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Anomalous heat transport due to ion-temperature-gradient-~ITG!-driven turbulence is studied with
the use of a low-degree-of-freedom model composed of 18 ordinary differential equations~ODEs!.
When the system is slightly above the stability threshold of ITG mode, the system is in the
convection regime and convective heat transport of the system is time-independent or periodically
oscillates. As the ion-temperature gradient is increased further, the system bifurcates to the turbulent
regime. In the strongly turbulent regime, edge localized mode~ELM!-like intermittent bursts
~so-called avalanches! are observed. This intermittency is caused by the competition of the
following three factors:~1! generation of sheared flows and suppression of ITG turbulence,~2!
gradual reduction of the sheared flows due to viscosity, and~3! rapid re-growth of ITG modes due
to the reduction of the sheared flows. We found that the Nusselt numberNu scales with the ion
pressure gradientKi asNu}Ki

3 in the presence of intermittent bursting transport. ©2004 American
Institute of Physics.@DOI: 10.1063/1.1751175#

I. INTRODUCTION

Turbulence driven by micro-instabilities in magnetically
confined fusion experimental devices such as tokamaks have
been extensively studied based on various simulation tools.
One of the main goals of these studies is to clarify and con-
trol the anomalous transport and its relation with self-
generated sheared flows, i.e., zonal flows. The presence of a
self-generated sheared flow is known to be related with con-
finement improvement triggered by low to high confinement
~L–H! transition in the edge region or the formation of an
internal transport barrier~ITB! in the core region. Ion-
temperature-gradient-~ITG!-driven turbulence is considered
to be the major cause of anomalous ion thermal transport in
the core region of a tokamak and many numerical simula-
tions have demonstrated that self-generated sheared flows by
ITG turbulence suppress the ITG turbulence and reduce the
ion thermal transport across the magnetic surfaces.1–4

ITG modes have two branches, i.e., slab5–8 and toroidal
modes.9–12Either of these modes becomes unstable when the
ratio of the normalized ion temperature gradient to normal-
ized density gradient,h i , becomes sufficiently large. The
toroidal ITG mode is destabilized byh i and ¹B-curvature
drift, and this driving mechanism is similar to that of inter-
change instability. The toroidal ITG mode is localized in the
outer region of the torus and generally has a higher growth

rate than the slab mode in toroidal magnetic geometry. In the
present work, therefore, we focus on the toroidal ITG mode.

In order to understand nonlinear physics of interaction
between convective transport and sheared plasma flows, low-
degree-of-freedom dynamical models for the associated in-
stability are sometimes more useful than its full fluid model.
A low-degree-of-freedom model may be obtained from the
projection of the dynamics governed by partial differential
equations~PDEs! describing the instability to a small num-
ber of ordinary differential equations~ODEs!. One of the
most well-known and successful examples of such dy-
namical models is the Lorenz model for Rayleigh–
Bénard convection.13 Howard and Krishnamurti extended the
Lorenz model to a 6 ODE system in order to include sheared
flow formation in the problem of Rayleigh–Be´nard
convection.14

Dynamics of resistive interchange turbulence15,16 was
also studied based on similar ODE systems. Takayamaet al.
solved 5 and 7 ODE models for resistive interchange
modes17,18 and observed oscillations in kinetic energy and
the Nusselt number. They also showed that sheared flows
perpendicular to both the magnetic field and the direction of
equilibrium pressure gradient are generated and suppress the
resistive interchange turbulence. Bianet al.19 presented an-
other simple model for resistive interchange turbulence. The
model contains only the fundamental mode in the poloidal
direction but infinite degrees of freedom in the direction of
pressure gradient~i.e., minor radius direction!. With this
mode, they have shown that intermittent bursts~so-called
avalanches! takes place in the kinetic energy and convective
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flux when the system is sufficiently unstable.
Unlike Rayleigh–Be´nard convection or resistive inter-

change turbulence, drift wave modes such as ITG modes
include wave solutions and intrinsically have twice as many
degrees of freedom. For example, Hu and Horton12 presented
an 11 ODE model for toroidal ITG modes, with which they
showed an L–H-like transition and oscillation in kinetic en-
ergy can take place. In the model, however, observed sheared
flows were weak and no intermittent transport burst was ob-
served. In this work, in order to clarify the role of sheared
flows and transition dynamics for toroidal ITG modes, we
have employed 18 degrees of freedom, instead of 11 that Hu
and Horton used in Ref. 12, by including more radial mode
numbers in the ODE model.

