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By Mitio Nacumo and Kusuo Isk

§1. Introduction.

o)
1. In this note we use the notations O« and 9}u for S U and
az i
xox. Y respectively. The vectors (x,,:--,x,) and (y,,--,%,) in R”
i’
will be denoted briefly by x and y respectively.

Let A=(a;;) be a constant real (m, m)-matrix, all of whose
characteristic roots A; ({=1,:--,m) have non-zero real parts, and
fx)=(fix), -, f..(x)) a real vector function of class C* on some neigh-
borhood of x=0, such that f(0)=0 and |9,f(x)|< K- |x| with a con-
stant K >0 where

H=(2a), [ ={Z e .

)

We consider the autonomous systems

(1. 1) % — A-x+f(x)
and
dy
. 4y _ Ay,
(1.2) i y

regarding x, y and f(x) as the column-vectors. The purpose of this note
is to show that, under some conditions on \; ({=1, ---,m) and f(x),
the system (1. 1) can be transformed into (1.2) by a change of variables

(1.3) Y = x+u(x)
where wu(x) = (u,(x), ---, u,,(x)) is a real vector function of class C?, such
that
(L. 4) { u0) =0
' |9,u(x)| <L- ||

with some constant L >0.
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When f(x) is analytic regular in x, in order to show the existence
of the transformation given by (1.3) with analytic regular #(x), we must
necessarily assume that there exist no relations of the form

(1.5) M= 311N,
j=1
where n; (j=1, .-, m) are non-negative integers such that ﬁnj>1.

As to this case, some results were obtained by H. Poincaré, C. L. Siegel,
and others, while we obtain the present result for the real systems with
a transformation of class C' under some weaker conditions.

§ 2. Main Theorem.

2. Theorem. Assumptions:
(i) A is a constant real (m, m)-matrix, all of whose characteristic
roots \; ({=1, -, m) have non-zero real parts: R\)=4=0 (=1, -+, m).
(i) Let
@1 fi®) = () +q(x)  G=1,-,m)
where p,(x) are polynomials in x with real coefficients such that

$:0)=9;5,0=0 (=1, ,m; j=1,-,m), and q,(x) (=1, -, m) are
real-valued functions of class C' satisfying

0)=0
2.2) {q()

[0,q(%) | < Q- |x|”
with some integer h™>0 and some constant Q 0.
(iii) There exist no relations of the form

J

where n; (j=1, -, m) are non-negative integers such that
h> ,2;1 n; >1.

Conclusion: There exists a positive constant h,, depending only on
A (G=1, -, m), with the following property: if h”>h,, there exist func-
tions u;(x) (=1, ---,m) of class C* satisfying (1.4), such that the system
(1. 1) is reduced to the form (1.2) by the substitution (1.3).

3. If (1.1) is transformed into (1.2) by (1.3), #(x) must satisfy the
system of partial differential equations
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(3. 1) El(zld”xj-l-f,(x))'a,u,, =§ dwu“—fv(x) (V=1, "‘,M’l).
i= i= =

For we have, by operating —j—t on both sides of (1.3),

dy; _ dx, SE Ldx, =1, cen
dt dt+§ T =1,

from which (3.1) follows immediately by (1.1), (1.2) and (1.3). Con-
versely, if #(x) is any function satisfying (3.1), then the substitution
(1.3) will transform (1.1) into (1.2). Thus we have only to show the
existence of u(x) satisfying (1.4) and (3.1), if % is sufficiently large.

§ 3. Auxiliary Theorem.

4. In this section we consider the system of semi-linear partial
differential equations

4.1) SIP(0)-0u, =Qx )  (=1,,)
where *=(%,, -+, %,,) and = (%,, ---,u,) denote real vectors in R” and

R’ respectively. Let P;(x) be real-valued functions of class C' in an
open domain D R™, such that

4.2) (Py(x) 5 ==+, P,,(x)) == (0, -+, 0) (xeD).
And Q,(x, u) be real-valued functions of class C' in
Q= {(x,u) e R™"’: xeD, |u| Lox)}

where o(x) is some positive-valued function of class C' in D. A curve
x=2x() in R™ is said to be a base characteristic of (4.1) if x(f) satisfies
the following system of ordinary differential equations :

dx

4.3) it

i=Pyx)  =1,-,m).

