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Plasma-particulate interactions in nonuniform plasmas with finite flows

S. Hamaguchi and R. T. Farouki
IBM Thomas J. Watson Research Center, P.O Box 218, Yorktown Heights, New York 10598

(Received 22 December 1993; accepted 10 March 1994)

The polarization force on a charged particulate or ““dust” grain in a nonuniform plasma with finite
ion flows and an external electric field is derived, based on a fluid approximation for the background
plasma. This polarization force is proportional to the magnitude of the spatial gradient of the Debye
length, and acts in the direction of decreasing Debye length. When the ion flow velocity is
sufficiently large compared to ion thermal velocities, ions do not participate in the formation of
sheaths around negatively charged particulates and the electron Debye length must be employed,
since sheaths comprise only a deficiency of electrons. If the ion flow velocity is small, the
contribution of the jon flow to the polarization force is proportional to the spatial gradient of the
flow kinetic energy and is thus usually negligible. The expressions describing the
plasma—particulate interaction may be applied to the modeling of contaminant behavior in

materials-processing plasmas.

I. INTRODUCTION

If “mesoscopic” particles (i.e., particles that are small
on the macroscopic scale but much larger than molecular
sizes) are introduced into a plasma, they typically acquire
negative charges due to the attachment of high-mobility
plasma electrons. When the particle density is low, electro-
static interactions between particles will be negligible, and
their transport is essentially governed by the interaction be-
tween individual particles and the ambient plasma.! When
the density is sufficiently high, on the other hand, the inter-
particle potential energies may substantially exceed their
thermal kinetic energies; the particle system then exhibits
behavior similar to a liquid or the classical one-component
plasma.?”’

Small charged particles or “particulates” are observed in
a variety of plasma environments, ranging from the interstel-
lar medium®~1° to the low-pressure discharges widely used in
processing semiconductor materials.!'~!5 Our interest here is
in the transport of charged particulates under typical glow
discharge conditions, where they may experience strong
electric fields, ion flows, and plasma density gradients.

The total force on a charged particulate in an unmagne-
tized plasma may be considered to compromise (i) the nomi-
nal electrostatic force (—Q)E,, where —(Q is the (negative)
particulate charge and E is the external field; (ii) the polar-
ization force, i.e., the electrostatic force due to any deforma-
tion of the Debye sheath around the particulate; (iii) the net
plasma pressure force exerted on the particulate surface; and
(iv) the ion drag force, i.e., the effect of Coulomb collisions
with ions flowing past the particulate.

We have recently obtained an expression for the force on
a particulate in the absence of plasma flows' that includes
components (i)—(iii) above. In this paper, we extend our ear-
lier study by investigating the plasma—particulate interaction
in the presence of finite plasma flows. Since the sizes of
particulates that we are concerned with are sufficiently small
compared to the Debye length of the background plasma, we
consider only the case of infinitesimal particulates in this
paper. As in Ref. 1, we shall use a fluid model for the plasma,
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and thus the ion drag force—which arises from diffusion of
the ion distribution function in velocity space due to Cou-
lomb collisions—must be obtained separately from kinetic
theories. The main issue addressed here is the question of
how the polarization force obtained in Ref. 1 is modified by
the presence of finite plasma flows.

Since plasma flows will contribute to the deformation of
Debye sheaths surrounding particulates, the polarization
force is expected to be dependent on the flow velocity and/or
flow-velocity gradients. Unlike the ion drag force, the defor-
mation of the sheath due to a finite plasma flow may be well
described by a fluid mode] of the plasma. Based on the fluid
approximation presented in the following section, we shall
discuss the plasma—particulate interaction in detail, and sys-
tematically derive an expression for the total force exerted on
the particulate.

il. FLUID MODEL. OF THE PLASMA

Consider an unmagnetized plasma containing a particu-
late of negative charge —Q(Q>0) at position r, . Assuming
the particulate is of negligible size on the macroscopic scale,
we employ a fluid model for the plasma'S defined by the
following equations:

IV -(nv)=8;, (1)
In,+V-(n,v,)=8,, 2
mn(8,v;+v; Vv)=~kgl; Vn,—qn;, VO
—VimnV;—mS;v;, 3)
men (3,v,+v,-Vv,)=—kgl, Vn,+en, VO
T VM Ve—MeSeVe, )
— €y AD=~Q8(r—r,)+qn;—en,, 5)

where the subscripts i and e denote ion and electron quanti-
ties. Here n, v, m, ®, T, S, and v represent density, flow
velocity, mass, electric potential, temperature, particle source
rate, and frequency of collisions with neutral species, respec-
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tively. Constant ion and electron temperatures are assumed,
and ion and electron viscosities are neglected for the sake of
simplicity.

