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Abstract

We consider the Cauchy problem for the Korteweg-de VrieggBis equation.
Global existence and smoothing effect for the Cauchy prmbte the Korteweg-
de Vries-Burgers equation was proved previously for thee cafslarge initial data.
Recently the first term of the large time asymptotics wasinbthwithout restriction
on the size of the initial data. The aim of the present papéo igbtain the second
term of the large time asymptotic behavior of solutions te @auchy problem for
the Korteweg-de Vries-Burgers equation in the case of tligalirdata of arbitrary
size.

1. Introduction

We consider the Korteweg-de Vries-Burgers equation
(1.1) Uy tuly —Uyy tuy =Q x€R, 1>0

(here the subscriptx,t denote the differentiation with resge the spatial and
time coordinates, respectively). Korteweg-de Vries-Busgequation (1.1) is a nonlin-
ear model taking into account the simplest dispersive asdightive processes, thus it
is applicable in many fields of Physics and Technology (seg,[&7], [20], and refer-
ences cited therein). Global existence and smoothing tefifledhe Cauchy problem to
the Korteweg-de Vries-Burgers equation was proved in [{3], there exists a unique
solution u ¢,x) € C*=((0,00); H*(R)) to the Cauchy problem for the Korteweg-
de Vries-Burgers equation (1.1) with initial datg € H*(R), s > —1/2. Here and
below we denote the Sobolev space BY(R) = {¢(x) € L2(R): || (id,) ¢ (x)||L2 < oo},
(x)=+/1+x2, L?(R) is the usual Lebesgue spade;(R) = {¢(x) € LY(R): || (x)p(x)]l

< oo} is the weighted Lebesgue space. We now mention some resuttseedarge time
asymptotic behavior of solutions to (1.1). Everywhere felee suppose that the total
mass of the initial datad  F uo(x)dx # 0. (For the case¥ =0, see paper [3]). In
paper [16] it was proved that for small initial data € L>*(R) "H’(R), the solutions
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408 I. KalKINA AND F. Ruiz-PAREDES
of (1.1) have the asymptotics
(1.2) w@e) =t=2fy ()2 + 0=V

ast — oo, wherey € (0 1 2) and

fu(x) = —23, Iog(coshﬁf — sinh(%) Erf(%))

is the self-similar solution for the Burgers equation [2]
(1.3) u, tuu, —uy,y =Q xeR, t >0,

defined by the total mass

M:/Ruo(x)dx

of the initial data. Here

2 [F .
Erf(x) = ﬁ/o e dy

is the error function. The conditions on the initial data evgeneralized in paper [15],
where it was proved that the solution of (1.1) with smalliaitdatauo € LY(R) N
L2(R) have asymptotics

(1.4) w@) =02 fu (P +o(H?)

ast — oo. Recently in paper [13] it was proved that if the initialtada, €

H*(R) N LY(R), wheres > — ¥ 2, then there exists a unique solution, x( €)
C*((0, 00); H*(R)) to the Cauchy problem for the Korteweg-de Vries-Burgegsiae
tion (1.1), which have asymptotics (1.4). Moreover if agiially the initial data
uo(x) € L¥Y(R), then the asymptotics (1.2) is true. In paper [18], it wasvpd that
for small initial datauo € L**(R) N H>(R) such thatuj € L1(R) the solutions of (1.1)
have the following two terms of the large time asymptotics

@5 w0 =+ (o (—V 'fg’)

ast — oo uniformly with respect ta € R, where

(fu(x) — x/2) e/

fu(x)=— 2U7H )

/R H() £3() dy
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with

M ..M X
H(x) = coshZ — sth Erf (E) .
In the present paper we will extend this result for the cadeenthe initial data have
an arbitrary size.
Some other results for dissipative equations with critimahlinearities were shown
in papers [1], [4], [5], [6], [7]. [8], [10], [12], [21].
The aim of the present paper is to obtain the second term oflalge time
asymptotic behavior of solutions to the Cauchy problem fquation (1.1) in the case
of the initial data of arbitrary size.