The rest of this article is organized as follows. In Sec. II,
PDEs governing nonlinear ITG modes are presented and the
projection of the system onto the 18 degrees of freedom
space is given. We also present linear stability analysis and
estimate the most unstable toroidal ITG mode under given
conditions. In Sec. III, the numerical methods to solve the 18
ODE model are given. From the numerical solutions to these
equations, we evaluate kinetic energy, Nusselt number, flux
and Reynolds stress. These simulation results are given in
Sec. IV. Discussion and summary are in Sec. V.

II. MODEL

A. Equations for toroidal ITG modes

Toroidal ITG modes may be given by the following vor-
ticity and pressure equations:9,12

]
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is the Poisson bracket. Modes we consider in this work are
two dimensional~2D! and the magnetic shear is neglected.
The normalized variablesx andy indicate coordinates in the
radial and poloidal directions and the constant magnetic field
is assumed to be in thez direction. In the equations above,
g52Ln /R is the effective gravity due to the curvature of
magnetic field,Ki5Ti /Te(h i11) with Ti andTe being the
ion and electron temperatures is a parameter proportional to
the equilibrium ion pressure gradient, whereh i

5d lnTi /d lnn, n is the plasma density,m is the viscosity,
and k is the thermal conductivity. In Eqs.~1! and ~2!, the
standard drift wave unitsx[x/rs , y[y/rs , t[(Ln /cs)t,
p[LnTi0 /(rsPi0Te0)p, f[eLn /(B0Te0rs)f, m
[eLn /(B0Te0rs)m, and k[eLn /(B0Te0rs)k are used,
wherecs is the ion sound velocity,rs5cs /V i , V i is the ion
cyclotron frequency, and subscript 0 indicates the equilib-
rium quantities.

In numerical calculations presented in this article, we
usedg50.05, m50.04, andk50.01. Equations~1! and ~2!
are solved in a rectangular region 0<x<Lx and 0<y<Ly

with perfectly conducting walls being located atx50 and
x5Lx . Periodic boundary conditions are imposed in they
direction andf(x50,Lx)50 and p(x50,Lx)50 are as-
sumed at the wall. The normalized equilibrium ion pressure
~temperature! gradientKi (h i) is a parameter of Eqs.~1! and
~2! that controls the growth rate of ITG mode.

B. Linear analysis

We now carry out linear analysis of Eqs.~1! and ~2! to
obtain the most unstable mode. Assuming a fluctuation of the
form exp(kxx1kyy2ivt) with kx5p/Lx andky52p/Ly and
linearizing Eqs.~1! and~2!, we obtain the dispersion relation
as follows:
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2 !
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This is a quadratic equation which can be solved with respect
to v as
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The linear growth rate is derived fromg5Im(v). It follows
that the system becomes unstable if

~12g2Kik'
2 !2k'
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2m/k
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is satisfied. It is clear from this condition that the most un-
stable mode has the wave numbers satisfying

kx
2!ky

2;k'
2 5

12g

Ki
. ~8!

In this paper, we assumekx5ky/2 for the sake of simplicity,
and set

kx5ky/25@~12g!/5Ki #
1/2, ~9!

so that this mode satisfies Eq.~8!.

C. The low-degree-of-freedom model of 18 ODEs

Using the most unstable mode selected in the previous
subsection and a small number of higher harmonics, i.e.,
(,kx ,mky) with 1<,<3 and 0<m<1, we reduced the
PDEs~1! and ~2! to the set of ODEs. The selected compo-
nents forf andp are given by the following expressions:
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f~x,y,t !5f1
0~ t !sin~kxx!1f2

0~ t !sin~2kxx!1f3
0~ t !sin~3kxx!1f1

c~ t !sin~kxx!cos~kyy!1f1
s~ t !sin~kxx!sin~kyy!

1f2
c~ t !sin~2kxx!cos~kyy!1f2

s~ t !sin~2kxx!sin~kyy!1f3
c~ t !sin~3kxx!cos~kyy!1f3

s~ t !sin~3kxx!sin~kyy!,

~10!

p~x,y,t !5p1
0~ t !sin~kxx!1p2

0~ t !sin~2kxx!1p3
0~ t !sin~3kxx!1p1

c~ t !sin~kxx!cos~kyy!1p1
s~ t !sin~kxx!sin~kyy!