In typical glow discharge or interstellar plasma environ-
ments, the sizes of particulates and their Debye sheaths are
small compared to the ion mean-free path in the ambient
plasma. For such systems, a fluid description of the plasma
(the ions, especially) does not fully account for the interac-
tion between a particulate and the background plasma. As
noted in the previous section, for example, a fluid model
cannot properly account for the ion drag force due to Cou-
lomb scattering of ions by the charged particulate.

Recently, Northrop and Birmingham'’ have obtained the
total interaction, including the ion drag force, between a mi-
croscopic dust grain and a uniform background plasma,
based on the kinetic theories developed by Hubbard'® and
Kihara and Aono.' Because of the plasma uniformity, how-
ever, the polarization force vanishes in their system: the total
interaction between a particulate and a uniform plasma is due
to the ion drag force and “plasma collective effects” (which
together may be considered to include pressure forces).

We are concerned here with nonuniform plasmas, for
which a kinetic treatment of the system is substantially more
complex, and thus the simpler system defined by Egs. (1)-
(5) is a reasonable alternative to study. As noted in the pre-
ceding section, deformations of the sheath due to density
gradients and finite plasma flows are well described by this
fluid model (which is a generalization of the model used in
Ref. 1 to estimate the polarization force in the absence of
plasma flows).

iil. EQUILIBRIUM AND ELECTROSTATIC
PERTURBATION

We consider first a steady-state (i.e., d,=0), unperturbed,
nonuniform plasma that contains no particulates. From Egs.
(1)—(5), the set of equations governing the equilibrium state
is

V- (niovie) =S, (6)
V-(negveg) =Se, ™)
mnioVio* VVio=—kpTio Vnio—qn;y V&Pq
—vimnigVio—m;SVio, 8
MeNegVeo* VVeg=—kpTeo Vgt+en,g V&g
T VoMM egVeo™ MeSVeo, 9
—€g ADy=gn,n—en,g. (10)

Here the subscript 0 denotes the unperturbed (i.e., equilib-
rium) state.

In this paper we are not directly concerned with solving
Egs. (6)—(10). Instead, we shall assume that an equilibrium
plasma state satisfying these equations is given, and then
determine how the introduction of a charged particulate per-
turbs the system. Denoting the perturbed density, potential,
and flow velocity by 7, ¢, and ¥, respectively, we may write
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n=ny+n, ®=0y+¢, and v=vy+Vv. Assuming that these
perturbations are small, we now linearize Egs. (1)—(5) with
respect to them.

From Eq. (3), for example, we obtain

minig Vit mnil (Vigr V)V, + (Vi V)Vl +mi(vio- V) vy
=—kgl; Vi,—qn,y Vé—qn; VP,
—vim(ngV;+A;vi).

Eliminating the term (v;-V)v;, from the above by using Eq.
(8), we obtain Eq. (12) below. Similarly, from Eq. (4) and (9)
with m,—0, we obtain

n,

+e V¢=0.

—kgT,
B ev(”eo
Upon integration, this yields the Boltzmann relation for the
electron density given by Eq. (14) below.

The linearized equations for the perturbed quantities are
thus given by

A+ V(ngv;+a,v,)=0, (11)
m; 9,%;= —% v(:—o) — g Vbt my(vig- Vi, +5;-Vv30)

—vm;v;, (12)
—€ Ap=—Q8(r—r1,)+qn;—en,, (13)
n.=ef.n.p. (14)

Here B;=1/kgT; and B,=1/kgT,. Note that the equation
determining the electron flow velocity v, is decoupled from
the system (11)—(14).

In the case of zero ion flow velocity, Eq. (12) gives the
Boltzmann relation #;= — g B;n,,¢ for the ions, and the sys-
tem reduces to that discussed in Ref. 1. In other words, Egs.
(11)—-(14), which include the effects of finite plasma flows,
represent a generalization of the model used in Ref. 1.

IV. STEADY-STATE SOLUTIONS

We now solve Egs. (11)~(14) in a steady state to obtain
the Debye sheath surrounding a particle under the influence
of an external field ¥, a density gradient Vn,, and an ion
flow v;q. Since plasma perturbations due to the charged par-
ticulate are confined within a small volume (the Debye
sheath), it is natural to assume that the spatial variations of
perturbed quantities are much larger than those of the corre-
sponding equilibrium quantities, in the sense that, for ex-
ample, |V#|>|Vn,|.