Theorem 1. Letuo(x) € H*(R)NLYY(R), wheres > —1/2, and M = [, uo(x) dx
# 0. Then the solutionu(¢, x) to the Cauchy problem for the Korteweg-de Vries-
Burgers equation(1.1) with the initial conditionuo(x) has asymptotic§l.5) asr — oo
uniformly with respect toc € R.

Remark 1. In the case of zero total magg = O the main term of the asymp-
totics is the same as that for the linear heat equation, aads#étond term of the
asymptotics can be found by a similar approach.

Remark 2. The term,/logt in the estimate of the remainder in formula (1.5)
comes from estimate (2.18) of Lemma 3 below. It could be resddyy a more deli-
cate consideration.

RemArRk 3. We believe that the third term of the asymptotics can bendoby a
similar method.

Below we denote the Sobolev spaces
HY(R) = {¢ € LA(R); Iia:) @liz < oo,
where (x) =1 +x2, the usual Lebesgue spacelig (R), 1< p < oo and
L*HR) = {p(x) € L'(R): [(x)p(x)llL2 < 00}
is the weighted Lebesgue space.

2. Proof of Theorem 1

Recently in paper [13] it was proved that if the initial data € H*(R) N L(R),
wheres > — ¥ 2, then there exists a unique solution, x( € ¢°°((0, c0); H*(R)) to
the Cauchy problem for the Korteweg-de Vries-Burgers equoafl.1), which have the
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following optimal time decay estimates

<C <t>*k/2*(1/2)(1* Yp )’

(2.1) locu @), <

fort >0, where 1< p<o0 ,k =0 1 2 3. From now ofi  denotes various positive
constants.
Denote the Green operator

G(t — 1)b(x) = fR Gt —1.x — Y)(r, y)dy,
where the Green function
G(t,x) - (27'[)_1/2/ eix§—1§2+ilé3 dé
R

We write the following integral equation associated witke t€auchy problem for
the Korteweg-de Vries-Burgers equation (1.1)

(2.2) u@,x) =G uo— %_‘/0’ 3,.G(t — )u?(r)dr.

We use the following notatiorft) =/1+1¢2, {t} = t/{t). First we give estimates for
the Green operataf (see [13]).

Lemma 1. The estimates are true

Hx”8§G(t)| < C{t}—k/Z—(l/Z)(l— Yp )(t) —ky2 (¥ )+ 1p )

Lr

forall t>0,k,n>0, 2< p <oo and
”x"akG(l‘) HL < C{t}—k/2—1/4(t)01—/<)/2—(3/ 2)(E%p)
X P —
forall t>0,k,n>0,1<p < 2.

Proof. We have by the Plancherel theorem
‘ < Cy? H|§|k o Cré?

n sk 7f$2+it53)
¢ 8'5 (é ¢ Lr/(p-1) —
C{t}fk/Zf(l/Z)(lf Yp )(t) a—ky2- (¥ 2)(& 1p)

[x" 3t G ()|

IA

L» Lr/(p=1)

IA

forallt >0, k,n>0, 2< p < . Therefore by the Cauchy inequality we get

||)c"8)/fG(t)||L1 = / |x”8fG(t,x)|dx +/ x|t |x”+18fG(t,x)| dx
Ix|=<v/1) ENVIO)
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CtY* |x"os G (@) o + Ci) ™ x5 G () .
C{t}’k/z’l/“(t) @—ky2

IANIA

The second estimate of the lemma follows now by the Holdeguality. Lemma 1 is
proved. ]

Now let us prove the estimate of theb'-norm of solutions of the Cauchy prob-
lem (1.1)

(2.3) lu @ YlLea < C()2

We multiply equation (1.1) byx| sign(t(x )) and integrate witlspect tox ovelR
to get

/u,(t,x) x| sign ¢, x ))dx +/ [ u(z, xJux(t, x) sign@ ¢, x ))dx
R R
:/ ux (2, x) |x| sign (t,x))dx—/u“x(t,x) |x| sign( ¢, x ))dx.
R R
We have
/Ru,(r,x) L signGe (. x ))dx :/R e Dl x] dx = )l
/ u(t, )iy (. ) x| Sign@ €. x ))dx = / 1l (e, )l e, x)) dx
R R ax
:/Sign@)|u(t,x)|u(t,x)dx
R

