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Abstract

The dynamics of Wilson lines integrated along a warped extra dimension has been un-
known. We study a five dimensional SU(N) pure gauge theory with Randall-Sundrum
warped compactification on S'/Z,. We clarify the notion of large gauge transformations
that are non-periodic on the covering space for this setup. We obtain Kaluza-Klein ex-
pansions of gauge and ghost fields for the most general twists and background gauge field
configurations, which break the gauge symmetry at classical level in general. We calculate
the one-loop effective potential and find that the symmetry corresponding to the subgroup
allowing continuous Wilson lines is dynamically restored. The presented method can be
directly applied to include extra fields. The connection to dynamical Scherk-Schwarz su-

persymmetry breaking in warped space is discussed.
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1 Introduction

Warped compactification not only provides a beautiful explanation how the large hierarchy
Meweak/Mplanck 18 generated from the exponential profile of its metric [I] but also is itself
a quite general consequence of string theory due to the fact that D-branes generically
provide sources for warping (See [2] and references therein). In the original Randall-
Sundrum model [T], five dimensional spacetime is compactified on the orbifold S'/Z,, along
which the normalization of the four dimensional metric is exponentially scaled. Orbifold
compactification is a powerful tool in string theory to get three generations and especially
to reduce the rank of the gauge group when combined with continuous Wilson lines [3].
The values of these Wilson lines and the resulting gauge symmetry breaking pattern must
be determined dynamically via the Hosotani mechanism [4] when supersymmetry breaking
is taken into account. Studies of Wilson line dynamics on simpler orbifolds have been
started recently [, [6]. These are also applied to gauge-Higgs unification models [7].

The orbifold compactification on S'/Z, with radius R = Mg\ provides a simple
mechanism to solve the doublet-triplet splitting problem in SU(5) grand unified theories
(GUT’s) [§]. Realistic models along this line have been proposed to implement low energy
supersymmetry (SUSY) that is broken at the weak scale [9]. Once one considers an orbifold
GUT, it is tempting to think that SUSY is also broken by the compactification via the
Scherk-Schwarz mechanism [I0]. However, in such an orbifold model the Scherk-Schwarz
parameter, the amount of SU(2)g twist, must be put to an extremely small value of order
Myeak/McuT at the classical level [T1]. Furthermore, quantum corrections lead either to
restored supersymmetry mgysy = 0 or to its violation of the order of mgysy ~ R~!, unless
one introduces an extra source of supersymmetry breaking at the orbifold fixed point [12].
This is generally true for symmetry breaking via the Hosotani mechanism in flat space.

Therefore it is natural to generalize the above considerations to a gauge theory in the
bulk of the Randall-Sundrum geometry where one can make use of the exponential hier-
archy in its metric. Warped SUSY GUT’s are constructed in Refs. [I3 4] with SUSY
breaking assumed to be by boundary conditions or by an extra source at the orbifold
fixed point, respectively. Recently, it has been proposed in the framework of supercon-
formal gravity that supersymmetry breaking by boundary conditions can be consistently
defined and equivalent to Wilson line breaking, if the compensator multiplet has vanishing
gauge coupling and the warping is generated from the vacuum configuration of the bulk

scalars [T5].! Eventually, the vacuum expectation value (vev) of the SU(2) gauge field

1See also Ref. [I6] for discussions on the Scherk-Schwarz breaking in the usual warped setup.



that is related to the Scherk-Schwarz twist must be determined dynamically by quantum
corrections to the effective potential. To that end, it is important to solve the dynamics of
Wilson lines in warped space, which has not been explored so far.?

In this paper we study the dynamics of Wilson lines of SU(N) pure gauge theory in
the bulk of Randall-Sundrum geometry. In the course of this calculation, we derive for the
first time Kaluza-Klein expansions for the most general twists and background gauge field
configurations and calculate the corresponding one-loop effective potential. In Section B
we briefly review the Hosotani mechanism on the orbifold S'/Z,. In Section Bl we obtain
the Kaluza-Klein (KK) expansions of the five dimensional gauge and ghost fields with most
general twists in the presence of a gauge field background. In Section B, we calculate the
effective potential for the extra dimensional component of the background gauge field. In

the last section we summarize and discuss our result.

