|

) <

The University of Osaka
Institutional Knowledge Archive

Tl e ASYMPTOTIC CONVERGENCE OF SOLUTIONS FOR ONE-
DIMENSIONAL KELLER-SEGEL EQUATIONS

Author(s) |Iwasaki, Satoru; Osaki, Koichi; Yagi, Atsushi

Citation

Version Type|AO

URL https://hdl. handle.net/11094/77680

rights

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



ASYMPTOTIC CONVERGENCE OF SOLUTIONS FOR
ONE-DIMENSIONAL KELLER-SEGEL EQUATIONS

SATORU IWASAKI, KOICHI OSAKI AND ATSUSHI YAGI

(Osaka University and Kwansei Gakuin University, Japan)

ABSTRACT. The second and third authors of this paper have constructed in [14] finite-
dimensional attractors for the one-dimensional Keller-Segel equations. They have also
remarked in [14, Section 7] that, when the sensitivity function is a linear function, the
equations admit a global Lyapunov function. But at that moment they could not show
the asymptotic convergence of solutions. This paper is then devoted to supplementing
the results of [14, Section 7] by showing that, as ¢ — oo, every solution necessarily
converges to a stationary solution by using the Lojasiewicz-Simon gradient inequality of
the Lyapunov function.

Key Words and Phrases. Asymptotic convergence, Keller-Segel equations, Chemotaxis
model.

2010 Mathematics Subject Classification Numbers 35K45, 35B40, 92C17.

1. INTRODUCTION

We are concerned with the one-dimensional Keller-Segel equations

Up = Qg — k[ups], in I x(0,00),
(].].) Pt = bp:m: - dp + cu in I x (0, OO),
Uy = P, =0 on 01 x (0,00),

together with the initial conditions
(1.2) u(@,0) = ug(x) and p(z,0) = po(z) in I,

where I = («, 3) is a bounded open interval and 0I = {a, 5} is the set of its boundary
points. Here, the unknown functions u = u(z,t) and p = p(x,t) denote the density of
bacteria and the concentration of chemical substance, respectively, at position € I =
[a, B] and at time ¢t € [0,00). The constants a > 0 and b > 0 are the diffusion coefficients
of bacteria and chemical substance, respectively. The substance declines at a constant rate
d > 0 and is secreted at a constant rate ¢ > 0. The constant k£ > 0 denotes the intensity
of chemotaxis. (For a survey of the derivation of (1.1), see, e.g. [18, Introduction].)

The second and third authors of this paper have constructed in [14] finite-dimensional
attractors for the one-dimensional Keller-Segel equations of general form (including (1.1)-
(1.2)). They have also remarked in [14, Section 7] that, when the sensitivity function is a
linear function as in (1.1), the equations admit a global Lyapunov function. But at that
moment they could not show the asymptotic convergence of solutions. The objective of
this paper is then to supplement the results of [14, Section 7| by showing that, as t — oo,
the solution of (1.1)-(1.2) necessarily converges to a stationary solution of (1.1).

As well known (see, e.g. [15, Section 1]), even if a system of ordinary differential equa-

tions admits a Lyapunov function, the system can possess some bounded solution whose
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w-limit set is a continuum. Similarly, there exists a nonlinear diffusion system admit-
ting a Lyapunov function but possesses some globally bounded solution whose w-limit
set is a continuum. For the systems of ordinary differential equations, Lojasiewicz has
presented in [13] a sufficient condition for the Lyapunov function which is now called the
Lojasiewicz gradient inequality in order that every bounded solution converges to a sta-
tionary solution. The gradient inequality has been extended into an infinite-dimensional
version by Simon [16] which is now called the Lojasiewicz-Simon gradient inequality. By
checking that the Lyapunov function admitted by a diffusion system satisfies the gradient
inequality, it is possible to claim that its globally bounded solution necessarily converges
to a stationary solution. After the paper [16] being published, many authors tried to
devise more convenient ways how to check the Lojasiewicz-Simon gradient inequality in
the framework of Functional Analysis, see Chill [3], Chill-Haraux-Jendoubi [4], Haraux-
Jendoubi [9], Jendoubi [12], and so on. In the meantime, Feireisl-Issard-Roch-Petzeltova
[7] has devised a non-smooth version of the gradient inequality.

Essentially, we can use the methods developed by [3, 4, 9, 12] for our equations (1.1)-
(1.2), too. However, for a direct application, it must hold true that the Lyapunov function
®(u, p) given by (2.7) for 0 < u € Ly(I) and p € H(I) is twice continuously Fréchet
differentiable, which we cannot verify unfortunately. By this reason, we will introduce
a modified version in which we require that ®(u,p) is only once continuously Fréchet
differentiable and its derivative ®'(u, p) is only Gateaux differentiable with a derivative
of bounded linear operator and will recover these weaker differentiabilities of ®(u, p) by
using other techniques described in Section 6.

An alternative way may be to use the methods for non-smooth Lyapunov functions
devised by [7]. In fact, using the methods, Feireisl-Laurengot-Petzeltova have already
proved in [8] the asymptotic convergence for the classical solutions of (1.1). But, as we
constructed in [14] only strict solutions for (1.1), we want to choose the other way just
explained above. Not only the one-dimensional case, our techniques are equally available
for the Keller-Segel equations in higher dimensional spaces (and also some other types of
nonlinear parabolic equations [1, 11]). The main difference of our result, Corollary 4.1,
and [8, Theorem 1.1] is that our result gives an explicit convergence rate (4.5) at which
the solution (u(t), p(t)) converges to a stationary solution (u,p). A priori knowledge of
such an order estimate of convergence is essentially meaningful in the stage of numerical
computations for the limit solution (@, p).

Throughout the paper, H*(I) denotes the real Sobolev space in I with exponent s > 0.
Asusual, H°(I) = Ly(I). The dual space of H*([) is denoted by H*(I)". For s > 2, Hy(I)
denotes the closed subspace of H*(I) consisting of the functions p € H*(I) satisfying the
homogeneous Neumann conditions p'(a) = p'(5) = 0 at the boundary points of I.

2. REVIEWS ON EXISTENCE RESULTS

The existence of global solutions to (1.1)-(1.2) has already been obtained in [14]. In
this section, let us briefly review the results and, at the same time, let us verify some

properties of the global solutions which were not mentioned there but are necessary in
this study.