To make the system of equations more tractable, we se-
lect a local coordinate system by setting r,=0 and choosing
the z axis parallel to the direction of gradients of equilibrium
quantities (we assume for simplicity that the ion flow veloc-
ity and the gradients of all equilibrium quantities, such as n,,
vy, and W, are parallel). Then, to accuracy ¢(8), where
6=Ap/L, with L being a representative macroscopic scale
(e.g., the density gradient scale |V In 7,5|™?), the equilibrium
quantities in Eqs (11)—(14) will depend only on z, and are
given by  n(2)=n;(0)+n;(0)z,  Vi(2)=v(2)Z
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=[v;0(0)+v5(0)z]Z,..., etc., where the primes denote de-
rivatives with respect to z and Z is a unit vector in the z
direction.

Using the following normalized variables:

=L =Z V=,V L
p_)\e, g—“)‘e’ S e u_vi,th
Uio , Aeljp n; '
Ug=-—"", Ug= 2 n= 3 = i Py
T " vim n;0(0) v=ap:i%
NRINC)) Aonlo(0)
EoT00) 7 P Tng00)
2
K; q8:Q
= *=-—-
= Q o,

where r is the position vector in the new local coordinate
system, i = (kBT /m;)V/? is the ion thermal velocity,
Ne=k; ' =[eg/e’Bn.o(0)]" and ki '=[eo/q*Binio(0)]"
are the electron and ion Debye lengths evaluated at the par-
ticulate position r=0, we may rewrite Eqs. (11)—(13) in the
steady state as

- on - a

Veutuy - PY: =—puV-({u)—ug 3—{({"), (15)
- - a

Van+Vigtug a—gu

aJ
=uni—pl Vi+ (uy+ pug){ — {

, s Vike
—ujui-——= (1+ud)u, (16)
Ui th

Ay— g+ an=—Q*8(p)+ pu LY. a”n

Here u, is the z component of u and A=V? is the normalized
Laplacian. Note that u, u,, and ug are (%(8).

In the last term of Eq. (16), the coefficient is
VN /Ui = Ao/ Ao <€ 1, where A¢, denotes the mean-free
path for collisions between ions and neutral species (which is
usually large compared to the electron Debye length). In
other words, the effects of collision between ions and neutral
species may be ignored for dynamics on the scale of the
Debye length. Thus, the last term of Eq. (16) (i.e., the term
proportional to v;) will be dropped henceforth.

To solve Egs. (15)—(17), we use the Fourier transforma-
tion defined by

Foo=[ Flprexpiik-p)dn

where f(p) is an arbitrary function and the integration is over
all space. Note that under this transformation, Vf—-)—lkf
f——id f/dkz , and &p)—1. The Fourier transformation of
Egs. (15)—(17) is then readily obtained as

du dn

k-a+uok n=ipk- k. +iugk, aK, (18)
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R d
ki + K+ ugk 0=ipni—iugu,z+ip T
. ! d ~
— i+ pitg) = (o), (19)
N . d .
(K*+ 1) g—ar=Q*+iu, T . 20)

Since the system is symmetric about the z axis, we may
choose a unit vector €, orthogonal to Z, such that
u=u, e, +u,z and k=k, e, +k,2. Equations (18)—(20) may
then be written in matrix form as

d
ME=iA (€+iA, k. &+b, (21)
where
u 0
g&=| S| and b=| 4
¢ 0*
Also,
"k, k, ugk, O
M= uokz 0 k_]_ kJ_ ,
0 ugk, k, Kk,
0 0 —a 1+k*
[ 0 0 0 o
.\ — (uly+ pug) 0 0 0
! 0 —QQuitpug) popl
| 0 0 0 0
and
uk, uk, ugk, 0
pe — (ug+ pug)k, 0 0 pky
? 0 —(uy+pug)k, 0  pk, |’
0 0 0w,

where k=|k|. Note that each nonzero entry of A; and A, is
).

