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Thermodynamics of strongly-coupled Yukawa systems near the one-
component-plasma limit. I. Derivation of the excess energy

S. Hamaguchi and R. T. Farouki

IBM Thomas J. Watson Research Center, P. O. Box 218, Yorktown Heights, New York 10598

(Received 2 May 1994; accepted 31 August 1994) -

The excess energy for a system of charged mesoscopic particles or

“particulates” immersed in a

neutralizing background medium is derived analytically, and is shown to approach that of the
classical one-component plasma in the limit of high background temperatures. Examples of such
systems, which are known as Yukawa systems due to the form of the interparticle pair potential,
include dusty plasmas and colloidal suspensions. The expression for the excess energy allows
thermodynamic properties of Yukawa systems to be determined from Monte Carlo or
molecular-dynamics simulations. © 1994 American Institute of Physics.

I. INTRODUCTION

Systems of charged “mesoscopic” particles (particles
that are small on the macroscopic scale but significantly
larger than molecular sizes) immersed in a smooth neutraliz-
ing medium are commonly observed in nature. One example
of such systems is a suspension of dust grains'in a plasma—
charged ‘“‘cosmic” or interstellar grains in space plasmas
have long interested astrophysicists.”2 Recently, charged
dust grains in process plasmas have been recognized as a
major source of contamination in microelectronics fabrica-
tion systems.3‘7 Another example is the colloidal solution,
which has been extensively studied on account of its wide-
ranging technological uses.®

To investigate the behavior of such systems, we shall
consider an idealized model comprising N identical point
charges (representing the particulates) immersed in a
“smooth” (i.e., statistically-averaged) neutralizing back-
ground medium. This background may be a mixture of dif-
ferent media, each assumed to be in thermal equilibrium at a
given temperature.

The electric potential at position r in this system is given
by the Yukawa (ie., screened Coulomb) potential
&(r)=— (QlAmeyr)exp(—kpr), where r=|r| and kp' is the
characteristic Debye length for the background medium, if a
point charge — @ is located at r=0 and the effect of all other
point charges is ignored. This represents a linearized solution
(the Debye—Hiickel approximation) of the Poisson—
Boltzmann system. There have been several Monte Carlo
(MC) and molecular-dynamics (MD)
“Yukawa systems,” i.e., systems of particles that interact
through a pair potential given by the Yukawa form or some
variant thereof (e.g., Refs. 9-13).

These earlier studies, however, do not take proper ac-
count of the energy due to the charged background medium
in the analysis of simulation data. The contribution of the
background to the total energy becomes particularly impor-
tant when one evaluates thermodynamical quantities from
MC or MD simulations in the case of weak screening. As
will be explained in detail later, the total Yukawa-system
potential energy diverges in the weak screening limit. To
obtain physical quantities in such a case, one must therefore
subtract the correct infinite energy due to the background
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charge from the total Yukawa potential energy.

In the companion paper,* we shall present MD simula-
tions for Yukawa systems in the weak-screening regime. If
the screening vanishes completely, the system is called the
one-component plasma (OCP).!5~?! In the present paper, we
derive an expression for the total excess energy of Yukawa
systems that converges to that of the OCP system. This ex- -
pression is used to calculate various thermodynamical quan-
tities in the companion paper. In the derivation of the excess
energy, we employ full periodic boundary conditions (which
are also used in the MD simulations presented in the com-
panion paper) and establish the correct relation between the
Yukawa pair potential and the Ewald potential used for the
OCP system.

In the dusty plasma system, the dust grains are nega-
tively charged due to the high electron mobility, and sur-
rounded by Debye sheaths of radius comparable to the De-
bye length kg‘. If the plasma consists of electrons and a
single species of ions, the characteristic Debye length is re-
lated to the ion and electron Debye lengths A\; and A, by
kgl =(1/A?+1/A2%)~'"2, In process plasmas, the electron
temperature T, is typically much higher than the ion tem-
perature T;, so that A;<€\, and kDN}\i_l.

If the Yukawa particulate system is in thermodynamic
equilibrium, it may be characterized in terms of two dimen-
sionless parameters:'>? the ratio k=kpa of the inter-
particulate distance a=(3/4n) 3 (where n is the particulate
density) to the screening length k', and the normalized
inverse temperature

2
T 5 ksT 0
TENAKp

I' represents the Coulomb energy of a pair of particulates
measured in units k37, although the real pair potential en-
ergy is smaller by factor exp(—«) due to the Debye shield-
ing. [Note that in some earlier work, e.g., Refs. 12,13,22, the
quantity

Q%exp(— k)

o
I 47T80akBT

is used instead of Eq. (1). In the companion paper, however,
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I" as defined by Eq. (1) is mainly used, since the particulate
temperature—Xinetic energy—and screening length are then
conveniently represented by I' ™! and «~’.]

