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Abstract
                                                               '                                                               '                                                            '     [rhe elementary excitations in the oTder. ed sQli,d hydrogen
                                        '                                             '                                                                'are studied. It is shown that there exists a strong cubic

anharmonieity for rotons (J=3 excitations) and librons (J=l
   'excitations), which makes one exeitation split into twO
                                                  'excitations. It is also the case for J=2 rotons due to a

parahydrogen (or a oythodeuteptum) as the irnpurity. The
                                             '                    'relevant Green's functions a?e determined self-consistently
in good agreernent tcit.h the experiment by Hardy, Silvera and
                                   '
McTague. Moreover we calculate the polarization effeet on

the excitation energies with better agreement with experiments.
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Part I

Intveoductory Part
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          gl. Basie properties of solid hydr}ogen

     Hydrogen and deuterium molecules are elassified by the
parity of the nuelear spin states. MolecuZes with nuclear

spin states of even parity are called r'ortho•vrrr. moleeules and
                                      '                                 -those with nucZear spin states of odd parity are ea!led f'para--"

                         •/molecules.' rn hydrogen, even J(odd J). I=O (r=l) states are
                                                             '           'eaUed parahydrogen (orthohydrogen), where J denotes the
                         '
rotational quantum number and X the total nuelear spin quantum

number. This is based on the fact that total nuciear wave

function must be antisymmetric under the interehange of nuelei

aceording to the statisties of protons. Deuterium in even

(odd) J and. Z=O, 2 (l) is called orthodeuterium (paradeuterium).

     The transition J (odd) • J (even) is nearly forbidden

because that requires a simultaneous ehange of nuelear spin

states. For instance the spontaneous conve]?sion rate of J=1"O

in solid state is about l.9% per hour for H2 and O.056% pei? hour

       1) '
     Now the rotational kinetie energy is given by
                  '                                       '                         '       '                                       '
      EJ = BJ(J+l) , .                                                     (l.1)
                                                         '                               '                                                      '
                                                    '
      B= 6212x , -                                                     (l.2)
                                '
                                                    '
with I the moment of inei?tia of molecule.                                            The rotational
                                                       '                                                'eonstant B is equal to 85.4 K for H2 and to 43.0 K for' D2•
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                                          '                                            '     The most dominant •}aAZshotropie intermolecular force is the
                                                          '                                                 2)electric quadrupole-quadrupole (E.QQ) interaction. This ,

interaction between two molecules with distance Rl2 is written a,s
                                                              '                                           '                                                       '                                                     '                                                           '   ' w(}.',) . {} fti2.s2 i,6sTr vr;,:::--s,. .i.2(iil, i:, -Si)

                                        '                     '

                 ` Y4rvI(-eo•-Åë)Y2nil(to'1)Y2.2(tu2) (1•3)

                   'with eQ the eleetric quadi7upole rnoment of the molecule. Here

Y2m(O,Åë) denotes the spherical harmonic function with (e,Åë)

                                                           'the polar angles of the di'rection of line connecting the

eenters of two molecules. Here col and to2 denote the polar
                  'angles of the direction of two molecul-es 1 and 2 respectively.
     jl j2 j3
And (             ) is a Wigner's 3-J' symbol. The eoupling

parameter r in solid state is defined by

           '      r= 6e2Q2/2sa5, (l.4)
          '
                                                              'where a denotes the nearest neighbor distanee. The estimate
                                           'of T is of the order of nÅ}K, being much less than B. [rhus

eaeh molecule may be regarded essentially as free rotor ..At
                                                               'low temperatures each moleeule occupies exclusively the lowest
           'rotational state consistent with eaeh nuclear spin state.
                        '     Since the Debye temperature is about 100K for H2 and D2,

phonons are assumed not to have any important role at low



                                                           I-4

                                                 '
tempera-.ures. However a large zero-point vibration makes r
]?enormalize.3) The anisot]?opie parts ofvalence and dispersien

forces are very small. Therefo?e we shall leave out these

forces in this study.

                   '                                     '                                 ;t               g2. Ground-state configur'ation

                                                            '
     The melting point for H2 and D2 is about 20K. By X-ray
                                     5)           4)                                        it was found that the              and neutron--scattering,diffyaction

soZid H2 and D2 at high coneentrations of J=1 molecu!es cause

phase ehange from a hcp lattice to a fcc lattiee with

lowering temperature.

     In thTeH ordered state, fcc lattice eensists offour sc
subiattices.6'7'8) The ordered state may be eharacterized

by the following: If the quantized axis for each sublattiee

is chosen to be parallel to one of four body-diagonals, each

molecules is frozen in the state with Jz=O, as far• as the first
                             'approxirnation is concerned. .
                      ' '   '

                 g3. Elementavy excitations
                        -                          '
                              '                                            '                  '                          '     The elementary excitations in the ordered seiid hydrogen

have two interesting aspects. First the mieroseopic forees
                                                   'which goveyn their behavior are fully known. [rhe EQQ inter-
                                              '
aetions can be studied from the first principle. apart from
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       '
a small effect on r due to rotation-phonon coupling and
                                                             '                      3)                           Seeondly there exists a strong eubicdieleetvic shieZding.

anha.i?monieity, which makes one exeitation splits two exeitations.

In t'his sense the excitations in solid hydrogen resemble more

elosely to phonons than to magnons.

     The anharmonic effeet on librons (J--Z exeitations) was
                                                 9)manifested in the Raman scattening experiments.                                                       The Raman
                                                    ttt
spectya, which eorrespond to k=O libron, have four peaks,

while the harrnonic theory of 1.ibrons gives on!y three peaks.
EuiottiO) and Nakamura and Miyagiii) suggested that the extra

                                                                'line is due to two-libron excitations. However they were not

able to give areasonable mechanisrn.
                                  I2)     Ha]pris and his eollabor?ators                                      have proposed a re-

levant mechanism which contains a strong cubic anharmonie
proeesses in good agreernent with experiments.9) A strong

anharmonic effeet also exists in J=3 rotons. It is also the

ease for J=2 rotons in the presenee of a parahydrogen (o? a

orthodeuterium) as the impurity.
                                      '                                        '                                            '     It is the object to present the systematic study of the
         '                                                       '
anharmonic effeets on the elementary exeitations in the
                                                              '                               ttordered solid hydrogen• The treatment in this study is moye
general than the previous theoryl2) even for libron itself.



 l)

 2)

 3)

 4)

 5)

 6)

 7)

 8)

 9)

10)

11)

12)

                                                        I-6

                    Referenees'
                                        '                                                      '

W.N. Hardy, 1.F. Silvera and J.P. McTague, Phys. Rev. Bl2

(l975), 753. Theoretical: K. Motizuki and rp. Nagamiya,

J. Phys. Soe. Japan !LltL (1956), 93. K. Motizuki, J. Phys.

Soe. Japan l7 (1962), ll92. • •           A                                                       'T. Nakarnura, Prog. Theor. Phys. I4 (1955), l35.

A.B. Haryis, Phys. Rev. Bl (1970), l881. S. Luryi and
                        -
J. Van Kranendonk, to be published.

A.F. Schuch, R.L. IYIUIs, and D.A. Depatie, Phys. Rev.

I65 (l968), I032.

K.F. Mucker, P,M. Harris, D. White and R,A. Erickson,

Je CheM• PhYS• 49 (1968), 1922e

O. Nagai and T. Nakamura, P?og. Theor. Phys. 2t4L (l960), 432.

[Errata: 30 (l963), 412].

H.M. James and J.C. Raieh, Phys. Rev. I62 (l967), 649. ,

J. Felsteiner, Phys. Rev. Lett. L5 (l965), I025.

W.N. Hardy, I.F. Silvera and J.P. McTague, Phys. Rev. Lett.

2Lt (l969), 297; 2L6 (l971), l27s Physe Rev• Bl2 (1975), 753.

R.J. Elliott, Diseussions Faraday Soc. 48 (1969), 7.

T. Nakamura and H. Miyagi, Prog. Theor. Phys, 44 (.l970),

833 [Errata: A-ltL (l970), l430].

C.F. Coll, III and A.B. Harris, Phys. Rev. B4 (l971), 2781.



II-l

Part II

 Anharmonic Effect on Rotons in the Ordered Solid Hydrogen

     In the ordered state of solid o]?tho-H2 and para-D2 the

rotons (J=3 excitations) are studied in full details. It is

shown that the rotons are strongZy perturbed by the librons

(J=l excitations) through the anharmonie term splitting one

roton into a pair of roton and Zibr}on. The relevant self=

energy part is evaluated self-eonsistentiy with the results

in satisfactory agreement with the Raman scattering data by

Hardy, Silvera and MeTague. The p?evious theor}y of libron

by CoU and Harris is also reexamined. according to the

present method.



