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An Approach to Viscosity Calculations of Molten Iron

and Its Dilute Binary Alloys'

Ikuo OKAMOTO*, Takamich IIDA** and Hiroshi KIHARA***

Abstract

Accurate theoretical values of viscosities are not available at present.

Therefore, in this paper we propose an ap-

proach to viscosity calculations of liquid metals and dilute binary alloys.
Using the expression for liquid metals which has been derived by one of the authors, the calculated value of viscosi-

ty for molten iron at 1600°C is equal to 4.7 cP.

From the expression and experimental data, we present an attempt to calculate viscosities of dilute binary alloys

Jrom simple parameters.

That is, viscosities of dilute iron-based binary alloys are .approximately propoitional to the

square root of the product of atomic weight and melting point (°K), (MT,,)% of alloying elements.
Viscosities of molten iron due to one_atomic pecent of various alloying elements at 1600°C are expressed as follows:

~ L %
Yrea =0 T KUMT,)E —(MT,)E]

where, K= 3.5X 107 (from experimental data).

We have obtained same relation for liquid mercury and its dilute amalgams as well.
Consequently, if the value K is obtained experimentally, the approximate values for viscosities of dilute alloys can

be estimated.

1. Introduction

Viscosity of liquid metals and alloys is of interest
as a physical quantity in non-equilibrium state as well
as diffusion and thermal conduction. It is so not only
from practical aspects but from the fundamental point
of view. In particular, viscosity of dilute alloys is
quite important as the data which are used for practi-
cal operations and the clue for theretical treatment of
the viscosity of liquid alloys. Especially, experimental
and theoretical studies on the viscosity of molten iron
and its diluteealloys are desired. Neverthless, few
systematic studies have been made on this subject.”””

Born and Green”, and kirkwood and coworkers®”
have derived the expressions of viscosity of liquid as
a function of intermolecular forces (potential) and pair
correlation function based on statistical mechanical
theory. At the present stage of statistical mechanics
in regard to liquid, however, little is known about the
molecular forces between same or foreigin molecules
(atoms), and furthermole the mathematical treatment
of their expressions is considerably complicated. It is,
therefore, very difficult to apply these expressions in
practice.

Though the strictness of physical treatments is
sacrificed to a certain extent, it would be useful that
viscosities of many liquid metals and dilute alloys can
be estimated by simple expressions, from the partical

standpoint.

In this paper, at first, the viscosity of pure molten
iron at 1600°C was calculated from the expression
which has been derived previously by one of the
authors, and compared the values observed experi-
mentally by a number .of workers. Then, using the
expression, an approach to viscosity calculations of
dilute binary alloys has been proposed, and an ex-
pression for viscosities of molten iron with one atomic
percent of various alloying elements at 1600°C was ob-
tained with simple physical quantities.

2. Viscosity Calculation of Pure Molten Iron

Recently, we have discussed viscosity of liquid
metals and have derived an expression within the
following assumptions. All atoms in ‘liquid state are
regarded as equivalent harmonic oscillators - with the
same frequency and momentum is transfered between
the nearest neighbour atoms in adjacent layers.

The expressions’ is given by:

77=‘;—yP(T)mp2_/;g(r)r‘dr N

and
3 3 aT,y 2 aTy
PM=1—] 4= exp(— = ( —1)?) d(
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where, v vibrational frequency of an atom in liquid
state.

P(T): factor representing the probability .which
an atom in a state of vibration can stay at
any position, that is, the life time of vibra-
tion.

m: atomic mass

o : average number of atoms per unit volume
(number density)

g(r): radial distribution function (pair correlation
function)

a: upper of the first peak in g(r)

T, : boiling point (°K)

o : factor concerned with the energy needed to
be able to move' freely from a vibrating
state to another site by translational motion
(at the melting point, a=1~1.5)

Now, we will calculate the viscosity of pure molten
iron at 1600°C. At present, the characteristic frequ-
ency of vibration of liquid state is not estimated
theoretically, therefore, to first approximation,
Lindemann’s formular® is used. The formular is:

vm=Cv—T'm—‘ (3)

MV%

where, v, is the fundamental frequency in solid state

at the melting point, ¢ is constant (2.8 10> ~3.1xX10'%),

T . is the melting point (°K), M the atomic weight
and V,, the volume of 'a gram-atom at temperature
Tn.

The calculated value of v, from the equation (3)
is equal to 7.95% 10" (sec™"). Value for the density

of molten iron at 1600°C is from Lucas”: 6.94 (g.cm™>).