For example, for ion density 7;=10” cm™3, temperature
T;=0.1eV (<T,), and charge g=Z,e=e, and particulate
density n=10%cm™3, temperature (i.e., kinetic energy)
T=0.1eV, and charge —Q=—Zpe=—10%, we have
x=0.83, '=232, and I"*=101. The system may be called
“strongly coupled” since the ratio of the typical interparticle
energy to the thermal energy (&=I"*) is sufficiently larger than
1. The free electron density is determined by charge neutral-
ity: n,=2Z;n;~Zpn=~=0 in this case, i.e., all electrons are at-
tached to dust grains. The example is typical of process plas-
mas, but x and I may vary widely depending on the plasma
state.

If the system is not in thermodynamic equilibrium, par-
ticulates may be subject to various forces, including drag
forces™ and polarization forces,%25 in addition to the inter-
particle forces. The collective behavior of such systems will
be the subject of future studies.

ll. DERIVATION OF THE FIELD POTENTIAL

We first derive the electrostatic potential generated by
charged particulates and a neutralizing background medium
confined to a cubical domain V of side length L (V=L?).
The potential satisfies periodic boundary conditions.

Consider a system of N identical, infinitesimally small
dust grains of mass m and charge — Q= —Zpe. The average
density of dust grains is then given by n=N/V. The poten-
tial W (r) satisfies Poisson’s equation

pt)

A¥(r) = - —, | @
€0
where the charge density p(r) is given by
N
p(r) = — Q2 S(r—r;)+gnr)—en,(r) .
i=1

Here g=2Z,;e denotes the charge on each ion, and »n,(r) and
n.(r) are the ion and electron densities at position r. The
overall charge neutrality condition requires [yp(r)dr=0.
We shall assume ions of a single species; the extension to
multiple species is straightforward.

Assuming that motion of charged particulates is suffi-
ciently slow so that the background plasma may be consid-
ered in thermal equilibrium at each time instance, we may
employ Boltzmann distributions for ions and electrons, i.e.,
nar) « exp(—q,B,Y) for a=i,e where q;=¢q, q,=—e,
and B,=1/kzT,.? The ion and electron temperatures, T
and T,, are assumed to be constant throughout V. Defining
the mean ion and electron densities by

1
g :Vjvn&(r) dr for a=i,e,

we have

ﬁanP(_Qaﬁa(‘I’(l‘) - C))
V7 yexp(— 4 uBo(¥(r)—C)) dr’

3)

no(r) =

9877

where C is an arbitrary constant. If the constant C may be
chosen in such a way that the conditions

|qa:8a(\1}(r)_c)| <1 (4)

hold everywhere for =i and e [i.e., the variation of ¥ (r)
over V is much smaller than the thermal energy k7,1, Eq.
(3) may be linearized to obtain

na(r.) = Qaﬁa[l '—CIaBagD(r)] » (5)
where

o(r)=T(r)— ¥ (6)
and

-1
\I'=vjV\If(r) dr.

Using Eq. (5), we rewrite the charge density as

N
p(r) = — Q2 8(r—r;)+Qn—eokbo(r). (7)
j=1

Here k=5 ,q%7i 4B /e0= LN+ 1/\? (where \; and \, are
the ion and electron Debye lengths) and we have used the
condition of overall charge neutrality,

Qn=gqn;—en,.

The first term of Eq. (7)

N
pp=— 02 8r—r;) (8)

ji=1

obviously represents the particulate charge density. The sec-
ond term

peE=0n (9)

represents the constant background charges that neutralize
the particulate charges, and the third term
bg

8p"=—gokpe(r) (10)

represents the background plasma density perturbation due to
the electrostatic perturbation. Note that the space average of
8p8 vanishes; there is no net charge contribution from Eq.
(10). Note also that the charge perturbation §p°8 vanishes in
the high plasma temperature limit (i.e., T;,7T,— and there-
fore kp—0) since the background plasma becomes so mo-
bile in this limit that it can maintain a uniform density. As
mentioned in the previous section, this is the OCP limit.