Let an (m—1)-dimensional manifold M in R™ be given by
(4-4) M: x,-=A,-(Sl,---,sm_l) (i:l’-.-,m)

where A;(s) are functions of class C' in some domain SC R™* such
that A(s)=(A,(5), -+, A4,.() €D for s= (s, +,s,_,) €S. We assume
that
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ill’...’m b

(4.5) P,(A(s)), ain(S) =£=0 for seS

j—1,-,m—1
and that any base characteristic

(4. 6) X = x(t> S) )

issuing from a point of M so that x(0, s) = A(s), exists on the interval:
0<t<7(s) where 7(s) is a continuous function on S, and that the set
X={x=x(, s): 0<t<7(s), s€S} is filled up only onefold with all those
curves x=2x(t, s)(s€S), i.e. to any point x € X there corresponds just one
(¢, s) such that x==x(¢, s), 0<¢t< 7(s), s€S. Then we have easily

O, s X)
a(t, Siy o, Sm—l)
1)1,

= P,(A(s)) > ain(S)

. -exp ( St f_‘. OP (%) st » dt) F=0,
j—1,--, m—1 0i=1

which shows that the 1—1 mapping (4.6) from {(¢, s): s€S, 0<t<7(s)}
onto X and its inverse are both of class C*.

By (4.6) the system (4.1) is reduced to the following system of
ordinary differential equations, s being a parameter :

du,

7t = Q,(x(t, 5), u) (p=1,-,0).

4.7

We have then

Dx(t, 8)) = [ 33 Py(x)-B,0(x) Loescr.
and
atlu(t7 S)I ° ]u(t, S)I :L; uu(t) S)'Qv(x(t, S)a u(ty S))
for any solution «(¢, s) of (4.7). Hence, we obtain easily the following
auxiliary theorem which is our principal tool.

Auxiliary theorem. Under the conditions mentioned above, let the
inequality

@.8) 2P e = 310w 1 -,

hold for any x€X such that |u|=w(x). Then, for any function
B(s) = (By\(s) , -+, By(s)) of class C* on S such that

1) an (m, m)-determinant.



On the Normal Forms of Diff erential Equations in the Neighborhood of an Equilibrium Point 225

4.9) [B(s) | £ w(A(s),
there exists a unique solution u(x) of (4.1) on X, such that

u(A(s)) = B(s)

and
(4. 10) l(x) | < ()
for xeX.
§ 4. Estimation of #(x).

5. Consider the system of partial differential equations
6.1) (N ayx+filx) Qe = S ut g,x) =1, m)

for which we have the following lemma.

Lemma. Let A= (a;;) and f(x) satisfy the assumptions (i), (ii) and

(iii) in the theovem. Let g,(x) v=1,---,m) be real-valued functions of
class C' on some meighborhood of 0, such that
0)=0
5.2) {g( )
[0.8(x) [ <G|x]?

where G and p are positive constants.

Then there exists a constant h, >0, which depends only on
N G=1, -, m), with the following property:. if p _>h,, the system (5.1)
has a unique solution wu(x) in a neighborhood of 0, such that

(5. 3) u(x) =0 on the cone ixf = ﬁ x2®
i=1 i=k+1

and

(5. 4) [Qu(x) | <C-G|x|?

where C is a positive constant depending only on \; (i=1,---,m) and p.

6. Proof. By setting P;(x)= Za,l ;+fi(x) and Q,(x, u) = Zaw

+g,(x), the system (5.1) has the form 4.1). Without loss of generahty
we assume that A=(a;;) has the following form:

aii::m()"i) (i"——l’""m))

(1) RR,) >0 for i <k,
R, <0 for i >k.

2) Cf. (i) k=0 means R (n;)<<0 for all Z, and k=m means N (a;) >0 for all ri.
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(ii) 4;=0 for i<k and >k,
= for i >k and j<k.
(1ii)
(6.1) 120 a;x.%;] < 8| x|*
t¥7

where & is any prescribed positive number.
k m
In what follows, we write >1=>31 and >}= >'. We suppose that
] @=1 B B=k+1

f and g are functions of class C' on U= {x: >} <#? >)x3 <7’} where
a B

7 is a positive constant. We consider the case 0< k< m. Because, if
k=0 or k=m, the proof of the lemma will be simpler.
With sufficiently small € >0 we set®

Z‘,x —ZxB when > %> &
a

6.2) S.(x) =
S xi— Zﬂ}xp 252 (—>1x3)* when 2Yal<é,

and define a bounded region U, by U,= {x € U: S.(x) =0}.

