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Previous studies of the ion-temperature-gradient (ITG) driven turbulence are expanded to
include the effect of sheared EX B flows in sheared magnetic fields. The radial eigenmodes are
shown to substantially change character by shifting the modes off the rational surface. The new
mode structure and growth rate directly affects the transport of both thermal energy and
momentum in the sheared flows. The growth rate first increases with small shear flow and then
decreases. The theoretical correlation of the shear flow with the thermal transport is important
with respect to the transitions observed in tokamaks of a low (I mode) to a high (H mode)

thermal confinement state as a function of the poloidal rotation velocity in the shear flow layer.
The three-dimencional nonlinear simulations show that the anomalous ion thermal dlﬂ"uqlwtv
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is reduced significantly when dvg/dx~2(c,/L;) /(1 + 1,) T,/T,. This condition is thought to
be satisfied in a2 boundary layer in tokamaks with shear flow.

1. INTRODUCTION

Most of the previous theoretical studies of ion-tempera-
ture-gradient(ITG) driven turbulent transport considered
equilibrium plasma states with no equilibrium plasma flow
velocities."* Theoretical studies®” of drift wave and resis-
tive g stability including the shear flows in the equilibrium
have shown that these shear flows can substantially affect
the stability of these forms of drift wave turbulence and the
associated anomalous transport. A survey of the effect of the
shear flow on the stability of various transport modes is giv-
en in the recent work of Tajima er al.® An intrinsic mecha-
nism for the formation of a shear flow boundary layer as a
plasma sheath is shown in the studies of Theilhaber and
Birdsall.” These works reassessing the stability of the trans-
port modes in the presence of shear flow are motivated by the
observations of a strong shear flow layer in the edge plasmas
of tokamaks (Ritz et al.'®'" and Taylor et al.!? ). Further-
more, the recent transport studies in the large tokamak
DIII-D'*!* showing a sharp increase in the poloidal flow
velocity coincident or preceding the change in the thermal
confinement properties known as the L- to H-mode transi-
tion implicate the shear flow as a contributing factor in the
thermal transport of the plasma. Thus it is important to un-
derstand the theoretical structure of the well-known ion
thermal diffusivity driven by the ion temperature gradient as
a function of the sheared perpendicular and parallel ion fluid
flow velocities.

In this work we show that the sheared EXB flows di-
rectly modify the growth rate and mode widths of the ITG-
driven turbulence. As a consequence the mixing length for-
mulas for the ion thermal diffusivities, which have been
shown to correlate well with fluxes obtained with full three-
dimensional fluid turbulence simulations, are significantly
modified by the change in the characteristics of the linear
instabilities. The results show that the plasma thermal ion
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confinement is indeed a function of the state of the equilibri-
um flows in the system. In this description of the stability
and the transport equations obtained from the space-time
averages over the small-scale fluctuations in the nonlinear
system describe a coupling of the transport of the sheared
flow velocity through a Reynolds stress>® and eddy viscosity
with the anomalous ion thermal diffusivity.> This coupling
of the two transport processes makes clear the dependence,
in general, of the thermal transport on the equilibrium shear
flows.

In these studies we use the fluid model introduced in
Hamaguchi and Horton>'® which models the effect of ion
Landau damping with constant parallel ion viscosity and
parallel ion thermal diffusivity of the order of ¢,L,,. Simple
fluid equations such as the ones treated in this paper have the
advantage over more complete kinetic equations of being
amenable to nonlinear three-dimensional (3-D) simula-
tions. Despite their lack (or less accurate treatment) of some
kinetic effects, it is generally acknowledged that appropriate
fluid equations give qualitatively correct scalings of various
anomalous transport coefficients.!® We note that Hammet
and Perkins'? have recently developed a more sophisticated
model of ion Landau damping in the framework of fluid
equations, in which a linear integral operator is constructed
for the parallel ion transport terms using a three pole ap-
proximation to the Vlasov plasma response function. Dis-
cussions on the relationship between kinetic and fluid mod-
els are found in Refs. 16 and 17.

The work is organized as follows: In Sec. II the basic
nonlinear dynamical equations are given along with the non-
dimensional parameters characterizing the equilibrium
flows and gradients. In Sec. III the linear stability analysis is
present. In Sec. IV, we show results of nonlinear 3-D simula-
tions and calculate the anomalous ion thermal diffusivity in
the presence of sheared poloidal flows. Section V contains
discussion and conclusions.

© 1992 American Institute of Physics 319



il. DYNAMICAL EQUATIONS

The nonlinear evolution equations® of the electrostatic
ITG-driven mode (or 7, mode) are obtained from the two-
fluid equations'® under the assumptions of charge neutrality
{n;, = n, = n), constant electron temperature T,, zero resis-
tivity, and zero electron inertia. Systematic derivation of the
nonlinear evolution equations used in this work is found in
Ref. 15. The sheared slab configuration of the magnetic field
B=B[Z+ (x—x;)§/L,] is assumed here, which repre-
sents a neighborhood of a rational surface given by x = x,.
Here, L, denotes the shear scale length and %, §, and Z denote
the unit vectors of the usual orthogonal coordinate system
(x,y,2). In this paper, we do not discuss a toroidal-curvature
driven branch of the ITG mode (i.e., the so-called toroidal
7, mode).'>?® We split each physical quantity into two parts
such as n = n, (x) + #; the unperturbed quantity denoted
by subscript 0, which is assumed to be a function of only x,
and the perturbed quantity denoted by a tilde. It is straight-
forward to show from the parallel electron momentum bal-
ance equation that electrons satisfy a Boltzmann distribu-
tion #/n, = e®/T,.