2.1. Global Solutions. In order to construct the solution (u,p) to (1.1)-(1.2), we can

apply the theory of semilinear abstract parabolic evolution equations (see [19, Theorem
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4.4]). In fact, for any (ug, po) € Lao(I) x H(I) satisfying
(2.1) up(z) >0 forae xz€l and po(x) >0 forxel,
there exists a unique local solution lying in the function space:

0 < u € C([0, Tiugp0); L2(1)) N C((0, Tiug,p0); HY (1)) ne((o, Ttuop0)); L2(1)),

0< p e e([07 T(uo,po)]; Hl (I)) N e((ov T(uo,po)]; H]?if(])) N el((o’ T(uo,po)]; HI(I))
Here, the time Ty, ) > 0 is determined by the magnitude of norms ||uo||z, and ||po|| g -
In the meantime, as established by [14, Proposition 4.1], any local solution to (1.1)-(1.2)
satisfies a priori estimates, which show that the norms ||u(t)| ., and ||p(t)||z: of any local
solution are globally controlled by those of uy and py alone. Hence, as stated in [14,

Theorem 4.3], for any (ug, po) € Lo(I) x H'(I) satisfying (2.1), (1.1)-(1.2) possesses a
unique global solution in the function space:

0 < u € €([0,00); La(I)) N C((0, 00); Hy (1)) N CH((0, 00); La(1)),
{ 0 < p € €([0, 50); HY(1)) N €((0, 00); HA(1)) 1 €1((0, 00); H'(1).
Moreover, if (ug, po) of (1.2) is taken as
(2.2) ug € Hy(I) and po € H3 (),
together with (2.1), then the global solution (u, p) belongs to
(2.3) we e(0,00); H3(I)) and p e €0, 00); H4 (1)),
respectively, and satisfies a global norm estimate
(2.4) lu®) 2 + o) 15 < Cuoys 0 <t < 00,

with some constant C(y, ,,) depending only on ||ug|| g2 and ||pg||gs. For the proof, see [14,
Theorem 4.4].

2.2. Strict Positivity of u(t). Let us next verify strict positivity of u(t) which is very
important in constructing a Lyapunov function. Let (ug,po) of (1.2) be taken as (2.2)
together with

(2.5) up(z) >0 forx el and po(z) >0 foraxel.

Proposition 2.1. Under (2.2), if (uo, po) satisfies (2.5), then the solution (u, p) of (1.1)-
(1.2) also satisfies the same at every time 0 < t < 00.

Proof. As p(t) > 0 is already known, it suffices to estimate w(t) from below. Put §y =
min, .7 up(x) > 0. And put Cr = kmax, 7o |0z (2, )| for arbitrarily fixed 0 < 7 <
0o. We regard u as a solution to the linear diffusion equation

Up = QUgy — p(T, t)u, — q(x, t)u in I x(0,7),

where p(x,t) = kp,(x,t) and q(z,t) = kpe(x,t).
Using a cutoff function H(§) such that H(§) = 3£? for —oco < £ < 0 and H(§) =0 for
0 < ¢ < o0, consider the function

o(t) = /IH(u(x,t) — dpe” ") da, 0<t<T.
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Then,
d¢ / —Crt —Ct
ﬁ(t) = [ H'(u—doe” ") (up + 00Cre”""")dx
I
= /H’(u — b0 N atgy — puy — qu + 6oCre” ' dx.
I
Here,

a/jH'(u — 60 N ugpdr = —a/I[H’(u — 6o )] pupda
= —a/IH”(u — dpe” “Nutdr < 0.
Meanwhile, noting that p(«, t) = p(8,t) = 0, we have
- /IH'(u — 6o pugde = — /IH'(u — 60" plu — o= dx
— /I[H”(u — 00" Nugp + H' (u — Soe™ M pa][u — doe™ ] du.

Furthermore, since H”(£) > 0 and H'(£)¢ > 0, it follows that
/IH”(u — doe” N ugplu — doe” " da
<2 /H”(u — doe” Nl da + L /H"(u — S0 N p?[u — Soe” O Pd,
2 J; 2a J;
and that
/IH’(u — dpe” N puu — dpe”“Mda < /IH’(u — 0oe” )| pa| [ — dpe ) d.
Therefore, the relations H”(£)¢? = H'(£)€ = 2H(€) give
— /IH/(U — doe” " Npugdr < g/jH"(u — dpe” “NYuldr + Drp(t)
with some constant D, > 0. Finally, since ©u > 0 and —qg + C, > 0, it is clear that
/IH’(u — doe” N [—qu + §oCre " da
= /IH/(U — dpe” (=g + Cr)udr — C, /IH’(u — 6o [u — Soe"“dx < 0.

We have thus shown that %(t) < D;¢(t) for any 0 < ¢t < 7. Consequently, ¢(t) <
#(0)eP . Since ¢(0) = 0, it follows that ¢(¢) vanishes identically on the interval [0, 7]. In
other words, u(x,t) > doe~* for (z,t) € I x [0,7]. Since 7 > 0 was fixed arbitrarily, the
desired strict positivity of u(t) is obtained.
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2.3. Lyapunov Function. Let us further remember that the equation (1.1) admits a
Lyapunov function. In fact, under (2.2) and (2.5), let (u, p) denote the global solution of
(1.1)-(1.2). Of course, (u, p) belongs to the function space (2.3) and satisfies the positivity
(2.5) for 0 < t < oo. According to [14, (7.2)], it holds true for (u, p) that

(2.6) i/ aclulogu — u] + %pi + %pz — ckup ¢ dx
dt J, 2 2

= —c/u{[alogu—kp]m}Qda:—k/pfdx§O, 0<t<o0.
I I

This means that the function
(2.7) P (u,p) = /{ac[u logu — u] +
I

defined for 0 < u € Ly(I) and p € H'(I) becomes a Lyapunov function for the solution
(u,p). (Setting ulogu = 0 for u = 0, too, let us consider ulogu to be a continuous
function for u € [0, 00).)

In addition, we notice the following fact.

bk

2

dk
(p)? + 7p2 — ckup} dx

Proposition 2.2. If £®(u(t), p(t)) = 0 at some time t =1, then (u(t), p(t)) is a station-
ary solution of (1.1).
Proof. Assume that [£®(u(t), p(t))],_; = 0 and put @ = u(f) and p = p(f). Then, because
of the strict positivity of @ due to Proposition 2.1, it must follow from (2.6) that
(2.8) l[alogT — kp]. =0 and bp, —dp+cu=0 in 1.
The first equality yields further

lau, — kup,], = {ulalogu — kpl,}, =0 in /.

Hence, (@, p) is a stationary solution to (1.1). O

2.4. w-limit set. Under (2.2) and (2.5), let (u, p) be the global solution of (1.1)-(1.2).
As usual, its w-limit set is defined by

w(u, p) = {(w,p) € La(I) x Lo(I); I, /00, u(t,) = w and p(t,) — p in Lo(1)}.