Under the linear response conditions (5), Eq. (2) may be
rewritten as

5 (11)

B—12) o0) = 23 [ stemry—
8()]:__1 J Vv

Periodic boundary conditions for a cube of side length L
(V=L3 require

@(r+nl) = o(r), (12)

where n=(#,m,n) denotes an integer triplet. This periodic
boundary condition may be used in MC or MD simulations
to emulate an infinite system.

J. Chem. Phys., Vol. 101, No. 11, 1 December 1994
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The Green’s function G(r,r’) for the operator A-—klz,
defined on the unit cell D={(x,y,z) | 0=x,y,z<L} with
periodic boundary conditions is given by

2 exp(—kplr—r'—nL|) .

Gler) e—v —nL]

(r,r'eD),

where £, denotes the sum over all integer triplets n. Using
this Green’s function, one may express the solution to Eq.
(11) as

-0 exp(—kp|r—r'—nL|)
w2 $ [ 3 ot

-0 < f exp(—kplr—p|)
_4'17'30]%1 % D, |r—pl
1
X 3(P‘l‘j_nL)“E3'dP, (13)

where p=r'+nlL and Dy,=D+nl ={x+-AL,y+mL,z
+nl) | (x,y,z) € D}. Note that, for a given n and p
e Dy, the equation 8(p—r;—n’L)=0 holds for all n’ #n
since r; € D. Thus we have

6(r’—rj)=5(p—~rj~nL)=E dp—r;—n’'L).

Using this relation and the fact that = f p,= Sy, with V, be-
ing the entire space R>, we obtain from Eq. (13)

~Q [ exp(—kplr—p|) &

('p(l‘)=47T80 Voo |r—pl EI En Hp~(xynl))
1
__ 2 5 5 ekl oaL)
47T80]=1 n [r—l:;-nLl 80k% )

(14)

From the above it is easy to verify that [ p¢(r) dr=0. From
Eq. (6), we obtain

N
i exp(—kplr—r,~nL)
()= 4’7T8 § 2 jr—r;—nL| ’ (15)
and
_ Qn
YT

As might be expected, the potential ¥ (r) given above com-
prises Yukawa potentials ¢(|r|) for all the particulates’ (at
r;) in D and all their images (at r;+nL) under periodic
boundary conditions.

S, Hamaguchi and R. T. Farouki: Thermodynamics near the limit. T~

Ill. HAMILTONIAN FOR YUKAWA SYSTEMS

As shown in Appendix A, the Hamiltonian for the vsys-
tem of N pa.rticulates is given by

H= E I‘p—’—+ Uy (16)

where p; is the momentum of the jth particulate and U,y is
the Helmholtz free energy of the particulates and background
plasma. The term U, is also called the “excess energy”
since it represents the energy in excess of the thermal (ki-
netic) energy of the particulates.

The excess energy has the form

Uex:F +F1bnt’ (17)
where
F= S kBTj no(r)[In ny(r)Az,—1]dr  (18)
oz=te

denotes the ideal gas contribution to the background free
energy and

o I N G
far s fp(r)‘l’(r)“’r 87rs0§’1 jv [e=r "

(19)

represents the electrostatic potential energy of all the charged
species. In Eq. (18), Aro=(A?*2wm kT ,)"? denotes the
thermal de Broglie wavelength. The second term in Eq. (19)
serves to subtract the infinite self-energy of each dust grain,
which is formally included in the first term.

Substituting the linear response relation (5) into (18) and
taking the terms up to the second order in ¢,B¢(r), we
obtain

b b, 1 2 2 .
¢ = Fumet 5 €okp | @*(r) dr, (20)
Vf.".‘
where
Furnf VE kB ana(lnn' A ) (21)

is the free energy of the uniform (i.e., unperturbed) back-
ground plasma. Since F, Eéf only provides obvious thermody-
namical information on the unperturbed (ideal gas) back-
ground plasma, we shall drop this term from the U,
expression in the following argument for simplicity.

If the linear response relation (5) holds, we may write
Eq. (20) (after ignoring the term F°% oae) as

1
F=— 3 f Vb‘p"g(r)‘I’(r) dr. (22)

Clearly this free energy is equal in size but opposite in sign
to the potential energy of background plasma perturbations.
Note that FY¥ vanishes as k,—0, i.e., in the OCP limit (see
Appendix B).