For fluctuations localized on a particular rational sur-
face at x = x,, the mean ion flow velocity v, may be expand-
ed around the rational surface as

AL

Vo (X) =Vp(Xe) + (x — xp) » + o

The second term of this expansion may be regarded as a
small term compared to the first term v (x, ) in the neigh-
borhood of the rational surface. On the moving frame with
the constant velocity v, (x, ), therefore, the mean ion flow
velocity may be expressed as v, = (x — X, )dv,/dx to the
lowest order, which significantly simplifies the system of
equations by eliminating terms involving vy (x,). In the
present work, we use this moving (inertial) frame to de-
scribe the system of equations, in which the magnitude of the
mean sheared ion flow v, is of the order of the magnitude of
ion flow fluctuations ¥;. The density-gradient scale length
L, = — (dnngy/dx) ~ ' and the ion temperature gradient
scale length L, = — (dIn Ty/dx) ~! are typical macro-
scopic scale lengths of the system. In a tokamak, L, and L
are generally of the order of the minor radius. The case of a
flat-density profile* is briefly discussed in Sec. ITI B.

The appropriate nondimensional space-time variables
are

— - 1
Xx= * o y j) = L N z= d , t= Cs
Ps Ps L, L,
and the nondimensional dependent variables are
¢ _ e(i’) L n U" i Ln p, T L
Te P s ' C P N p X T P N

With the use of the nondimensional variables, the system of
the equations'® is given by

4

= — (1+KA, )—¢—S (1—-A4A)— a¢
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dp ¢
—Si:a—,?—é’”v—l—{pA ¢}+{ a_,}
dv &
+[a{) a?] # 436, W
Sl = —sx -5 L0640
+,L‘1A1U+,u”a][v’ (2)
dp . dp ag
— b= —Si—_—K—+— T3
+X1A1P+X|;5ﬁp, (3)
where
. d
a - g »
i sxaj)—f -
- . g Y
VL=X?+.V;’ A =Vi,
and
.9 o %
(/) ox% dy dy ax

The nondimensional parameters used in Eqgs. (1)-(3) are
given by

L, T £k L,
- 5 K B 1 i’y F bl ] §= »
17‘ LT Te ( + 7 ) Te Ls
5 — L.V 5= L, dvy
€ e, dx

Here, V, denotes the y component of the EXB mean flow
caused by the mean electric potential ®,, where

= (1/2¢)(x — %,)*BV;,

with V§ = dV,/dx evaluated at x = x;. The constants u,
and y, in Eqgs. (1)—(3) are appropriately chosen dissipa-
tion rates, For a collisional plasma the values of u L) and y
may be taken from the Coulomb transport theory.'® For the
high-temperature tokamak plasmas of interest, the appro-
priate choice of z; and y; is to model the collisionless ion
Landau effect.’ We note that the third term of the right-
hand side of Eq. (1), — S, d%p/J% 89, is derived from a so-
called nonlinear finite Larmor radius (FLR) term, ie,
{8p/9%,8¢/3%} [the sixth term of Eq. (1)] with the substi-
tution of ¢ —d, + ¢, where @, «« B, = (x — x,)>BV §/2c.

The domain on which Egs. (1)—(3) are solved is given
by a cubic box |¥|<L,, 0<P<L, and 0<Z<L,, L,,and L,
being constants of order unity. The size of the box in the x
direction L, is taken to be large enough, so that when there is
magnetic shear (s70), single helicity modes localized at
% = Odecay sufficiently as | %} — L. In the case of zero shear,
2L, represents the width of a constant background ion-pres-
sure gradient and/or a consiant background density gradi-
ent. For the boundary conditions of Eqs. (1)—(3), all the
dependent variables are assumed to vanish at |%| = L, and
to be periodic in the J and £ directions.

We define the space average { ) over the domain by

1 L, L, L,
S d'f d”f . 4)
¢ 2L, L,L, f—L, * 0 Y 0 5 )
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If L, is taken to be o0, the normalization factor 1/2L, needs
to be chosen appropriately.?

The fluctuation energy balance equation associated
with the set of equations (1)—(3) is given by

dp_g [\ o[ 98\ _K/[ 3\ _
EE'_S1<ax ay> S"(”a;:) F<p8y> Wo,
where

E, =3[{n®) + (V. 6] + ) + (/D) (PP ]

and
Wp =, {|A @17 + py (Vo) + ey {19y v}

X X
+ '—l_,l— (IV.p1?) + T” ({8||p|2).

The three transport fluxes in the energy balance equations
are
dp 9 -
<——— -]« <vdvax>y
x dy
d¢ ~
(U -« (Uu DEx)s
Y
d¢ - o
< < (pi Vgx >1
y

where Oz, = — B ' 3®/dy and 5, = (en,B) ~ ' 3p,/dx.
These fluxes are proportional to the transverse transports of
the y component of the perturbed diamagnetic flow v,,, the
perturbed parallel flow v;, and the perturbed ion pressure
D, respectively.