As (u, p) satisfies the global estimate (2.4), it is clear that w(u, p) # 0. Furthermore, as any
bounded, closed ball of H?(I) (resp. H3(I)) is weakly sequentially closed in H?(I) (resp.
H3(I)), it follows that w(u, p) C H3(I) x Hy(I). In addition, if (u(t,), p(t.)) — (@, p) in
Ly(I) x Ly(I), then this sequence is convergent even in H2?(I) x H*(I) for any exponent
0 < 6 < 1; in particular, (u, p) satisfies (2.1). As an immediate consequence of these facts
and Proposition 2.2, we verify that

(29)  lim @(u(t),plt) = inf_D(u(t),p(t) = B(@p)  for any (@,7) € wlu,p).

0<t<oo

In the meantime, according to [14, Theorem 7.1], w(u, p) must contain at least one
stationary solution of (1.1), say (@, p). Then, @ is verified to be strictly positive on I.

Proposition 2.3. Let (u,p) € w(u,p) be a stationary solution of (1.1). Then, (u,p)
must satisfy (2.5).
5



Proof. Let us regard w as a solution to the ordinary differential equation au” — p(z)u’ —
g(z)u = 0 for x € I, where p(z) = kp/(x) and ¢(x) = kp”(z). Because of (u,p) €
H?*(I) x H3(I), u becomes a classical solution. So, if u(zy) = 0 at some xy € I, then
%(r) > 0 on I implies that @ (x) = 0; consequently, @ must vanish identically in I. But
this contradicts to the condition that [, w(x)dx = |lugl/r, > 0. Similarly, if w(zo) = 0 at
xo = « or (3, then, since the Neumann boundary conditions imply @'(zy) = 0, the same
contradiction takes place. Hence, u(z) > 0 for x € I.

Meanwhile, p(x,t) > 0 implies that p(z) > 0 for z € I. O

3. FORMULATION

In what follows, we will arbitrarily fix an initial function (ug, pg) satisfying (2.2) and
(2.5). Let (u,p) be the global solution of (1.1)-(1.2). Let (@, p) be an w-limit of (u, p)
which is a stationary solution of (1.1). Then, our goal is to show that w(u, p) is a singleton,
ie., w(u,p) ={(u,p)}, and consequently (u(t), p(t)) converges asymptotically to (@, p).

For establishing this convergence, we will make use of the methods and techniques of
Functional Analysis developed by [1, 3, 9, 12]. This section is then devoted to setting up
their framework.

3.1. Evolution Equation. It follows from the equation of u of (1.1) that & [, u(z, t)dz =
0 for every 0 < t < co; therefore, [, u(x,t)dx = |lug||z,. In view of this fact, we want to

shift the unknown function u(x,t) to v(x,t) = u(x,t) — f, where f stands for the positive
constant [|uol, |7|7!. Then, v satisfies [, v(x,t)dz = 0 together with the equation

U = AUz — k[(v + [)pele in I x(0,00),
{vx:() on OI x (0,00),

In view of this shifting, we are led to introduce the subspace

Lon(D) = {v € Lo(I); /Iv(x)dx _ 0}

of Ly(I) (consisting of zero-mean functions in I) and to formulate the equation (3.1) of
v in this subspace. Clearly, Lo ,, (/) is an orthogonal compliment of the 1-dimensional
subspace of constant functions in I and its orthogonal projection P,, is given by

1
Pmu:u—m/u(x)dx, u € Lyo(I),
I

(3.1)

(3.2) ]
Quu=(1—P,u= T /Iu(x)dx, u € Lo(1).

The realization of —a% in Lo (/) under the homogeneous Neumann boundary con-
ditions is defined as follows. Consider a bilinear form

ai(v,w) = a/jv’(x)w'(x)dx, v, w e HL(I),

on H! (I) = {v e H(I); Q,v=0}. Since H! (I) can be equipped with an inner product
(3.3) (v, W)y = a1 (v, w), v, w € HL(I),
the form a;(v,w) is trivially coercive. Therefore, by the relation

al(”aw) = <‘A1U>w>H}n’><H}n ’ v, W E Hgl(])’
6



an isomorphism A, from H! (I) onto H} (I) is determined (see Dautray-Lions [5, Chapter
VII]), where H} (I) is the adjoint space of H} (I) such that H} (I) C Ly,,(I) C H}(I)
makes a triplet of spaces. On the other hand, according to [20, Theorem 6.1], A; is a

real sectorial operator of H! (I)’. As usual, A, is regarded as a realization of —a% in

H} (I) under the homogeneous Neumann boundary conditions and its part A; in Ly, (1)
is regarded as a realization of the same in Lo, ().

Meanwhile, by virtue of the lemma below, we observe that —k[(v + f)p') € HL (1) if
ve HL(I)and p € H%(I). Hence, if we set a nonlinear operator x (v, p) = —k[(v+ f)p]
acting from H} (I) x H3/(I) into H., (I)’, then the equation (3.1) can be written as % +
A = x(v, p) in H-(I).

Lemma 3.1. If n € H'(I) satisfies n(«) = n(B) =0, then ' € Ly (1) and it holds that
17l 3, < (1/v/a)lInll .-

Proof. The boundary conditions imply that [, »’ ;' (x)dr =0, ie,n € Ly, (I). Then,
|7 0 g e, | =100 0) g, | = 10, 0) 1| < (1/\/5)||77HL2||U||H},L, v € H,(I),
due to (3.3). Hence, the result is verified. O

As for the equation of p, we will formulate it in Lo(I). Consider a bilinear form

as(p, p) = b/ﬂ’@’dwrd/psodx, p, ¢ € HY(I).
I I
As H'(I) can be equipped with an inner product
(34) (pv ‘p)Hl = aQ(p7 (p)a Py Y e H1(1)7

the form as(p, ) is trivially coercive. Then, by the same methods as for a; (v, w), as(p, @)
determines an isomorphism A, from H'(I) onto H'(I) which is a realization of the

differential operator —b d2 + d in H'(I)" under the homogeneous Neumann boundary
conditions. Let As be its part in Lo(/) which can be characterized by the relation

az(p, ) = (A2, 0)1,, p € D(As), p € Lo(I).
Then, A is seen to be a positive deﬁmte self-adjoint operator of Ly(I) with domain
D(Ay) = H%(I) whose square root A2 has the domain @(A ) = H'(I) together with

(3:5) as(p.9) = (A3p, A3Q)s,  p. 9 € D(A]).
Consequently, the spaces HZ,(I) € HY(I) C Ly(I) make a triplet. Hence, the equation of

(1.1) for p is written as & + Azp = c(v + f) in Lo([).
We have thus arrived at the following formulation of (1.1). Set an underlying space

(3.6) X = {(Zj) cwe H-(I) and ¢ € LQ(I)} .

Let A= (fél j ) be an operator matrix acting in X with the domain
2

(3.7) D(A) = {(Z) v e DA = HL(I) and p € D(Ay) = H?V(I)} .



