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Abstract
In this paper we are concerned with weighted boundary limits of monotone Sobolev functions
in Orlicz spaces on bounded (7, )-John domains in a metric space. We also deal with Lindelof
type theorems for monotone Sobolev functions on uniform domains in a metric space.

1. Introduction

A continuous function u on an open set Q in R” is called monotone in the sense of
Lebesgue (see [11]) if the equalities
max i = max u and minu = minu
G aG G aG
hold whenever G is a domain with compact closure G c Q. A function u € W,lo’f (Q) is
A-harmonic if it is a weak solution of equation

div(A(x, Vu)) =0,

where A(x, &) - & = |£]P for some fixed p € (1, 0), & € R” (see [9]). Harmonic functions are
monotone, .A-harmonic functions and hence coordinate functions of quasiregular mappings
are monotone (see [9] and [28]), and thus the class of monotone functions is considerably
wide. If u is a monotone Sobolev function on Q and p > n — 1, then

1/p
(1.1) Ju(x) = u(y)| < C(n, pyr'="'" ( f Vu(2)l” dz)
2B

whenever y € B = B(x, r) with 2B c Q, where C(n, p) is a positive constant depending only
on n and p (see [9], [22, Chap. 8] and [31, Section 16]). In [6], [13], [14], [15] and [21],
boundary behavior of monotone Sobolev functions were studied using the inequality like
(1.1). For harmonic functions and polyharmonic functions, see [17, 18, 19, 20, 26, 27]. We
refer to [10] for .A-harmonic functions and [30] for quasiregular mappings.

We consider a positive nondecreasing function ¢ on the interval [0, co) such that ¢ is of
log-type, that is, there exists a positive constant C satisfying

(1.2) o(r?) < Co(r) for all r > 0.
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Set ®,(r) = r’¢(r) for p > 1. For properties for functions of log-type, see e.g., [24].

Mizuta [19] studied weighted boundary limits of harmonic functions when D is a bounded
Lipschitz domain in R" and a weight is a nonnegative monotone function on the interval
(0, 00) satisfying the doubling condition, as an extension of [18]. In fact, he proved the
following:

Theorem A ([19, Theorem 1]). Let w be a nonnegative monotone function on the interval
(0, 00) satisfying the doubling condition, that is, there exists a positive constant C such that

(1.3) C'w(r) < w2r) < Cw(r) forall r> 0.
Set

1 1-1/p
k(r) = (f t(l_n)/(p_l)a)(t)_l/(p_l)((p(t_l))_1/(p_1)dt) .

Suppose u is a harmonic function in a bounded Lipschitz domain D in R" and satisfies

f O,(IVu(z))w(6p(z))dz < oo,
D

where 6p(z) = dist(z, D°).
(1) If k(0) = oo, then

lim &(6p(x)~tu(x) = 0.
x—0D
(2) Ifk(0) < co, then u has a finite limit at each boundary point of D.

For the existence of boundary limits of harmonic functions in the case when ®,(r) = r”
and w(r) = r?, see Carleson [2], Mizuta [17] and Wallin [32], etc.

Let X be a metric space with a metric d and u be a Borel measure on X which is positive
and finite on balls. We denote by B(x, r) the open ball centered at x € X with radius r > 0
and set AB = B(x, Ar) for each ball B = B(x,r) and A > 0. Let u be a Borel measure on X
satisfying the doubling condition:

(1.4) p(2B) < Cyu(B)
for every ball B ¢ X. We further assume that
/ / / Q
pB ) C(r_)
M(B(x, 1)) r

for all x, x’ € D with x’ € B(x, r)yand O < ' < r, where Q > 1. Here note that if u satisfies
(1.4), then (1.5) with Q = log, C,, holds (see e.g. [1, Lemma 3.3] and [8]).

In this paper, we are concerned with boundary limits of functions # on a domain D C X
for which there exists a nonnegative function g € Lfa (D; ) such that

(1.5)

1/p
(1.6) lu(x) — u(x")] < Cr( f , g(z)”du(z))

for every x, x’ € Bwith 0B C D, where o > 1, B = B(y, r) and

(1.7) j; D,(9(2))w(0p(2))du(z) < o,
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where w is a nonnegative monotone function on (0, o) satisfying (1.3). Here we used the
standard notation

1
d - d
Jgu(z) u(z) B fEu(Z) u(z)

for a measurable set £ with 0 < u(E) < co. Note that (1.6) is a stronger property than
p-Poincaré inequality. Also, if the pair of u and g satisfies a p-Poincaré inequality in D with
p > O — 1 and u satisfies

sup |u(x) —u(x)] < sup |u(x) — u(x)|

x,x’€B x,x’€0B
for each ball B with B C D, then the pair of u and ¢ satisfies (1.6) (see [8, Section 7]). We
refer to [1] and [8, Section 11] for Poincaré inequalities of Carnot group with the Carnot-
Carathéodory metric and [3] and [12] for recent studies about Orlicz spaces in a general
metric setting.