The solution to Eq. (21) may be given in the form
£=£9+ £V where £9=(1) and £V=c7(8). The zeroth-
order solution £ to Eq. (21) then evidently satisfies

ME9=b, or, from Egs. (18)—(20).

k-6 +uek,a0=0, (22)
kA O+ kg O+ ugk, i =0, (23)
(R+1) 0~ apO=0* (24)

Solving the above equations, we obtain the zeroth-order po-
tential,

-1

7(0) *f 12
=0 k+1+1 uzcos 8] °’ (25)
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-4

-2

5.0%107*
2.3+107°
~6.9%107* uuye.
-2 | —1.8+10"° Sg
~3.3%107°
—6.0+107°
-1.2%107?
| —4 | —2.7%10°?
—-8.6%1072

x/ N
o
1

~4-

FIG. 1. The potential contours around an infinitesimal particle (located at
the origin) obtained from Eq. (27). Here u3=0.1 and xp=x; are assumed.
The potential is normalized by Q kp/awey. Note that the contours are on a
logarithmic scale.

where cos 8=k,/k. In dimensional form, the equation above
becomes

7\312/(0)(1()__2 k2+ + K2 -1
qBi €g Ke 1— uzcos g/

where k= « k. Note that, when uy<1, the ion Debye length
N, =«;! is effectively replaced by N(1—ud cos? )2
Namely the sheath thickness around the particle is reduced
most along the z axis (i.e., #=0 and =).

In coordinate space, the sheath potential is given to low-
est order by

1 .
¢‘°’(r)=W f P O(k)exp(—ik-r/\)dk.  (26)

In particular, if uy<€1, this potential becomes

0 Qv 22
(0)f 1) o — — —
O =~ e e o)+ e [ 12

8 22
Xexp(— Kkpr)——5—3 ( 1“—2‘)[1—6XP(—KDV)
Kpr r

Vs,
X| 1+ kpr+= xpr , 27

2

where r=|r| and «p=(«?+ «2)2. The derivation of this ex-
pression is given in Appendix A. The first term of Eq. (27)
represents the well-known screened Coulomb potential. Fig-
ure 1 illustrates Eq. (27) for u} = (v;0/v;m)* = 0.1, and
Ki/kp=1.

The force exerted on the particulate by the electrostatic
field is given by

Phys. Plasmas, Vol. 1, No. 7, July 1994

F=(—Q)E|’r=o=QV( - )

4regr

~QEy(0),
(28)

7)5 f dkk(z//(k)+£z) —QEy0). (29)

The term —Q/4eyr in Eq. (28) represents the seif-energy
of the particulate, which must be subtracted out in the force
calculation. Note that the Fourier transform of 1/4mp is 1/k.

By substituting Eq. (25) into Eq. (29), we find that the
force FP=F+QE(0) due to the lowest-order sheath field
potential & O(r) vanishes, i.e., F?=0, since the integral over
the polar angle @ vanishes. Indeed, as may be easily seen
from Eq. (26), the lowest-order sheath potential d)“’) is sym-
metric about the x-y plane—¢>(°)(r) is invariant under the
map z— —z. In other words, the Debye sheath does not be-
come polarized in the presence of a uniform ion flow vy,
although the sheath may be somewhat squeezed in the z
direction, as depicted in Fig. 1. No charge separation is as-
sociated with this symmetric deformation of the Debye
sheath, and thus no net electrostatic force is exerted on the
particulate. The first term FP of Eq. (29) may be called a
polarization force, since it becomes nonzero only when there
is a charge separation (i.e., polarization) of the sheath sur-
rounding the particulate.

Uniform ion flows thus exert no net force on particulates
in the fluid approximation. In kinetic treatments, however,
Coulomb collisions between the flowing ions and particu-
lates cause an asymmetry in the ion distribution function and
give rise to a nonzero jon drag force.” (The situation here is
somewhat different from the well-known d’Alembert para-
dox in fluid dynamics, which states that two-dimensional,
incompressible, irrotational, inviscid flows exert no drag
forces.) In our fluid model, although the size of the particu-
late is infinitesimal, we nevertheless assume that it is a
“small” macroscopic object immersed in the plasma. Under
such conditions, the force due to the nonuniformity of the
background plasma—such as the polarization force—
becomes the dominant force exerted on the particulate. We
therefore proceed to higher-order calculations.

V. FORCES DUE TO PLASMA NONUNIFORMITY

As shown in the previous section, the effects of plasma
nonuniformity are contained in the first-order solution FORT
Eq. (21)—a uniform plasma with finite flows, as represented
by the zeroth-order solution £9, does not exert a polarization
force on the particulate. Therefore, we now solve Eq. (21) to
?(é) to obtain the nonzero polarization force. The algebraic
manipulations in this section were mostly performed using
the AXIOM system.?!

By solving M §<°)=b, or Egs. (22)-(24), we obtain

k.LkzuO
1 k2u0
=21 2" (30)
k2u3—k?
z

where

S. Hamaguchi and R. T. Farouki 2113



P=—(1+k2)(k*—k2ud)— ak?.
Then, from Eq. (21), the first-order solution El) satisfies

d
MEV=iA £O+iA, — £O.
dk,

Substituting Eq. (30) into the equation above and inverting
the matrix M, we readily obtain the solution g‘”.