< lu@)IZ, < C{)~Y3

and
[ st 0 el signt . Ddx =2 37 I usle. )
R u(t,x;)=0
. )
—/ sign(x }— |u(t, x)| dx
R 0x
=2 ) Ixllua(t, x| + 21u(t, O)

u(t,x:)=0
2[u@)ll~ < C(ty~"2

IA

Therefore we get

(2.4) %Hu(t)HLm < c<t>—1/2—/Rum(t,x) x| sign@ ¢, x ))dx
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< CO P4 Ntgar ()22

Next we give estimates for the norfix ¢ {31 = || (x)u(t, x)|| 2.
Multiplying equation (1.1) by 2%x and integrating with respect to € R we get

2
(2.5) 0 / x2uldx + = / x20.udx — 2/ X2unty, dx +2/ X2uttyey dx = 0.
R 3 Jr R

R
Since
/ Wl = — 2 / xudx < C )l e Nu(®) e @)~
R R
<CO ¥ u@)ll e,
/)czuumr dx = —/xz(ux)zdx+/ u?dx
R R R
= — ()220 + lu ()2
and
/xzuu“x dx = —/xzuxuxx dx—Z/xuu“ dx
R R R
= 3 [ x()dx = 3Ol s O
R
< CIO ¥ ue(t) L2x
we get

A

d
T lu(®)lIZ: < C) 3 *[lue)ll21+ Clr) Y2

+ ™ lue () lIL2n — 21lux ()12
() *u(t)[|L2a + Cit) V2,

IA

hence integrating we see that
(2.6) lu @)Lz < C() Y%,

In the next lemma we obtain the estimates for the ndrm., ¢ || (1) DenoteW3(R) =
(@ € LY(R); 14i9:)%llLs < oo}

Lemma 2. Let the initial datauo € H2(R) N W3(R) and estimatg2.1) be valid
Then the estimate is true

(27) ”uxxx (t)”Ll-1 =< C(t)il
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for all r > 0.

Proof. First we need to estimate the nofm, ¢ ||[(1). By the integral equa-
tion (2.2) we have

s () llLes < 18:G(0uoll 11
/2
+/0 (926 — )| ux Hlu(@)IIZ
+ [02G(t — )| 1 lu(@)ll2 () 21) dT
t
+ / (19,60 = D)l hu(e) e e (2o
1/
+ 110G (t — T)llLx lu(@) e lux(z)ll2) d7
whence by estimate
[5G ()| 11 < CLe}y M4 2(r) FH/ 2

we get

1/2
las()llas < € +C / ((t — 0 Y20y Y24 (1 — 1) V) dr
0

+ /I {t — 1:}’3/4((t)’1+ (t — t)’l/z(r)’l/z)dt <C.
1/2

In the same manner by the integral equation (2.2) we have
”Mxxx(l‘)”Ll‘1 =< Hafg(t)uOHLm

12
+C f (18fG @t — T)lILaa lu()IZ2 + 107G — T)lILa lu(@) L2 lu(z)llL21) dT
0

+ C/ (19: G (¢ — T)Irallu ()2 lltxx (T2 + Nlux ()l L2 xx (T)1L2)
1/2

+0:G( — T)lla(llu(@) Lzl (T)llee + lux (@) lLrallu (T)ILx)) d,

hence we obtain
12
Nt O)llas < Clty ™+ C / ((t = 032 (1) Y2+ (1 — 1)) de
0

+ | =) =) () YA dr < cn)
/2

Thus the estimate of the lemma is true. Lemma 2 is proved. U
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Integration of inequality (2.4) yields
lu(@®)llLaa < lluolliaa + C(1)Y% < C (1) Y2

Therefore estimate (2.3) is true for al>> 0.

Now we obtain the second term of the large time asymptotics-asoo of solu-
tions u (¢, x) to the Cauchy problem for the Korteweg-de Vriesdguns equation (1.1).
We take the initial timeT’ > 0 to be sufficiently large and define, x( as)a solution
to the Cauchy problem for the Burgers equation with, x( ) as tligal data
2.8) {v,+vvx—v“:0, t>T, x eR,

(T, x)=u(T,x), xeR.