Substituing Egs. (8)—(10) into Egs. (19) and (22), we
obtain the excess energy of the Yukawa system as

J. Chem. Phys., Vol. 101, No. 11, 1 December 1994
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N
1
%—f 2 [5(r—rj)——‘;\lf(r) dr
3 o* Y f&‘(r r) .
8meo 2y Jv Ir— ] @3)

From Eq. (15), it is straightforward to confirm that Eq. (23)
may be written as

1
Uex:§‘ ZE P(r;—ry)+ Uy, (24)

with the pair potential

2 11
WR)= f)s f [2 8(p—nlL)= 73

(—kplp—R
B —kolp=R))

and the constant
Uy= ! N 4 R o’ 26
0= 5 |RIE>10 H(R)— 47T80|Rl . (26)

Carrying out the integration in Eq. (25), we obtain
Q? 2 exp(—kp|R—nL|) Q?

VR = frres R-nl] sfol’ )
and the energy constant
n  NQ% 2N < exp(—kpL|n
U0== Q - Q DlrQ 2 pl D I I) (_28)
280kD 877'80 8178()“#0 llllL

It is easy to confirm that (R)= (—R).

From Egs. (24), (27), and (28), it is sometimes more
convenient to express the excess energy in terms of the pe-
riodic Yukawa pair potential

Q? exp(—kp|R—nL|)
‘I’(R)wmo% [R—nL|
as
1 NQ?n
Uex""z— Elg (I)(ri_rj)_ZSOké
MNszD + QzNz exp(—kpL{n|) (29)
8mey  8weglT, |n|L ‘ '

In Eq. (29), the second term on the right-hand side represents
the free energy (excluding the uniform ideal-gas free energy)
of the background plasma that, on average, neutralizes the
charge of the particulates. The third term represents the free
energy of each sheath [see Eq. (17) of Ref. 24], and the
fourth term represents the energy of interaction of every par-
ticulate and its own images under periodic boundary condi-
tions.

The equation of motion of each particulate may be ob-
tained directly from the Hamiltonian, i.e., Eqgs. (16) and (29),
as

dp; Yoo
P S Tom-r).

j=1 77

This is the equation for the ith particulate that will be used in
the MD simulations described in the companion paper.'*
Note that particulates interact with each other through the
Yukawa potential.

The Yukawa pair potential may also be derived from the
density functional approach®’ under the conditions that we
have stated above; e.g., sufficiently high background-plasma
temperatures Eq. (4), which allows the linearization of the
density perturbation Eq. (5)—this is often referred to as
small “inhomogeneity”—and weak coupling of the
background-plasma, which allows us to neglect the correla-
tion term discussed in Appendix A. Under more general con-
ditions, of course, the true interparticle potential deviates
from the Yukawa potential. To study such a general system,
one may use ab initio numerical simulations.®

IV. CLASSICAL OCP LIMIT

If the background screening is sufficiently weak
(k=kpa<€l), one expects the densities of the background
species, n;(r) and n,(r), to become almost uniform due to
the rapid thermal motions of these species, and thus the sys-
tem will approach the classical one-component plasma.
However, this is not immediately apparent from the pair po-
tential expressions given in Eq. (27) since both the first and
second terms diverge as kp—(. We now show that the form
(27) of the pair potential appropriate to periodic boundary
conditions does in fact reduce to the standard Ewald poten-
tial '%162%% for the classical OCP in the limit k0.

The classical OCP consists of ions (which correspond to
our dust grains) of charge Q and a uniform electron back-
ground giving overall charge neutrality. The ijons interact
with each other through the Coulomb potential, and thus the

pair potential for the OCP is given by
Q* f 1
dme p—R| P
(30)

The second term in the square bracket is proportional to the
charge due to the uniform background. The infinite lattice
sum in this expression is only conditionally convergent, and
the physically-meaningful convergent sum is given by the
Ewald potential:

2 8(p—nL)—

wOCP( R) —

(pOCP( R)

47, R| L

Q

4w$0n#0

[erfc(\/;ﬂRI/L) 1]

-+

erfe(\m [R+nL|/L)
|R+nL|

@31

N exp(— 7|n|?)cos(27n- R/L)
w|n]*L ’

where erfc(-) is the complementary error function. The ex-
cess energy is then given by:'>¢

J. Chem. Phys., Vol. 101, No. 11, 1 December 1994
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where, as in Eq. (26),

(r; —r,)—l— UOCP,

1 0* \.
Ug™F=5 N lim | $°F(R) — 7 ——r (32
0 [R|—0 ‘ﬁ ( ) 4-77'80IR| ( )
Q2
~ — 1.4186487 - (33)

darggl

The pair potential for the Yukawa system is given by Eq.
(25), or equivalently Eq. (27). It is evident from Eq. (25) and
Eq. (30) that (R)— ¢°“P(R) as kp—0. However, it is not
clear how each term of the Ewald potential (31) corresponds
to the terms of the Yukawa pair potential. To establish this
correspondence, we now derive an alternative expression for
the Yukawa pair potential ¢(r).