In particular, the first-order potential perturbation may be
given as

B+ et ubid,
{[k2+ (k2 + 1)E2Jud— k2 (k2 + a+ 1))’
(31)

PO ()=iQ*

where
U, =20k kS~ ak K[ 6k} + (3k2 —2a~2)k2 -3k}
—(5a+3)k2 Jud+ ak’[ 4k} + (5k2 —2)k2

+kY K2 Jug. (32)

e =2k kO — 2k k> (3k}+3k2 k2 — ak? Yul+ 2k (3k?

+3k2k2— ak? ) ug— 2k ud, (33)
du=2ak k* (k2 + o+ 1)ug—2ak>k2(K2+1)ud.  (34)

It is neither easy nor practical to use the full solution for
::l)“)(k) given by Egs. (31)—(34) to estimate the polarization
force. Instead, we shall consider twé important limiting
cases, in which the expression for the polarization force pro-
vides clearer physical insight and concise formulas that may
be used in macroscopic (e.g., fluid or particle-in-cell) simu-
lations to determine overall particulate transport characteris-
tics in the plasma.

VL. SMALL FL.LOW LIMIT

In order to elucidate the relation between the complete
solution obtained in the preceding section and that given in
Ref. 1, we first take the limit of a small ion flow (i.e., uy<1)
in Eq. 31):

. 2(ap+ p )k, 2ak,
M(KV=—iO* 4
Yk =—i0 ((k7+a+1)3 Fuoko T L 112

+(@Iu§)). (35)

Here we have assumed that &=Ap/L=uy<1 and ug
= (X §), rather than ugy = @(bug) (i.e., the ion flow velocity
is assumed to have a steep gradient near the particle), to
clarify the effects of the ion flow gradient. Note that
autu,=0(8).

The inverse Fourier transform of Eq. (35) yields
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0 7.1%107*
~1.8%107* -
—8.4+10"* g
l._2 | —20+107
—3.4%1077
—6.1%107}
-1.2%10"?
L.g | ~27%107°
~8.5+102

x/ N

z/ N

FIG. 2. The total potential ¢'”+ ¢V obtained from Egs. (27) and (36). To
emphasize the ion flow effects, we have assumed o=0 and v/,
= v;9/L > 0, with Ap/L =0.3. The other parameters are the same as those
in Fig. 1. Note that the contours are on a logarithmic scale.

1
M(p)=—— g»
¢ (r) PY (r)

1 fA
= D(k)exp(—ik-r/\.)dk
_ Qoz +vi,OUi’,0Ki2Qz
" 16megkp exp(~ kpr) 27v ZthKD' r3

X[1—exp(— «kpr)(1+ kpr+3 KZDI'Z)], (36)

where kp=(x>+ «k2)!? as before, and o=dk’(z)/dz. De-
tails of the above calculation are given in Appendix B. The

first term in Eq. (36) represents the potential perturbation due

to the density gradient (i.e., the gradient of the Debye length
Ap=«p"), while the second is due to the gradient of the ion
flow velocity. Hence, polarizations of the Debye sheath rep-
resented by the first and second terms of Eq. (36) may be
called the density-gradient and ion-flow-gradient polariza-
tions, respectively. In the case of zero ion flow or flow gra-
dient, Eq. (36) evidently reduces to the first-order potential
perturbation given in Ref. 1.

Figure 2 shows the total potential (except for that of the
applied electric field E), i.e., 9+ ¢, derived from Egs.
(27) and (36). The patticle is located at the origin. To em-
phasize the ion flow effects, we have assumed o=0 and
vjo = U;,o/L > 0, with \p/L =0.3. The other parameters are
the same as those in Fig. 1. Note that, since v; o > 0 (and thus
U; 0, is larger in the region z>0 than in z<0), the sheath
thickness is smaller for z>0 than for z<0.

As remarked in Sec. IV, the zeroth-order solution zl‘o’(k)
does not contribute to the polarization force. Therefore, from
Eq. (29), the z component of the polarization force F¥ may
be obtained from

S. Hamaguchi and R. T. Farouki



—iQ .
F N By Y
_ O'QZ le Q2K2
~T6megny [1+/(E2)]+—T—,m T2meons [1+A(eM)],

(37)

where € = uy = v;o/v; 4, [the derivation of Eq. (37) is given
in Appendix B]. As in Eq. (36), the first and second terms of
Eq. (37) represent the density-gradient and ion-flow-gradient
polarization forces, respectively. Again, in the case €=0, the
above polarization force agrees with that given in Ref. 1.