2  Wilson lines on flat S'/Z,

We briefly review how twists and background gauge field configurations are related by large
gauge transformations. We consider a five dimensional SU(N) gauge theory compactified
on the orbifold S'/Z,, which is obtained from the simply-connected space R' : —oo < y <
oo by modding with S' and Z, identifications y ~ y 4+ 27 R and y ~ —y, where R is the
compactification radius. Under these identifications, the gauge fields Ay, (M =0,...,3;4)
are in general twisted by global SU(N) transformations

Au(—y) = P An(y) Py,
Ay(TR+y) = £P Ay (TR —y) P, Ay(y+27R) =UAy(y) U, (1)

where the extra = sign is positive for four dimensions and negative for the extra dimension.?

(We use p for 0,...,3 and y for both z* and index “4” such as A, = A4.) Note that the
consistency conditions U = PPy and P? = P? = 1 are imposed. Starting from the most

general twists we can always choose the following basis [6]

PQ = blockdiag(ag, ..., O3, [7“7 [8, —It, —[u),

2
P1 = blockdiag(agl, ceey 09y, [7“7 —[8, [t, —[u), ()

’In Ref. [I7] a Wilson line in warped space is considered in the context of the AdS/Conformal Field
Theory (CFT) correspondence, where the analysis is confined to a (potentially false) vacuum that corre-
sponds to imposing both diagonal twists and vanishing background field configurations. See Ref. [24] for
further discussions.

3In principle local identifications are possible but we assume them global for simplicity in this paper.



where [, is  Xr unit matrix, o, (a = 1, 2, 3) are Pauli matrices, and oy = 03 cos 0+07 sin =
e 205 = 03¢"72. (2q+r+s+t+u = N.) The A% either within a block of +I or connecting
different blocks does not have a zero-mode, a mode having vanishing KK mass, and the
dynamics of the corresponding Wilson line is trivial [I8].* Therefore we can concentrate
on a SU(2) subblock with twists Py = 03 and P; = o0y without loss of generality. In
general, only A (Ay = Ag\(})aa /2) has even Z, parities, hence a zero mode background:

gAg(f)C = v. The KK expansions are given by

00 . ny
Afxxﬂo::g;fﬁzcwi%ﬁ%, AP(r.y) = AR ()5 — —kg; \/7§,<a
. oEi(ma o)y . oEi(mato)y
Al (2, y) ZA“” — A (z,y) izZAyn _ (4)
N A®) LA )
where A3, = Mo Apn () are real fields, m,, = % 4+ -5 — v are KK masses, and
N, = V27Rm,, are normalization constants. (Here we present a different form from

literature in Eq. ) to make the orthogonality of wave functions transparent.)
Consider the following large gauge transformation that is non-periodic on the covering

space R!:
igAn(y) = igAuly) = [ (igdy =) Q7] (v)  with Q) =exp [igy 2], (5)

which results in gﬁf)c =v —¢/mR. We find that the shift of the background is canceled
by the transformation of A3, — fH} = TR AT leaving its KK masses invariant:
m, = m,. Now the new fields are twisted by matrices ]50 = 03 and ]51 = 0p—y, = 0y
Above, the two sets of twists P; and P, with the corresponding backgrounds are equivalent
under the large gauge transformation, by which one may e.g. diagonalize the twist § = 0 or
remove the background AY¢ = 0, but not both. If we choose to take the former (or latter)
gauge, different values of gg(f)c (or é) correspond to physically different vacua which are
degenerate at the classical level. Quantum corrections determine whether the symmetry is

dynamically broken or restored, depending on the matter content [B, [].

3 Kaluza-Klein expansions

We consider a SU(N) gauge theory in the bulk of the Randall-Sundrum geometry [II,
which is a five dimensional Anti de Sitter (AdS) space compactified on S'/Z, with the

40f course when, say, r < u, we can combine I, and a part of —I,, to form r additional oy blocks with
0 =0.




metric:
GundzMdz™ = e 2 Wy, do'da” 4 dy?, (6)

where 7, is the Lorentzian metric and o(y) is defined by o(y) = k|y| at —7R <y < 7R,
with & being the inverse AdS curvature radius. Elsewhere on the covering space R!, we
define o by the periodicity condition o(y + 2rR) = o(y). For later use we also define®
e(y) = o'(y)/k and z(y) = e’®. We call the orbifold fixed points at y = 0 and y = 7R
ultraviolet (UV) and infrared (IR) branes, respectively, and write zp = 2(0) = 1 and
21 = z(mR) = ™. In this paper we assume that the radion is already stabilized e.g. by
the Goldberger-Wise mechanism [T9].