In addition to the fluctuation energy there is kinetic en-
ergy in the mean flow field ¥, which is exchanged with the
fluctuation energy through the Reynolds stress 7 = (v,,v,,).
The Reynolds stress gives the change in the mean flow veloc-
ity ¥, through the turbulent drag effect in a diffusion time
scale as JV,/dt= — On/Ox =0, (Vegay IVo/Ix). The
Reynolds stress effect is discussed and calculated in Refs. 5
and 6 and thus is not emphasized here.

Hl. LINEAR STABILITY ANALYSES
A. The eigenmode problem

We now examine linear stability of the ITG-driven
mode in the presence of sheared mean flows based on the set
of equations (1)-(3). Assuming that the solutions of the
lincarize;d equations of the~system (1)-(3) have forms such
as ¢ = ¢(X) exp i(ky — @t), the complex-valued function
& (%) satisfies
d* + ( 1—Q+7TX
dx? K+Q-—-T1TX

X*(K + B) — XBS, )JS
(K+0Q—-YTX)(4B-TX?)
+ Ys? _d_(I“X(X—S”)+AK ;ﬁ)

K+Q-—-YTX dX AB—-T'X?

— k4

=0,

(3
J

where X denotes the magnetic-shear scaled radial length de-
fined as X=sx=L,(x —x,)/p;L,, Y=8,/s=L,/L,
denotes the ratio of the perpendicular flow shear to the mag-
netic shear with the scale length of the sheared perpendicular
flow

L,=L,/S =c/V§, (6)
k is the normalized wave number in the y direction defined as
k=k,p, and Q = &/k = w/o,. In Eq. (1)

B—Q _YXYLiv kX2

Ar —— wu LECER ) 41

In the absence of parallel (or toroidal) sheared flows
(S, =0), the complex growth rate @ = k{2 for a given wave
number & is a function of magnetic shear s, the ratio of flow
shear to the magnetic shear ¥ = L /L, and the ion pressure
gradient K = T, (1 + %;)/T, as well as the (almost fixed)
physical parameters I', i, and ). It should be noted that
the last term of the left-hand side of Eq. (5) comes from the
linear second-derivative term of the pressure perturbation in
Eq. (1),ie., — S, 3°p/3% 3.

In order to analyze effects of the sheared perpendicular
flow Y on the eigenvalue (), we begin by setting
=8, =p, =x,. =0 and T<1. This is the simplest
case where the basic properties of the ITG-driven mode are
still maintained and effects of Y are taken into account as
perturbations.

We now expand the eigenvalue Q and the eigenfunction
4 in terms of the small quantity Y, assuming that the mode is
localized in such a way that |X | ~ & (1) (or |[XY| €1). Writ-
ing Q=Q,+0Q, +Q, +-- and d=¢ +¢ +¢

+ ---, where Q, and ¢, are assumed to be of 7 (|XY|), and
Q, and ¢, are of & (|XY|?), etc., we obtain as the lowest-
order equation

d? 1—-Q 2
Szd;3+<—k2+K+Q°+g—;)¢o=0- (7
0 0

In terms of the scaled radial variable &,

E=5"1a"X = a'?x, (8)
with
a=is/Q,,
Eq. (7) may be written as
2
‘Zéﬁ: + (K, _§2)¢0 =0, (9
where

Ey = (Qo/is)[ —k>+ (1 —Q)/(K+ Qo) ].
The solution of Egs. (8) and (9) is given by
bo = dP = e~ 2H,(£) with E, =2/ + 1 or

¢o — ¢(()[) (X) — e—iXZ/Zsﬂé)l)Hl [ (i/ZSQ(()I))VZX ], (10)

with the eigenvalues (), satisfying

Q=08 =[1201 +kH {1 — kK —is(21+ 1) +J[1 — kK —is(2] + 1)]* — 4is(2] + 1) (1 TEHK ).
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Here, H,(&) denotes the / th-order Hermitian function of the
complex variable £. For a long-wavelength mode, which is
not the fastest growing mode, the eigenvalue (9) is simpli-
fied to

Q8 = i(20 4 1)sK (12)
under the assumption that (2/ + 1)s<1and |k 2K | 1. The
mode satisfying k*~K ~' is known to have the largest
growth rate,® which is derived from Eq. (9) as

QP =( =14+ DK /2)V2QI+D)s/(K+ 1) (13)
under the assumption that |1 — k2K | S (2/+ 1)s<]1. The
most unstable mode is found by maximizing the normalized
growth rate y; = k€, with respect to the y-direction wave
number k = k,p, and the radial-mode number /. More de-
tails of the solution of Eq. (7) are found in Ref. 3, including
the threshold calculations for K. ;, = (1 + 9; ., ) T/ T..

Proceeding to the first-order equation of the small Y
expansion, we have

d,$, K+1

Q
+ (Ey — £, +i—

T (Q, —£6

d§2 s (K-f-Qo)z( 1 5 )¢0
Q, —&6 K8 d

26 ___) __ K d, _,

+2% ( a, )P (K + Q)€ d§¢° °

(14)
where
S§=sYa "= (—isQ,)'?Y,

Ey=21+1,0, =0, and ¢, = ¢§" = e~ ¢"72H,(£). The
solvability condition for the inhomogeneous equation is giv-
en by integration of the product of ¢$” and the left-hand side
of Eq. (14) over the total domain of £; i.e., — 0 <€ < 0.
Since ¢5” is even (odd) if / is even (odd), the solvability
condition yields

RN K+1 1
Q) | i— —————— () +2 — (&7 )=0
( o )+ 2 )
or, simply,
@, =0, (15)

where ( ) enclosing a function of £ denotes an integration
over the total domain of &, i.e.,

(fy = f AEE.