                         gl. Introduetion

             t-                                                       '     A strong anharmonic efÅíect has been recosnized te exist on
the librational exeitation (libronl)) in the ordered' sgZid hy.dro-
gen. owingtothe Raman experiments by Hardy et al.?) Zn the

                                  t.-.                                                            '                           '                                                   .Iong wavelength limit Che harmonie. approximatien .gives the . L
1Å}bron modes gf one. Eg. and two Tg with Eg as the lowest energy'

                                          'mode. The above resuZt has been eonfirmed enly by utiZizing
  'the angular dependenee of the Raman scattering intensity on the
                                                         4)               3)                 which is sensitive to the mede symmetry.singie erystal.
                                                    '                                   5)However Harris and his collaborators                                      have shown that the

iibron energies are modified considerably by taking aeeount of
the anharmenie effe6t, in agreernent with experirnents.2)

                                                       'Moreover theHtwo-libron Raman spect?um eomes out with due
account'' of the same effeet.6) zt is mentioned here that the

                                                'earlier predietion of the two-libron speetrum based on the .
zero-point effeet of librations gives a fairzy sman figure.4)

                                                              '     The relevant anharmonic terrn is eubie in boson 6peraters.
                                                             '               'Thus the libron has a eloser resemblance to phonon than to
                                                            'rnagnon. The eubie anharmonic term wou!d be ei?ueial in Åíigur--
                                             '                                     'ing the libron speetrum when a two-libron excitatien band is

                          tt                                 'in the vicinity of the top of the one-libron Pand. This is
                                                 '                                                    ''

               '                                                 'just what happens in the mentioned problem. resulting in a

                                                  '                                                     'dramatic energy lowering of the upper Tg-rnode. -
                                                              '     Now the hammonie theory has proved mueh more miserable for
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                tt          tt                            '                                      'rotons (J=3 exeitations) than for librons. eomparing its results
7'8) with the Rarnan scattierihg measurernents.2'9) (J denotes the
                                               .                          'rotationaz quanturn num6er). c[inis is shown in Fig.1. where the

                                .-roton energy is pZotted as a Åíunetign of the erystaliine field
           '   'Parameter G. !n the eigure r is the coupXing eonstant ot the ..
                            '                   'eleetric quadrupole-quadrupoie (EQ9) Å}nteractian given by

                               '    'r=6e2Q2!2sa5 ' ' '- •'' -' a•i)
        ttt          '                  '                    '                              '                                                '                                          '                   'with eQ the eZeetric quadrupole rnoment and a the distanee to
  'nearest neighbors. By any adjustment eÅí G the predicted speetra

with sizable intensity, which are indtcated by thick lines. '
                          'eannot agree with the experimental ones. Moreover the observed

higheT speetrum is eonsiderabiy broadened in eentradistinction
                                              '                                            tt            -with the libron speetra. ' .                                      tt                                                                 '     The erystalline field effect is thought small in aceordanee
with Kranendonkts roton (J=2 exeitation in the pure pai?a=
hydrogen).IO) with negzect of the erystaziine'field the

theoretical roton energy should be depressed considerably in

eomparison with the experiments. The depression eomes frorn

the anharmonie terms, making one roten split a pair of roton

and libron. Thus a roton must drag librons through the
                                                             '                       'erystal. This means that the rnolecular field subjeeted to a
                                                            '                                                      'reton becomes iess •effective than the harmonic theory prediets.
                                                       tt                                       '                                                                'We note here that lhe energy depression is moTe eonsiderable

for the higher spectrum; a similar nature as seen in librons.
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           tt t                                                       '                                   '                                                  '     Now,, in the ordered c.rystai (fccii>) we htive four ,. '

                         t .-.sublattiees of J=Z molegu!es. direeting rdspectively along one

of four body-diagonals; the Zowest energy eonfiguratig,n of the .
E' QQ interaction.I2'13) Thus 8 zibren-- and 2s roton-bands eome
                       '                      t-                  '    '                          'out. These rttake our anharrnonic probiem mueh eomplieated.
                                        .-                               '                                   LBasing our treatment on Dyson's equation we shal' 1 take a simpli-
fied proeedure' to get the freqUency-dependent average seZf-energy.•

    'where the matrix eZement for the anharmenie part of the Harniot•onian

is replaeed by its average. The resulti!ig self-eonsistent.
                                 'equation ean be solved with the help of the density ef states

in the harmonic appyoximation. The average self-energy thus

obtained is in turn used 'to get the k=O soZution. Zn the seheme

deseribed abov.e we shall treat both libron and roton in agreement
                      'with experiments. '
                                                          '
     We nete here that a simple perturbatÅ}onal treatment oÅí
  '
anharrnonic terms using the density of state$ in the harmonic

approximation brings us a poor improvement; an indication of

strong anharmonie effeet. We also note that the preSent rnethod
is different from the Previous one.5) The latter method is

                                      '                                                'based on a frequeney-dependent second-order effeetive Hamiltoniani
                            '                           -que to the anharrnonie term, where thg libron ene;gy ineluded in

the energy denorninator is approximated by its average .over

renormalized ..ls=O modes,' resulting in a self--eonsistent equation.

Zt is rnentioned here that the abeve method has no relevanee to

the roton case because of overlapping between one-roton and
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             '              '          ttroton-libron combination bands.
                            .
                                '                     '     The basic Hamiltonian is described in g2 qnct our for'malisrn
                                   '                      -ln g3.• Zn g4 the average self-energy shift q.ue to anharmonic
                                                    'terms is.obtained from a self-eonsistent equatien. Thees=O
           '                                                          'modes are studied fer beth libron and reton in.g5 and the Raman

intensity in g6 where cornparison ot our theoretical fesults with

                                             'experimental ones wiZl be given. ' '                                      '             i- -                                                              '                                                         '                                          '                                 '                                              '                       .t      .              '                                                           '                                                 '                                           '          '                                            '
                    g2. Basic Hamiltonian

                                                 '                                                      '     Xn the ordered pure J=i hydregens the four sublattiees wiU
                                           '             tt        'be labeled by a=A,B,C, and D as shown in Fig.2. The quantized
  .axis for each sublattice is ehosen to be paralleZ' to one of four

body-diagonals, along which the elassiea! moieeule erients. Zn

the local eeordinates system as described• above we write down
                                                             '                                            '
the EQQ interactien as

      H"jÅí.2 'vlv Zp(j)fy"(j'2)Zv(2) , , (2.l.)
        '
following the notation in' Ref. 4. In the above '' .
                                                  '
expression, zp(j) represents the p-th quadrupoZe eomponent at.

site  j. . eorresponding to 2\p(j) in Ref. 4, as definect by

                                                   '                           '                                            ..                               t tt t     (:}) = ( ll{/ÅÄ) Z/2 [(-ii )\22( sh ) + ( l. )y2"2'( st ) ] e z2 = (!g'!L) i/2y2o(si ) ,
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                              '                 '                            .                                                         '                                '     (:2) = (iF/)112 [(-1)y21(st)+(il')\2.-1(st)] (2•2)

                              tt                                       '                                   '                       '                              '                         'in terms of the spherical harmonic funetion Ykm(st) with su the

orientational angie of the moleeuleL fpv(i.2). Ss a function

of'
cE}j' 2 wtch distance dependen6e Rj2ny5. inezuding a fa'etor <eQ)2

VÅëith eQ the 6iectrie. quadrupoie moment of the tizoiecuie. ctlhe

,e ,Xg"gl;Z,'gll..fO,r.g:xEls:),:e.?,b,:?ii,filven in the gthex• ?iace.with

            '     The roten is a eoZlective exeitation in the manifold of
                                           '                                                    '                                   'IJM> with J=3, whiZe the Zibron is in the manifold of llM>.
                                       'Confining M to be non-negative integer we shall represent the
reievant states as Åíollows.

            L- t                                     '              '                                                   '     lg:.,t'. } = h {(-ii)("pMyJM(se) +•(l•)yJLM(st>} . M>.o

                                                   '                   '

     IJO>=YJo(st) ' ' • .• (2•3)
                                  '                      '     !n the approximate ground-state each !noZeeule is in llO> :-

10>, where the only non-vanishing quadrupole cemponent is z2

with expectation value <Olz210> = 215. In order to take
                                          '                                                     'a.egO::t. ;.f,:h.f,,:Eeg'ge.g.:.gnszsg.ugggx:::,g:?;:tiveiy we sh.ii

                                         '         '                                    '       '                '                                                 '     Zp = mX>n {<MlZuIn?[amt(f-an)6no + arntan].+hre-}.