As seen, A is a real sectorial operator of X. Meanwhile, let F'(V') be a nonlinear operator

of X defined by
F(V) = (_k(EEZifc;p]) . V= (Z) € D(A),

Then, the function V(t) = (;g;), where v(t) = u(t) — f, is considered to be a solution

to the evolution equation

(3.8) &+ AV =F(V), 0<t< oo,
in X satisfying the initial condition
(3.9) V(0) =V, = (“0 - f) .

Po

3.2. Triplet of Spaces. Let us now set up a triplet of spaces which give the framework
of our arguments. Taking account of (2.7) and (3.8), we are led to introduce the following
triplet Z C X C Z*. The space Z* is taken as the underlying of the evolution equation
(3.8), i.e., Z* = X. The space X must be taken as the definition space of the Lyapunov
function (2.7), namely, X is set as

(3.10) X = {(g) v € Ly(I) and p € Hl(f)} .

Then, Z is naturally taken as Z = D(A). Thereby, its duality product is given by

N Y

As a general property of triplet, it is known that

1

2. VelZ
3.

1
(3.11) Vilx < IVIZIVIIZ-,
9) certainly belongs to the space

By (2.3) and (2.4), the solution V' of (3.8)-(
(3.12) V € €([0,00); Z) N CY([0, 00); Z¥)
and satisfies the global norm estimate
(3.13) IV (®)llz + 115 )]

R being some constant.

7z < R, 0<t< o0,

3.3. Lyapunov Function. From (2.7), the Lyapunov function is rewritten as

bk
o(v) = [{acl(w s Hogto+ 1)~ (0 £+ (0
I
dk
+—p2—ck(v+f)p}d:v, V= (v) ,
2 p
which is defined for —f < v € Lg,,(I) and p € H'(I). The equality (2.6) is rewritten as

(819)  R(V(D) = / (v + f){lalog(v+ f) — kola)2dx — k / (pe)dz < 0.

8



According as Proposition 2.2, we can claim that
(3.15) if L&(V(¢)) =0 at some ¢ = ¢, then V = V({) is a stationary solution of (3.8).
3.4. w-Limit of V(). For the solution V' (), let us redefine its w-limit set as

(3.16) wV)={VeXx; 3, "o, V(t,) =V in X}.

It is clear that () # w(V) C EZ(O; R). As seen by (2.9), it holds for V() that

(3.17) lim ®(V(t)) = inf ®(V(t)=&(V) forany V € w(V).
t—o00 0<t<oo

According to Proposition 2.3, there is an w-limit V' = *(7, 5) which is a stationary solution
of (3.8) and (v + f,p) satisfies the positivity (2.5). In view of this fact, we fix a constant
0 > 0 for which it holds that

(3.18) v(x)+ f>08 forevery v €1
Our goal is thereby to show that V(¢) converges asymptotically to V.

3.5. Suitable Extension of ®(V'). As a matter of fact, we need values of the Lyapunov
function ®(V) only for vectors V' lying in some neighborhood of the w-limit V. By this
reason, it is very convenient to extend the definition space of ®(V') to the whole X.

In view of (3.18), we extend log & to a smooth function log™ ¢ in the whole line (—o0, 00)
in such a way that

logm¥ ¢ =0 for —oo < € <0, log™ & = log & forg<§<oo,
and the values log™ ¢ being suitably defined for 0 < £ < g and put

(3.19) (&) =Clog™ €& — & for —oo < €& < o0.
Using this function, we extend ®(V) as
~ bk dk
(V) = /{acﬁ(v + f)+ ?(p')2 + ?pQ —ck(v+ f)p} de, V= (Z) e X.
I

The following properties of ®(V) are then verified.

Proposition 3.1. The function d:X >R is continuously Fréchet differentiable on X.
Identifying X with its adjoint X', define the derivative (V) € X by the formula

(3.20) DV + H)—B(V)— (&' (V),H)x| = o(|H|x) as H—0 in X.
Then, ® (V) is given by

=, cPplal' (v + f) — kp] v
(3.21) (V) = ( k[p_cA21(v+fﬁ>, V= (p) € X.

Proof. For v, h € Ly, (1), we have

/[e(v Fht f)— b+ f) — 0o+ f)hda

I

_ /1 [/01 C(v+0h + f)hdo — (v + f)h] da

_ //1 (04 0h+ f) — £(v + f)] hdbda.

9



In view of (3.19), it is seen that sup_., ¢, [("(£)] < oo. Therefore,

/[ﬁ(v+h+f)—£(U~|—h)—€’(v+f)h]d:v

I
This means that the function v — [, £(v + f)dx is Fréchet differentiable in Ly, () and
its derivative at v is given by h — [, €'(v + f)hdx = (Ppl'(v+ f),h)1,,,.-

Next, for p, n € H'(I), we have

/I 200"+ 1)+ 2(p+n)?—=L() = Lp* — bp'n — dpn] dz = /I[

NS
—~
3\
~—

no
+

(=8
=
N

IS
&

Therefore,

/ (200" + 1)+ L(p+n)? = 2() = 4p*] dz — as(p, 77)’ < Clnli-
I

This means that the function p — [,[2(¢)?

_|_
and its derivative at p is given by n — as(p,n)
Finally, we have

/[(v+h+f)(p+n)—(v+f)p—(v+f)n—hp]dx=/hndx-

1 1

4p?)dz is Fréchet differentiable in H'(I)
= (p,n)m due to (3.4).

Here, since

[ e = (4345w + P Af, = (450 + Do

I
due to (3.4) and (3.5) and since [, hpdx = (h,Pnp)r,,,, it is seen that the function
Ve | ;(v+ f)pdx is Fréchet differentiable in X and its derivative at V' is given by
H ="(h,n) = (Pyp, h)ra,, + (A3 (0 + f), ).

We have thus proved that (V') is differentiable in the sense of (3.20) and its derivative
is given by (3.21). It is easy to verify that V' — P’ (V) is continuous from X into itself. [

Proposition 3.2. Let V be the w-limit of V(t) fived in Subsection 3.4. Then, V satisfies
®'(V) =0, that is, V is a critical point of ®(V).

Proof. Consider the constant functions u(t) =u =7+ f,0 <t < oo, and p(t) = p, 0 <
t < 0o0. Since (u(-), p(+)) is a stationary solution of (1.1), Proposition 2.2 is available. As
a consequence, the equalities in (2.8) hold true, i.e.,

alog(v + f) — kp = const. and  bp' —dp+c(v+ f)=0.
Hence, P, [alog(v + f) — kp] = 0 due to (3.2) and Asp — ¢(v + f) = 0. Noticing that

U(W+ f) =log(v+ f) by (3.18) and (3.19), we observe that ®'(V') = 0. O

Proposition 3.3. If V € Z, then its derivative ® (V) must also be in Z. Moreover,
&' 7 — Z is continuous from Z into itself.