When ®@,(r) = r? and w(r) = r?, the boundary limits of monotone Sobolev functions
on bounded John domains in a metric space were studied in [6]. Recently, this result has
been extended by the authors [7] to the Orlicz case, that is, ®,(r) = rP¢(r) and w(r) = r®.
For harmonic functions, polyharmonic functions and monotone functions on the upper half
space R, see [18, 20].

Our first aim in this paper is to find a positive function k(r) such that k(6 p(x))u(x) tends
to zero as x tends to the boundary dD when u is a function on an (77, ¢)-John domain D
satisfying (1.6) and (1.7) (Theorem 2.1), as an extension of Theorem A (see also [6, 7, 18,
20]). See Section 2 for the definition of (77, )-John domain. The key lemma for our results
is Lemma 3.3 below.

On the other hand, using the inequality (1.1), Lindelof theorems for monotone Sobolev
functions on the half space of R" were studied in the L” case when w(r) = r* ([5]), as
an extension of Mizuta [21, Theorem 2] and Manfredi-Villamor [14, 15]. This result was
extended to a uniform domain in [4].

Our second aim in this paper is to establish Lindelof theorems when u is a function on a
uniform domain D C X satisfying (1.6) and

(1.8) fD 9(2)" w(6p(2))du(z) < o

(Theorem 5.1), as an extension of [4, 5, 14, 21] (see Section 5 for the definition of uniform
domain). We discuss the size of the exceptional set in Theorem 5.1 (Remark 5.2).
Throughout this paper, let C denote various constants independent of the variables in
question.
2. Weighted boundary limits
Let n be a strictly increasing continuous function on [0, co) such that n(0) = 0,
2.1 n2t) < cn(t) forall >0

with a constant ¢; > 1,

(2.2) limsup ¢ '5(r) < co

t—0
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and

1
(2.3) f 7 () di < o0
0

for some small €. We say that a domain D in X is John with respect to n (simply n-John)
if there is a point x* € D such that each x € D can be joined to x* by a rectifiable curve y
satisfying

2.4) op(z) = n(l(y(x,z))) forall zev,

where y(x, z) and £(y(x, z)) denote the subarc of y connecting x and z and the length of y(x, z),
respectively. We refer x* to the John center. If n(#) = c¢,#* with s > 1 and a positive constant
¢y, then an n-John domain is called s-John. Further, we consider a positive nondecreasing
function ¢ on (0, co0) such that ¥(0) = lim,_,o ¥(r) = 0. We say that a domain D is (1, )-John
if each x € D can be joined to x* by a rectifiable curve vy satisfying (2.4) and

2.5 0p(z) = Y (op(x)) forall zevy.

Here note that every n-John domain is (17, ¥)-John domain if we take ¥(¢) = min{n(¢/2), t/2}
(see [6, Example 1.5]). See also [16] for some examples of n-John domains.
Consider the function

) l_l/p
k(ry,rp) = (f t(l_Q)/(p_l)_lw(t)_l/(p_l)(cp(l‘_l))_1/(17_1)7]_1(l‘)dl)
r

forO<ri <r <oo;setk(r)=«(r,1)forO<r<1.
Our first result is the following theorem, which gives an extension of Theorem A (see
also [6, 7, 18, 20]).

Theorem 2.1. Let D be a bounded (n,y)-John domain in X such that 0D # 0. Assume
that the pair of u and g satisfies (1.6) and (1.7).

(1) If k(0) = oo, then
JJim K(W(Sp(x)) " u(x) = 0.

(2) If k(0) < co, then u is bounded on D.

For the best possibility of Theorem 2.1 (1) as to the order of infinity, we refer to [19,
Proposition 4] for harmonic functions.

Remark 2.2. Let D be a bounded s-John domain in X, s > 1, that is, D is p-John with
n(t) = c,;t° and a positive constant c;. Then we see that D is an (1, con)-John domain with
¢> = min{2~%, (2¢;)~' (diamD)'~*}. For the result from Theorem 2.1 in the case when D is a
bounded s-John domain, see [7, Corollaries 4.1 and 4.2].