The first-order solution ¢, = ¢{”(£) may also be calculated
from Eq. (14). Expanding ¢{" in terms of the complete or-
thogonal system {¢5™ (&)} given in Eq. (9) as

(16)

$i(§) = ”;lam 6™ (8) (17
and substituting this form into Eq. (14) yields
i?; + (B, — £,
='§2am[(2l‘+ 1) — 2+ D]ge™
=12 D g By
K5 dgf’ (18)

(K+ Q)0 df
For the sake of simplicity, we only consider the case of / = 0,
in which only a, and a, take nonzero values, as shown in the
following. Multiplying Eq. (17) by ¢§"’ and integrating the
resulting equation over — o« < £ < 0, we obtain

5 /.%% (K+1) 3 K )
a=——|i———F-7 4+~ 4 - 9,

l (1 s (K+90)7 @ (K + 048
(19)

Similarly, by multiplying Eq. (17) by ¢ and integrating
the resulting equation over — w0 < £ < o0, we obtain

a; = — 8/24(,. (20)

In deriving Eqgs. (19) and (20), we have used the integral
formulas of the zeroth-order eigenfunctions ¢§” summar-
ized in the Appendix.

We thus obtained the perturbed eigenfunction given by

$(&) = #V(E) + a1 46 (&) + ;867 (&),

where ¢§V(£) = 2¢=4"2%¢ and ¢ = 4e~57/2(2£3 — 3£).
The opposite-parity eigenfunctions ¢§'’ and #§*’, which are
added to the “pure” 5, mode #§* as perturbation, represent
a shift of the mode off the rational surface. In the case of
long-wavelength modes ( |k °K | €1) in weak magnetic shear
[(27 + 1)s< 1], weusetheexpression (12) for 5 and sim-
plify @, and a, as

a, = (iNEYY, a5 = (i/246JE)Y @

by using 8 = ( — isfly ) /2Y = syK Y and taking the lowest
order of ¢, and g, in s Therefore, the eigenfunction in the
presence of small poloidal shear flow may be expressed as

F(x) = e~ "X [1 4 (3iY/2K)x(1 + 2x*/9K) 1. (22)

Since the first-order eigenvalue 2, is 0, we need to pro-
ceed to the next order in order to obtain the lowest-order
effect of the shear flow Y on the growth rate. Using ), =0,
the second-order equation is given by

d’¢, Q (K+1)8 5€3 1,02, (K + 1)
+[QI+1) —E2py —i—m— T 77 g 2 oz 7
o L Tl el R - wval
20, iQy (K+1) ) 387 K&
+ _ 8%, — = Etp, +
(no T ) R A
Ké d K(K+20,)8  d
T s 0)7 p o (23)
(K+94)0Q, d& (K + 0,)%3 d¢
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In the case of I = 0, we substitute ¢,

= 4 =

e~ ¢ and ¢, = a, 45" + a,¢$>. The solvability condition of Eq. (23) is

obtained by multiplying Eq. (23) by ¢5” and integrating the resultmg equation over — o0 <€ < o0 as

Ry, (K+1) 28 i (K+1) 5K
_ 5¢ (0)¢ y — 224 3604, ) + ( 02y | ( (0)2>
S (K+QQ)2 §¢ 1 Q 3 ¢o &, (K+Qo)2 Q, ¢ (K‘*‘Qo)ﬂg éo
20, iy (K+1)8° ) & K§
_ <§2¢(0)2> <§4¢(0)2> + < 0) ¢ >

(no s (K+9)° 3 TR+ 009, 7 dE

K +20,)8K

202 <¢‘°’ ¢0> (24)

(K + 9,)*Q) dé

I
In the case of long-wavelength modes in weak magnetic {= —g/Y —a with a=K/2Y
shear, .Eq. (24) may be furthe.r simplified. Using Eq. (12) or 4 Loworite Eq. (25) as
0, = isK(|€| €1) and keeping the lowest-order terms of ]
(ﬁ(s_z),wehave ((;2 %) df) [ k2_§+0‘+T_
202 ; ag §—a
<§3¢(0)¢ >+ <¢(0)2> + —= <§2¢(0)2> N 1 (1 + 20 + Qz )]
s Y2 Y +a) YHS+a)
<§‘¢‘°’2> +——< 6 —— ¢> X(§*—a")f=0, (28)
Q dg .
where the relation

¢(0) ¢ > 0.

< i

It should be noted that ¢, is of & (6/s) and K> |€),|. Using
the integral formulas in the Appendix, we obtain

Q, = 3i8%/4sK = 3isY>.