Atomic mass, m, is equal to 9.28x 107" (g), and num-

ber ‘density, is equal to 7.48X10” (number). The
integration concerned with radial distribution function:
j:,u g(r)r'dr could be done by following assumption.
In our phenomenological theory, the radial distri-
bution function is introduced as a measure to esti-
mate the number of atoms participating in the
momentum transfer between the nearest neighbour
atoms (the coordination numbers of atoms). By con-
sidering nearest neighbour interactions, this concept
is useful in making a first order approximation to the
macroscopic behaviour of liquid such as viscosity.
But it is not yet well-defined how the area under the
first peak of atomic radial distribution function is
designated. In present work, the coordination
numbers of atoms have been estimated by the method
as shown in Fig. 1. That is, a corresponds to the
first minimum on the right hand side of the first peak
in g(r). This method is considered the best mathe-
matical one. The result of the integration is equal to
9.72x107* (cm®). The observed value for the radial
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Fig. 1. Pair correlation function of molten iron at 1620°C (see Ref. 8).

distribution function of molten iron at 1620°C is from
Waseda and Suzuki®.

When the vibrating frequency of atoms is esti-
mated from the Lindemann’s formaular, p(T)<l is
resonable, because the strength of ‘the interaction
between atoms in solid state is stronger than in liquid
state. When the vibrational frequency of atoms in
liquid is calculated by the Limdemann’s formular,
P(T) is equal to 0.8 ~1 for alkali metals, tin, lead and
and other metals. That is, if the frequency of atoms
is determined from the Limdemann’s formular and
P(T) is equal to 0.8 ~1, the calculated values of vis-
cosity of liquid metals at the melting point are in good
agreement with experimental data.

Now, when P (T) is equal to 0.9 for molten iron
at the melting point, 1.4 is obtained for the factor «
from the equation (2), and P(T) is equal to 0.88 at
1600°C. From those results, the calculated value of
visicosity for molten iron at 1600°C is equal to 4.7 cP.
The calculated value is equal to 5.3cP, when P(T) is
equal to 1 at 1600°C, and 4.3cP when P(T) is equal to
0.8, respectively. Viscosity of molten iron as deter-
mined by a number of workers and the calculated
values are shown in Fig. 2.

3. An Approach to Viscosity Calculations of Dilute
Bibary Alloys

From experimental data, for the majority of liquid
metals, the integral term in the equation (1) can be
expressed approximately in the following form:

f(r‘g(r) dr ==().35g(0) i (@)

where, ¢ is the averege interatomic distance.
Furthermore, using a relationship p~l/03, the equ-
ation (1) is approximated by :

7y = 047vP(T)mg(o)- —L— )

and, using the Lindemann’s formular for v, we have
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Fig. 2. Viscosity of molten iron as determined by a number of
workers and calculated value using the equation (1)
(I: vatolin et. al, 2: Barfield et al, 3: Samarin, 4: Wen Li-Shin
S: Adachi, Morita et al, 6: Saito and Nakanishi, 7: Frohberg,
8: Schenck et al, 9: Saito et al, 10: Cavalier, 11: Narita and
Onoe, 12: Kawai and Tuji, 13: Lucas, 14: Thile, ®: calcu-
‘lated value).

~ 0.47CMTZAP(T)g(o)
NM* V%o

P(Me(g)_
e

=i }MT,)% 6)

where, N is the Avogadro’s number

(Though j is equal to 2X107* from the equation (6),
experimental values of viscosity for many liquid
metals agree well with the calculated values, when j is
equal to 2.5X107").

It is needIness to say that viscosity is the dynamic
physical quantity in non-equilibrium state, therefore,
the thermodynamics deduced from the equilibrium
state cannot, obviously, be applied. However, if the
idea of partial molar quantity of thermodynamics is
allowed to use as an analogy in numerical treatment
for discussing viscosity of liquid binary alloys, the vis-
cosity of A-B binary liquid alloys which consists of
n, at % of A-atom and ng at % ‘of B-atom may be
expressed in the following form:

_ L

Ta-8= 00 (nyyx +ngng) N
where,
07 a-s on
v (B - 7 A-B
Na= ( E ) Ny 1ps 773*= ( anAB NA, T, P
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Using the relationship n, + ng =100, we have

(3)

Now, let us consider the case that the concentration
of B-atom is extremely dilute. In such case, the state
of A-arom in the dilute solution may be regarded as
almost the same as that in the pure liquid which con-
sists only of A-atom. Then, we obtain

9)

where, 7, is viscosity of pure liquid metals which con-
sists only of A-atoms. Therefore, substituting 7, for
7 in the equation (8) yields the following expression
for the viscosity of dilute binary alloys.

Ny

7% o0

Ta-s N5 T %) (10)
Now, let us consider the physical meanings of the ex-
pression (10). If B* is used to designate the atom in
liquid consists of B-atoms that are completely sur-
rounded by A-atoms and have the interaction with
them, 74 in the equation (10) is considered to be the
viscosity of pure liquid which consists only of B*-
atom, and is also given as the intercept at n, =0 -of
the tangent to the curve of »,_, at the infinite dilute
concentration of the component B as shown in Fig. 3.