By the Hopf-Cole [14] transformatiom ¢,(x ) = 2(dx )Idg:,c ) equati¢d.8) is
converted to the heat equatidf) Z;, . Therefore we obtain

(2.9) Z@, x) :/F; dyGo(t,x —y) exp(—% /_; u(T, é)df) ,

where Go(t, x) = (4rt)"Y2~"/% is the Green function for the heat equation. Note
that the following estimates are true

(2.10) v )lL» < Clr) /220 Yp)

forallt>T7T,1<p<o0,k=01 2
Consider now the differencev 1,0 ) = t,c Y vet,c ) far > T . By (1.1)
and (2.8) we get the Cauchy problem

19
w, + — (vw) + = —w?

(2.11) ox 20x
w(T,x) =0, x € R.

_wxx+wxxx+vxxx:07 t>T7 .XER,

We have the estimates (see [13])

(2.12) 1ZEN~+ 127 @)l < C
forall r > T and

(2.13) lw s < C (1) M2 WA TPy
forall t >T,2<p<o00,k=01 2 whereg e (OA 2).

Following the heuristic considerations of paper [18] weilgasee that the main
term of the asymptotic expansion af ¢t,§ ) as— oo is determined by lithear
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Cauchy problem

3
@ +_((pv)_¢xx+vxxx:07 t>T, )CER,
(2.14) " ox

@(T,x) =0, x eR.

To eliminate the second term from (2.14), let us integrat@4Rwith respect toc and
make the substitution

/X o(t, y)dy = %

where Z ¢, x ) is defined by (2.9). We obtain

(2.15) :s, — S+t Zv,, =0, t>T, xeR,

s(T,x)=0, x eR.

It is easy to integrate (2.15) to get

(2.16) s, x)=— ‘/TI Go(t — 1) Z(t)vex(T) d7.

In the following lemma we evaluate the large time asympsot€ the solutionp « ) of
linear problem (2.14)

O\ [
(2.17) () =0, (%) = _z Y /T (0.G0(t — 7) + 20 )0o(t — ) Z()us () d7.

Lemma 3. Letu(T, x) € H3(R) N LYY(R). Then the asymptotics
(2.18) o) =t""Fulx)logt + O (t‘l,/ Iogt)

is valid ast — oo uniformly with respect tg = x/+/t € R, where

~ _ 1 _y2 X
)=~ (1m0 - 3) [ HO D) ay.
fu(x) =—20, logH (x),
H(x) = cosh% — sinh% Erf (%) .

Proof. Let us represent the integral with respectrto  in (RAF the sum of
three partsi{(> T + )

t T+1 t t/logt
(2.19) / dt :/ +/ +/ =L+ 1L+ 1.
T T t/logt T+1
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For allx e R andr > T we have

0<Cy < Z(t,x) < Cy,

and for eachlr > 0 the following inequalities hold:

(2.20)

lalz@, )|, < Cey/2 Ve,
|8, Golz, -)| Ly = Ct 2@y vz
Jolu(e, )], < Clr)y 2V @)

foralll =12 3, 1< p < oo. By using these inequalities, we readily rastie the
first two integrals in representation (2.19)

(2.21)

ast — oo, and

|12 S/
t/logt

(2.22) < C/,

/logt

t

1

C T+1
=S / lows (©)lls dr = O
T

dt [[vax ()l (10 Golt — Tz + (Tl Go(t — 7)lIL1)

778/2 ((l‘ _ .L,)—l/2 + t—l/Z) dr =0 (t_l,/ log l‘) s

since changing variables of integratien r = y?> we have

/logt

ast — oo. In the third integral; we integrate by parts with respect to

I3

t A/1—t/logt —3/2 —3/2
/ TV — 1) Y24 = 2/ <\/zT — y) (ﬁ+ y) dy
t

0

A/1—t/logt -3/2
< Ct_3/4/ (\/? - y) dy
0

—1/2
=ctt (1— [1— @) =0 (t_l\/ Iogt)

t/logt oo oo
= / dr/ dyAy(x, y,t, ‘L’)/ F(q,1)dgq
T 0 y

+1

t/logt 0 y
- / dr / dyA(x. y.1.7) / Flq.7)dq
T — —00

+1 oo

+1
14 + 15 + 16,

t/logt
. / dTA(x,0,1,7) / F(r.y)dy
T R

to obtain
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whereF €,y )==Z €,y b,y €, y) and
A(xv Y, tv t) = Zﬁl(tv x)(axGO(t —T,X — y) + U(tv x)GO(t —T,X — y))