Let us split #(R) in Eq. (25) into the following two
parts:

H(R)=e1(R)+ ¢(R),

where
h(R)= 477 IR n(lp-Rl)i‘—‘iﬁT’]ﬂ‘ﬁdm
(34)
Ya(R)= 47;;J‘VMW(p)[_1— 7(lp—R))]
exp(—kp|p—R|) o 35)

[p—R|

In these expressions we have introduced the functions

]
w(p)=2, d(p—nL)~13,

. . : &
7(x) = Af exp(kpt—~*t*) dt = B erfc( yx— 7—1)-) ,
x <Y
where
n 2
2vB kp _ |
A= Jr ( W) and B = 1 +erf(kp/2y)
Here vy is a positive constant (which will be set fo be
\/;/L later) - and erf(-) - is the error function:

erf(x)=1-—erfc(x). Note that

77(0)=Af explkpt—y*) dit=1,
[4]

1—7n(x)= AJ‘ explkpr—v*2) dt ,

and

lim n(x)=-erfc(yx) .
kD_'()

Evaluating the integral in Eq. (34) yields

S. Hamaguchi and R: T. Farouki:
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Q> | 7(R))
hR)= 7 { %,Lexp(—kulm)
4 exp(—kp/4y%) kp
CKALR 1_1+erf(kD/2y) +\/;,—,
Q? y(R-nL])
expl

~kp|R—nL|).
4mweey [R—nL] D. b

(36)

By setting y= \/;/L, one can readily confirm that the first
term (i.e., all the terms in the brackets) of Eq. (36) corre-
sponds to the first term of the Ewald potential (31) in the
kp—0 limit, and the second term corresponds to the first
term in the second square bracket of Eq. (31):

0? [erfe(Jm|Rl/L) 1

lim R)= - =

kD—»olﬁl( dareg iy L
0? erfe(y/7 |R+nL|/L)

dme0 o [R+nL|

To evaluate ¥, (R) in Eq. (35) we use Parseval’s identity.
The Fourier transform of w(R) is

w(k) = E exp(2milr- n)— 5(k)

Since the Poisson sum formula yields
. . t n
2 exp(_Zer'n):-gE S k——|,
n L n L
we obtain

vﬁl(k)——‘ (37)

S, o)

n?O
On the other hand, the Fourier transform of the term
exp(—kp|p—R])
lp—R|
may be calculated by means of integration by parts:

[1-7(lp—RD]

2A ‘ ®
F(k)= —k—exp(Zwik- R’)f dx sin(2 wkx)
0

X exp( ~kpx) f dt explkpt —y*t2)
0

2A exp(2rik- R)

k_ mj dx (kp sin 2mkx

+2 7k cos 2akx)exp(— y*x?)

24 exp(2mik-R) exp(— 72k y?)
Tk kS +4mk? ¥

. wkly
X 'n*\/;k'+k,,f dt exp(tz)} ,
0

J. Chem. Phys., Vol. 101, No. 11, 1 December 1994
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where k= |K|. Therefore, from Parseval’s identity, we obtain

QZ

480

0% 24 2in-R ar?|n|?
" dme, L2 P P\ T2

Y(R)= E;Z 5(k— —) F(K)

TN\ T
| % 212+ 472 n]?

+ kpL f L exp() 38
e chmr MO G S R

Noting the asymptotic expansion

2m—1)!!
2 om¥l Zmtl 85 X

m=0

asymp

exp(—x* )f exp(:2)dt =

1+1+
e

one can see that the infinite sum over n # 0 of the second
term in the square brackets of Eqg. (38) converges algebra-
ically. Therefore, with y= \/;/L, the potential ¢, (R) corre-
sponds to the second term in the second square bracket of the
Ewald potential (31), i.e,

|n[?)