                                    '
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                                                     '                                            '                           .                         '         + jil {<mlzyIm> t- <OlzpIe>} a.ta,,+<oI4ylo> (2•4)

                                                          '                                '                      .                         '                                                         'where ln> stands for IJI>. (.Thb inczusion ef .qol. whi6h muSt
                                                  '                                               '2;V.;.:2.Sg:S:A,i2.,g"fi.;lk.#.iflr:g.i,:}':egigi.\ys;.. .:2:.g."",i:izaFiep

                              '                                                         'satisfy the bosenie eommutatien relation '
                                     '                                   '    '               t tt                      '                                                       '              '                                              '                            ,                   -.'- [an, arn+]=6nm' '' '  '' '' . ' (2•5)
                                                         '                            .tt                                                  '                                                        '                                         . t.tAnd f=(i-zmamtam)i12 is a factor whieh separates our functionaz

                                            'space from the unphysieal subspace with the nurnber of occupied

exeited-states more than one. . •                                    '                                     '     Substituting Eq,(2.4) into Eq.(2.1), we have '
                     '

     H= Ho v+ H2+H3 +e" - (2.6)
                                                      '                                        '                                                     '
where Ho is merely the ground-state energy in the app]?oximate

ground state as rnentioned before, H2 the quadratie payt in
                                                       '                                                'bosonic operators and H3 the cubie one. Ile introduee the

Fourier transforms ' '
                 '     '                     '     '      '                                                     '            '      a..(2Åí) f (iS)i12jÅí[.]exp(--i,}s's}j[.])aj[.]. ..

                         -                                            '                                    '                 '                     '                 '                                               tt                                    '                                              ..                                                tt      f'iill]lB.(itsL) = seEB]fpv(j[or], se[B,])ekp{ies'(s:}j[.]-jiE,2[B])} .(2•7)

            tt                                                         '                                              tt                                       '                                         ttwhere 3'[ct] designates a ' lattice site belonging to the

subZattice ct and N is the number of rnoXecules.
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                            '                         '     Using Eq.(2.7) we ebtain . .. .
                                                  '                    '                                             ,-      H2 = ll[.ZB i:{ `m l zi l rn> ""' fO l z 2/ l O'}`O I z2 l O'C2 :II B (O) a..' lll(;!E) a.,, (,ls,)

-                                                 '                                 '                                                       -                    .t                            '                     '                                       '                        '                                         '                                  '                                            -1         ' ll .fa MÅí. ,ilZ, `rnlZplO'`nlzy!o' irpgB(r39>.

           '                  '                                   '                                 '                 tttt t                             ,                   .                                 '                                                    '                " { a. lll (Lls) ,+ aorm( -'GkÅí) }{aB 21 ( -its) + aBn(}s) }

                                            '                                              '                          '                                                    '                                             '                                                    '         + .ZB'.l.`MlZ2l"'`Olz21O' f2g3(O){a.I (L!s)a..Lk)+h.c.}] .,

                 , (2e8)                                                                .t.                      '      H3 = (4/N)l1211EIZq .XB iZ pÅí. `MlZyIO'{.i.2tÅí`M"IZvI">"`OlZvlO'6m'n)}

                                                                 '                          '                                             '         ' f'ilie.tB(-Lks){a.Ill(,ks) +a.,.("`i!Åí>}{aBl .(slx)aB.(.,k,,.+s) +h•e•} - (2•9)

                                           t .tt tt t
Zn writing down the above expression we use
       '                           '           '                                                         '                                  '      E fv2(J' '2) "E f22(j'2)6u,2 ' (2'IO)
                                                             '                                   'which stands for the extremum condition satisfied by the ''

cla$sieal ground-stat' e eonfigur}ation as noted in Ref. 4.
                                      tt   ' The relevant matrix cemponents are expressed in terms of
                          -the 3j-syrnbol as foUows. ,'  -
     <J\si (,:})iJpt•sl> = (-i:.+- ((:i), <JMs i22p-M-s.'> =-i7Jl}' -c.(g). .'

                        '           '                                            '             '                '     <JMsi(':i)i3•M-s'>-(ig.+. (( B) . . <2.n)
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                                         '            '                                 '
In  the above expression M, M'•2zO .and we p .u,t

                                  '     (gT"[:l) - 2i,,7- [(23+l)(.2J-+i)]xl.2(g. gf g)qi(or'-cr)T14

                                     '                               '                        '                          '        -                                     '     '                             '           '                               '                                 tt tt t            k {("i)M[ig-a'(t)(-i)p][(jl .-jE;.2)(Å}.)(-il jE: 2,)]

                                             '
                           '                                    '                                 '            . [,i--u'(-+. )( --, )p io- i][ (.M .-M: :) (t) (M M: i) ] } (2•i2)

                                '
where a=+l,--1 for s=+,- respectively..Expression (2.U) ntth

Eq.(2.12) works when M=O andlor M'=O if one put.s u=O andlor

                                                'o'=O for relevant ease. '
    We finally note that in our Hamiltonian (2.6) the te]?ms of
or6ey r/B are neglected owing to a 1arge rotational eongtant B.

The inclusion of the mentioned tei?ms gives rise to Hl) standing

for the s;ngle-molecule transitien between J=l and J=3.

                   '
                     g3. Formalism

                                     '
     Let us introduce thethermal Green's functions
                           '                       '      Gmm.(3s,T) = -- <[P.[a.(3s.T)a.S(jts.O)]> .' '

                                                '               '      amm.(eÅí,T) = -- <T.[aza(r.k.,T)a.t.(3s,O)]> . - (3•l)

                                           '                                                  '                                                      'fonowing the current convention.i6) Here we designate (m,ct)

simply by rn. And arn(..k..,T)=exp(TH)arn(Jls)exp(-TH) with T the •
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imaginary time. The Fourier tranSform of Gnm.gils)T):

                             .                               '. Gmm.(.,.k.,co.> = fg.ei.`OnTGmm.(,ls,T>dT - •.' ' ' (3.2)

                          '                           '                                                          '                                                     'is denoted $imply by Gmm.(p) with' p the four dimensional
momentum '(3s,al), where uln=2TnlB and BNI='kBC". ' . ,

                     '                                '     te,j,"i. ztg:;t, }./Lt,7,gh,:,,io,]8gle• :,?;:;n,,s:,9g::t,i?". i6' ,,.,,

                      '                             '                                                   '            '                                     '
     6(p) . Go(-p)xzl(..p)a(p) +Ge(--p)zo2(p)G(p) (3.4)

                                             ..                            '                                          '                                  'in the matrix form. where the free-propagator rnatrix G=(GO mm.)

is chosen appropriately as described Zater. The self-eriergy rna-

triees Zn, "•, Z2o are' defined in aeeord with Ref.l6. As
a forrnal solution of Eqs.(3.3) and (3.4) we obtain
            --
                            '
     G(p) =

                                                                 '
      [['GO(p)]'-i-zii(p) •- Åí2o(p){[GO(-p)ri-zii(-p)}"iÅío2(p)]-]' •

              ' .• ' (3e5)                                                    -The excitation energies are given by the root ef the euqation

      Re det Itr-'ll=o, '' .' ' <3.6)
                                         '
eee;2,2.:2.XZ":eg,Gf2.?:ll,fU:.?:.-OgS53f•e) is obtained fro. G(,!,..>

     (a) Libron. Consider Eq.(2.8) in the J=l manifold. .51he

first terrn in H2 is taken to be the unperturbed Hamiltonian
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  '

and hence
                    '                                                     '   -' GO!,(co) ='(ico-coo)bei.Ix ,. -. ' ' ' (3.7)

                 '
                                                             'withlthe unit mgtrix. where . .. ,
                                      "  . . tuo = e"(6125)f2 , f2 = .X. f2:". (O) • (3-8)

[Phe seeond term in U2 gives us Zn) Xo2. and Z2o in the same
8s8 matrix XL(2), whose non-vanishing compopents aTe given by

                                            J   (zL(2)).,,..... = pxy.<rnlzplo><olzp•-Im'>s.":g(jls) • , (3-9)

Let sL(3s) be the unitary transformation whieh diagonalizes xL(2):

                                                '  . [(sL)"-iÅíL(2)sL]il.. '--- ui(,ls)6ii- o C3-ie)

                                                    '
.Here ui(,ks) eorr'esponds to (3/25)Xi(ik$) in Ref.4. Then. in the

harmonic approxi].ation we have .. . . ,
 '

                          '      [GL(P)]ii' " ico-tuo-ai(ss)+ai2(jl)[ial+ato+ai(Jss)]-i 6ii' (3'ii)

  '
whence the excitation energy tui(ss) is obtained as •
                                           -                                                -     coi(wk) " [uto2 + 2tooui(ts)]1!2 • 1 (3•l2)

 ,' (b) Roton. Confine ourselves to the J=3 manifold. Then
the third term in Eq.(3.3) is very small, beeause the kinetic

R:g:gZ,2.fi,r;Ig? :2 M,:eg gl2gl;r than the EQQ interacti... .
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         .t             '     GR(p)= [(GOR)-l-Åí;1]-; - . (3.l3)
                                       '                                             'in place of Eq.(3.7), where GOR is taken'  to b6, '
                                                        '                             '     S2'i(:l,[2.libtoe'-:':lptli'iiien:;'l,l ,lgB.t'i. th6".h.....i. ' (31i4)

approxirnation . whose . (aM,ct'M')-eornponent is then wpttten dewn as

   '<ÅíIS2)).M..pM. ={<3Mlz2i3M> - <loiz2lzo>}<lolz2lzo>f26...6im.