To obtain the total force, one needs to also consider the
contribution of pressure forces. As in Ref. 1, however, a
direct calculation of the plasma pressure shows that the pres-
sure force on an infinitesimal particle is zero. Therefore,
aside from the ion drag force that needs to be obtained from
kinetic theories, the total force F is given by the sum of the
direct electrostatic force (—Q)E; and the polarization force
given by Eq. (37). In vector form, we may write

Vip Q7

F=—QE— 7" g —[1+ ()]

Viviel? Q%\p
v?,th 241

o7 1A, (38)

Here we have used o=—2\53dAp/dz. Note that, in Eq.
(38), all plasma quantities are evaluated at the position of the
particulate.

Under typical plasma flow conditions, the flow velocity
gradient vy is expected to be of order v,o/L (where L is the
macroscopic length scale), rather than vjy = v;/Ap, as as-
sumed above. In this case uy = (7{8¢), where 6=Ap/L and
€=0;0/v; 4, and therefore |VAp|=r7(8) and Ap|Vvio|/viy,

= /{8€%). Then Eq. (38) may be written as
QZ

F= —QEO—— L4 A5, (39)

)‘D

where the first two terms are the same as the total force
obtained in Ref. 1. In other words, if the ion flow velocity is
small compared to the ion thermal velocity, the ion-flow-
gradient polarization force is ({8¢€), whereas the density
polarization force is ¢7(8). The force expression given by the
first two terms of Eq. (39) is therefore a good approximation
for a nonuniform plasma with small ion flows.

Vil. LARGE FLOW LIMIT

In typical glow discharges used in industrial applica-
tions, particulates become “trapped” at the plasma-—sheath
boundary—i.e., the boundary between the bulk plasma and
the sheath adjacent to the electrode.!* lons in the presheath
region are accelerated toward the plasma—sheath boundary
and the jon flow velocity v;, reaches the sound (or Bohm)
velocity ¢,=(kgT,/m;)"?. Since T,>T; under typical condi-
tions, the ion flow velocity exceeds the ion thermal velocity,
ie,vp=c;>U; -
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In the large ion flow limit we set uy>1 in Egs. (31)-(34)
and retain only the lowest-order terms in the expansion pa-
rameter 1/uy. This gives

- 1) o k, )
(k)= —2iQ #e(—kz+—l)§+(" )’ (40)

where w,=¢7(8). Note that the lowest-order term is indepen-
dent of u,.

As in Eq. (36), the inverse Fourier transform of Eq. (40)
gives the potential ¢, to lowest order, as

¢(1)(r)=1_6Q?0‘f__

expl — k,r
ok p(—K.r),

where o,= — 2\ d\,/dz. As in Eq. (37), the z component
of the polarization force may be obtained from Eq. (40). To
lowest order, we have

2%

.
F: 16 megk,

Since the pressure force is zero for an infinitesimal particu-
late, the total force in the presence of a large ion flow may be
written in vector form as
Q° VA,
~QE)——— —5 +7(e*? 41
Q 0 8 € )\e A'( )’ ( )

where €* = 1/ug = v; /v ;0. Note, again, that, in the limit of
strong ion flows, the ion-flow-gradient polarization force
vanishes to lowest order.

Comparing expressions (39) and (41) for the opposite
limits of small and large ion flows, we see that they differ
only in the Debye length that is used: in the small-flow limit,
\p is used, whereas A, is appropriate to the large-flow limit.
This reflects the fact that, in the absence of ion flows, the size
of the Debye sheath surrounding a particulate is given by the
“characteristic” Debye length A\p=(1/A2+1/\2) 712, while
in the presence of large ion flows it is given by just the
electron Debye length A, .

The physical reason for this is that when the ion flow is
large compared to the ion thermal velocity (i.e., u;o > v; ),
ions cannot form a sheath, and the sheath comprises a defi-
ciency of electrons. In this case, the ions are “blown away”
by the fast ion flow, and the ion density profile around the
particulate becomes almost uniform. In typical glow dis-
charges, however, plasma flow velocities are generally small
compared to the electron thermal velocity v, g,
= (kgT./m,)"'?, so that the electron sheath, of dimension \,,
is hardly affected by the plasma flow.