REMARK 2.3. For s > 1, let
Gy={x=,x) e R xR: x| < 1,0 <x, <2,|x| <x).

Then we see that Gy is an (1, ¢)-John domain with 7(¢) = c3¢° and y(¢) = ¢, where c¢3 is a
positive constant. In fact, for x = (x’, x,) € Gy and 0 < x,, < 1, we define a rectifiable curve
v joining x and x* = (0,...,0,3/2) by
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= (1 -0x,x,) if0O<t<1,
YO0, 0,0 if 1 <1 <3/(2x).

Then v satisifies (2.4) and (2.5) since d¢,(z) is comparable to z, — |z’| when z = (Z, z,) € G,
and 0 < z, < 1.
For the result from Theorem 2.1 in the case when D = Gy, see [7, Corollary 4.3].

3. Lemmas

For proofs of Theorems 2.1 and 5.1, we prepare some lemmas. Using (1.2), we have the
following.

Lemma 3.1 (cf. [7, Lemma 2.2] and [23, Theorem 3]). Let u and g be functions on D
satisfying (1.6). Suppose 0 < &€ < 1. Then

1/p
B |u(x) - uy)l < Cop(x)(p@px)~ )P ( f ; )®p(g(z))dﬂ(z)) +Cp(x)' 7%,

whenever x € D and y € B(x), where B(x) = B(x, dp(x)/(207)) and C may depend on &.

Lemma 3.2 ([6, Lemma 2.2]). Let o > 1 and u be a Borel measure on X satisfying the
doubling condition (1.4). Suppose x and y can be joined by a rectifiable curve y in a domain
D satisfying (2.4). Then there exists a finite chain of balls By, By,..., By (N may depend on
v) with the following properties:

(1) Bj = B(zj,0p(z;)/(20)) with zj € v, 20 = x and y € By,
(ii)) BiNBjy #0forall0 < j<N-1;
(iii) For each t > 0, the number of z; such that t/2 < 6p(z;) < t is less than can” L (H)/1,
where c4 is a positive constant depending only on o;
@iv) Zy:o XoB; < Cs5, Where cs is a positive constant depending only on o and C,,.

Lemma 3.3. Let u and g be functions on D satisfying (1.6). Let B be an open ball with
radius R. Then

RC 1/p
(3.2) lu(x) — u(y)| < Ck((6p(x)), dy) (/E j;_ @, (g(w))w(ép(w)) d,u(w))

dV
+Cj‘f*%”@dt
0

whenever x and y can be joined by a rectifiable curve y in D satisfying (2.4), (2.5) and z € B,
0p(z) <R for all z € y, where E, = U,e,0B(2) and d,, = 4 max.e, p(2).

Proof. Take a finite chain of balls By, By, ..., By with B; = B(z;) as in Lemma 3.2. Pick
Xj € B(zj—1) N B(zj) for 1 < j < N;set xop = x and xy41 = y. By (3.1), (1.3) and (1.5), we
see that

u(x ;) — u(xjsr)l
< Cop(z)w©@p(z) (@)™ N Pu(oBy) ™"

I/p
X( f B_®p(g(w))w(6a(w))du(w)) +Cop(z)'™*
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< Cop(z)w@p(z) P (e(dp(z)) ™ )P (Op(z) /R /P u(B)~"/7
I/p
X ( f CI)p(g(w))w(éD(w))du(w)) + Cop(z)'™*
oB;

for 0 < j < N. Then we have by Holder’s inequality and Lemma 3.2 (iv)
lee(x) — uy)l

lu(xo) — u(xp)| + lu(xr) — u(x)| + - - - + |u(xy) — uCrye)l

RO\ (& (-1/p
¢ ( ) [Z Sp(z)"~ 1P Ve(op(z))) " (1"1)(¢(5D(Zj)—l))—1/(p—1))
s

E.