Za

= (r, 0)
(Ws 2\/2 €, 0)

Q=0

xg

First we consider the solution of (5.1) in U, vanishing on the
(m—1)-dimensional manifold M,={xe€ U: S.(x)=0}. For the base cha-
racteristic x=ux(f) of (5.1), we have

1 d
> dts t))_Zxa, x,,,—Z‘,xB Xg )
g(Zam,x +ulx )) — 23 (2 @pi+f5(2) %5

= (2 ;E ag;%px;) + ( ;fa(x)xw—iﬂ‘,fa(x)xs) >0

i =1

3

m
3) For the case k=0 or k=m, we have to set Sg(x)=2x§.
i=1
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when &< 312 <r% by taking » small enough, and also when
PIEAS

5o g Setw®) = {14+ LE- D a0] D e k=S 1001 >0,

From these inequalities we see that, if » >0 is taken small enough,
every base characteristic of (5.1) meeting M, is transverse to M., and
that (4.5) will hold for this case with M=M,. In addition, since we
have

2L S (50 =2 (S duiti o ful8)) 500

for any base characteristic x(f), when » is small enough, we see that U,

is filled up only onefold with the base characteristics issuing from M,.

Therefore, we apply the auxiliary theorem to this case, setting U,= X.
We set

(6.3) P(x) = (1+79) ;xi—zﬂlxﬁ
and
(6.4) o®) =W-G-p(x)*

where v >0 and W >0 will be determined later. Then
6.5) o lal? <o) < L+m)al?
for every x € U,. Thus we obtain
31 P(®)2,0(%)
i=1 po1
= (174— 1) * W‘G'QJ(x) 2 {(1+'7) ; 2 aujxmxj_"; 2 aBix.BxJ'
+1+9) ; xmfm(x)—; % fa(%)}

and
g Q. (%, u)-u, = Zil g awuvu.k—g g(®)u, .
Now we set
(6.6) ,=min |RQ)|, A, = max |RQ)| .
1=igm 1=igm
Then we have

©.7) 31Pi(0)- 30 (0> (p+ 1)(A,—20)W-G|x’p) 7
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and

6.8) QU W) w, < (A +8) [+ | g ()] - |

on U, where 8 is given by (6.1), taking » small enough. From (6. 8)
it follows that, if |#|=w(x) for some x € U,, then

1 20l 0, < (A +D)aln) + Gl x|

and so -1

2\ 2z
(6.9) Z Q. (x, uyu, < W-G(A,+90) {1 +7+<7.>W } lezq;(x)g’;’]

( x) = A,
by virtue of (6.4) and (6.5). Thus, if we assume

(6. 10) (p+DA > A,
we have
(6.11) Z_‘,P(x)amx)> é W%, u)-u,

for any x € U, such that |#|=w(x), from (6.7) and (6.9), by taking 6§ >0
and ¥ >0 small enough and then W large enough.

Let us assume hereafter that (6.10) holds. Then it follows from
the auxiliary theorem that, when 7 is small enough, there exists a unique
solution #(x; & of (5.1) on U, which vanishes on M., and that it
satisfies

6.12) |u(x; &)| <o) = W-G-p(x) * <G-K- |x|*" for xeU,

?+1
where K= W(1+«y)"2t'. Notice that W and » are taken independent of
€>0 in the above arguement.

§ 5. Continuation of the Proof of the Lemma.
Estimation of |0, u(x)|.

7. Next, let us prove that the inequality (5.4) holds for u=u(x; &)
on U, with some constant C~>0 independent of & In this paragraph
we fix € >0 and write u,(x) in place of u,(x; & for simplicity.