Proof. Tt is easy to see that the mapping v — ¢ (v) is continuous from H! (I) into H*(I).
Meanwhile, from (3.2), P, is seen to be a continuous projection from H'(I) onto H! (I),
too. Therefore, V € Z implies P, [al’ (v + f) — kp] € H. (I). Meanwhile, it is clear that

V € Z implies p — cA; (v + f) € D(Ay). Hence, V € Z implies &' (V) € Z.

It is also immediate to see that V + ®'(V') is continuous from Z into itself. O
10



As an immediate consequence of this proposition and (3.12), we have

(3.22) LV (t)) = <€1’>'(V(t)), %(t)>z . 0<i<o

4. AsympTOTIC CONVERGENCE OF V/(?)

It is now possible to state the four fundamental properties which the solution V' (), its
w-limit V' and the Lyapunov function ®(V) enjoy in the framework of Z C X C Z*.

(I) Critical Condition. The w-limit V is a critical point of CE(V), ie., (T)’(V) = 0.
(IT) Lyapunov Function. There is a radius 7’ > 0 such that
(

4.1) O(V(t) > ®(V) and LoV (1) <0 if V(t) € BX(V;7).

(III) Angle Condition. There exist a constant £ > 0 and a radius 7’ > 0 such that

(42)  —(PVWO)LED) A @VOINFDOIz i V) e BXVir).

(IV) Gradient Inequality. There exist an exponent 0 < § < %, a radius r” > 0 and a
constant D > 0 for which it holds true that

(43) ¥V O)llz = DIR(V() - (V)" if V(t) € BYX(Vir").

This inequality is called the Lojasiewicz-Simon gradient inequality of 5(V)

Critical Condition was already verified by Proposition 3.2.

Also the two conditions of Lyapunov Function were essentially verified by (3.14) and
(3.15). Indeed, as Hi(I) C (), there is aradius 7 > 0 such that BL2(7; r’)ﬂEH (0;R) C
B®(w; ), R being the constant in (3.13). By definition, it then follows that

(4.4) d(V)=d(V) it VeBXV;r)NnB (0;R).

Therefore, in view of (3.13), we observe from (3.14) that %&)(V(t)) =4V () <0if
V(t) € BX(V;r'). Meanwhile, as mentioned in (3.15), if £®(V(¢)) = 0 at some ¢ = {,
then V(%) is a stationary solution of (3.8) and the assertion of Theorem 4.1 to be proved is
automatically valid. Therefore, it suffices to argue under the condition that £®(V(t)) < 0
for every 0 < t < oo, namely, ®(V (t)) > ®(V) for every 0 <t < oo due to (3.17).

To the contrary, in order to verify Angle Condition and Gradient Inequality, we have
to investigate much deeper properties of &)(V) So, their verification will be described in
the subsequent two sections. Before that, we here want to state and prove our main result
which is directly derived by using these four properties only.

Theorem 4.1. Ast — 0o, the solution V(t) of (3.8)-(3.9) converges to V in Z* at the
rate

(4.5) V() = V]z < (D) V(1)) — d(V))? for all sufficiently large t.

This theorem is actually proved as an immediate consequence of the following crucial
proposition.
11



Proposition 4.1. Put r = min{r’,r", "'} and let 0 < s <t < 0o be such that, for every
€ [s,t], the value V(1) stays in BX(V;r). Then, we must have

(4.6) V() = V(s)ll - < (D) [B(V(5)) — 2(V))".

Proof. Since ®(V (7)) > ®(V) for 7 € [s,t] due to (4.1), —[®(V (1)) — B(V)]? is differen-
tiable in 7. Furthermore, (3.22), (4.2) and (4.3) yield the estimate
— ER(V(r) = (V)" = —0[(V(7)) — (V)" " L& (V (1))

> £0[D(V (1) — (V)" M|/ (V (7)1 || 5 (7)

Integration of this inequality on [s, t] gives
[@(V(s) = (V)] = [2(V(8) = (V)" = Dz [} ||95(7)]] . dr
> Deb ||V (t) — V()] 2,

which shows that (4.6) is valid for the s and t. O

> D | (r)

AR

Proof of Theorem 4.1. Let 0 < s < t < oo such that V(1) € BX(V;r) for every 7 € [s,].
On account of (3.11) and (3.13), it follows from (4.6) that
(4.7) V() = V(s)llx < [IV(E) = V(S)IZIV(E) = V(s)Z
< [2R(De0)E[B(V(s)) — B(V)]E.

Consider a temporal sequence t, /* oo such that V(¢,) — V in X. Then, by (3.16)
and (4.4), there exists some ¢y such that

IV(in) =Vix <5 and  2RD=0)2[&(V(tn)) - (V)7 < 5.
Therefore, for any ¢ > ty such that V() € BX(V;r) holds for every 7 € [tn,t], (4.7)
(with s = ty) implies that

V() = Viix < V) = V(En)lx +IV(Ew) = Vix < %,
which shows an important fact that, after the ¢y, all the values V(¢) stay in the ball
BX(V; ) (C BX(V;r)).
Let s be such that ty < s < co. For any t, > s, apply (4.6) with ¢ = ¢,,, then
IV (tn) = V(s)llz < (D) [(V(s)) — (V).

Letting n — oo, we arrive at |[V — V(s)z- < (D)L [®(V (s)) — D(V)]’.
On account of (4.4), we conclude that (4.5) holds true for all ¢t > ty. O

Theorem 4.1 can easily be translated for the solution (u, p) of (1.1)-(1.2).

Corollary 4.1. Let (ug, po) be taken as (2.2) and (2.5) and let (u, p) be the global solution
of (1.1)-(1.2). Let (u,p) be its w-limit obtained by Proposition 2.3. Let ®(u,p) be the
Lyapunov function given by (2.7). Then, ast — oo, (u(t), p(t)) converges to (u,p) at the
rate

lu(t) = all s, + llp(t) = pllz, < (Deb) @ (u(t), p(t)) — ©(w, 7))’
for all sufficiently large t.
12



5. ANGLE CONDITION

We prove that the condition (4.2) is fulfilled.
I) Let 7' > 0 be as in (4.4). Since ®(V'(¢)) = ©(V (t)) for V(t) € BX(V;7"), it follows that
LO(V (1)) = L(V(t)) for such V(t)’s. First, let us prove that

(5.1)

LBV 2 LIV VONIZ i V) € BX(Vir),

with some constant & > 0.
In view of (3.7) and (3.21), we observe that

19" (VENIS < CLl Pulalog(v(t) + f) = kp()][l7, + llp = cAs* (w(8) + ) }-
Furthermore, on account of (3.3) and (3.7), we observe that
19" (V(#)1 < C{lllalog(v(t) + f) = kp(t)]alI7, + 1420 — c(v(®) + f)IIZ,}-
Therefore, since v(t) + f > $ due to (3.18) and (4.4), it follows that