1p2
c~ t !sin~2kxx!cos~kyy!1p2

s~ t !sin~2kxx!sin~kyy!1p3
c~ t !sin~3kxx!cos~kyy!1p3

s~ t !sin~3kxx!sin~kyy!.

~11!

This is an extension of the Hu–Horton model,12 which in-
clude 11 components, i.e., (,kx ,mky) modes with 1<,<2
and 0<m<1. The only difference between our model and
the Hu–Horton model is the presence of (3kx ,ky) mode in
our model.20 Note that sheared flow components, i.e.,f1

0(t),
f2

0(t), andf3
0(t), are also included.

Substituting these equations to Eqs.~1! and ~2!, we ob-
tain the 18 coupled ordinary differential equations for each
harmonics. The complete set of ODEs are given in the Ap-
pendix.

III. DEFINITIONS OF QUANTITIES CHARACTERIZING
THE SYSTEM

The 18 ODEs~A1!–~A18! given in the Appendix are
solved numerically with fifth-order Runge–Kutta method. In
this section, we define characteristic quantities of the system
that can be evaluated from the numerical solutions. The ki-
netic energy of the system may be defined as

K5E f21~¹'f!2dV/V5^f21~¹'f!2&V , ~12!

where V denotes the total volume of the system and^ &V

means the volume average. The kinetic energies for the mean
shear flow ~i.e., the m50 mode! and for different radial
components for the fundamental mode~i.e., them51 mode!
may be defined as

K05 (
,51

3
1

4
~11,2kx

2!~f,
0!2, ~13!

K,5 1
8 ~11,2kx

21ky
2!@~f,

c!21~f,
s!2# ~,51,2,3!.

~14!

It should be noted that the plasma mean flow in they direc-
tion, i.e.,Vy(x,t)52^]f/]x&y with ^ &y5*dy/Ly , is char-
acterized by them50 mode of electric potentialf, i.e.,
^f&y5f1

0(t)sin(kxx)1f2
0(t)sin(2kxx)1f3

0(t)sin(3kxx).
Sheared flows are generated by turbulence via Reynolds

stress, which may be defined as a function of the radial po-
sition x as

SR~x,t !5^vxvy&y , ~15!

with vx5]f/]y andvy52]f/]x.
The quantities characterizing anomalous heat transport

of the system, i.e., convective thermal flux and Nusselt num-
ber may be defined as

G~x,t !5E pvxdy/Ly5^pvx&y ~16!

and

Nu~ t !5E kKi1pvx

dV

V Y ~kKi !511
^pvx&V

kKi
. ~17!

Note that the Nusselt number is the ratio of the total heat flux
~i.e., the sum of the convective and conductive fluxes! to the
conductive heat flux. The Nusselt number is typically high
when the system is in turbulent state, where the convective
flux is usually much higher than the conductive flux.

IV. SIMULATION RESULTS

WhenKi50.3, i.e., the control parameterKi is slightly
above the stability thresholdKic ~under the parameters we
employed in this work,Kic.0.21), the system reaches an-
other steady state with finite convective flows. Figure 1
shows the time evolution of the kinetic energies and Nusselt
number. The trajectory in the phase space ‘‘sheared flows
energyK0–Nusselt numberNu’’ is shown in Fig. 2~a!, which
indicates that the system converges to a fixed steady state.
The power spectrum of the kinetic energy of the 1st harmon-
ics K1 is given in Fig. 2~b!, where the spectrum is peaked
only at zero frequency, i.e.,f 50.

Time evolutions of the kinetic energies and Nusselt num-
ber in the case ofKi50.4 are shown in Fig. 3. Periodic

FIG. 1. Time evolutions of kinetic energy~a! andNu ~b! in the case ofKi

50.3. In ~a!, K1 is dominant and nearly equal toK. In the steady state,
K0.K2 , which are about one tenth ofK1 .
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oscillations in these quantities are observed. Figure 4 shows
~a! the trajectory in the ‘‘K0–Nu’’ phase space and~b! the
power spectrum ofK1 . Time evolution is governed by a
single frequency mode and the trajectory in the phase space
is attracted to a simple limit cycle.