                                            '                                             '                        '
                                         '    . + u:. `3MlzpllO'.`ZOIzppl3M"fp.ctpor.(:ks) . . (3•i5)

                                        'IIt'ti2.tilfi,2fiiP,..:,f.E.q.ii..2.'.8)s,Åí:g? SR(3s) be the ""itary transformpt

                                                 '                                       '                                                      '     [(sR)"iS"i52)sR]ii. = sti(j!s)6ii- e (3•i6)

                                               '
Here sti(2s.) stands for the roton energy shift in the harmonie

     (c) Self-ener art due to the eubic terms is denoted by
ZIS3). We shali take aecount of the diagrams Ulustrated in

ikge:.al#,2S:gg,:Igigf.g,ge? i\.tg:a:Xlo:.:;:.:e:n..;gx.x:giga,ts' :"s;,

Åíor roton aye written down as , '• . •
                                                  '                                              '                                    '                                          tt     [ziS3)(iks.,to)].Mlct•M- • - '• -' '' 1
                                   '                                          '
                      '                                           '          •-1      " '-B qg.."M"X.m.M•-.yiZy... VctM.[ct"M".yrn](j5'S)

            v".



                                           . .. n-l3
                                              '                                                              .                                                  '                              '             '
                                            '     ' GctB'M",ctnvM"'(stsrLs,b"co'-)Gylit,y'm'(s?co') ,.. ' • '

                     '                                      '             '                         t.         '                                                 '                                             --
.'

 ' V[.-A•M---,y-.-]].;M.(-JIS,-IS!,) '.; ,' • (3•l7)

                                                    ' '                                                  '                                                      '                                            .X:X2.g:e,.:2.kZ.:&ggAgkg'G,W:eg.e.m,2#g;g ,ates ptÅ}) gnd the ,'.,•

                                          '   VctM, [ ctM' . ct 'm] (es, .9) " ( ill) Y2pÅíp .{`3M l z"' 3M;' " `19 1 zp l lO '6 ww.}

                                     '                      '      •<lolzp.llm>fpgg(..q.) .' ' . (3.l8a)
                                           '                                         '                                   '
   V.M, [...M-..,,] (,ls, gw) = (i}) i12v:.<3Mi zu l irn><io l zp)l 3M'>fp:9 (,ts. -s)

if ct'fct. and '  C3'18b)
                      '                                              tt    '                                             ' '   VctM,[ctM',ctm](--kv'El•) ' ' ''
                                                         '
                                                          '     = (k) Z(2I., ii .[{`3M l Zp l 3M'> - ` LO l Zp I 1O>6 l![D4'} Erp2I 9S (:Z,) ,

                                        '                               '     + <3Mlzplim><iolzp-l3M'>fy:g (3s.-{fil)] e <3•i8e)

                                                     t.                      '     For iibron the matrix components for xE3). making one iibron

spZit into two librons, are given by Eq.(3.l7) with replacement
of M, •e., M'A' by n, ..., n'- and of' G.' ".(3s-{g)es-al') bY G.?..(:IÅírSLs

al--to' ). With the same replacement, Eq.(3.18a) remains u]taltered .

while <Znlzpllm> in Eq.(3.18b) is to be repZaeed by <lnlzpllm>

- <ZOizpllO>6nm. The same modification occurs fer the last terrn
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                      '
in Eq.(3.18c). 5?hese are also evident in Eq.(2.8).

        . -.                                             '                             '                  '                                       '                                                '                         '                                            .. '• s4. seif--consistent seiution Åíer <xn(3 )>.

                            '                                                        '                                      '                                                       '                                           '                                              '                        '                                '     oniy the diagonai component of zE3) wiil bg considered in

the representatiori diagonalizing 4.iS2>,'where b.y sdP4)i(ts) We •' -

denote a eomponent of the transÅíormation rnatrix sR(3s) defined

by Eq.(3.16) and by sctL .,, i that fo]? sL(Lls) defined by Eq.(3elO>.

In rewriting the diagonal eompenent oÅí Eqe(3e' 17): [ZIS3)]ii

    R:-Åí      in the considered representation. we confine ourselves to   i
                         'the terms with [ct'"M'pt,yem']=[ct"M" .ym]. 'Then ' -.
                                                     '                               '                 '                                        '     ziR(ls,to) " --B"-i,g. d.g... .".Z"y.s{IM.i(Gks)sct!}M'.i(J!S)

           +- Nvv . .                                              '       '
         .• V.M,[."M•v,y.](,ks,s) V[..pMb.y.]...M.(-3s.-ji})

                                           '          • G.B-M-. <E-s,ul-af)gyik(a. ut') • . <R•Z)

               '                                                  'Here the diagonal components of GR and GL in the (ct""i).- or

(ctm)•- representation:

     '' Guil(5'to'"iits-sti::I.Illlillzift(jk,,.s' '' `4"2'

          '        '                    '                            '           '                  '                            '     G.i.['(IS'al)" '' '
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                           l'sak i(,!s)l2 .
     " l• ito-alo-oi(3Åí)-ziL(3E,al)+ai•2<g.s)[itu+cDg.+ui(3$)+ziL(rLls,-a;lk:])

are evide nt in Eqs . (3 .13) and ( 3' .n) with the `' he lp oi Eqs . (3.z6)

and (3.lo) respectively. The expres$ion for ziL(jts.ee> is w]?itten

down similarly as . • . , •
                                                         '                           J-     ziL (.k-, ul )' =L--Brix. i' . .F " s.lkfi (ts) s.l).-,i (;tg)

                 aco ctrnctmamyn .
             '                                                    '               '        ' Vctm,[ct"rn"',yn](jts'S.> V[a"m"'.yn],a'm'('-LIE'-S>

              '                                                  '                   '                                               '                                                          '                                              '        ' Gctb-m-(3s'-s,tu-ee')Gyk(..q-.tu') • '' ' (4•4>

                       '
    mp(a)Aa lfeeflb Letusfirstlook
into the libron case. zn Eq.(4.4) we replace ZiL(J!sg,ut) by its

average over (Js,i), ZL(co).'  Namely we sum both sides of Eq.(4.4)

:V.ei:aii3'l;8pb.e,,i;g.dfegidiig bhYa.2'(N/4) =2N' with the heip of the

                                                '                                               '                                             '     ÅíL(to)='-B"li. .i. wm,[rn'n] Grnl)(to"to')GnL(to') e . (4'5),

::gep:: repiace IVctrn,[ct.m.{yn](3s,a)ll by iP,s average over (k.q)

                                       '                                         '                                                  '   '             '                             '                                         '     Wm,[m'n] = (N14).Z.y`IVctrn,['ct'm',yn](Lk'Sl,)I2?' ,' ' .. (p.6)

                                          'In Eq.(4.s) the G' reen's function averaged over' 3s; GrnL(tu) = '

<GctLrn(kÅí,,to)> must be independent of m=lÅ}. 'Hence Eq.(4.s) beeomes



      zL(to) = -B'-iw x GL(co-ur')GL(al') ,
                    '                   bl •.                             '                '                            Lwhere we drop the suffix in Gm.and put

     W = min Wm,[rn'n3 '

                   '
     Now Eq.(4.7) is eombined with the
  'repiaee' ment ot ziL(3s,al) by xL<co). "The

us a seif-conSigtene equation in zL(as).