1D (VD15 < CLINV(0) + [ lalog(u(t) + ) = kp(®)]alF, + 15 (07, }-

Hence, in view of (2.6), we conclude that (5.1) is satisfied.
IT) Next, let us prove that

(5.2) 2. if V(t) € BX(V;7),

LB(V(1)| = 14 )|

with some constant £” > 0.
From (3.6), we have |[4-(t)[|%. < C{H%(t)H?{}n, + [|%(¢)|]2,}. Here, noticing that

%(t) = {(v(t) + f)lalog(v(t) + f) — kp(t)]'}, we apply Lemma 3.1 to observe that
15 Ol < Cli(w(t) + flalog(v(t) + ) — kpt)]'I[7,-
Furthermore, on account of (3.13), we observe that
120)|12, . < CIV/ol®) + F lalog(u(t) + ) — ko(t)] 2,

Hence, in view of (2.6), we conclude that (5.2) is satisfied.
On account of (3.22), it is clear that (5.1) and (5.2) yield the desired inequality (4.2).

6. GRADIENT INEQUALITY

We next prove that the inequality (4.3) is fulfilled. Tt is necessary, however, to investi-

gate much deeper properties of (V). Especially, we have to make use of analyticity of
®(V) in a suitable neighborhood of V in X.

6.1. Differentiability of ¢’ (U). We begin with investigating differentiability of P’ (V).

Proposition 6.1. The mapping X — X is Giteaux differentiable at V with the
derivative

~ gh
(6.1) ®"(V)H = ¢Fn [“f kn] for direction H = <h> € X,
kln — cAy'h] 1

" (V) being a bounded linear operator of X .
13



Proof. In view of (3.21), we see that it suffices to verify that the mapping v — ¢'(v + f)
from Ly (1) into Ly(1) is Gateaux differentiable at v.
To see this, fix h € Ly,,(I) and let 0 < 6 < 1 be a variable. Then,

1
OO+ f+6h)— L+ f)— (T + f)bh = 9/ @ + f + 00h) — (T + F)]h dv.
0
Therefore,
107H¢' @ + f+0h) — /(T + f)] = £"(@+ fh] L,

<

/ @+ f + 00R) — (@ + F)|dd b
0

Lo
Here, since sup_ ¢ [¢"(§)] < 0o due to (3.19), the dominate convergence theorem is
applicable to conclude that, as 6 — 0,

— 0.
Lo

Therefore, v — (v + f) is Gateaux differentiable at ¥ and its derivative for the direction
h is given by ¢"(v + f)h. It is also noticed by (3.19) that ¢"(v + f) = ﬂLf
The operator expressed by (6.1) is obviously a bounded linear operator of X. U

/ (0" (T + f + 09h) — (" (T + f)]d R
0

It is impossible to show that the mapping v — ¢'(v + f) is Fréchet differentiable from
Ly, (1) into Lo(I); but, it is certainly possible to see that the mapping is so from €,,(I)

into C(/). This fact then leads us to introduce another underlying space

(6.2) Y = {(Z) L veC,T) and pe Hl([)} ,

here C,,(I) is a closed subspace of C(I) consisting of zero-mean functions of €(I). By
(3.7) and (3.10), we see that this Banach space Y is such that Z C Y C X and the
intermediate inequality

(6.3) VIy <CIVIZIVIX™, — Vez
is valid with some 0 < k < 1. In addition, it is obvious that
(6.4) Vew(V)c B (0;R) CY.

Proposition 6.2. IfV €Y, then (T)’(V) €Y. And the mapping 'Y — Y is continu-
ously Fréchet differentiable with the derivative
~ Pulal"(v+ f)h — kn]) (v) <h)
6.5 "(VYH = [ K . V= CH = cy.
(65) \¢ ( kln — cAy ' h p n

Proof. Since the projection P, given by (3.2) is a bounded linear operator from C(/) into
(1), it is easy to see that V € Y implies &' (V) € Y. In addition, we see that it suffices
to verify that the mapping v +— ¢/(v + f) from €,,(I) into €(I) is continuously Fréchet
differentiable.

To see this, let v, h € C,,(I). Then, the same calculations as in the proof of Proposition
6.1 yield the equality

1
Cw+f+h) —lw+f)—0"(v+ flh = / 0" (v+ f+9h) — 0" (v+ f)]hd?.
0
14



Because of sup_ ¢ [¢"'(§)| < 00, it follows that
10w+ f+h) =+ f) =0+ Phlle < ClRE,,.

which shows that v — ¢'(v + f) is Fréchet differentiable and its derivative at v is given
by h — £"(v + f)h. Hence, (6.5) is obtained.
Continuity of the mapping ®”:Y — L(Y) is also easily verified. O

6.2. Some Properties of (V). Put L = ®"(V). By Propositions 6.1 and 6.2, L is a
bounded linear operator of both X and Y, i.e., L € L(X) N L(Y). In this subsection, we
want to investigate other various properties of L.

(I) L is a symmetric operator of X. In fact, we have

(LV.W)x = (Pl — kpl,w)r,,, + (klp — cAy "] 0)mn,

=) ()

Since (Pm[icff]?w)lzz,m = ({ij,w) Lo (U P [7)+f])L2,m and since (Pmpv w)LQ,m = (p7w)L2

= (AQ%p, AéA;lw)L2 = (p, Ay w)m due to (3.4) and (3.5), we verify that (LV, W)y =
(V,LW)x for any V, W € X.

(IT) L is a Fredholm operator of X. In fact, we have LV = (acPk(perf)) ck (fm[;})
2

for V = (2) € X. Therefore, the result is obtained by the Riesz-Schauder theory (see,
e.g. [2, Section 6.2] or [17, Section 9-3]) and the following lemma.

Lemma 6.1. The mapping v — Pp,(
itself.

Proof. Put a(x) = m Then, since (|[T]le + f)™' < @(z) < 7! on I due to (3.18),
it is seen that Pp[a(z)v] = w if and only if v = a(z) tw — [%] a(x)™! for
v, W € La,,(I). This means that v — P,,[a(z)v] admits a bounded inverse on Ly ,,(I). O

517) is a linear isomorphism from Loy, (I) onto

(III) L enjoys the following range condition with respect to Y
(6.6) if LV €Y for V € X, then actually V €Y, ie., L' (Y)CY.
€ C(I)

By the similar argument as in the proof of Lemma 6.1, we see that Py [5i7]

implies v € C,,,(I). From this fact, the proof of (6.6) is quite easy.