Viil. CONCLUDING REMARKS

In this paper we have extended earlier results’ to obtain
the total force F exerted on a charged particulate in a non-
uniform plasma under the influence of finite ion flows. We
have rigorously demonstrated, in the context of a fluid ap-
proximation of the plasma, that the expression for the polar-
ization force given in Ref. 1 is a good approximation, unless
the ion flow velocity is comparable to the ion thermal veloc-

ity.
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From Egs. (41) and (39), we may write the total force on
a particulate as

F= E Q* A +(ion d fi 42
=—QE, -8—11'—607 (ion drag force), (42)

where \ represents the thickness of the Debye sheath around
the particulate. The first term is the electrostatic force on the
particulate charge—(Q exerted by the external electric field
E,, while the second term is the polarization force, i.e., the
force due to the polarized Debye sheath. Note that Ey and A
in Eq. (42) are to be evaluated at the particulate position.

In the fluid approximation, polarization of Debye sheaths
may be caused by density gradients and/or ion flow gradi-
ents. As discussed in Secs. VI and VII, however, the ion-
flow-gradient polarization force is typically small and may
be neglected to lowest order, as shown in Eq. (42).

If the ion flow velocity is small compared to the ion
thermal velocity, i.e., v;g <€ v; 4, the sheath thickness is given
by the characteristic Debye length, Ap=(1/A?+1/A2)"1/2,
and Ap should be used for A in Eq. (42). Note that if T,>T;
(as is the case in typical glow discharges), we have Ap=\,;.

On the other hand, if the ion flow velocity is large com-
pared to the ion thermal velocity, i.e., v;o > v; 4, the sheath
thickness is given by the electron Debye length A, . In this
case, the ion density profile around the particulate is almost
uniform, and the sheath comprises only a deficiency of elec-
trons. The conditions for such fast ion flows arise when par-
ticulates are trapped (due to a balance between electrostatic
forces and drag forces) at the plasma—sheath boundaries of
glow discharges, where the ion flow velocity equals the
sound speed c¢,. Under such conditions, A, should be used
for A in Eq. (42).

Strictly speaking, Eq. (42) holds only in these two lim-
iting cases. For intermediate values of v, as is clear from
Eq. (38), the contribution from the ion flow gradient to the
polarization force may be comparable to that from the den-
sity gradient. A more accurate evaluation of the total force at
arbitrary v;; may be obtained by performing the integration
(29) numerically, using the complete expression for tz(l)(k)
(which is valid for any v, o), given by Egs. (31)—(34).

Note also that, as indicated in Egs. (39) and (41), the
errors incurred by using Eq. (42) in the two limiting cases
are only of second order, i.e., &I vizo/ vf,th) forv;p < v, ¢ and
C@I‘viz,th/vizo) for v; 4 <€ v;o. [The ion-flow-gradient polariza-
tion force is represented explicitly by the third term of Eq.
(38) when the ion flow is relatively small.]

It is interesting to note that, regardless of the sign of the
particulate charge, the polarization force is always in the
direction of decreasing Debye length. From Eq. (42), we
may calculate the (Helmholtz) free energy Fy=— [*F, dz
(neglecting the ion drag force) as

QZ

FH_ Q‘Ifo 8W€0>\ )

It is evident from this expression that the particulate has a
lower free energy when it has a thinner Debye sheath (i.e.,
smaller \).

The magnitude of the force given by Eq. (42) may vary
significantly, depending on the plasma conditions. For typi-
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cal glow discharges used in industrial applications, however,
the total force F was estimated in Ref. 1, where the polariza-
tion force was found to be typically a fraction of the external
electrostatic force.

As noted in Sec. II, in most particulate systems observed
in laboratory or space plasmas, the sizes of the particulates
and their Debye sheaths are small compared to the ion mean-
free path for the background plasma. Therefore the fluid ap-
proximation that we have employed here is not strictly valid,
especially when it is applied to phenomena that involve sig-
nificant variation of the ion distribution function. The most
important aspect of such kinetic effects is the ion drag force,
which needs to be obtained separately from kinetic calcula-
tions and added to the fluid force, as indicated in Eq. (42).

As shown in Sec. IV, the drag force for an infinitesimal
particulate vanishes in the fluid approximation. However, the
polarization force, with which we have been concerned, is
well described by the fluid model. Although a systematic
kinetic treatment of nonuniform plasmas is rather formi-
dable, the question of whether such kinetic effects substan-
tially modify the polarization force obtained from the fluid
approximation deserves attention.

For expressions of the ion drag force, the reader is re-
ferred to Ref. 17, where large-angle Coulomb scattering,22
dynamical friction,”?* and collective effects®® are treated
systematically. [In this treatment, however, the background
plasma is assumed uniform, so the effects of external fields
and density gradients are excluded. Thus, to obtain the total
force in a nonuniform plasma, one needs to add the first two
terms of Eq. (42), which represent the external electrostatic
force and polarization force, to the drag force—assuming
that such a superposition is a valid approximation.] The final
expression obtained in this manner, which is a function of
local plasma conditions, such as the electric field, plasma
density gradients, etc., may be used in conjunction with mac-
roscopic simulations to determine the overall particulate
transport characteristics in a discharge.