Hence it suffices to show that

IA

1/p N
D, (g(@)w(Ep(w)) d,u(w)) +C Y 6p()' .
j=0

Y

N
(33) > 6p()? 2" D)) TP eEp) )Y < CrpEp(x)), )
j=0

and
N d,

(3.4 Yoo <c [t ar
j=0 0

For this purpose, take natural numbers ko and k; such that 275+ < g, < 27%0*2 gpnd 27~ <
Y(0p(x)) <275, Then we see from Lemma 3.2 (iii) that

N
Z Sp(z) 210D (6 (z)) "D (S p(z,) )P
Jj=0

ki
Z( DI R N E e TP N e Rl

k=ko 2’k71<61)(2j)S27k
ki
< c Z 2HP=0 (P11 2Ry~ p=D (2 Ry 1y~ y=1 9k
k=ko
27k0+1
< Cf 1= (=114, =1 =D =1y P=Dy=1 () gy
2k

Y
< C fd 1= P=D=1 4y~ P=D (1))~ Py~ N (1) dt.
Y(6n(x)

Thus (3.3) is obtained. Further, we see that

N
Z 6D(Zj)178
=0

ki

2,

k=ko [Z‘k‘l <6p(z;)<27*

ki
C Z 2—k{(1—g)—1}n—1(2—k)
k=ko

5D(Zj)18]

IA



Bounpary LimMiTs oF MONOTONE SOBOLEV FUNCTIONS 141

2—/(()+1
C f ) dr
2

<
—ky
d}/
< C f ) dt.
0
Thus (3.4) is obtained and the proof is completed. m|

4. Proof of Theorem 2.1

Proof of Theorem 2.1. Fix r > 0 such that » < min{dp(x*),1/4}. Forx € F(r)={z€ D :
0p(z) < r}, take a curve 7y joining x to the John center x* and satisfying (2.4) and (2.5). We
can find y € y such that 6p(y) = r and 6p(z) < r for all z € y(x,y). Since E,(,,, C F(2r) and
dy(xy) < 1, using Lemma 3.3 with B = B(x", diamD), we have

1/p
®p(g(w))w(6p(w))d#(w))

1
+Cf @) dt.
0

Further, take a path y; in D joining y and x* satisfying (2.4) and (2.5). Hence it follows from
Lemma 3.3 with B = B(x*, diamD) that

@.1) () — u()] < RGN ( f

F(2r)

I/p v
|u<y)—u(x*>|scKw/(r),dy[)( f %(g(w»w(éb(w»dﬂ(w)) +C f; o) dt,
D

which implies that sup{|u(y)| : 6p(y) = r} is finite for all » > 0. If x(0) = oo, then it follows
from (4.1) and (2.3) that

1/p
lim sup k(W (Sp(x)) " Ju(x)| < C( j; (2)<I>p(g(w))w(5y(w))du(w)) :

6D(x)—>0

By (1.7), the left hand side is equal to zero.
On the other hand, the case «(0) < oo follows readily from Lemma 3.3. Thus our theorem
is proved. |

REmARK 4.1. In the case of (2) in Theorem 2.1, that is, x(0) < oo, if we impose a strong
condition on D like locally uniformity, then # will be seen to have a finite limit at each
& € dD. For example, we may consider a condition on D such that for each & € 9D, there
exists a positive constant cg with the following property: for every r > 0, there exists a point
x*(r) such that each x € D N B(¢,r) can be joined to x*(r) by a path y in D N B(&, cer)
satisfying (2.4).

In fact, it follows from Lemma 3.3 that

l/p Col
|u(x) — u(y)| < C(0,4cer) ( f ®p(g(w))w(5D(w))du(w)) +C f 7N dt
D 0
for each x,y € D N B(¢, r). Since x(0) < oo, this implies that # has a finite limit at &.

By Theorem 2.1 and Remark 4.1, we obtain the following corollary, which extends The-
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orem A. Note here that when D is a bounded Lipschitz domain in X, D is a bounded (7, ¥)-
John domain with n(¢) = ct and ¥(¢) = ¢'t.

Corollary 4.2. Let D be a bounded Lipschitz domain in X such that 0D # (. Set

" 1-1/p
K(ry,ry) = ( f ,(1—Q)/(p—l>w(t)—1/<p—1>((p([—1))—1/(p—1>d,)
r

forQ < r; <ry <oo;setk(r) =«k(r,1) for 0 < r < 1. Assume that the pair of u and g satisfies
(1.6) and (1.7).
(1) If k(0) = oo, then

. -1 _
601&1)11}() k(O0p(x))" u(x) = 0.

(2) If k(0) < oo, then u has a finite limit at each boundary point of D.

5. Lindelof theorem

In this section, we are concerned with Lindelof theorems when u is a function on a uni-
form domain D satisfying (1.6) and (1.8), as an extension of [4, 5, 14, 21].