                            'density of states D(6) by '

     D(o) = "t kÅíi 6(U-gi(.kS)) s•

               -lp.
which is normaJized to unity sueh that
(4•3) with repiacement of ziL(ss,tu) by zL(tu)

        '

      GL(.) l D(a)d6

                     U-16

                     '                 (4.7J

 similarly

                 .(is.8).

average' of Eq.(4.3> with
                      '             'eombined result provides
                 '                       '  Let us introduce the

fD(cr)da =l.

reduees

     (4.9. )

Then Eq.

to

In

by

We-

t'wo

the

by

            ico-wo-u--z!"(co)+a2[idi+coo+u+:L(-.)]-1 ' (4'IO)

                                        '
Eq.(ij.7) the sum over co'=2Tn7B (n': integer) is replaeed

a contour integral encircling the imaginary axis

       '   ÅíL(-al) -= 211i i.B':Z.-i GL(co+iz)Gi'(-iz) ' (4.ii)

evaluate the integral by replaeing the above gontour by the
                         '                                               ' closed contours, where the ene eneircles the real'axis and
                                                   tt                                                         '                           '                                    '                                           '                                                      ' other the straight line obtained by sifting the rea-1 axis
               '                                                        'im. Thus, noting ut=2rn13, we have
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                                                     '                                                '       '                                            '      FL(al) = '- lil I.co.de .coth!!lf' GL(alÅÄie) zm2;'L(e).. (4.i2)

                         '                                 '                                                   '                                              '                              '                                   '. The.self-eonsistent equation (4.i2> ean 6e solved by an

l;?:9tLz'.gngl.:eghnObdy' FOr instance, the first gpproximation to .

                   '
          '                                          '                            '' ' . 'ÅíL(co) " l4.W,)2'J"L(al')dtoto" fD"(tu")dutal""' '

                                                  '                                                     '                                        '                                          '      Å~ [eoth B:'; {(al';alo)i(toIl+too)2 .- (to'-eqo)2(tol1 uto)2 }

                                       ial+co'+to                     zto - ee - ee .

      + (coth Bs" -- coth B:')(co'l:.O-.)ii:.".--coO)2 ] . (4.i3)

                                                         '
whence the ]?etarded function 3tL(e) =- zL(-iE+6) immediateiy

fouo'vgs.'  !n the above expression DL(co') =(tu'/coo)D(o') denet'es

the density of states for the free Zibren, as was giveR previous--
ly.l7) The self-consistent solution for trL(e> at zero temperatuye

is eomputed by the use of w=84.8r2, an estimate eonfined to the

nearest-neighbQr sum, and is shown in Fig.4. rn the same figure
is shown also 3tL(c) in the moleeular rield approximation. where

Eq•(4•lo) ls replaeed by GL(to)=[itupcoo-xL(as)]-1. '- .'

     (b) Average self-energy for roton ean be evaluated si!nilarly
   'as in (a). !n the harmonic approximation, l3M>=l33Å}> is not
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                                                     '                       'propagating through crystai with excitation energy independent
                        'of Ak". Accordingly we shaU introduee two kinds ef average , .
self-energies: xoR. and ' zM.kR, where xMkR denetgs the self:energy

for the isolated band (Mg• =3Å}) and ÅíoR the average se' lf-ehergy

over the other roton-bands. ,''
                                          '                                                        '                                                           '                                  '                                            .                               '                                                     tt tt                                                  --     Zn the sarne approximation as in (a) we obtain • '
                                 -.                                                           '                                                    '   '                         tt t         '                                           tt t            '                                                      '                                                          '  ' zoR(co) ÅÄ -B'NidiÅí. jil vyMGMR('ut-as')GL(asf) ,•' • '

                          tt                                 tt
      zMI}(co) = -B-1.Åí. jtz wM.MGMR(co-ee.)GL(..) (4.l4>

                                          '                 '                                       'from Eq.(4.l), where GIqR(ol) is the average of Eq.<4.2) over ..k.:

GMR(ut) =<Gctii(Ss,al)>, being independent of two states belonging

to' MfO. Xn Eq.(lj.14) we put - '
                                              '         '
                                'l    WMeq' = ii, WM,[M'rn] ' WM =gM.;p,I..WM'M ' (4•15)
              '                                                       '                                      'Estimates of wMM. are given in Table !. '
                                                 '  '     Let us introduee the effective density of states by

                         '             '     DMR(st).= (4/N)kxiIs.li,i(]s)l26(sti(3s)-st) , - ' (4'.16)

                                             '                                                         'with the aid of Eq.(3.l6). Then GMR(co) inay be given by

      G.R(tu)-I"2:iE#.).g:,,.,, (MfMee) .

      GM5(at) = [iut-sto'stMee-ZM{}.<to)]ki -, , '. (4.i7>
                                        '
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                                                                 '                                             .                                                              '                                                                 -                                              '                                                   '            '              '                                               .twhere stMee denotes (orM+r,orMtc')-eorhponent of z152) given by Eq. '

(3.Js).'  The effective. d6nsity of states DMR(g.) in the ljaernonic

                                                '                      'approxiTnation is eomputed with the result plotted in Fig.5.
     th evaiudting ixoR(E) :- zoR(--iE+6) and 3fM.R(E) qt' zero

                              ''

                                   --                                                   'temperature we use . . . .. '  ''  ,
                                                          '                                                     .                                                       '          '         '                               ' '' or,R(E,).",-- " jil wM fiide •eMR(E-e) zmtsP(g) 'S ' . '(4.'ls)'

                                                           '                                          tt                   .                                                     '                               'and a simiZar expression for ixMag. R(E), whieh are derived from

                                                             'Eq.(4.M) with negieet ef a very sman eontr'ibution'of rm 2\L(e)

in the negative region ef E. We solve nurnei?ically a set of
equations (4.17) and (4.18), where ?IL(e) is obtained from Eq.

(4.lq) with the help of the coinputed result for 3fL(e). .The'

average self-energies thus obtained are pletted in Fig.6.
    '

                g5. Excitation in the k=O lirnit
                                      vvv-

                                '    (a)For roton let usconsider U(k,E) in the limit k=O. which
                                  V". "tb.                   ttis responsible fer the Raman speetrum. Vle shall first consider'
the harmonic term in (2SR)-i. Fonowing IRef.4 we introduee an
  '                                        '                                                         '                                                               '          '                                                              '                                                          'orthogonal matrix O=(oA.ct.) by '' '
         -1

o=

Aia A B c 'D

Ao l12 Z/2 l/2 l/2

A
]-

112 Y2 -1/2 -- l/2

A2 l12 -l12 Y2 -Y2
A3

112 -- l/2 -1/2 1/2

.
(5.1)
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                                .Define also 9 by a direet product O&Z with r the 7Å~7 unit
rnatrix. Then? with the use 6f' xE2) given by Eq.(3.i6) '

                                       t.                       tt                                                    '                                            ''     z(2) =g"'i xii(2)g' •' - --, '(s.2)
                                                    '      '                                     '                                          '                                 ,t                  '               '                              '                    '                                 '                            'proves to be decomposed i.nto feurteen rnatrices: nine lXi, twe
                                             '                                           '                                                   '2x2 and three 5Å~5 matrices. Here eight lx1 matriges stand
                                            i                  '                                     'merely for the isolated modes with' the same energy stMee =25.92 e

                                             tt                                                          'Since the degenerac' y is partialy aeeidentakfwe..shaii .below treat

                               '                                                        'them aceording to the transformation property. - '
                                                     '                                                        '                                                '     Of the sub-matrie'es the inequivaZent Qnes are given numer-
                                       '                                      'ically in Table Ir. One equivalent 2Å~2 matrix proves to be
         's51z52)s2 referring to the transformed states IA2.32'"> and

                       '                                                     'IA2.31V> in order, whe]?e . ,.
                             '                                           '             '                                            '  ' s2=(""ol Ol.)• . , . (s.3)
Two equivalent 7Å~7 rnatrices prove to be S- 31Z3(2)S3 and

S3X3(2)S3'-l with s3 given by

                                                   '                                          '             x y o o o o o -                                                  tt                        '             '                                    '            -y x o o o o o
             o-o x-y o o o       '                                               '                                        tt                                                      '   s3- •o o y x o o o .. i-g.o.:<{g.L) •' (s.4)
  '                                                            '                                                          '             ooooxyo ',.                                        /t t    '                                               '                                                            '            '    . ,o ooo-y xo - •                                                       tt                                                   '                                                '                                       tt                                               t tt          '                                   '



                                    } II-21                                        '                                                        '                                          -.                                                 '                                t-                                                             .zthe3"e the transformed matrice$ refer to the basis IA3,33+>) .