Therefore, the second-order accurate eigenvalue
Q= 0, + N, is given by
= isK(1 + 3Y*/4K). (25)

In terms of dimensional quantities, @ = w_{} is given by
. .(Ln> (I+7) ( 3(L,/Ly)* Te)
w=lw, | — 1+ .
L] TJ/T,

4(14+9) T,
We thus find that the growth rate ¥; = Im w increases as
= (L,/L,)* when Y is small.
We now briefly consider an alternative formulation of
the linear equation (5) in which the resulting equation has a
structure similar to that in the standard equation for the
Kelvin—Helmholtz instability. With the use of
f=¢/(Q —XY) and g=Q — XY,
it is easy to show that
2 2
a6 _ dF oy d
dx’ dx? dx
Ignoring the effects of parallel compressibility (I" = 0), par-

(26)

allel shear flow (S;=0) and parallel diffusion
(4 = ¥y = 0), we may write Eq. (5) as
5 (k+02 )
X (K+g)g
_ 2
+<—k2+ ! g+X—>g(K+g)f=0. 27
K+g &

In order to further simplify this equation, we introduce
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2 2
X1 (1221, 2
g g g
is used. In order to obtain an approximate solution of Eq.

(28) by means of the Wentzel-Kramers—Brillouin (WKB)
method for large £, we transform £ to

7= (1/2a) In|(§ — )/ ({ + )|
when £ 2 — a?#0. Noting the relation
dy=d§/(&*—a?),
we transform Eq. (28) to

o (2270

with
-1 1
- _j2yfta+¥ 1
p(&) + - +—

20 0?2
X(l + -+ ) .
Y(+a) Y+ a)?
The WKB solution of Eq. (29) is then given by

f~mexp<iifgmd§).

In general, it is not possible to perform the integration of
Eq. (29) analytically for arbitrary Y and a. However, taking
certain limiting cases, such as the strong shear flow limit
(Y - ), significantly simplifies Eq. (29). In fact, the solu-
tion and the dispersion relation of Eq. (29) in the case of
p(&) = const with appropriate boundary conditions are
known in simple forms from the theory of the magnetohy-
drodynamic (MHD) Kelvin-Helmholtz instability.”! In
the context of the present work, however, we proceed to
direct numerical calculations of the linearized system, rather
than discussing analytical solutions of Eq. (29). Detailed

(29)

(30)
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analyses based on the formulation of Egs. (28) and (29) will
be presented elsewhere in the light of the relation between
the ITG mode and the Kelvin—Helmholtz instability, Inter-
ested readers are also advised to refer to Refs. 6 and 8, in
which the interaction between the drift wave, g modes, and
the Kelvin—Helmholtz instability is discussed in some detail
both linearly and nonlinearly.

B. Numerical calculations of linear modes

Instead of solving the eigenvalue problem (5), we now
solve the linearized system of Egs. (1)~(3) numerically as
an initial-value problem to obtain the most unstable linear
modes under various conditions. The linear initial-value
code used here is the same as the nonlinear initial-value code
used in Sec. III except that all the nonlinear terms in Egs.
(1)-(3) are dropped in the linear code. Details of the nu-
merical code are found in Sec. I'V.

Figure 1 shows the dispersion relation of the ITG-driv-
en mode in the presence of perpendicular shear flows. It is
shown that the most unstable mode is obtained for
k =k,p,~0.7~0.8 regardless of the magnitude of shear
flow. It is also shown that a large perpendicular sheared flow
(Y = 2) has a stabilizing effect on the mode. The parameters
used in these calculations are magnetic shear s = 0.1, ion
pressure gradient K = (7,/7T,) (1 + %;) = 3, and diffusion
coefficients y;, =y, = 1, y, =, = 0.01. One of the limita-
tions of the fluid dynamics from the Braginskii equations’®
is the approximation k, p, € 1 which for the fastest growing
mode (k,p, =0.7~0.8) in Fig. 1 is not well satisfied. The
corresponding local Vlasov calculation leads to a smaller
valueof yat k, p, < 1 but gives a higher valueof yat k, p, > 1
as seen in Fig. 3(b) of Ref. 20.

In Fig. 2, by fixing the yp-direction wave number
k = k,p, = 0.6, which gives a mode close to the most unsta-
ble mode, we show the relation between the growth rate y
and the perpendicular-flow shear parameter Y = L /L, in
two different magnetic shear; s = L,/L, = 0.1 and 0.3. It is
seen that the critical value Y. of the shear flow parameter Y
for stability is nearly independent of magnetic shear. We also

T=1.0
~ 02F oo -
-
> 4
[
I 01t .
P

0.0 =

T=2.0

N
] '\Q

0.0 0.4 0.8
ky ps

FIG. 1. The dispersion relation of the ITG mode for various Y values. Here,
K=3T=2ands=0.1
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magnetic shear s = 0.1
= 02 “ .
-
'
S
~ 01t .
~
b

0.0 \

L 4

magnetic shear s = 0.3

-0.2 . -
0 1 2 3

T =Ls/Ly

FIG. 2. The relation between the growth rate y; and the poloidal flow shear
Y for two different magnetic shear: s = 0.1 and 0.3, Here, K = 3,T" = 2, and
kp, = 0.6

note that as the perpendicular-flow shear Y increases from
zero, the growth rate y,; initially increases as a weak func-
tion of Y for small Y, in accordance with Eq. (25), and then
decreases sharply near Y = Y, indicating a transition from
the magnetic-shear-dominant region to the flow-shear-
dominant region.?? In the magnetic-shear-dominant region,
as shown in many earlier works, the mode structure is sus-
tained and limited by the magnetic shear s = L,/L,. In the
flow-shear-dominant region, the perpendicular-flow shear is
so strong that the vortex cells created by the ITG instability
are distorted significantly. Figure 3 shows similar relations
between ¥, and 'Y for two different ion pressure gradients;
K= (T,/T,)(1+19,)=23and35.