In order to estimate|2,u(x)| on the manifold M,, we reduce the
system (5.1) into

du,
dt

(7. 1) ziﬁ; av“‘ul"-'_g‘v(x(t’ S)) (p =1 y **t m)
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by the change of variables given by (4.6). Thus, if we set (¢, s)
=u,(x(f, 5)), u=u(t, s) is the solution of (7.1) with the initial condition

(7.2) #(0, s) =0.
Therefore,

{ S,u(0, s) = g(x(0, s))

7.3) ou(, s)=0

on M,. Let Ou(s) denote the normal derivative of «(, s) at x=x(0, s)
on M,, then we have

(7. 4) _9ult, ) 15 y(s)-cos 0(s)
{Z} (O,x,(2, S))z}? \

=0

where 0(s) represents the angle between the base characteristic x =x(¢, )
and the normal of M, at x(0, s), i.e.

(1+U(x)) 'E X * at-xm'— ; xﬁ'atxﬁ

(7.5) cos 4(8) = —; I I
(2 @)Y (L +o() S i+ 2 23}
where
0 when >a2>¢
= (E— 3% when >3 x2<7é&.
Since

(7 6) (1+0'(x))' ;xm'atxm_ Zﬁ]xﬂ'atxﬂ>% Ao|x|2 (ere)
and
.7 (+o() 322+ T xg<2(xl*,

when 7 is sufficiently small, we obtain, from (7.3), (7.4), (7.5), (7.6) and
(7.7,

19, 2\102_. l%fxxl)l

Hence
(7.8) |0,u|< K'-G|x|?

on M, with some constant K’”>0 independent of & Thus, from (7. 3)
and (7.8), we see

(7.9 [Pau(x; I <K-G|x[?  (xeM,).
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Now, operating 9, on both sides of (5.1) and setting J,u, =u", we
have
(7.10) 2(2 a;;%;+ f;(x)) Ou*
= S 3 @t B S Bt Gy u—1, e, m)
which has also the form (4.1) with unknown functions #*. Let us

assume first that f and g are functions of class C* in U and apply the
auxiliary theorem to (7.10). We set

W= (u?, u?, e, u™™ (€R™)
Pi(x) = Z} a;x;+fi(x
Q™ (x, u) = Z a, u— 2 (a,,L+8,L fi(%))- u“‘+a#gy(x) (=1, ,m)
and ') =W G- (x) : where @'(x) = (1+7) ‘?‘ xi— ; x5
Then, if we assume
(7.11) pA>A = max | RO —RO) [,
and if we take » small enough, x:fe have

(x, #) - u™

ipi(x) ;0

) =1 =

for x such that o'(x)=|#’| in U,, taking W’ and ¢’ >0 appropriately.
By the auxiliary theorem and (7.9) we thus get

(7.12) |9u(x; &) | <C-Glx|?

in U, where C >0 is a constant independent of & In the above con-
sideration we can also choose 7 independent of & Let us write

and assume p _>#, hereafter, from which (6.10) and (7.11) follow.
We will study in 9. as to the case that f and g are functions of

class C*.

A
hy, = max ( Al

0

8. Notice that C of (7.12) and » can be chosen independent of
&>0 which is sufficiently small. Now we consider € as a variable tending
to zero. We see easily U, U,/ as € >& >0, and v=u(x; &)—u(x; &
must satisfy on U,

(8-1) zm} g a;;x; +fz avv anv (u::l,---,m).

=1
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From (6.12) and (7.12) we see easily that

10| <27 K- G-t
and

19,0 <27°C-G &

hold for v=u(x; &)—u(x; & on M,. Notice that min|x|=Y5 =V —2‘\/ 2 g,
xe Us

and we have for any ¢ >0

{ |v| gKQ.gﬁ—q]ﬂqvl—l

8.2
€2 |90 < K,-&77| x|*

on M, where K, and K, are constants not depending on &€ and ¢&'.
We now choose ¢ so that p~>g >h,. The system (8.1) is a special
case of (5.1) with g(x)=0, and we get similarly as (6.12) and (7.12)
{ lux; &)—ulx; & | < K- x|
|0u(x; &)—%ux; & | <K -7 x|?
in U, where K’ is some positive constant independent of € and &. Thus
we see that, as €—0, u,(x; & and J,u,(x; & tend to certain functions

u,(x) and their derivatives 9J,u,(x) respectively. Clearly this u(x) is a
solution of (5.1), vanishing on the manifold : 3} x2=>1x; and satisfying
w B