We employ the background field method, separating the gauge field into classical and
quantum parts Ay, = A5, + A}, and take the following gauge fixing®

1 i : 174 C C, . —
Sy = ~z /d4x/_ Rdy\/—Gtr [ff], with f=2*p" DA, + §2'Dyzt AL (7)
where D), is the gauge covariant derivative and the superscript ¢ indicates that the gauge
field is replaced by its classical part, e.g. D$; Ay = O Ay + ig[AS,, Ay]. We consider the
pure gauge background Fj;y = 0, being a classical potential minimum, and assume Af, = 0
since it can be gauged away towards spatial infinity. When we choose £ = 1 and ¢t = 2, the

quadratic terms for the gauge and ghost fields simplify:
TR
S = /d4x/ . dytr [ A (O + Py) A, + Az (0+ Py A, + 220 (O + Py)w'], (8)

where P, = D5z 72D5, P, = DiDSz~2, and we have put w® = ©° = 0. (The surface terms
vanish consistently for the given boundary conditions below.)

Following the same argument as in the flat case, we concentrate on a SU(2) subblock
with twists Py = o3 and P, = gy, without loss of generality. Again a zero mode resides
only in A and we can write gA{’¢(y) = vz%. (The derivation of the form of zero mode 22
is given below.) To obtain the KK expansions, we follow the strategy of Ref. [20]. First, we
solve the bulk KK equations at 0 < y < 7R in terms of z neglecting all the boundary effects.

Second, we put the boundary conditions at z = z5 and z; on the obtained “downstairs”

5When there arises an ambiguity at the orbifold fixed point, say, around y = 0, we can use the regularized
form o(y) = kdlogcosh(y/d) with an infinitesimal 6 = 40 to check the expression. For our purpose we
can use €(y) = 0(y) — 0(—y), €(y) =2[6(y) — 6(y — 7R)] and e(y)> =1 at — TR <y < 7R.

6The choice t = 4 and & = 1 makes f manifestly invariant under five dimensional diffeomorphisms.



solution to make it consistent with the Z5 twists so that the “upstairs” field on the covering
space is well-defined, i.e. continuous everywhere.
Let us start with Aff) and Af) which have definite odd and even Z, parities. We obtain

the following KK expansions

[ JL(My2) + BpYi(M,z)]
@) 1( 1 2)(
A (z,y) g A N , A (T, y) g A (9)
where N,,, N, are normalization constants, B, = —QE%”Z; = —}‘2%’12;, and the down-

stairs KK wave functions for vectoscalar f,(z) = z2[Jo(M,2) + B,Yy(M,z)] are defined for
later use. The KK masses M,, = an are determined by zeros of the KK mass function:
JL(M21)Y1 (M zg) — Yy(Mz)Jy(Mz), which we find is exactly the same for both Af?) and
AP,

In order to get the KK expansions of Af/[, it is convenient to perform the large (back-
ground) gauge transformation (H), which again results in the new twists 130 = 03, ]51 =

09—, = 0 and the background

e N (e Qka%) 2o ey Ll (10)

where a = 25/2;1 = e " ® < 1 and (1, f,,) = fz'zl 242,2f,(z). Unlike in the flat case, all
the higher KK modes are generated, as can be seen in the last step of Eq. (I). However,
these higher modes all vanish when integrated along the extra dimension in the Wilson
line due to the orthogonality conditions of KK wave functions and one would expect that
these modes can be gauged away.

To see this, consider the following background gauge transformation Q(y) = exp [2’]—" (y)%} ,
which we require to be normal in the sense that F(y) is continuous everywhere and periodic
F(y+2rR) = F(y). When F(y) is odd F(—y) = —F(y), twists P; are left invariant under
this transformation, while gauge fields transform as gA?(f) — gﬁf) = gA?(f) —F'(y). Again,

this shift is canceled by the transformation of A%, in its KK mass. Let us take

° Yy
Fly) =k enFuly), with B = [(d/hGw), 0
n=1 0
where the summation is over all the non-zero modes. By definition, F),(y) is odd and its
derivative is f,,(y). Due to the downstairs boundary conditions, we find that F},(y) vanishes

at both boundaries, i.e., the transformation (y) is continuous everywhere on the covering



space as well as periodic, as promised. To summarize, all the non-zero mode can always
be removed by taking ¢, appropriately, without changing the twists P;.