0? 3 exp(2min- R/L)exp(—

lim ¢,(R) = ,n_lnlzL

kp—0 dmeg

n#0
39

Note that the functions exp(2#in- R/L) in Egs: (38) and (39)
may be replaced by their real parts cos(27m- R/L), since the
imaginary parts cancel when the summations are taken over
n

It is evident that Ug— Ugﬂ’ since Egs. (26) and (32)
hold and #(R)— ¢°°P(R). Although both the first and third
terms of Eq. (28) diverge as kp—0, the difference of these
terms converges to the constant given by Eq. (33).

V. CONCLUDING REMARKS

We have derived the excess energy U, [i.e., Eq. (29)] of
the Yukawa system under periodic boundary conditions, tak-
ing into account the energy contributions from the back-
ground charges. It was also demonstrated that U,,; converges
to the excess energy US’ of the OCP system in the weak
screening limit (i.e., k=kpa—0). The derived excess en-
ergy serves as a basis for calculating various thermodynami-
cal quantities from simulation data, especially near the OCP
limit, as demonstrated in the companion paper.'* [Note that
the obvious contributions from the unperturbed ideal-gas
background to the excess energy, which is given by Eq. (21),
is not included in U, of Eq. (29) for simplicity.]

It is interesting to note that the excess energy U, is the
Helmholtz free energy of the system, rather than the internal
energy {H pico), 88 shown in Appendix A. This is of course
due to the fact that the background species are continuously
exchanging energy with a heat bath so as to maintain con-

stant temperature during the particulate motion. Historically,
there was some confusion in this respect: at an early stage of
the development of lyophobic colloid theory, erroneous pair
potentials were derived from the total potential energy. The
errors were later corrected when the use of Helmholtz free
energy was suggested by Derjaguin®’ and Verwey and
Overbeek.*?

The pair potentials that may be derlved from the total
potential energy (H .. exhibits an attractive potential .su-
perimposed on the Yukawa repulsive potential [see Eq. (B7)
in Appendix B]. This fallacious attractive potential was once
used to account for the experimentally observed attraction
between colloid particles, which is now essentially explained
by the van der Waals interactions. The attractive potential
reflects the electrostatic potential between the space charge
in the Debye sheath of one particulate and the opposite
charge on another particulate.

This potential would incur an attractive force between
particulates if the space charges were “attached” to the par-
ticulate and thus the particulate and its Debye sheath formed
an inseparable single system. In reality, however, the sheath
space charge is merely a perturbation of the background
plasma induced by the charge on the particulate. If the par-
ticulate moves from position A to position B, the plasma will
relax to the unperturbed state around A and a new perturba-
tion will be formed around B. The Debye sheaths are thus
not “attached” to the particulates at all.

The true behavior of the background charges is indeed
thermodynamically expressed by the second term of Eq.
(A4), i.e., the heat gain by the system from the heat bath. The
ideal-gas contribution to the Helmholtz free energy FX¥ of
Eq. (22)—which is essentially the heat term of Eq. (A4)—
exdctly cancels the attractive potential energy included in
{H microy- The resulting true pair potential then becomes the
Yukawa potential.

In the OCP limit, the ideal-gas Helmholtz free energy
F vanishes, as demonstrated in Append1x B Consequently,
for the OCP system, the excess energy uoc ex * indeed agrees
with its total potential energy. Therefore in most studies of
the OCP system, the excess energy Uax is simply derived
from the total potential energy (e.g., Ref. 15) although its
physical meaning should be the Helmholtz free energy, as
has been discussed in this paper.
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APPENDIX A: INTERMEDIATE-SCALE HAMILTONIAN

In this Appendix, we show under what conditions the
Hamiltonian (16) adequately describes the motion of charged
mesoscopic  particles immersed in a charge-neutralizing
background. In such systems there are three distinct length
scales: the microscopic scale, in which particulates and back-
ground charges are all regarded as individual particles; the
intermediate scale, in which the particulates act as individual
particles whereas the background species are statistically av-
eraged and treated as a smooth field; and the macroscopic
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scale, in which all particles—the particulates and back-
ground species—may be statistically averaged.

The Hamiltonian relevant to the intermediate length
scale may therefore be obtained from a statistical average
over a more detailed microscopic Hamiltonian. In the aver-
aging process, however, we assume that the background spe-
cies are in contact with a large heat bath, so that the back-
ground temperatures (T; and T, in the plasma-dust system)
remain uniform in space and constant in time. The micro-
scopic Hamiltonian—i.e., the sum of the total kinetic energy
and electrostatic’ potential energy for all the particles—is
therefore not a constant of motion on the microscopic scale.
The heat exchanged by the system and the heat bath during
the particulate motion must be taken into account in the av-
eraging process.