(5.4) in U= {x: 2Jx2<7% D253 x2}.
@ B )

Quite similarly as above, we can prove the existence of a solution
u(x) of (5.1) vanishing on >122=31x} and satisfying (5.4) in U,
@ B

={x: D=7, DAL <3143}
B 0 B

9. Now it remains to prove our lemma when f and g are functions
of class C'. We construct approximation sequences {f”(x)};.. and
{g"(x)}»-1 of vector functions of class C? such that®

(F7(0) = g"(0) =0
f(x) = p(x) +q"(%)*
©.1) 19, (%) — 2, F(x) ;% x|

19,8"(x)—2, () | g%lxl" :

4) f"(x) and g"(x) have only to be of class C?in U excepting x=0.
5) c.f. (2.1).
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Then there exists a system #”(x) = (u5(x) , --- , u%(x)) of functions of class
C? satisfying

(9~ 2) E(E% ]+f”(x) au'v f’;{awuu"‘gﬁ(x) (V=1,"-,Wl),

such that
{ lu"(x)| <C- K, | x|?*
|[ou"(x)| <C-K,|x|?

in U where K, and K, are constants not depending on #. For «"(x) —u™ (x)
(n<wn) we have

D (33 iy, +1100) Dil— 1) = 3 @ p— ) + 157 ()

where R (x) = {g%(x) — g (%)} +0u { ¥ (%) — F7(x)}
and so Y0 =0 and [94""(x)|< <H x|?

with a constant H >0 not depending on # and #n. Therefore we see
that, as n—co, u"(x) tend to the desired solution of (5.1). The proof of
the lemma is thus completed.

§6. Proof of the Main Theorem.
10. Let us now turn to the system (3.1),

m

SU(S a; j+f(x))8uv_§am%—fv(x) =1, m)

=1 j=1

where f,(x) =p,(x) +¢,(x). First, let us consider

(10- ]-) Z 2 d,]x +P:(x ) auv 2 aw. ——pv(x) (y = 1 y “°% m) .

If there exist no relations of the form \;,=3Y#;A; where #u; are
non-negative integers such that >I#;>1, we can construct infinite
J

series of the form

c cxlie ol LxDm
50 R Fm
byt =2
i i v =S exDri xPm
with real coefficients Ch oo b such that uv_Zc“,,,,pm Xt e X))

(v=1, .-+, m) satisfy (10.1) formally. To see this, make a change of
variables, x=7T-.y and ¥u=T-w, by a (complex) matrix 7 transforming
A=(a;;) into Jordan’s canonical form 77'-A-T, and consider about the
(complex) system thus obtained.
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Setting
(10.2) 4, = 3 ¢y g xfeexln =1, m)
2 it ISk "
and
(10. 3) hvzuv—ﬁv(x) (y—__—_l, -..’m) ,

we reduce (3.1) to the system

(10. 4) i 2 a;;%;+f(x)) aiav :'LE: ami’p +];v(x) (=1, ,m)

where
Fulx) = 33 @i (1) — 23 (3] 355, + £i(0) Qs (0)— £ulx) .

In order to define #(x) as above, we have only to assume that condition
(iii) in the theorem (8§ 2) is satisfied.
By (2.1) we have

(10. 5) £x) = p0)—g,(x)
where P(%) =§ Aot (%) — Py () — 2 (Z @; %+ p;(%)) O (%)

and 5\;(37) = %(x) + Z:; q;(x) azﬁv(x) ’

and it follows from the definition of #(x) that p,(x), polynomials in
x; ¢=1, . ,m), contain no terms of degree <#4. Therefore, by (2.2)

{fv(o)—:‘o (V—:‘l,"',M),
|9, f(0) | < K- |x|"

where K is a positive constant. Using the lemma, we thus see that
there exists a solution z(x) = (@, (%) , -+, %,.(x)) of (10.4) in some neigh-
borhood of x=0, such that

h;(o)zo (izly"')m)
and

|9,ux) | <C-K]|x|*
with some constant C_>0. We set
u(x) = 4,(x) +,(x) =1, ,m)

and obtain those functions u,(x) (v=1, ---, m) whose existence was claimed



234 M. Nagumo and K. Is&

in the theorem. The proof of the theorem is thus completed.

(Received November 12, 1957)
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