APPENDIX A: DERIVATION OF EQ. (27)
If ug<1, Eq. (25) may be written as

au? cos? 8
E+lta (K+1+a)?

PO k) =0*

The first term evidently yields the screened Coulomb poten-
tial [i.e., the first term of Eq. (27)], so we are now only
concerned with the inverse Fourier transform of the second
term, i.e.,

~- au(z)Q*

é‘¢(0)(r) ;qB~(2W)3

cos? @ —ik-r
(k2+c?.)2 €Xp Iy dk,
(A1)

where c2=a+1.

To perform the integration of Eq. (A1), we choose the
direction of the position vector r as the polar direction, rather
than that of v, o. Denoting the angle between r and v, o by O,
and that between r and k by 6, we may write
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cos §=sin O sin 6 cos ¢+ cos @ cos 6,

k-r=kr cos 9,
where the azimuthal angle ¢ of k around r is chosen appro-
priately. ; ;

After integrating over the angles 6 and ¢, the following
formulas may be used to perform the integration over k in

Eq. (Al):

°°xsmaxd wa b
@57 =g exp(—ab).

fm cos ax 4 __7r(1+ab)
o (2T TaE?

exp(—ab), (A2)

= sin ax d_qr . (1+ab 5
o x2FpYE x=gpr || 1 exp(—ab);

where a,b>0.

APPENDIX B: DERIVATIONS OF EQS. (36) AND (37)

To obtain Eq. (36) by the inverse Fourier transform, one
needs to evaluate the integrals,

1 k, .
hi= (27r)3f (k2+c2)? exp(—ik-p)dk,

1 k, ‘
Jz=(2,n_)3f ICETIR exp(—ik-p)dk,

where k2=k2 + k2 and c’=a+1 (c>0). Unlike Appendix A,
here we choose the z axis (i.e., the direction of the ion flow
v, 0) as the polar direction.

To perform the integration of J,, we first write

gl(k)=m .

Then, using spherical polar coordinates in k space, we have

1 dgl(k)

Ji= TTSH dk exp(—ik-p)dk

- f (k)exp(—ik-p)dk
—W &1 pl—ik-p

i [~ k .
=—87T2p 0 (k2+C2)2 Slnkp dk

___i
- 321mc exp( CP),

where ¢ is the z component of p. Here we have used Eq.
(A2).
Similarly, to evaluate J,, we use
K +c?2 c?

g2(k)=— log —r—— 7))

where

dg,(k) k.
dk, (kK*+c%)3"
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Then we have

1 dg,(k)
Jz=(—2-;‘7")‘3' dk exp(—zk p)dk
i{ 4w
=(—ﬂ_)3— f g2(k)k sin kp dk

" 1—exp(— )(1+ +122
m exXp{—cp cp 2Cp .

Here we have used the formulas

= x sin ax

w
e P77 1)

exp(—ab),
0

°° (,\c2+a2
fo log| ;7557
—exp(—ay)(1+ay)], (B2)

where a,b=0 and y >0. Note that Eq. (A2) may be obtained
by differentiating Eq. (B1) with respect to b. Similarly, Eq.
(B2) may be derived by differentiating the following identity
with respect to y:

T
x sin xy dx=;7 [exp(—by)(1+by)

Iml (x +a ) . J o b
, 108\ 25z cos xy dx = [exp(—by) ~exp(~ay)],
(B3)

where, again, a,b=0 and y >0. In deriving Eq. (36) from J,
and J,, we have also used cp=«pr, x,c=kp, and
(apt+p)=o\].

To obtain Eq. (37) directly from Eq. (29), we evaluate
the integrals,

J3= 3 dKk,

(271')3f (k2+c2)

1 f K2
14—(277)3 02 dk.

Again, using spherical polar coordinates in the k space and
writing n=k/c, we may write

3T 6me 0 (172+1)3 7

and

Jyme F T 4
Tencly (P2

Using the formula

X 1 ( l—a)
o xa(1+x}\)2§ "X'B B_ AN s (B4)

if <1, A\,8>0, and \B>1—a, we obtain J,;=1/327 and
J,=1/247. In Eq. (B4), B is the beta function, related to the
gamma function I" by

F'(p)T(q)

B(P,CI):B(CI,P):W .
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