Then, we may apply the above idea to the vis-
cosity of liquid binary alloys. As far as the binary
alloys containing several atomic percentages of solute
can be approximately regarded as dilute solution, the
viscosity of dilute binary alloys, thus, is given from
the equation (10) as follows:

Ny

100

Dyvex ~ Pu T (05— 7w (1)

>3

Viscosity

A0 at.”/, B

Fig. 3. Shematic diagram illustrating partial viscosity in dilute A-B
binary solution. (--- 1deal dilute solution)
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where, the subscripts M-X, M and X represent the
dilute alloy, the base metal and the alloying elements
respectively.  Using our present expression (6),
further the above equation may be rewritten in the
following expression :

) . P T)L’ I
Du—x =Nyt ing { (V—;(a) (MTp, )h}x*
(12)
—{ (T)g(o)

Vi (MT )%y

the subscript X* represents the alloying ele-
ments whose atoms are completely surrounded by the
base metal atoms.

In the equation (12), of the terms représented by
the subscript X*, P(T), which is a function of boiling

where,

point, does not largely depend on it, and g(o) and &

may be supposed to be close to the value of base
metal rather than that of alloying element by assuming
their state described above. On the other hand, the
vales of M and T,, would not probably be so differ-
ent from that of the alloying element, even if the alloy-
ing element is placed on that state. (T, in this paper
reters to interatomic bond strength).

Thus, assuming inherent characteristic of alloying
element can be expressed by the term (MT, )%, the
term denoted by the subscript X* is approximately re-
presented as follows:

{ HREE it ~{—r—TML}M(MTm) (13)

However, as presently it is very difficult to treat strict-
ly the .above-mentioned relation from the theoretical
point of view, we take this problem into consideration
on the basis of experimental results. For an example,
viscosities of iron-based dilute binary alloys (1 at %:
at 1600°C ”) which were determined by a number of
workers, are plotted as a function of (MT,,)%in Fig. 4.
Though discrepansies exist between observations of
different workers, it is considered from the experi-
mental results shown in Fig. 4 that the relation in the
expression (13) can be expected to hold in these iron-
based dilute alloy systems. Now, viscosities of
molten iron and its alloys have been measured by the
oscillational vessel method. This method of measur-
ing viscosity has many practical advantages at elevated
temperature, but there are mathematical difficulties in
making the calculations, and a precise technique for
viscosity measurements of liquid metal and alloys at
high temperature has not been well established.
Furthermore, the viscosity-standard liquid for liquid
metals has not yet established. From these reasons,
it is understandable that discrepancies exist between
the data which have been reported.
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Fig. 4. Change in the viscosity of molten iron due to one atomic
percent of various alloying elements at 1600°C.
(@ : calculated value, O: Romanov and Kochegarov,
®: Narita and Onoe, @: Suzuki and Maekawa,
+: Vostryakov, vatolin and Yesin, ©: others)

Then the observed values by Romanov and
Kochegarov™'” and Suzuki and Maekawa” are
shown in Fig. 5. As shown in Fig. 5, it is obvious
that the relation in the expression (13) can be ex-
pected to hold approximately in this case. In ad-
dition, the above relation is found to hold also for the
viscosities of mercury-based dilute binary alloys” as
shown in Fig. 6. (The viscosities of mercury and its
dilute binary alloys have been determined by the capil-
lary method.) From these results, we consider that
the equation (13) holds on viscosities of other metal-
based dilute binary alloys as well. Consequently,
using the equation (13), viscosity of dilute binary
alloys can be expressed as follows:

o ~ o©
o o (o]
T T T

Kinematic viscosity ( mSt.)

[
o
T

0 100 200 300 400
112 :
(MTm)
Fig. 5. Change in the kinematic viscosity of molten iron due to

one atomic percent of various alloying elements at 1600°C.
(O: Romanov and Kochegarov, @: Suzuki and Maekawa)
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Fig. 6. Change in the viscosity of mercury with one atomic percent
of various alloying metals at 140°C (see Ref. 2).

ek Dt i [ ﬂT—)i(—”) {(MT )% — (MT )%}
(14)
and putting,
j“x% =K
we have
Duer™= 7ut KIMT )% = (MT ) ) (1)

Viscosities of molten iron due to one atomic percent
of various alloying elements at 1600°C are expressed
from Fig. 4 as follows:

Vredic™ Npe +3.5X10° ((MT )5 —317) (16)

Accordingly, the expression represented by the
equation (15) may be considered to hold not only on
the viscosities of iron or mercury-based dilute binary
alloys, but on viscosities -of other metal-based dilute
alloys, and if the value K in the equation (15) is deter-
mined from few experimental data for certain base
metals, viscosities of those metal-based dilute binary
alloys can be evaluated by the use of equation (15).
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4. Conclusion

Using the expression for mono-atomic liquid
metals which has been derived by one of the authors
previously, the viscosity of molten iron at 1600°C was
calculated.

A consideration was made on viscosity of dilute
binary alloys, and the obtained results may be sum-
merized as follows. '

An equation for viscosities of dilute binary alloys
could be expressed in the terms of the square root of
the product of atomic weight and melting point of
alloying elements as a parameter.

Consequently, if the value K in the equation (15)
is determined exprimentally or theoretically for certain
base metals, viscosities of those metal based dilute
binary alloys can be estimated easily by use of the
equation (15). :
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