Figure 5 shows time evolutions of the kinetic energies
and Nusselt number, and Fig. 6 shows the trajectory in the
‘‘ K0–Nu’’ phase space and~b! power spectrum ofK1 . The
frequencies of oscillations change asKi increases but the
system still exhibits periodic oscillations. Figure 6~a! shows
that the trajectory in the phase space converges to a different

FIG. 2. Phase space ‘‘K0–Nu’’ ~a! and power spectrum ofK1 ~b! in the case
of Ki50.3. In ~b!, the peak is located on at zero frequency, i.e.,f 50.

FIG. 3. Time evolutions of kinetic energy~a! and Nu

~b! in the case ofKi50.4. In~a! K1 is dominant andK3

is too small to be seen.

FIG. 4. Phase space ‘‘K0–Nu’’ ~a! and power spectrum ofK1 ~b! in the case
of Ki50.4.

3564 Phys. Plasmas, Vol. 11, No. 7, July 2004 Takeda et al.



type of limit cycle. More higher harmonics in the oscillation
frequencies are seen in Fig. 6~b!.

WhenKi is slightly more increased and set to be 0.6, the
system bifurcates to a chaotic state as shown in Figs. 7 and 8.
Time evolutions of the kinetic energy and Nusselt number

are no longer periodic oscillations. The system exhibits a
complex trajectory in the phase space ‘‘K0–Nu’’ as shown in
Fig. 8~a!. Figure 8~b! shows thatK1 has a continuous spec-
trum, which indicates that the system is indeed in a chaotic
state.

If Ki is further increased and set to beKi*3, the system
becomes strongly turbulent. Under such conditions, fluctua-
tions exhibit intermittent bursts.

In the case ofKi54.0, time evolution of the kinetic
energies, Nusselt number, and Reynolds stress~averaged
over x) are shown in Figs. 9 and 10. In these figures, inter-
mittent explosive rises of these quantities are clearly seen.
Such time evolution of the physical quantities may be ex-
plained by the following mechanism. When the ITG modes
grow and turbulence is developed, sheared flows are gener-
ated through the Reynolds stress as shown in Fig. 10~b!. In
this phase, fluctuations are burst-like and their levels are
high. We call this phase the ‘‘bursting phase.’’ Increased
sheared flows then suppress the ITG modes, terminating the
source of sheared flows in the system. The sheared flows
generated earlier by the ITG modes continue to exist for a
while but gradually decay due to viscous damping. In this
phase, both sheared flows~which can be measured byK0)
and convective heat transport~which can be measured by
Nu) gradually decay and the flow structures are more or less
laminar, as we shall see in Fig. 12 below. We call this phase
the ‘‘laminar phase.’’ As the sheared flows continue to decay,
the ITG modes begin to grow again. As convective cells due
to ITG instabilities tend to tilt in this phase, we call this
phase the ‘‘tilting phase.’’ Eventually the magnitudes of
sheared flows becomes sufficiently low and the system re-
turns to the ‘‘bursting phase.’’ As we can readily see in Figs.
9 and 10, the Nusselt number and Reynolds stress burst when
ITG modes grow rapidly. For realistic deuterium plasmas
with Te;2 keV andLn;30 cm, the time poriod of intermit-
tency obtained here corresponds to about 10 ms.

The trajectories in the phase space ‘‘K0–Nu’’ are given
in Fig. 11 for the~a! bursting, ~b! laminar, and~c! tilting

FIG. 5. Time evolutions of kinetic energy~a! and Nu

~b! in the case ofKi50.5.

FIG. 6. Phase space ‘‘K0–Nu’’ ~a! and power spectrum ofK1 ~b! in the case
of Ki50.5.
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phases. In the bursting phase the system is in a strongly
turbulent state and the trajectory is far more complex than
those in any other phases. We also note that the magnitudes
of K0 and Nu can be vary large. In the laminar phase the
system follows a regular trajectory with both the value ofK0

and the oscillation amplitude ofNu decreasing gradually.
The decrease ofK0 , i.e., the energy of sheared flows, is due
to viscous damping. In the tilting phase the sheared flows
continue to decrease, butNu, i.e., the convective heat trans-
port, gradually increase due to the re-excitation of ITG insta-
bilities.