Let D in X with dD # 0 be a uniform domain, that is, there exist positive constants A
and Aj; such that each pair of points x,y € D can be joined by a rectifiable curve y in D for
which

(5.1) {(y) < Ad(x,y)
and
5.2) O0p(z) = Ay min{l(y(x, 2)), {(y(y,z))} forallz €y

(see [29]). For ¢ € dD and ¢ > 1, set
T(;0) ={x€D:d(x&) < cop(x)}.
A function u defined on D is said to have a nontangential limit L at & € 9D if

lim wu(x)=1L
T(&;0)3x—¢

for every ¢ > 0. For each 7 € R, set

s 1=1/p
ke(r1, 1) = (f t(p_Q”)/(”_l)w(t)_l/(p_l)fldt)
r

and
1) 1—1/[7
R(ri,m) = (f t(l_Q)/(p_l)_la)(t)_l/(p_l)n_1(t)dl‘)
r

for 0 < r; < ry < oo0. Here note that R(ry, ) = ¢~ '*YPky(ry, r) when n(t) = ct.

Theorem 5.1. Let u be a function on a uniform domain D with g > 0 satisfying (1.6) and
(1.8). Suppose that there exists a constant T € (0, 1) such that «.(0, 1) < co. Set

O~k (0. 1)
E:{fe@D:limsupM

Pw(pw)) d 0%
o0 HBE ) B(f,r)ng(w) w(@pw)) du(w) > }
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If ¢ € D\ E and there exists a rectifiable curve y in D tending to ¢ along which u has a
finite limit L, then u has a nontangential limit L at &.

REMARK 5.2. Let A(r; x) = r™2k.(0, r)Pu(B(x, r)) for x € D and r > 0. If lim ionf h(r; xg)

= 0 for some xy € X, then H;,(E) = 0 where H), is the generalized Hausdorff measure with
respect to A, that is, for F € X and rg > 0,

H"(F) = inf Zh(rj;xj);F C U B(xj,ry),0 <rj < ro}
J J

and
Hu(F) = lim H(F).
ro—+0

For a proof of Theorem 5.1, we need the following lemmas.

Lemma 5.3 (cf. [4, Lemma 1]). Let D be a uniform domain. Then for each & € 0D there
exists a rectifiable curve yg in D ending at & such that

(5.3) 0p(2) = A3l(ye(£,2)
forall 7 € yg, where Az is a constant depending only on Ay and A;.
We use the following lemma which is proved as in Lemma 3.3.

Lemma 5.4. Let u and g be functions on D satisfying (1.6). Let B be an open ball with
radius R. Then

RO 1/p
(5.4) |u(x) — u(y)| < Ck(W(6p(x)), dy) (— f gw)" w(6pw)) d,u(w))
H(B) E,

whenever x and y can be joined by a rectifiable curve y in D satisfying (2.4), (2.5) and z € B,
0p(z) <R for all z € y, where E,, = U, 0B(z) and d,, = 4 max.c, 6p(2).

Lemma 5.5 (cf. [4, Lemma 3]). Let u be a function on a uniform domain D with g > 0
satisfying (1.6) and (1.8). Set

_ . rPaw(r)”!

E=4£€dD:limsup ————— gw)? w(@ép(w)) du(w) > 0.
r—0 ﬂ(B(é:’ }")) B(¢,r)NnD

Supposes & € 0D\ E and there exists a sequence { yj} suchthaty; € vy, 2777l <d(g,y ;) <27

and u(y;) has a finite limit L, where ¢ is as in Lemma 5.3. Then u has a nontangential limit

Laté.

REMARK 5.6. Since r¢k.(0,7)? > r@ k. (r/2,r)’ > CrPw(r)”', we see that E C E.
When w(f) = t* and p > QO + a — 1, we take 7 such that max{—p + O + @,0} < 7 < 1. Then
we have «.(0, 1) < co and

p-1

.
r¢ Tk (0,1) = rOT ( f {Pm@me0l0=Dylgy) < Crre
0

Hence, we see that E = E. In view of Theorem 5.1, we obtain [4, Theorem 1].
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Proof of Lemma 5.5. Fix x € T(&;¢) with 27771 < d(&,x) < 27/. Let y be a rectifiable
curve in D joining x and y; satisfying (5.1) and (5.2). Take y € vy such that {(y(x,y)) =
{(y(y;,y)), and set y; = y(x,y) and v, = ¥(y;,y). Then y; satisfies (2.4) and (2.5) with
n(t) = Ayt and Y¥(¢) = min{A,, 1}¢/2. We note that for z € y

(5.5) 0p(2) < d(&,2) <d(&,x) +d(x,2) < (A1 + Dd(&, x) + A1d(&, y)
since we have by (5.1)
d(x,2) < l(y) < Avd(x,y;) < A1(d(&, x) + d(, y))).