(IV) L induces an orthogonal decomposition of X into the form X = K(L)+L(X). In fact,
as L is a Fredholm operator of X, the kernel K(L) is of finite dimension, say dim K(L) =
N, and the range L(X) is a closed subspace of X having a finite codimension. Let
P: X — X(L) be the orthogonal projection from X onto K(L). Then, X is orthogonally
decomposed into X = PX + (1 — P)X, PX coinciding with K(L). We here observe that
(1 - P)X = L(X). Indeed, let V € L(X), i.e., V = LW, then, since

(6.7) LP =0 and PL = P*L* = (LP)" =0,

it follows that PV = PLW = 0; hence, V = (1 — P)V € (1 — P)X, that is, L(X) C
(1-P)X. Assume that L(X) & (1 — P)X; then, there exists 0 # V' € (1 — P)X which is
15



orthogonal to L(X) = L(X); since 0 = (V, LW)x = (LV,W)x for any W € X, LV must
be 0, i.e., V € PX; hence, V € PX N (1 — P)X = {0} which contradicts the assumption
V #0.
In particular, L is an isomorphism from L(X) onto itself.

(V) L equally induces a topological decomposition of Y into the form Y = K(L) + L(Y).
First, let us notice from (6.6) that LV = 0 for V € X implies V € Y, ie., K(L) C Y.
Next, as K(L) is of finite dimension, the induced topology of K(L) from Y is equivalent
to that from X. In other words, the operator P:Y — X (L) is continuous with respect
to the Y-norm. As P keeps the property P2 = P on Y, P can then induce a topological
decomposition of Y, too, into Y = PY + (1 — P)Y, PY coinciding with K(L). We here
observe that (1 — P)Y = L(Y). Indeed, if V € (1 - P)Y (C (1 — P)X), then V € L(X)
and V' = LW with some W € X; but, (6.6) gives that W € Y and V € L(Y). Conversely,
if Vel LY)(CL(X)), then V = (1 — P)W with some W € X; but, W =V 4+ PW €Y
(due to L € L(Y')); hence, V € (1 — P)Y. In particular, L(Y) is a closed subspace of Y.

Proposition 6.3. The operator L is an isomorphism from L(Y) onto itself.

Proof. We already know that L(Y’) is a Banach subspace of Y and that L is continuous
and bijective from L(Y') onto itself. Then, by virtue of a corollary of the open mapping
theorem (see [21, p.77]), we know that its inverse is also continuous. O

6.3. Critical Manifold. Following the idea due to Chill [3], we here introduce the critical
manifold of (V') but is handled in the underlying space Y. Set a surface S in Y by

(6.8) S={VeY; ¥V)eX(L)}={VeY; (1-P)¥V)=0}.

By Critical Condition and (6.4) we know that ® (V) = 0 with V € Y, thereby V certainly
lies on S.

Then, in a neighborhood of V, S is seen to be a Cl-manifold of dimension N(=
dimX(L)). Indeed, identifying Y with the product space K(L) x L(Y), set an op-
erator G:Y — L(Y) such that G(VO, V) = (1 — P)® (VO + V1) for (VO,V!) € ¥
and consider the equation G(V°, V1) = 0 for (V° V1!). According to Propositions 6.2,
we have Gy1(VO, V1) = (1 — P)®"(V° + VY Lev). Therefore, Proposition 6.3 shows
that Gv1(PV, (1 — P)V) = Lji(y) is an isomorphism of L(Y). So, the implicit func-
tion theorem is applicable to G(V° V1) = 0 to conclude that in some neighborhood
U(V) = U(PV) x U((1 — P)V) of V, where U°(PV) (resp. U((1 — P)V)) is a neigh-
borhood of PV (resp. (1 — P)V) in the space (L) (resp. L(Y)), the unique solution to
G(VO, V1) =0is given by (VO g(V?)), where g: U(PV) — U((1 — P)V) is a C! mapping

such that g(PV) = (1 — P)V. As a consequence, S is seen to be represented as
SAUV) ={VO+g(V; VP e U (PV) and ¢g:U°(PV) — L(Y)}.

Moreover, let V..., V¥ be an orthogonal basis of KX(L) and introduce a coordinate to
K(L) by the correspondence

VO=6W 4+ VN eX(L) «—  £=(&,....&v) € RY.
Especially, denote PV = 25:1 EVY o €= (&,...,Ey). Let Q C RY be the region
corresponding to U°(PV). Then, we can define to S NU(V) a coordinate by the relation

VS =N e V04 g (zfj:l 5nv7$) ESNUTV) s €=(E1,....6x) €.
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We often identify the vector V° € U°(PV) with its coordinate & € . Then, g is
considered to be a €' function for € € Q with values in L(Y).

Furthermore, we can verify that ®(V) is analytic in a neighborhood of V on S.

Proposition 6.4. The function & — &)(5 + g(€)) is analytic in Q if Q is replaced by a
sufficiently smaller one.

Proof. We will employ the methods of complexification by extending every thing concern-
ing the manifold S to the complex one in a suitable complex neighborhood of V.

The underlying space is extended to X¢ = X +4¢X. It is similar for Y, i.e.,, Yo = Y +:iY".
The derivation ®'(V') given by (3.21) can naturally be extended for complex V' as follows.
The operator A, can be a realization of —bj—; + d under the homogeneous Neumann
boundary conditions in the complex space Lo(I;C) and As becomes a positive definite
self-adjoint operator of Ly(1;C). The logarithmic function can be extended as an analytic
function in the complex domain C — (—o0,$]. So, on account of (3.18), if r¢ > 0 is
sufficiently small, then log(v + f) is defined for any v € €,,(I; C) such that ||v —7||e < rc.
Therefore, in view of (3.19), the operator ® (V) can be extended as

@) = (T ) v = () e e

By the same proof as for Proposition 6.2, the mapping [&)’]C:BYC(V; rc) — Y is
seen to be Fréchet differentiable with the derivative [/]%(V) which takes the same form
as ®"(V) expressed by (6.5). Put Lc = [®]:(V). Since L¢ takes the same form as
3"(V) expressed by (6.1), L is a bounded linear operator of X¢ which can be given by
LcV = L(ReV) +iL(ImV) for V € X¢, which means that L¢ is a real operator of X¢
and can be identified with L. Therefore, L is a symmetric Fredholm operator of X¢, too.
In addition, since V' € K(L) if and only if ReV, ImV € K(L), the basis V, ...,V fixed
above in the real (L) can span the complex K(L) in Xc.