Now we choose ¢ = 6 to diagonalize the twist 6 =0 and gauge away all the resulting
non-zero mode background. We then have definite Z, parity for all gﬁ) Hereafter we

omit the tilde for notational simplicity. The KK expansions are obtained as’

i izevz2/2X1 n( ) + izevzz/QXOH( )

A (7, y) ZA”” VE N A (z,y) ZA?/” JeE N (12)
where Ajy,(7) are real fields, © = v/k — 20a?/(1 — a?) is the dimensionless vev, B+ =
cosw + iesinw, N, and N, are normalization constants, and x;,(z) = 227" [a;fJ, (5, 2) +
BEY, (m,z)] are the downstairs KK wave functions with m, = m,/k and o, 3+ being

@) L0
dimensionless KK masses and complex constants, respectively. (Note a:X = oy iy etc.)

V2
The boundary conditions on the downstairs fields can be summarized as

M (1h,)V =0, (13)

with V = (aq(f’) B® ol g )T for A, V=(a WM @ BY(L?’))T for A,, and

M(m,) =
Jc(1) Ve(1) FJIs(1) FVs(1)
Jc(0) Ve (0) TJs(0) TVs(0)
~_2 N2 022 022 )
+sin =L J, (1p21)  Esin ZLY, (f,21)  cos SEJ, (Myz1)  cos S Y, (2
+sin % Jy(Mpzy) Lsin @ Y, (Mmnz0) cos % L(Mpzp)  cos % Y, (Mmn20)

where upper and lower signs as well as v = 1 and 0 are for A, and A,, respectively,

2 2
. Uzi Jl/ 7 7 7 n iJ/ 7 7
(‘70(2)> — (COS oo 222 ) (V (z:) + 1itnz ], (1 )>, and Vo and Yg are defined

Js(i) sin =t cos = 0227, (mz;)

similarly to J¢ and Js with J replaced by Y. (J, and Y, are Bessel functions of order v.)

The KK mass function for A* is obtained from the determinant of the boundary condition

matrix:
N(m) = det M (1), (14)

and N(m) = 0 determines the KK masses. We find that the N’s are exactly the same for
A, and A, and that its dependence on ¥ is only through the term % cos[o(zf — 23)]. The

"To derive Eq. ([[2) we have used ¢ = 1 in Ag(ll), which can be justified similarly as above.
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Figure 1: KK mass function N(ax) vs x with a = 107% for 9/a* = 0, Z, 7. The zeros of N

’ 9
correspond to the KK masses. Note that a massless mode appears only for o = 0 mod 2.

KK expansions for the ghost field is obtained similarly to A,. (Recall that the antighost
field @ is not necessarily the complex conjugate of the ghost field w.)

In Fig. @ we plot N(ax) as a function of = /m/a within half a period of 0, i.e. for
0(27 — 22) = 0,7/2, 7 from above to below when a = 107'%. The points where the curve
crosses the z-axis give the values of the corresponding KK masses, with even and odd
modes appearing in alternating order. We can see that there appears an extra massless
mode for v = 0, as expected, and that the dependence on the variation of ¥ is strongest

for this would-be zero mode, whose mass can be easily determined from Eq. ([4]) to be

1 — cos(v/a?)

R (15)

mo = ka
in the approximation a < 1. For the maximal breaking with cos(9/a?) = —1, we find

mo =~ 0.24 ka for a = 1071,

4 One loop effective potential

Following convention, we perform the dimensional reduction in the coordinate frame where

the warp factor is unity at the UV brane.® The contribution of a pair of Z, even and odd

8The physical effective potential from the point of view of the IR brane will be enhanced by a=* [21].



gauge fields AS\Z) and AS\Z) is

4—d dd

Y P ilo ( 2+m2):_1(/€a)4 Ar 2 8/2F<—2+§)§:x4_5
M7 ) Eoi & B T T T e \ R 2) £tn

per degree of freedom, where d = 4 — ¢ is the number of dimensions with ¢ being in-

finitesimal, u is an arbitrary scale, and x,, = m, /ka is the dimensionless KK mass. The
infinite sum over KK masses can be evaluated utilizing zeta function regularization tech-
niques [21], 22, 23]

N E\ o= 4 € de , .N'(ax)
Ver(0) = —T (—2 + 5) ;xi =-T <—2 + 5) . 2—7m.334 Wa (17)

where C' is a contour encircling all the poles on the positive real axis counter-clockwise.
Note that these are the only poles in the right half plane since there is a one-to-one
correspondence between the zeros of the KK mass function () and the eigenvalues of
the operators P, and P, in Eq. (§) which are Hermitian with respect to our boundary
conditions.