On the intermediate scale, therefore, the work done by
the system to displace particulates through the electrostatic
interactions is given by the change of its Helmholtz free
energy F, rather than its electrostatic potential energy. If the
motions of heavy particulates and light background charges
may be separated (i.e., the adiabatic approximation), then the
change of the free energy is all used for the change of par-
ticulates’ kinetic energies. Therefore the intermediate-scale
Hamiltonian H for particulates may be written as the sum of
the particulate kinetic energy and the Helmbholtz free energy
F, as Eq. (16), where U, =F. The Hamiltonian H is a con-
stant of motion if the background temperatures, particle
numbers, and volume are held constant.

As in Sec. II, we again consider a system of N identical
negatively-charged dust grains of charge — Q and mass m,
and a neutralizing background of N, charged particles. The
background is assumed to consist of N; ions of a single spe-
cies with charge g and mass m;, and N, electrons with
charge —e and mass m, (N;+N,=N), which are confined
in volume V. The extension to systems with multiple ion
species is straightforward.

On the microscopic scale, the state of the jth particulate
may be represented by a point (p;,r;) (1=j<N) in phase
space, where p; and r; denote its momentum and position.
Likewise, the microscopic state of the jth background par-
ticle of species a{a=1 and e for ions and electrons), whose
mass and charge are m,, and ¢,(g;=¢ and g,= —¢) is de-
fined by the phase-space point (p("‘), ("‘)) (1ssjsN,).

The N ,-particle joint- probab1hty dlstrlbunon function of
the background species @ may be written as

SN (PN Moy | (A1)

where pN and rN"‘ denote the sets of momenta and positions
of all background particles, i.e., p a“—(p("‘), (@) ,pﬁf?),
ete. In writing Eq. (A1), we have assumed that motions of
dust grains are sufficiently slow compared to the motion of
background species, and therefore the probability function
f* explicitly depends on the instantaneous dust-grain po-
sitions r¥, but not their momenta p". Note that the
N-particle joint-probability distribution function for all the
background particles f(Nh)(Xi.V",X V) is related to f(N"‘)
as, e.g.,

8. Hamaguchi and R. T. Farouki: Thermodynamics near the limit. |

(N N — Ni e . Ne

where we have used the abbreviated notations X"= (p",r")
and X0’ =(pl, ).

The 2-ion Jomt-probablhty dlstnbutlon function is also
defined in the usual manner by .

f{i,i)(X(Ii)7Xgi)rN)=J _..J“f;Ni)(X?’i;rN)ngi)
XdX{. . -dxgj?.

Here X(’)— (p(’) (‘)) The ion-electron and two-electron .
Jomt-probablhty distribution functions & and f° are de-
fined similarly.

On the microscopic scale, the Hamiltonian for the back-
ground ions and electrons is given by

H mjoro= 2 Z

a j=1 ./

I (a),z

mlCl’O 4

where 5, denotes the sum over all the species a (ie.,
a=1i and e) and U, is the potential energy

1 ) .
Umicro: Efvpmicro(r)quicro(r) dr

QZ J &r— r])

~87T8o [r— |

5 .
q28(r—ri¥)
_ pla)
[r— ™|

87T80 dr. (A2)

Here

N N,
pmicro(r):_Qz 6(l‘—rj)-l-2 2 qaﬁ(r—r§“))

j=1 @ j=1
and
1 Pmicro(T’)
‘ijcro(r) = 47T80JV i:(f,["! dr

denote the charge distribution and its electrostatic potential.
The last two terms on the right-hand side of Eq. (A2) sub-
tract the infinite self-energies of particulates and backgrourd
charges, which are formally included in the first term.

The statistical average (-) of the Hamiltonian H ., over
the probability distribution function yields the the internal
energy of the background plasma:

(Hiioro) = j - f Hpjego X032 V0 (XNo; ) dXVs

v (A3)
If the correlation between ions and electrons is assumed neg-
ligible, we have fVe)= fﬁ.N")f(EN“) . The Helmholtz free en-
ergy is then given by

F= <H micro) + z TaS 2{);’ (A4)
4
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where

S?: —kg( lnff:v")(XZ"l ¥y

denotes the entropy of the background species «.