Meanwhile, let Pc be the orthogonal projection from X¢ onto K(L). Similarly, we
have PcV = P(ReV) + iP(ImV) for V' € X¢, which means that Pg is also a real
operator of X¢ and can be identified with P. Therefore, X¢ is orthogonally decomposed
into X¢ = PXc + (1 — P)X¢, where PX¢c = X(L) and (1 — P)X¢ = L(X¢). As the
similar range condition to (6.6) is satisfied by L in Yg, this decomposition induces the
topological decomposition of Y¢ into Yo = PYc + (1 — P)Yg, where PYe = K(L) and
(1 — P)Ye = L(Yc). By the same proof as for Proposition 6.3, we know that L is an
isomorphism from L(Y¢) onto itself.

The critical manifold in Y¢ is now defined by

Sc={V € B"(Vire): (1 - P)[@]e(V) =0}.
The implicit function theorem of complex version provides that, in some neighborhood
Uc(V) = UL(PV) xUL((1—P)V), where UL(PV) (resp. UL((1—P)V)) is a neighborhood
of PV (resp. (1 — P)V) in the space K(L) (resp. L(Yc)), the vector of S¢ N Uc(V) is
represented by VO + gc(V?), where VO € UL(PV) and gc:UL(PV) — L(Yg) is a C!
mapping. Moreover, using the complex coordinate V0 = &V + -+ + Ve € K(L) «
£€=(&,...,Exn) € CN, the vectors VS € Se NUc(V) are expressed as VS = 320 €, V0 +
ge(XN 6 V) o €= (&,...,8) € Qc, Qc being a region of CV which corresponds to

Uc (V). Therefore, gc is a C! function defined in Q¢ with values in L(Yg).
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Finally, we complexificate the Lyapunov function ®(V) as

bk

5dV%:x{wﬂv+ﬁbav+ﬁ—%v+ﬁ%%§@W

+ d7k/)2 — ck(v + f)/’}dxv Ve B(V;re).

By the same arguments as in the proof of Proposition 3.1, 5@: BY¢(V:r¢) — C is con-

tinuously Fréchet differentiable. Therefore, the composed function & — V* s ¢ (V9)
is continuously differentiable in )c. Let us here recall the characterization of analytic
functions of several complex variables. According to [6, (9.10.1)] or [10, Theorem 2.2.8],
a continuously differentiable function from a region of C¥ is an analytic function.

In this way, we have established the desired analyticity. 0

6.4. Verification of (4.3). It is now ready to prove that (4.3) is fulfilled.
We use a decomposition of the vectors V € U(V) given by the form V = V5 + V1,
where V° € S and V! € L(Y). In fact, express V as

V=[PV +g(PV)]+[(1-P)V —g(PV)=VS+V  Veuwl),

where PV + g(PV) = (PV,g(PV)) € S and (1 — P)V — g(PV) € L(Y). It is clear that
(6.9) as V—-VinY, V5=V and V! =0 in Y.

This decomposition yields the following important estimate for &' (V/).
Proposition 6.5. It holds that
(6.10) [PEW)lly > [B'(VE)lly —oIVHy,  V=Vi+VIeuw),
(6.11) (1= P)O(V)|ly >c|Vy, V=VS+V'eu®),
if W(V) is replaced by a sufficiently smaller one. Here, o(1) stands for a small quantity
tending to 0 as V. — V in Y while c is a fixed positive constant.
Proof. We have

(V) = '(VE) + " (V) (V = V) +r(V - V)
=/ (VS) + [@"(VT) = " (V)V' + &"(V)V' +r(V1),
where ||r(VY)|y = o(|[VY]ly). As P®'(V5) = &' (VS) and P®"(V) = 0 due to (6.7), we
observe that B B B B
PO'(V) = @'(V%) + P["(VT) — @"(V)|[V' + Pr(V1).
Therefore,
1P (V) Iy = [|&'(V)lly = oDV Iy = o[V ]lv),

where o(1) = ||®”(V5) —é”(V)”L(y) tends to 0 as V — V in Y. Hence, (6.10) is observed.
On the other hand, by the same reasons, we have

(1—P)D' (V)= (1—P)[@"(VS =" (VV' + (1 — PYD"(V)V' + (1 — P)r(Vy).
Therefore,

11 = P)¥(V)lliyy 2 (1= PYS" V)V [y — oIV ey = oIV ly)-
18



Here, since Proposition 6.3 yields the estimate
Vo) = IL7 LV ey S WL Hleworp IV pery
<L eorpll(T = PY" (V)VH | e,
it follows that
11 = P)®'(V)lly > L7V = oWV ly = o[V {ly)-
Hence, (6.11) is observed. O

Since || ®'(V)|ly = C[|P®'(V)|ly +||(1 = P)®'(V)]|y], it immediately follows from (6.9),
(6.10) and (6.11) that

(6.12) 1D (W)|ly > e[|®' (VH)ly + IV Iy] forall V =V +VeWV),

with some positive constant ¢ if U(V) is replaced by a sufficiently smaller one.
I) Gradient Inequality in L(Y'). Because of
(6.13) (V) = B(V)| < [&(V) = S(VF)] + [2(VE) - (V).

what we have to do is to estimate the two differences in the right hand side. First, let us
estimate the former.
On account of Proposition 6.2, we can write as

O(V) = B(VE) = (&'(V),V = V) + F(S"(V)(V = V),V = V) oV ~ VI|I})
= (¥'(VF), V) + 3@ (VHVLVY) +o([VV3)-
Therefore,
(V) = (V)] < [ (V) [Ix [V Ix + CIVHI IV x + oIV 3)
< (VX +CIVHT.
Hence, (6.12) provides the inequality
(6.14) 18" (V)|ly > ClO(V) = B(VS)z,  V=V5+Vieuw).

IT) Gradient Inequality on S. Due to Proposition 6.4, the function ¢(§) = 5(5 + g(ﬁ)) is

analytic in a region  C RY containing €. Then, we can apply the classical result due to
Lojasiewicz [13] to conclude that there exists some exponent 0 < § < % for which it holds
that

IVed(©)llrny > Clo€) — o), €€,

if 2 is replaced by a sufficiently smaller one. Here, it is seen by Proposition 3.1 that

Therefore,

IVed(©)lzv < CIP'(€ + 9(8))llx = ClIS' (V)| x.
By virtue of (6.12), we obtain that
(6.15) &' (V)lly = CI¥'(VF)|ly = Clo(VE) = (W), V=VS+V'ew®),

if U(V') is replaced by a sufficiently smaller one.
19



I1T) Completion of the Proof. We obtain from (6.13), (6.14) and (6.15) that

18" (V)ly = Cle(V) = (V)| V ew).

Let us ultimately verify (4.3). In view of (6.3), there is a radius 7 > 0 such that
BX(V;r"yN BZ(0; R) € U(V), R being the constant in (3.13). It then follows that

12(V(£)[ly = ClO(V () — (V)" if V(1) € BX(V;r").
Hence, as | &' (V(£)|z > C||®(V(£))|ly due to (3.7) and (6.2), we conclude (4.3).
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