Figure 4 shows the critical value Y, of the poloidal flow
shear Y as a function of the ion pressure gradient parameter
K= (14 9,)(T,/T,). It is seen that, when K is larger than
its critical value X ( = 0.4), Y, scales as

Y. =2/K =2/ + 7)(7,/T2).

(31)

¥ /{cs/La)

0.0
K=(TifTe)1 +niN

-0.1 . !
g 1 2 3

T =Ls/Lv

FIG. 3, The relation between the growth rate ¥ and the poloidal flow shear

Y for two different ion temperature gradients: K = 3 and 5. Here, s = 0.1,
['=2,and k,p, = 0.6.
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curve givenby T, = 1. 78J_ Note that the critical value for X in the ab-
sence of flow (Y = 0) is given by K, = 0.4.

As indicated in Fig. 2, the dependence of Y. on magnetic
shear s is weak.

We now heuristically derive the formula in Eq. (31).
Near the marginally stable state, where || <1 [Eq. (13)
indicates that the real and imaginary parts of the growth rate
are of the same order], we may write the eigenmode equation
(5) approximately as

d¢ (I—TX_ ) X_) YK d _
ax? \K—Yx i o e 0 dx =0
if [ =pu, =y, =0and K = &(1). Requiring that the sum
of the first two terms (1 — YX)/(K —YX) — k? is of the
same order of the third term X 2/Q? in the parentheses ( ) of
Eq. (32), we expect K — YX = £ (|2]*) €1 near the mar-
ginal stable state (Y = Y,), where X represents a typical
mode width. Equating X to the y-direction mode width of the
fastest growing mode given in Eq. (13), namely, X = k ~
~VK [or, equivalently sAx=Ay=(k,p,) " '= VK,
where Ax and Ay are the mode widths normalized by p, |, we
obtain K — Tck - ‘:0, ie., Tc =~yK.

The case of a flat density profile,* where L, — o and
7; — o, exhibits similar linear properties of the ITG-driven
mode to those of the cases of 57, = & (1) presented above. In
order to assess the case of a flat density profile, we need to use
different normalization of variables and parameters from
those used in deriving Eqgs. (1)—(3) since the density gradi-
ent scale length, which is used as a typical macroscopic scale
length, is infinity in this case. An appropriate normalization
is given in Ref. 4, where macroscopic lengths are normalized
by (T./T;)L;. Under this normalization, Egs. (1)-(3)
with L, = oo are transformed to

91— A — (A8}
ot

(32)

a&s S op 09 a’p
= —A, Ssa 28
TR g T 3% Iy
ap 8&}
-3 A {__ o9
w0+ b, B+ Fralee
c?p 8¢] ~ Az"
’ - » (33)
+ {—aj’ _—3} A
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av " A
el s = -Sx=—-5 =
8t+{¢v L 1% Il aj—)
_9ll(p+&)+ﬂlAlﬁ+ﬂ“aﬁi) (34)
dp B I
L+ {ppr= - 8%
e ST
_Fallf"*'i’LAllA"*"i’naﬁf?, (35)

where the quantities denoted by the caret have different nor-
malization from those defined in Sec. 11, namely,

Z=2z/TL, t= te, /71T,
g e _Wrlr
Té’ ,Ds c.‘" ,DS
5L .
i’=p_' T, a”=—cz;+aii~
Po ps aZ ay

and

7L T, A 7LV - 7Ly dv
P, A L LA T i RN

L, T; C, ¢, dx

The diffusion coefficients &, i, ¥y, ¥, are also normalized
accordingly.

We now examine linear properties of the flat density-
profile ITG-driven mode with finite shear flow by solving
the linearized system of Egs. (33)—(35) numerically by
means of the linear initial-value code.

Figure 5 shows the dispersion relation of the ion-tem-
perature-gradient-driven mode in a flat density profile with
o0=7Ly/L; = 0.1 for four different values of flow shear;
Y=S8/0=L/L,=0,10, 1.5, and 1.8. As in Fig. 1, the
most unstable mode is obtained for k,p; = 0.7~0.8. Choos-
ing a wave number & p, = 0.6, which gives a mode close to
the most unstable mode, the relation between the growth
rate ¥, and the flow-shear parameter Y is shown in Fig. 6.
As in the cases of finite 7;, the growth rate is an increasing
function of Y for small Y but decreases steeply near
Y =Y, =2. Itisevident in Fig. 6 that, for a wide range of the

0.10 ;
_ T=1.0

= a~

= T=0.0

5 005} v 1
< Y=15

.

0.00 <
r=18 \

-0.05 1 L .
0.0 0.4 0.8 1.2

ky ps

FIG. 5. The dispersion relation in the case of the flat density profile for
different Y =8, /o=L,/L,. Here,0=0.1and " = 2.
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T=Ls/Ly

FIG. 6. The relation between the growth rate ¥ and the poloidal flow shear
Y = L,/L, for four different magnetic shear: ¢ = 0.05, 0.1, 0.2, and 0.4.
Here, k,p, = 0.6 and I' = 2.

magnetic shear values o = 0.05 — 0.4, the critical value of T
for stability is given by

Y, =2,
in the case of a flat density profile.

