating the fluid stress defined on Lagrangian marker. The
membrane location is indicated by a thick line, and the Lagrangian marker is represented by the plus symbol.
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Figure 5: Schematic of the flow around an oscillating plate.
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Figure 6: The errors in the x-velocity of the fluid induced by the oscillating plate of Configuration 1 (δ =
0.499Δ) plotted against the spatial resolution.
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Figure 7: The errors in the x-velocity of the fluid induced by the oscillating plate of Configuration 2 (δ =
0.4Δ) plotted against the spatial resolution.
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Figure 8: Schematic of a moving corrugated plate in a parallel channel. The plate is a sinusoidal geometry,
and it moves at a constant speed in the +x direction.
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Figure 9: Instantaneous flow field driven by the corrugated plate after reaching steady state. Upper region of
the corrugated plate is the velocity vector (u, v). Lower region compares the streamwise (x) velocity profiles
with the analytical solution based on the lubrication assumption. Different velocity scales are applied for
the upper and lower plots.
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Figure 10: The errors in the flow velocity induced by the moving corrugated plate plotted as a function of
the spatial resolution.
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Figure 11: The errors with respect to the approximate analytical solution Eq.(39) when the amplitude of the
undulating geometry δ is decreased to 0.1 (with keeping Re = 1.5).
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Figure 12: The errors in the pressure gradient as a function of the spatial resolution.
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Figure 14: Snapshots of the flow field (under Re = 100 and KC = 5) at the oscillation phase of π. (a)
The upper-half side shows the velocity field and the lower-half side is the pressure field. The vectors are
plotted at every five grid points, and the pressure contours are drawn within the value range between −1
and 1 at the intervals of 0.1. (b) The velocity profiles at three cross-sections (0.1D up- and down-stream
sides of the leading and trailing edges and the mid cross-section) and a comparison with [19]. The upper-
and lower-half sides are the profiles of u and v, respectively. The lines represent the result by Case 2 and
the symbols are the results of Dütsch et al. [19].
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Figure 15: The time histories of the drag coefficients for different spatial resolutions: Δ/D = 0.04 for
Cases 1 and 2, and Δ/D = 0.0125 for Cases 2 and 3. The lines are the computational results and symbol is
the result of Dütsch et al. [19].
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Figure 16: Total variation of the error in the drag coefficient plotted against the spatial resolution.
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Figure 17: Lateral migration of a neutrally buoyant particle in a simple shear flow with no gravity. The
bulk Reynolds number is UL/ν = 40 and the particle Reynolds number is U(D/2)2/νL = 0.625. The
initial position of the particle centre is y = D, and released into the flow with no translating and angular
velocities.
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Figure 18: Velocity vectors inside and outside the capsule. (a) and (c) are different time instances and
the arrows are plotted at every 10 grid points in both directions. (b) is the same instance as (a), but (b) is
observed on the moving frame of reference at the particle translating velocity, and the arrows are plotted at
every 3 grid points.
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Figure 19: The angular velocity as a function of the wall-normal distance.
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Figure 20: Lateral migration of a non-neutrally buoyant particle in a simple shear flow under the effect of
gravity. The bulk Reynolds number is UL/ν = 40 and the Froude number is gL/U2 = 392.
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Figure 21: Comparison of the time evolution of the motion of the filament under the influence of gravity
(with no effect of the ambient fluid). One end of the filament is free and the other end is fixed in space with
the simply-supported condition. The time history of the horizontal displacement of the free end is plotted.
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Figure 22: Schematic of a 2-D filament in a uniform stream. The filament is initially stretched and tilted by
0.01 [rad] against the x axis. Throughout the simulation, the leading edge of the filament is pinned and the
trailing edge is free.
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Figure 23: The time histories of the y-displacements of the filament at the trailing edge for different density
ratios r (= ρsh/ (ρfL)).
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Figure 24: Sequential snapshots of the velocity and pressure fields around a flapping filament (r = 0.5) at
the intervals of 1.2L/U0. The pressure is non-dimensionalised by ρfU
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Figure 25: The trajectory of a rigid spherical particle in the Taylor-Green vortices. The density ratio of
the the particle to the ambient fluid is 10, and gravity is not imposed. The coloured lines compare the
trajectory of the particle by the present method (red solid line) with those obtained by the different meth-
ods in Ref. [21]: blue dashed line, fully-resolved simulation by an immersed boundary method [9]; green
solid line, a simulation based on a volume-averaged equation considering the surface stress and flow distur-
bance [21]. The grey line shows the streamlines of the undisturbed flow of the Taylor-Green vortices.
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