Contours of the electrostatic potential functionf(x,y,t)
in real space are presented in Fig. 12 for the same simulation
run. Typical potential contours in the bursting phase are
given in Fig. 12~a!, those in the laminar phase are given in
Figs. 12~b! and 12~c!, and those in the tilting phase are given
in Figs. 12~d! and 12~e!. In Fig. 12~a!, ITG turbulence gov-
erns the system and typical ITG nonlinear mode structures
appear in the potential contours. In Fig. 12~b!, sheared flows
are dominant and ITG modes are sufficiently suppressed. Af-
ter sheared flows become weak due to viscous damping, con-
vection cells arising from ITG instabilities grow and often
tilt, as shown in Fig. 12~c!.

Space–time contour of the poloidally~i.e., y-! averaged
electrostatic potential̂f&y(x,t) is shown in Fig. 13 for the
simulation run given in Fig. 9. It is readily seen thatf1

0 is the
dominant component after each bursts. It should be noted
that all three modes considered here, i.e.,f1

0, f2
0 and f3

0,
equally contribute to the generation of sheared flows. How-
ever we observe thatf2

0 andf3
0 decay much faster thanf1

0

due to viscous damping. Therefore the period of intermit-
tency is essentially determined by the decay rate off1

0, i.e.,
the ,51 component of sheared flow.

Dependence of the time averaged Nusselt numberNu on
the parameterKi is described in Fig. 14. The time average of
instantaneousNu(t) is taken over a sufficiently long period
and the errors arising from the time average process are con-
firmed to be negligibly small in this figure. The scalingNu

}Ki
3 is readily seen in this figure whenKi*4 andKi&0.9.

The proportional coefficients inKi*4 and Ki&0.9 are
clearly different. WhenKi*3, where intermittent bursts of
heat transport and other fluctuating quantities are observed,
the magnitude ofNu is lower than the value of straightfor-
ward extension of theNu scaling observed in the region of

FIG. 7. Time evolutions of kinetic energy~a! and Nu

~b! in the case ofKi50.6.

FIG. 8. Phase space ‘‘K0–Nu’’ ~a! and power spectrum ofK1 ~b! in the case
of Ki50.6.
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Ki&0.9. Suppression of ITG modes by the self-generated
sheared flows significantly reduces convective heat transport
for extended periods during the discharge, which clearly con-
tributes to the reduction of the proportional coefficient of the
scaling law given above.

V. DISCUSSION

We have examined nonlinear evolution of convective
heat transport and other physical quantities of plasmas which
are subject to ITG instabilities, using a low-degree-of-
freedom model composed of 18 ODEs. When the system is
slightly above the ITG stability threshold, i.e., the control
parameterKi*Kic , ITG driven convections reach a steady
state. As we increaseKi slightly more, periodic oscillations
in the kinetic energy and convective heat transport~i.e., Nu)

are observed. IfKi is further increased, the system bifurcates
to a turbulent regime. When the turbulence is sufficiently
strong, ELM-like intermittent bursts, so called avalanches,
are observed. This contrasts with the simulation results based
on the 11 ODE model studied by Hu and Horton,12 where no
intermittent bursts were reported. We have found that the
intermittency we observed in our 18 ODE model is caused
by the competition of the following 3 factors;~1! generation
of sheared flows and suppression of ITG turbulence,~2!
gradual reduction of the sheared flows due to viscosity, and
~3! rapid re-growth of ITG modes due to the reduction of the
sheared flows. We found that the Nusselt numberNu scales
with the ion pressure gradientKi asNu}Ki

3 in the presence
of intermittent bursting transport.

It should be noted that the role of viscosity is essential

FIG. 9. Time evolution of total kinetic energyK ~a!,
and kinetic energies of sheared flowsK0 ~b!, the 1st
harmonicsK1 ~c!, the 2nd harmonicsK2 ~d!, and the
3rd harmonicsK3 ~e! in the case ofKi54.