Since

IA

sup  supsupA,(x,y, 7, 1) < Ct7¥2

T+l<t<t/logr xeR yeR
[x3:2(t. )| 1y = COY2 1=1,23
and therefore

Ixvee ()L xgy < C()Y2,

we obtain
t/logt 00 oo
|I4| E / df/ dY|Ay(xv yatv T)|/ Z(Qaf)|qu(qv T)|dq
T+1 0 y
t/logt o0 00
< Ct’S/Z/ dr/ dy/ |vgq(q, 7)| dg
T+1 0 y
t/logt o)
= CI_S/Z/ df/ q |qu(61, T)|d‘]
T+1 0
t/logt d 7
(2.23) < CFS/Z/ ey L o— oy,
r+1 AT log

The integralls can be estimated similarly. Since
3 Go(t — 7, x) = 3. Go(t, x) + Ot Y%/ 2log 1 1), 1=0,1

for T+1 <7t <t/logt, we derive the estimate

_ 1 u(x) /19t _
(2.24) Is = m <8xG0(t,x)+ i Go(t,x)> /T+1 dr/RF(f,y)dy+0(t b,

from the estimate

(2.25) 8\ 7 ¢ x)=t7Y2 (w
dy!

+ 0(;—1/2)>, 1=0,1,2 3

Since
0. Z = —-27v,

integration by parts yields, by virtue of (2.25),

/RF(r,y)dy = —%/Rvg’(r,y)z(r,y)dy



418 I. KAIKINA AND F. Ruiz-PAREDES

1
- _Zﬁfn‘o}()’)ﬂ(y)dy+0(t73/z).

Then from (2.21)—(2.24) we obtain (2.18). Lemma 3 is proved.
It follows from (2.11) and (2.14) that the remaindgrs, X  w=t,{ —)p t, A iS)
the solution to the Cauchy problem

3 19 ,
+— - ¥Yxx +-— + xxx — 0’ t Ta Rv
(2.26) Vi Y (vy) =¥ sar T >T, xe€
v(T,x)=0, x €eR.

To eliminate the second term from (2.26) as above we intedtas equation with re-
spect tox and introduce the new unknown function

r(t,x)=Z(t, x) /_x v, y)dy.

Then we obtain

(2.27) {r,—r”+F:O, t>T, xeR,

r(T,x) =0, x €R,
where
[
F = EZw + ZW,yy.

In view of (2.13) and (2.12) we find

A

IFONLr < Cllwll < lwll» + C llwsxll»
(228) < C(t)flle’*'l/(a’).’_ C<t>73/27y+:|.,/(a;)S C<t>7k 2 +Y ()

forall t > T, 1 < p < oo. Using the integral equation associated with 12.%e
obtain

(+T1)/2
IOl < / d GGt — D)l IF@)l
T
t
+/ dr 116 — D)l 1 F @)l |
(1+T7)/2

hence in view of estimate (2.28) we find
(t+T)/2
lr@lL, < C/ (1 — 7)YV @Y= V27 gy
T

t
+ C/ (t — 1)) @y < oy ¥ 2 @)
(t+T)/2
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forallt>T7T,1<p<o0o, if wetakey € (¥ 4 1 2). In the same manner we have

A

(t+T)/2
(L, < / dt [0xG(t — )lILs 1F(T)lLs
T

t
+ / d7 10,G(t — )llus | F ()l
(1+T)/2

IA

(t+T)/2
c / (t — o) BV @Yy~ V2 Ty
T

1
N C/ (t— )4 — 1) Y2y @)gp < Cppym @)
(t+7)/2

forall t > T, 1< p <o0o. Using the identity

1//:Z’1 rx+}rv
2

lu(t) — v(t) — (@)L~ < C(t)™"

we obtain the estimate

for all + > T. Whenug € L11, then
v(t,x) =t 2 fy(xt 2+ 0

for t - oo and in view of Lemma 3, the asymptotics of the theoremofesi. Theo-
rem 1 is proved. [l
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