IV. NONLINEAR NUMERICAL SIMULATIONS

We now solve the set of the nonlinear partial differential
equations Eqgs. (1)—(3) numerically in the 3-D domain and
obtain the cross-field anomalous ion heat conductivity y,
arising from the ITG-driven mode in the presence of finite
sheared perpendicular (poloidal) flow. As in See, II1, we do
not consider sheared parallel (toroidal) flow (S = 0). The
anomalous ion heat conductivity y, is defined by

5.5 T
5, = i =__e_s_(c ) ( a¢> o
—Po Ln eB ay

Here, the time average g(¢) of a time-dependent function
2(¢) is defined by

(36)

— 1 (7
g(t) = lim — | g(&)dt
T T J

and the space average ( ), which is somewhat different from
Eq. (4), is defined by

) L, L, L,
- f dscf dy f az,
ALL, J-1, 0 o

where A denotes the mode width in the x direction. In prac-
tice, the time average is taken over a reasonably long time
period of T after the saturation is attained. The size of the
mode width A is used as a normalization factor of Eq. (37)
so that averaged values calculated from Egs. (36) do not
depend on choice of L, when the modes are localized. In our
simulations, the definition of A is given as follows; for a func-
tion f(X) representing a physical quantity averaged over
and Z, we define
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I(;C) . [1) if [f(fé)!meax/loa
10, i [ AR | <frnar/10,

where f,,,, is the maximum value of | f(X)]on |%|<L,. Then
the mode width A is defined by

Ly
A= f H&)dx%,
— L,

which gives a reasonable estimate of the “support” of the
loealized mode. The fluctuation level of the space-averaged
anomalous ion heat conductivity y, () = (p;D,,)/( —ph)
is then given by

Ay, ={ [x:(0 — 2137 (37)
which is shown by error bars in the following figures fory;. -

The initial value code used to solve Egs. (1)-(3) is
modified from the code used in Refs. 3 and 4. In the initial
value code, Fourier representation for the § and Z variables
and a finite-difference scheme for the X variable are em-
ployed. At each time step the dependent variables are ad-
vanced by means of the predictor—corrector method. The
nonlinearity employed in the current version of the initial
value code is due to the convective derivative {¢, } and the
nonlinear finite-Larmor-radius terms

waoe (2 2] (2. %)

in Eq. (1), The boundary conditions are that all the physical
variables be periodic in § and Z with periods L, and L, re-
spectively, and they vanish at (%] = L,, as discussed in Sec.
I1. We refer to the (m,n) mode of the Fourier representation
as the mode whose § and Z dependence is given by the phase
2m(myp/L, — nz/L,). The wave numbers k and k are thus
given by k = 27m/L, and k, =2mn/L,. The rational sur-
face of the (m,n) mode is located at X = nL,/msL, since

(1) - (k)
L, L, L, msL,
for the (m,n) mode. As initial conditions, small perturba-
tions are given to each (m,n) mode at =0.

The size of the domain used throughout the following
calculations is given by L, = 20, L, = 10m, and L, = 7.57,
so that the smallest finite wave numbers are k0, = 0.2 and
k.L, = 0.267 and the distance between the two rational sur-
faces of the m = 1/n = 0 mode and the m = 1/ = 1 mode
in the case of magnetic shear s = 0.1 is about 13p,. The
equally spaced 150 mesh points are used for discretization of
the interval — L,<¥<L, and 56 modes (0<m<T,

— 3<n<3) are chosen for the Fourier representation that
cover at least all the unstable modes. The perpendicular dif-
fusion parameters used in the simulations are
H, =y, =0.1. As noted in Sec. II, the parallel diffusion
parameters g, = ¥, = 1.0 are chosen so as to model the
collisionless ion Landau effect for high-temperature plas-
mas. In order to obtain turbulent saturation, rather than
local quasilinear saturation, all the background quantities
are kept constant (i.e., the m = n = 0 components of ¢, v
and p are set to be O at each time step).

Figure 7 shows the dependence of y, on the magnitude
of the perpendicular sheared flow Y = L. /L, for two differ-
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1.2

1.0

0.8 magnetic shear s = 0.1

0.4 magnetic shear s = 0.3 1

0.0
0.0 0.5 1.0 1.5 2.0 2.5
T= Ls / LV

FIG. 7. The anomalous ion heat conductivity y; [normalized by
(p,/L,)(cT./eB)] obtained from 3-D nonlinear simulations as a function
of the poloidal flow shear T =L,/L, in two different magnetic shear
s =0.1and0.3. The parametersused hereare K =3, =2,u, =y, =0.1,
andy; =y, = 1.0.