FIG. 10. Time evolutions of the Nusselt numberNu ~a!
and the Reynolds stressSR ~b! in the case ofKi54.
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for the occurrence of intermittency. We have indeed con-
firmed that, without viscosity, i.e.,m50, no intermittency
was observed. With finite viscosity, the system is said to be
in a state of self-organized criticality~SOC!. Similar inter-

mittent oscillation of zonal flows generated by ITG turbu-
lence has been observed in gyro-kinetic simulations by Lin
et al.21

We have confirmed by dropping higher order harmonics
in Eqs.~10! and~11! that the 11 ODE model does not exhibit
such intermittency and instead shows random oscillations of
kinetic energiesKn when the system is strongly unstable. In
a 16 ODE model in which onlyf2

0 andf3
0 are neglected, the

intermittency was recovered andf1
0 is observed to be domi-

nant in the laminar phase. Indeed, under the 18 ODE model,
f2

0 andf3
0 are generated through nonlinear mode coupling of

ITG modes but dissipate rapidly by viscosity. It follows that,
for intermittency to occur, velocity shear generated byf1

0

plays the essential role to suppress the ITG mode. We have
also observed that the time period of intermittency is essen-
tially determined by the decay rate of thef1

0 component of
sheared flow energy.

In the case of resistive interchange turbulence, oscilla-
tory behavior is also observed by using the 5–7 ODE
models17,18,22but no intermittent bursts were reported to be
observed under these models. On the other hand, using a
simple nonlinear model of resistive interchange modes that
retains only the fundamental mode in the poloidal direction
and infinite degrees of freedom in the radial direction~i.e.,
the full x dependence of all dependent variables, which are
discretized by means of a finite differential method!, Bian
et al.19 demonstrated that intermittent bursts of convective
heat transport occurs. It follows that, for resistive interchange
modes, one needs at least some higher harmonics in thex
direction in order to reproduce intermittent burst-like con-
vective heat transport.

The toroidal ITG mode is a drift wave instability and
therefore requires twice the number of degrees of freedom
compared with the resistive interchange mode but the driving
mechanisms of these instabilities are similar. In this sense it
is worth comparing our simulation results of ITG turbulence
with those of resistive interchange turbulence mentioned
above. The simulation results for Hu and Horton’s 11 ODE
model for ITG modes suggests that this model corresponds
to the 5, 6, or 7 ODE model for resistive interchange modes
in the sense that neither of them contains sufficiently high
harmonics in thex direction to reproduce intermittent burst-
like heat transport. Therefore, one may consider that the 18
ODE model for ITG modes that we employed in this work
corresponds to an intermediate degree-of-freedom model be-
tween the 5, 6, or 7 ODE model and Bian’s model with
infinite degrees of freedom in thex direction. Our simulation
results indicate that at least third harmonics in thex direction
must be included in order to obtain intermittent oscillations.
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FIG. 11. Phase space ‘‘K0–Nu’’ in the bursting phase~a!, the laminar phase
~b!, and the tilting phase~c! in the case ofKi54.
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APPENDIX: 18 MODE COUPLING EQUATIONS

Here we present the low-degree-of-freedom model used
in this work. Substituting the Eqs.~10! and ~11! to the Eqs.
~1! and ~2!, we obtain the following 18 coupled ODEs:

~11kx
2!

df1
0

dt
5

kxy
2

2
kx

2$3~f1
cf2

s2f1
sf2

c!

15~f2
cf3

s2f2
sf3

c!%2mkx
4f1

0, ~A1!

~114kx
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0

dt
58kxy

2 kx
2~f1

cf3
s2f1
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c!216mkx

4f2
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2!

df3
0

dt
5

9

2
kxy

2 kx
2~f1

sf2
c2f1

cf2
s!281mkx

4f3
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~A3!

FIG. 12. Real space contour off(x,y,t) in the bursting
phase @at t525 000 ~a!#, the laminar phase@at t
530 000 ~b! and t535 000 ~c!#, and the tilting phase
@at t540 000~d! and t545 000~e!#.

FIG. 13. Space–time contours of they averaged electrostatic potential
^f&y(x,t) in the case ofKi54.
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dt
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FIG. 14. Time averaged Nusselt numberNu as a func-
tion of Ki . Broken lines representNu}Ki

3 .
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dp3
s

dt
52kxy

2 $~p1
0f2

c2p2
cf1

0!12~p2
0f1

c2p1
cf2

0!%

1Kikyf3
c2kk3
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where k1
25kx

21ky
2 , k2

254kx
21ky

2 , k3
259kx

21ky
2 , and kxy

2

5 1
2kxky .

If the third harmonics, 3kx , are neglected, the model
equtaions above agree with those of the 11 ODE model given
by Hu and Horton.12
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