Then we have d,, < 44427/ and E,, C B(£, 2A4277) N D, where d,, = 4 max.ey, 6p(2), Ey,

U.ey,00B(2) as in Lemma 5.4 and A4 = 2A; + 1. Further, we see that 6p(x) > cld(, x)
—1n-j-1

¢ 277" and

v

o)) = Aslye€.y)) > Asd(E,y) > A2

by Lemma 5.3. Hence, we obtain by Lemma 5.4
lea(x) = uly )l
< fu(x) = u@)l + luly)) — u@)l

2-7@ 1/p
o )
TA27) fE utonti (w))

< CroW(6p(x)), dy,) (,u(B(g,

2-JQ /p
f gw)” w(op(w)) d,u(w))

+Cro(W(0p(y))), dy,) (m Ey,

2-JQ
u(B(, 3A4279)) Jpe3apnop

1
H(B(€, 3A4277)) b 3a2-nnp

IA

1/p
Cko(As27771 4A,277) ( g(w)’ w(dp(w)) dﬂ(w))

1/p
< cz‘f'w(ff')‘”f’[ gWw)’ w(Spw)) dﬂ(w)) ,
where A5 = w(min{c*I,A3}). Since & ¢ E and lim j—oo U(y;) = L, u has a nontangential limit
Laté. O

Proof of Theorem 5.1.  For r > 0 sufficiently small, take x;(r) € vy N dB(¢,r) and
X2(r) € ye N OB(&,r). Then x(r) and x,(r) can be connected by a rectifiable curve yq
in D with (5.1) and (5.2). Take y(r) € yo such that £(yo(x1(r), y(r))) = €(yo(x2(r), y(r))),
and set y; = yo(x1(r),y(r)) and y» = yo(x2(r),y(r)). Then y; and 7y, satisfy (2.4) and
(2.5) with n(r) = At and () = min{A,, 1}7/2. We see from (5.5) that d,, < 4A4r and
E, C B(¢, 3As )N Dfori=1,2. By Lemma 5.4 replacing w(?) with w(#)t™7, we have

(5:6)  |u(x1(r)) = u(xz(r))|
|y (7)) = uCy(r)] + luCx2(r)) — uy(r))|

IA

IA

Cxr 0, dm( (W) W (Gp(w))Sp(w) ™ du(w))"

1
P

e f
H(B, 3A47) JE,

+Ci:(0,d,,) (

rQ
- ) B
U(B(E, 3A4r)) nyz gw)"w(6p(w))dp(w) d,u(w)]
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Take z € y; and w € 0B(z). Then note that

2+ A,
op(w),
A, p(w)

(5.7 Ir — d(§, w)| < d(xi(r), w) < d(xi(r),z) +d(z,w) <

since we have d(x;(r), z) < {(yi(xi(r),2)) < A 16p(2) by (5.2) and 6p(z) < 26p(w). Hence we
have

lu(x1(r)) — u(x(r)I?
3
< Ci(0,4A4r)"r%u(B(é, §A4r>)‘1 gwY w(Spw))lr — d& w)|™™ du(w).
B(¢,3A4rND

Moreover, since 0 < 7 < 1, we see that

2-J
f Ir —d(& w)|Tdr < C277177,
2

—j-1

Hence it follows that

inf § [u(x1(r)) — uCxa(r)|?

2-i-1<r<2

2-J
c f (ke (0, 4A47Y" rPu(B(E, %Am)—‘
2

S .
. dr
x f g(w) w(EpW)lr — d(& w)|dp(w))—
B(€,3A4r)ND r
< Cir(0,4A,277)P2779=D (B, %A42’f))*1
2~
X f _ g(w)”w(%(w))( f r—de, w)I_Tdr)d,u(w)
B(£,3A427HND 2-J-1
< C279Vk (0,4A427 Y u(B(E, %A42‘f'>>‘1 g(w)’ w(Ep(w))du(w).

B(¢,32A427HND

Since ¢ ¢ E, we can find a sequence {r;} such that 27 < r; <27/ and
jlgg lu(x1(r;)) — u(xa(rp)I” = 0.
Since u has a finite limit L at £ along y, we have
jh_}rg u(x(r))) = ]ll)n; u(x(ry) = L.

Thus u has a nontangential limit L at ¢ by Lemma 5.5. |
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