IAv33-->, lA3,32+' >, IAz.32'd>, lA3,3i+>, IAL,3i->a lA3,30> S'or the

formey and IAi?33+'>. I'A3,33">.,IAL.32+>. IA3.32">. IA].?3i'iT>.

IA3.3L-->? IAL,30? Åíor the latter. both in erder. Sin'ee.the '

equiva!ent matriees bring us the sarne eigenvalues. we have two -

doubZets and seven Criplets with re,speetive sy'mm. etries of Eg and '

:. fig• t:h:: et:yei j!S:2r;.O. t' OnS are deCeMP OS ed as 3Ag + 2Eg + 7Tg. aecord-

D' e'
fi.telh:SF::.Xti.;O:gifef"i.l.iii)iiiillE?..)IM':?lit!:hb;S gi"en by Eq•(3-z7>e

                                                  t.                                                '
     ( N/4 ) .F.y. VctM. [ ct "TGN , ym] ( O 'EIL)Y[ ct ptM"" ,ym] .ot rsf' (.e'ptE!L>

                                               '                                                     '              M"    • . = g w.M,..M-(Åí)e-i5!'.P. - ' (s.s)

          w" 'with.Ra se:attiee vector. Then blIS3)(E) :-zE3>(o.--iE+6)-may be

written down as ,
                                         '   ' [YIS3)(E)].M,.-M• • -' . '
                                         '                                        '                      '
1 . - -- :} ,i-,ziw.MMI'.:.M-(,i:,Ta:-2-)f:2fMIS- (j:2,E-e) i!n kL(,}:2'.Åí)d2s.6)

with the help ef Eq.(4.l8) with rnodifieation. where we negleet

non--diagenal eomponents of the Greents function. ' Zn the above
::ParnZSfoSiXn8;tsIl:fiiigl:l:ntth Se iattiee vecter ,:2 is the Fourier
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                      '      2fMR(j:2,E)' = (4/N)l.e.fi<.K...3E)ei3S'"]-:'2 . (5r7')

                                            'and tsL(,sc2.e> the similar one. We shaZi retain only the term

              '                             t. .with ..r-2 =. ,r.Åí. =O on the right-hand side of Eq.(5.6). 'nihen the
                                                  '                       tt                                                '                                            '                                                   '                            t .t          '                 'diagonal sum of the resultant equatiens, exeluding Mr-M-r. Ieads
to Eq.(4.18)•' Note that wdl:;ctM(O>.FWMM," .
     !n the IAiM>-s.eherne, Eq.(5-.6) with ec2 =:2.=e turns out to be
            .                                        '                                                 tt                                      '                                   '     X(3>(E) " 9"; 2fl{3)(E )9 e . ' '• ' (5•8) '
                                                      '                                                   '        '                                                            '                                                         'The expression for [Åí(3)(E)]AiM.As.lc. is given bsi Eg•(5•6) i,f

                                                  '
                '                           '      wAiMMI'Aj.bti-(,}{2)=.g. oAi6,oAi..-w.llE•:1..M-(:Åí). Ji:2=o (s-g)

               '#or worMMI'or.M.'(O). Xn the deeomposed Åíorm ef a matrix W(Dri") =

agei"•[•'2;sM"iogX,w:,h:v.2.gh':e. i:eg"l\.llEl;".; :z;:;e:s.' gl,s,,wzk,a"d

ES2) respeetively, while wi is a 4Å~4 rnatrix and gi'ven 4n [vable,

                                                          '               .t .Ill. Two equivalent rnatrices to W3 are S3W3Sil and SilW3S3•

     Thus [UR(E)]-i proves to be decomposed into

            '                                                         '      [2fxR(E>]'""l " (E "' sto)xx - Åí' x(2)'"zx(3)(E). A=1.3 •,•i•,.,{•.-f•-S- f•f-1'i'lll'i"111i'i: J•1 1 ' '"','

           . - tt lt .tt              '                                                   tt                              '                             t. .tt t                   t tt                                                   t t ttt.t.t       ' ',. ' = (E -- flo)x x' -- xx(2)' -zx(3) '(E). ' A== 2. :1 . (s.io>. ,

                                                    '                                                                '                                     'arid the equivalent' ones, where !x is a unit ' matrix.' xS2)' a' ., '.

box-diagonai matrix composed ef zS2) and s'2'i.xS2)s2. and
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                                           -- .                                                               .                                                 '                                                           '                                                     '                             '                                       '                                                           '                                           '    ZA(3)(E) ="k } iG wx(rp) i[illSMR(E--e) rmGii'<e)6e. . . As2 (s;lo

                          I..                                                    ..
                         '                           '                                                 '                 t-                         'and Z2(3)'(E> with the eerresp'onding exprepsioh..Herg [U.A.R(E)]-1

                                                      '                                          .t            'fer. "=2 has a pintlar fo.rm to Wi .shown in TaPle lrZ... A matrix

:r.X22.t.;O:k gY,.B.e.2;g.Ugig; ,t:.a,g;:iliraggpgi .Åíorm p\ appiying

                                        '                                  '                  .                                          '         -                                                             '                                        t .t               y600 . . .                                     t.                              -                                    '    '

          ' O.O• y -6
                                  '                 '               oo6 yJ
                                       '                                                     '                 '             'whenee two doublets of Eg-syrnrnetry prove to be ineZuded in

t2i2R(E)]-l. (see aiso Appendix A). -
                                                    '    <b) For libron it is also worth whiZe to examine the 2sl=O
 'soZutiens, beeause accuraey of our roton soiution largely :
         '        '                                                            'depends Upen that of libron one. .
     zn the deeomposition of xE2). we have two inequivaient

matrices z52) and z52) in aeeord with the designatiohs in (a).

                             ttbeing given numerieally in Table :I.. ' Two equivalent matriees
to zS2) prove to be s zS2)' s-i..and s-izS2?s. 'referring re-

speetively to IA3,ll+>,IAI,U-> and IAL,ll+>. IA3.].L'->. both in

ordere'HgTe. s = (l '"II) with x. y given by Eq.(s.4).I

                    '   '                                             '                           '     The ma.trix W includes two inequivalent submatriees W2 and
w3 whose respective simnarities to z52) and xS2) are compiete.

                  '
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                                                               '                                                                 .                                                              '                                                         '                                             '                                                             '                                 t+             t.as shown numerically in Tabl.e !I!. Two equivalent matrices to

W3 are SSv3s-l and s-lw3s.. •. .
                               '     Thus [eL(e)]-'l proves t'o be deeomposed" into

                '     [2fxL(6)]"Z = (e--ulo)rA -zx(2) -Et(3)(e}

                     '                   '                '                                                       '                                   '         '                                                            '                                                                   -             i" ÅíA(?)[(e+tuo)Z'), +z),(2) it),,(3)(-e')J'ix)t(2). )l=2.3

            ' ' ' '• <5.l3)and the equivalent ones, where ' .
                                                  '                                    '                                            t .t                                                  '                             '             '                                                              '     xx(3)(e) ;}s -- i} wx icoZfL(e-e') xm 'GVL(s')de' . (s.i4)

                                           'In writing down Eq.(5.l3) we use Eq.(3.5). OUr Green's function
is differ' ent from the previous one5) oniy in the centent of

zA(3)(e). ." ,
                     '                '
 '

   fi6. Raman intensities and eomparison with experiments
                                   '                    '                             '                                                         '
                                           '
     By using the expressions given in Ref.4, the differential

eross seetion of Raman b'catte]eing may be written as

   i(co,iL) = 2#.43 (g)3..x.,.{ja(i)xg}.fJ (i)xg}.- it..-(pu-utO) ', (6.ii

   '                                                              '                     '                                                  '                                               '                                      '                                                            '                                   '                    '                                          '                                                                  '                       ttwhere g denote$ the electric field veetor for the incident light
with frequency diO, (RQ),"(2))' the unit poiarization vectors for
the scattered iight with propagation directienee=s<i)fuÅ~,J3L!?) and
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                                .                                 '                                                             .with frequeney al, and [g(i') K.l2Pv the v-th eomponent of the '.

second-rank irredueible VensorS construeted by a2.(t) and g. beiPg

                                            N,in accord with Eq.(2.2). rn the above expression we put . '
                                                   '                                          '                    '                 '                                           -t t      n.bp(co>': <2T)-i Ierkp.(t>p..go)>e-i(ptdt ., .' '. (6.2>-'