We now further assume that (i} each of the background
species is in local thermal equilibrium, and (ii) pair correla-
tions of the background species are negligible. Then the two-
particle joint probability function /(%% becomes

’la(rl)”a(rz) [ :801 J3l2

a,a)ryle) yla). —
FEOX® X5 NN, —-1) |2mym

ﬂ a '

Xexp( . ) , (AS)
where n,(r) denotes the density of background species «
at position r and B,=1/kgT,, as before. Here the depen-
dence of n,(r) on the particulate positions r" is suppressed
for brevity.

Carrying out the integral (A3) using Eq. (A5), we obtain
the expressions for the internal energy as

(Hmicro>:z Ka+ %f p(r)‘I’(r) dr
« %

> X 1 str— ),
h 87rso jv Ir— | (A6)
where
N
p(r)=—02 8(x—r)+qn(r)—en,r), (A7)
i=1
1 p(r')
Y(r)= 4vreofvlr r,lalr R (A8)

and the entropy of the background species « is given by

1
§P8= — v Ka—kgjvna(r)[ln ny{(r)Ar,—1]dr.
(A9)

In the equations above, K,=3 N kpT denotes the kinetic

energy for the species a.

From Egs. (A4), (A6)—-(A9), we obtain Eq. (17). (Recall
that the free energy F is denoted by U,, in the main text.)
Thus the intermediate-scale Hamiltonian H is given by Eq.
(16) with Eq. (23) if correlations among background charges
are negligible. Note that the entropy of the background
plasma is approximated by the local entropy (the Thomas—
Fermi approximation), as shown in the second term of Eq.

(A9).

APPENDIX B: THE OCP LIMIT OF THE IDEAL-GAS
FREE ENERGY

In this appendix, we shall show that the ideal-gas con-
tribution to the free energy F?dg of Eq. (22) vanishes in the
limit kp—0. As is readily seen from Egs. (10) and (15),

8p"8—0 and ¥(r)—oin this limit. Therefore it is not im-
mediately evident from Eq. (22) that F:-’dg——%O in the OCP
limit.

It is straightforward to rewrite Eq. (22) as

2 E Pa(r;~
i#j

Here the pair potential ¢;(R) is given by

|
|R|—0

.0 ~_exp(—kp|lp—R]) :
Us(R) = jv Wz(P)p|p+[£ll dp, (B2)
with
—kp|lp—nL] 1
W2(P) E I; nLI l?‘

To evaluate ¢;3(R), we again appeal to Parseval’s iden-
tity. The Fourier transform of w,(p) may be calculated in a
manner similar to that used to obtain Eq. (37):

i
wo(k)= 73

2

T "(k‘ ‘) 5(“)]

k3 .
ET I 5( ) (B3)
Similarly the Fourier transform of
exp(—kp|r—al)
[r—al
is given by

4 exp(27ik-r) B4)
— . :
4k +kp, (

" Using Eqgs. (B3) and (B4), we obtain

Y3 (R)= ¢ Zl; > 5(k——)exp(2mk R)

4 TEq Von#0

4fn'kD _dk
(kDZ+4 mk?)?

3 Q? 47rkD
T 4mey L

exp(2min- R/L)
(kp+4m?|n|*/L?)?"

by

n#0

(B5)

From the following inequality, it is easy to see that the
sum in Eq. (B5) converges even in the case kp=0:

> exp(2min-R/L) | L* 1

| (k5 + 4 ¥ n L% at < nl*

where the sum =,.o/n|™* is clearly convergent. Therefore,
we have

lim ¢3(R)=0.

kp—0

(B6)

From Eqgs. (B1) and (B6), we thus readily obtain
F%0 as kp—0.

Using the identity

J. Chem. Phys., Vol. 101, No. 11, 1 December 1994



9884

f exp(—kp|r—a| —kp|E—bl|)
a |r—al|r—b|

27
= T—exp(—kpla=b]).
D
we may evaluate ¢;(r) as
. Q% p- : ?
3(R)= 817802 exp(—kp|R—nL|) SVENER

n

It then follows from Eq. (B1) that

2
k

Pg____D

= Tomag 242 2 xp(~kp|R—nL)
NQ*n NQ*kp

—2—80‘];[7_; "g“q;é;‘% exp(-—kD]nIL) .

Since {H picro) = Uex— F2¥, the “pair-potential”” form of the

internal energy (H micro) Decomes

=P (,R ] ';D)exp(—kulnlm

i#j

<H micro>

3NQ%kp
l6me

QN 1 kp
8meo Ty \In[L 2

Xexp(—kpLin|), (B7)

where R;;=r;—r;.
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