After a few manipulations, we find

/ dz 3¢ log
0

1_1(K0( Ololar) Kl(m)h(“x) Ko(z)li(az) K,
Ih(x)Ko(ax)  Li(2)K(ax) Io(x)Ki(ax) Ii(x)Ko(ax)
Ko(z)Ky(x)Iy(ax) I, (ax) cos (5(1 —a?
In(x) 1 (2) Ko(ax) Ky (ax) 2ax210( V1 (2)Ko(ax) Ky (az) |

~ Iy 3-c Io(z) Ky (z) — Ko(x) [ () — 1 cos &
[IR—l———i-Q/ dx x°" ¢ log [1— 2o(0) I (x )(v—i—log%) ], (18)

where divergent integrals I1g and Iyy are independent of v and a and can be absorbed in

Ueﬂr(@) =

the renormalization of the IR- and UV-brane tensions, respectively, as in Ref. [23]. ([, and
K, are the modified Bessel functions.) We find that the effective potential is a periodic
function of ¢ with the period 27a?/(1 — a?) as is expected from the shape of the KK mass
function. In the last line of Eq. (I8), the small a limit is taken, assuming that ¢ is within
the first period, i.e. #/a* = O(1), without loss of generality.® (One might find it suggestive
that the scale of the period of v is of the order of ka?, which roughly corresponds to the

order of the observed value of the cosmological constant ~ meV.)
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Figure 2: Normalized effective potential veg vs ©/a? with a = 1071°.

In Fig. Bl we plot veg as a function of ©/a? when a = 107!, Contribution from the
ghost loop is equal to Eq. ([8) multiplied by —2. The final result including gauge and

ghost field contributions is therefore:

3 4
Vet = %(ka) Veft- (19)

Note that if we include extra adjoint bulk fermions, they would contribute with opposite
signs to Eq. (I8) and that if we add more than required to make the theory supersymmetric,
the potential of Fig. Bl would be flipped upside down, realizing a dynamical symmetry
breaking vacuum which corresponds to the maximal twist 6 = /2 in the A = 0 gauge.
This vacuum breaks SU(2) completely and hence provides a rank reduction of the gauge
symmetry. We find that the symmetry breaking scale is of the order of ka ~ TeV for this

case.

5 Summary and discussions

We have studied the SU(N) pure gauge theory in the bulk of the Randall-Sundrum ge-
ometry and have obtained Kaluza-Klein expansions of gauge and ghost fields under the
presence of the gauge field background with most general twists P;. We find that four

dimensional gauge, vectoscalar and ghost fields have exactly the same KK masses. During

9For large x, the integrand goes to zero and a small a expansion can be performed with converging
coeflicients.



the course of this calculation we have clarified the notion of a large gauge transforma-
tion that is non-periodic on the covering space and how it is consistently realized in the
warped background. The effective potential for the background Aj is obtained. We find
that a gauge symmetry corresponding to a continuous Wilson line, i.e. a SU(2) subgroup
of Eq. (), which is completely broken for finite 6 at the classical level, is dynamically
restored to U(1).

It is straightforward to apply our method to include other fields with or without ex-
tra boundary masses and especially to supersymmetrize our setup, where the symmetry
breaking scales due to continuous Wilson lines will be of the order of ka ~ TeV according
to the analysis presented here. Since we find that the dynamics of Wilson lines in warped
space can be controlled in quite a parallel manner to that in flat space if one treats the
large gauge transformation carefully, we expect that the Hosotani mechanism will lead to a
dynamical supersymmetry breaking of the order of weak scale in the setup discussed in the
introduction. It is also interesting to pursue the AdS/CFT correspondence generalizing
the analysis of Ref. [I7] to our setup, as the Wilson line on the AdS side will correspond to
a quantity that is integrated all the way from UV to IR on the CFT side. The techniques
developed here can also be applied to the gauge-Higgs unification models in warped space.

These points will be presented in separate publications [24].
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