               •. .tu--eb ' '                                           -.                                                             '           '                                                      '       '                                                           '                                                   'Here Pv stands for the V-th eernpongnt of the erientation= . '.
                                                            t.t                                                        'dependent polarizability tensor Qf the system and is given by
            '                           .              tt                                        '                   '   '                                   '                                             '                                                    '     lv = ilp evp(Ai)Xp(Ai) ' ' .(6•3)
                                            '                   '
     Xp(Ai) = 2AX iii OAiaZya . . 1 (6•4).
                       -
with (oA.a) given by Eq•(5•1). Zn the above expre$sion$. Ax
       z.
denotes the difference of parallei and perpendicular polariz--

abilities ef a moleeule, referring to the moleeuZar axis. z
                                                         yct                                t-the surn of Eq.(2.4) over all sites beionging to a sublattiee ct.
                                '        'and the coeffieients evp(Ai) can be obtained frorn Eq..(5.4) oÅíRef.4.
            '     By retaining-only the terms linear in boson operaters.
                            '                                               'Eq.(6.4) rnay be written as • . '
                     '                               '     Xp(Ai),2Å} 'trN AX njio `"lZplO' aXin + h'ce.. (6•5>

                                            '     atA.n "Z OA.. at..(3S=O) e .'- (6-6)
                                            '                                    tt                                                     '                                  '                                                 '                                                '                 •+";here n designates a (JIG-)--state. Substituting Eq.(6.5) into
                                                            '                                       '                                                             'Eq.(6.3), we get the relevant expression Åíor Pv to roton eXeit--.
                                      t t.                            tt                                                           '                                        'ation as follo"is: •



                                    , .rl-26
                                                     '                                '     P. =(vl2:l7!105)!N A'x,(or.+Tr.+) •, . ' (6•.7>

                                              '                                                      '                                       '                        ,                                            'Here we note on' ly the folZowing ones
                                   '     '                                  '                     '
     Tr2•= rcl5 aAo,32+ '- ef3 aAo,31+ .

                                            '                                       '             t. tt +                                 '         ttt            '                                                      '                        '     rrs = 2f5 aA2] 32+ + 4aA2,3i+ :i'i 3(t aA2s3o ". i• (6-8,)

                                                   '                     '                  -.                            ,being in aecbrd with Table ZZ. Of the ornitted components} Tl

is obtained from a column veetor made of the coefficients in
                                               'T2, (!rc5,-4f3). by the transÅíormation (5e3) and (T3.T4)

similarly from that in rrs by the transformation (5.4). wheve
            'the transformed vectors stand respeetively fo? the coefficient$
                                                '                'of the annihilatien operators in aceord utth the new basie

states descnibed before (g5).

     Owing to the symmetry mentioned above. one has

                                                   '                                            '                                                 '     ffvv.(tu) " fitg(te)6vv..o V and!or v' = 3.4ps . C6.g)

                              'Zn the same approxirnation as X2o was negleeted (g3 .(b)). Mtg(ut)

                          '   '                       '              '                                                         '                                                               '
                  '
     Rtg( to ) 2 - s}s N(AX)2(eBto -- 1)"X } ZM [Gt g( "') - Gtg( -co )] 1 (6-10 >

                         -                                '                       '                         '                  '                                          tt ..             '                                               '                                         '          .                                                   '                                  '                                                              'where Gtg(ee) is the Fourier transform of a retar)ded Greenfs
 '

                                    '                                      '                 '                                               tt
                                                              '                                          '                                            '                                                             '     Gtg(t),= --ie(t)<[Ts(t).T;(O)]>. ' . (6.FZ)
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                                               '            '                                                    -with e(t) the step function.. Thus the right-hand side of Eq.
                                                   '(6.lo) is evaluated by ueUizing &3R(E) given,vin Eq.(5.10).:

               .+                                                        '    Gtg(ul) = 2b[2S3B(ut)?A22+, A22+ + 8rs[Zi3R(a})IA22+.A2i+ r'r

with  lt,:`,:'.:h:s i.Ir,ii,a!e,g,i:z,:ffIzl"t of z(ol .n..) is give:,bl,,

     • 25     Ftg(tEL) " i/3 ',gi .43[{g(i)xjel}.]2 - • . (6.i3)

                       '     For the Eg-part of Z(co ,IIL) we have some complieacy due to

the transforrnation (5.l?) which is neeessary for decornposing
                   'the Greenian.- matrix "GV 2R(E) given in Eq.(5.ZO). However it wi!l

be shown in Appendix A that in the eonsidered part there should'

                                                            'exist a simUar faetor to Eq.(6.13). Therefore one rnust have

;:::;";:,z"rk•;::•fri.:f;.co.IE:l•,i. . .[2•ll]

       '                 '                           '                                    'Here neg(ul) is given by Eq'.<6.10) with replaeernent of Gtg(al>

                                            'bY Geg(co), which is the Feurier transÅíeyia of . -.,
                            '                                          tt                                                   ' ' 'Geg(t) = 'ie(t)`[T.g(t)".t.g(O)]' . x.g.='"lf2T'2 . (6.]-6)
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                                                               .                                '            '             'It is needless to say that Ggg.(oo) is obtained from Eq.(5.IO); .'  '

     In Fig.7 we plot the differential eross seetion$ eo.mputed

separately for Eg and [Vg. which is the ave]?ag.e over two sets of
:u.;:..?gg ?xg,g:g;.'g;.modg:. ;g.X2: g2gXgei:'Cgl ::P:'.:2:;'22,..,'

2.ngrke.:?:? With the .9xperimentai ones,9) whieh are diso shewn i.

                            i-     As ean be seen in the same figure we have eonsiderable •
overZapping between Eg- and Tg- spectra. Hardy et al (HsM)9) '

resolved the above two components of spectra by the Åíollowing

way. ,They set the ineident light to be parallel to the [lli]--

axis of the crystai, whieh is ehosen to be Z-axis. and observe

the intensity of scattered lighr along X-axis. Zn the above

arrangement they get four kinds of seattering data: [XY]. [YY],

[XZ] and [YZ], in which, for in3tance . [XY] stands for the

intensity of scattered light with polarlzation parallel to the

Y-axis in the case when the polarization of incident light is

parallel to the X-axis. Thus HSM have observed fer libron that

either Eg or T g is suppressed in certain linear combinations of

[XY], [YY], "', being applied to resolution of the roton speetra.

The suppression formuZas will be diseussed in Appendix B. .,
     In Table ZV we reeapitulate our theo]?etical results. includ-

ing the Raman inaetive modes. T]e omitted.IE=e modes with higher ,.

i.ne:fi\,9"2..S:.:U;2,2".Z#2e:2g,gxe,gg.eg:g.iggfabieineregseof ,,
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                                       '                                                       '                                          -.
                               '
    Let us finally look into the libron exeitation. For this ease

                       tt .     P. = (i!i!:715) VN A2 (rr. "TS) . (6r17)
                        '                     '   '
in plaee of Eq.(6.7), where one has

                                                           '                                                       '                                                          '                                                            '                                '                              '    'ir2 = ""1:3i7 EiAo, n+ , Ts = aA2r ;z4' '. . ' (6.'i9 ). ', ':

                                                    '                                                              'in place of rpq.(6.8). Thus tttg(co) is written sirrtilarly as Eq.

(6elO), in whieh [Gtg(co) e- Gtg(--al)] should be repiaeed by

        '      [Gtg( co) + atg( ol> a' Gtg(bco) " at g< '- al)] • ' . (6e i9)

                                                '               '     AHere Gtg(al) is the Fourier tran$form of the retarded Gr}eents

                                            '                       '         'function -                      '              '                                                          '
                         '     atg(t).-= -ie(t)<[Tts(t),Tg(o)]> .. (6.2o)
                                            '                 '    '                                             'With the help of Eq.(3.4) in the retarded form. we get .'  '
                                                            '                                  '                                              '    Gtg( co) + a, El( ee) - [{i - [(to+too)r3 + xS2) + z53)(".) ]-ixg2)} '

                                     '                       '                                   '                                 '                          ' G3L(co)]A21+.A21+ '..(6"21)

                                                  '   '                       '                                           -in aeeord with Eq.(5.l3). The cerresponding exPressi6n for

                                                             '                                    '                                                       '                                  'Eg, may be omitted. • '
     The eorr!puted results are shown in Mabie V. Fe]? the excit-
ation energies the resuzts by cozl and Harris (cH>5) is somewhat

                                                        '                                                            'eloser to the experiments than ours, whUe for the Raman
                   'intensities the situatiens are reversed.• CH obtained a larger
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                                -                                         '
                      '                                                 'ene?gy depress' ion of T8) whe]?e their seif-eonsistent equation

is eonfined to the k=O manifold, resulting frorn a simple pole
                                                         '                                                        'app?oximation to the self•-energy part.
   '                                                               '     Throughout the present part we have neglected eontributions

                    t.:.f,i:I,g:d. zx,rg2A,-6 :2.eg g'.g."gg.g•::gigig.z;.gm.g;g,go,f,sg?2,gon-

However the' net effect is sbown to be small as a resuZt of

caneellation. The result is given in part :V.
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     In

ehosen
       a -e O''d
      -e b'd O
                       -•-----)
       O•d ac
       d .O c' b

Aeeordingly, we shall introduce
                             '
                        '   al+ = YaAo,32+ + 6aAo,31+ .