ent values of magnetic shear s = 0.1 and 0.3. As expected
from linear properties of the mode discussed in Sec. IL, y; is
reduced significantly when Y % 2. Figure 8 shows potential
contours (¢ = const) at saturation in the case of Y = 1.5
and s = 0.3. The constant potential contours are the stream-
lines of the perturbed ExXB flow: The streamlines of the
mean flow are not shown in Fig. 8. It is seen that the vortex
cells are considerably elongated in the y direction due to the
sheared flow. There are seven rational surfaces for them = 1
modes, located at x/p, =0, + 4.4, +-8.9,and + 13.3 (and
more rational surfaces for higher m modes) in the domain of
Fig. 8. Figure 9 shows the y; dependence on the sheared
perpendicular flow S, in the case of zero magnetic shear
(s=0), in which Y =8,/s = ». It is observed that S|,
rather than Y = L /L, becomes a characteristic parameter
in determining y; when the magnetic shear s0.1. From
Figs. 7 and 9, the anomalous ion heat conductivity y, in
weak magnetic shear (s 5 0.1) is shown to be reduced signifi-
cantly when S| 2 0.2. The other parameters chosen for Figs.
79areK=T,(1+9,)/T,=3and T" = 2.

z/ps

FIG. 8. Potential contours (¢ = const) at a nonlinearly saturated state
when Y = 1.5 and s = 0.3. The other parameters are the same as those of
Fig. 7.
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0.00 0.05 0.10 s 0.15 0.20 0.25
L

FIG. 9. The anomalous ion heat conductivity y; [normalized by
(p./L,)(cT,/eB)] obtained from 3-D nonlinear simulations as a function
of S, in zero magnetic shear (s = 0). The other parameters used in these
calculations are the same as those of Fig. 6.

V. DISCUSSION AND CONCLUSIONS

We have shown based on linear and nonlinear calcula-
tions that the ITG-driven turbulence is significantly reduced
in the presence of sufficiently strong sheared poloidal flows
as characterized by the parameter Y = L,/L, =Y, where

Y. =2y(1+9)T./T,

denotes the critical value of Y. The condition of such reduc-
tion of the ITG turbulence is, therefore, also given by

dvg  2¢ A+7)T;

dx L, T,

The linear calculations show that this reduction of the ITG
mode activity is basically attributed to linear stabilization
due to the sheared poloidal flows, rather than a nonlinear
stabilization. It is also shown analytically and numerically
that weak sheared flows ('Y € 1) increases the linear growth
rate of the ITG mode as Y [see Eq. (25)], whereas the
aforementioned reduction of the growth rate and stabiliza-
tion occur when Y = & (1). Three-dimensional nonlinear
calculations demonstrate that the ITG-driven turbulence
and the associated anomalous ion heat transport coefficient
. are reduced significantly when Y~ in a realistic pa-
rameter range of K = (1 + 9,)T;/T, ands= L, /L,.
These conditions are well satisfied in the shear-flow
boundary layer of tokamaks. For example, in TEXT the
sheared poloidal flow (the EXB flow v, ) has been found to
be greater than dvg/dx( = V) =10° sec™' in the edge
boundary layer where L, >200 cm giving L, dvz/dx
~2X 107 cm/sec which would exceed ¢, unless the edge
temperature T, > 500 eV. At the actual temperature in the
shear layer T,~50 €V the parameter Y is several times
greater than Y, and the experiment shows a local reduction
in the fluctuation level of § as shown in Fig. 1 of Ritz er al.!!
In the DIII-D tokamak (Groebner et al.'* ) the onset of
the high-confinement regime (H mode) appears to follow
the increase of the sheared poloidal flow inferred from
Doppler shift measurements of spectral lines inside and out-
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side the shear flow layer of width Ly = |v;/{dvz/dx)|

= 2~3 cm. In this case the value of the perpendicular flow
vy isreported to increase from 5 to 15 km/sec in the time (5—
10 msec) required to go from the low- to high-confinement
regime. For L, = 300 cm and ¢, = 3X 107 cm/sec (values
not given in Groebner et al.'* ) the dimensionless parameter
Y would increase from 1.7 to § in this transition. Certainly,
such achange in Y would predict a dramatic reduction in the
ion thermal diffusivity y, (K, Y') from our theory and simula-
tions.
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APPENDIX: INTEGRAL FORMULAS

Here we summarize the integral formulas used in Sec.
II1. Writing u,(£) = e~ ¢"/2H,(£) with Hermitian function
Hi (&) = (— 1)'ef*(d e~ ¢*/dE™), we have

2T (n=m),
() = {0 (n#m),
2" nWm (n=m+ 1),
() =12"(n+ D7 (n=m—1),
0 (otherwise),
(27— 217 (n=m+2),
Euu,) =4 2" 'Q2n+ DaNmr  (n=m),
2"(n+ DNm (n=m—2),
0 (otherwise),
PXETINES (n=m<+3),
32" 2yl (n=m+1),
(Eluu,) =432"""(n+ D(n+ D7 (n=m—1),
2"(n + )7 (n=m—3),
L0 {otherwise),
(2=l (n=m+4),
2"=2(2n — )nN7 (n=m+2),
Euu) = 3-2"22n® + 20+ Do (n=m),
2"(2n 4 3)(n+ )7 (n=m-—2),
2"(n + 3)Wm (n=m—4),
0 (otherwise),
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~2"'alr (n=m4+1),
() =12+ D7 (n=m—1),
0 (otherwise),
2" (n=m+2),
(Guyup) ={ ~FTNT - (n=m),
2Mn+DWr (n=m—2),
0 (otherwise).

Here, the prime denotes d /d¢&.
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