                           '
   al-- = YaA2,32- " 6aA2,31P ,

                  'Note that the sub-rnatrix of 2\2R

l2->} must be equivalent to that
                        '        '     Conside]? an operator Q=Tlu
 'Eq.(6.8) and wirh uv = {n(i) Å~ E}v

        '                             '
     Q = (,l1[Zi5y-4,1:376)u2al+ -- (v'ili:-E'56

     '         '      '                                '                 '       - (,lrr5y-4f36)ulql. - (vtilrE56

        '
with the heip of Eq.(A.2). We

by G(A,B) =.-ie(t)<[A(t),B(O)]>.

               Appendix A

 the transformation Si given
so' that the matrix [1\2R(E)]-l

    by Eq..(5.12), y and 6 are

                             '     may be transforrned as

 s O b.• d
       '    '     'p o e d- O . (A.i)
 o die. o • •
                   ' '     oo e' • d
                  ' '
the following operators

    '
    a2+ = 6aA2,32- + 6aA2.31'-

       '                 '       '    a2- = -6aAo,32++YaAo.31+

         '                       (A.2)
referring to {Il->,

 referring to {I1+>.I2+>}•
           'z+T2U2 With Tv defined by
                 '. Then we have .
                 '   tt        '          '                     '  + 4 f3Y) gla 2+

         '
       '              '  +4vl:3i7y)u2a2- (A-3)
                        '      '                  '               '             . ..shall now intr}oduce G(A.B>
                   '               '                  '          '  Then -'          '                        '

'

.
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                                                '                                                    '

   = (v':i[Zisy-4f36)2u22 G(ai+,az."+) + (,1:['isr6 +4,li3i7y)2'u3G(a2+.a2 1)

    '         '   ; .( AiS5y,-e 4!:3i76)('i:['i576 "4v'lty)ui",2. {G(ai+,a2/;). /i1 G. (a24-z'::li. t:ll

          .                                                 '                                        '
:h.e."2.t.hieiyO:itt.e.g.te;. 2 bEqel?:Z?ff to the subspace {p->.l2->}

     .Owing t.o the equivalent form ef sub-matrices we may put '

                                  '     G(an+,ant+) " G(an-,ant") , n,n = l, 2. (A.s)

which tells us the third term in Eq.(A.4) to be eancelled by

the corresponding term in the other subspace. Zn this way
G(Q,Qt) proves to incZude ul?+u22 as a faetore

    '                                             '                                       '                     '                        Appendix B
                                         '
                                        '                            '                                                      '                                              .                 '   ' Aecording to the frame of HSM's scattering experiment

deseribed in g6, we may put e=arecos(11vtr3), tp =3T!4 in the
expressions for {n(i)Å~E}v =- uSZ), whieh wer'e given in g6 of

Ref. 4.t) Here (Åë,e,V) denote the Euler angles. by which

:.:e,XgYit.:.i.i,ig.eS-:.;:g ;.ei2gfed gfl.gh:."g2,ic axes is speeified



   [:-ll])

      (2)
   [:l,?)]

for the E        g
      (1)
    U3
      (l)
    U4
      (1)
     U5

      (2)
    u3
      (2)
     u4
      (2)
     U5

for the T

     In

and the

light

referring

mind, one

l/8, l/8,

        g
       the

assoeiated

       polarizatzon

     respectively

              t . ][-33                       ,                                               '                                     '                                      '                   -
                  '                                                '
                                   '

---
af2ig'$ .c2.:.$)(ii.), ,,.l,

                                       '
               '                                       '

-e"
oml.i'..,[pt.i'iXi$2::iX)(il) `B2'

             eos(Åë+ct) sin(Åë+ct) fEl) .
  F f? cos(Åë,+2ct) sin(Åë+2ct) .(E2J, (B.3)

             cos Åë sin Åë

='p
2i

,tr3 Iill:ii$l:l lll:::2,l:l:l [ilj

             -2 sin 2Åë i+2 eos 2Åë (B.4)
                                  '                 '
               '
-- components, where ct=2T!3" .
  above expressions, the electric field vector

 with the incident light is defined by (El.E2,O)
                   '       ' vectors assoeiated with the seattered
        by n(i).=(o,o,-i) artd n(2)=(o.i,o), aii
                                '              ' ''to the laboratory frame (XYZ). Keeping these in

easily eva!uates Feg(n) defined by Eq.(6.l5) to be

l/4, 1!4 respeetively for [XY]. [YY]. [XZ], [YZ].
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                            tt.assuming E= (.1,O,O) or = (O,-l,O). In evaluating Ftg(n) .
defined by Eq.(6.l2) we notice Zm2o exp(imor)=O; Ftg(n) =116,

1/4, l/i2, 1/l2 respectively f'or [XYJ. [YY], [XZ]. [YZ]i
   ' Therefore [xy]-il[xz]. [yy] -• ll'[yz] suppress Eg.whiie

[xz]-ll[xy], [yz]-l;[yy] suppress Tg. [ehe eorresponding .

                                         .experimental results ar'e [XY] - Q.53[XZ], [YY] •- e.57[YZ] for
                                                       'Ihh.dtSgPfPligi;gO" Of Eg a?d [X4], - O•60[XYIr [YZ] -- o•4s[yyl. ,fo]T
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Table Z NumericaZ values pf     a)
w"m '

M
M'

e

l

z

2

2

3

3

+

+

+

o 1+ ]• 2+ 2 3+ . 3

 9•7

ll.3

ll.3

28p7

28.7

31.6

31.6

 6.7

19o3

21.6

l3.0

13eO

30.6

30.6

.6e7

2 Le6

]-9e3

13eO

l3.0

30.6

30.6

22e7

ZO '. 5

ll.1

29.5

IZe1

l2e6

i2e6

22

11

10

ll

29

l2

12

e

e

.

.

`

.

.

7

1

5

]-

5

6

6

4

4

5

5

6z

'Q

eO

eO

•5

•5

e9

o

  o

 4eO

 4.0

 5•5

 5•5

  o

61e9

a)

of r

Estimates up to
2
 .

the nearest neighb ors are glven in units
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Table II Inequivalent matriges for' zl52) in the IAi.M> scheme

and in the k=O limit.a) ' ,
          Vvv                                           tt                      '                                                 '

  . 'IAo,33+' IA2)33-' l'Ao?30>' IAo,32+> IAo.31+S

,,,,,, 25 6.92. -,,9,, g','.',s2),c-':lg;- :glg,2]

            O •O -8.92
                           '
              '   . Åí(2), '
  3
 IA2,33+' IAg,33"> IA2,32+> IAo,32-' IA2,31+' IAo,31'-" IA2,30'

  25.92             oo                              oo                                                oo                                                             )
                           .i       '

    o O 14.63 O.85 2.14 -7.61 O.33
    O O O.85 l7.30 7.61 3.38 -7.91
    O O 2.l4 7.6) 5.94 5.44 O.29
    O O -7.61 3.38 5.44    o o o.33 -7.gl o.2g l751t75 771:77j
                                             '                 '

                           '       ' IAo)ll+> IA2'll+' IAo.ll->
  z,(2), (-6.2o) , . z, (2): ('-21?l ,#lg9 ) . ,

a) Estirnates with lattice summation over all neighbors are

given in units of r. .
b) zl(2), z2(2), z3(i2) refer to the Ag. Eg and Tg-manifolds

                                  'respeetively.

)-



Table X!X

(A) Rotonb)

with

W5(M) =

Inequiva!ent

,e)

          •+     l     'A'o/.3'2 >

 a(M)
    '
-- e(M) '

  o

 d(M)

subLmatrices

l' Ao .'3'l't-'

    '
-c(M)

 'b (M)

 d<M)

  o

of W(M)

lA2.32'b>

  'o

 d(M)

 a(M)
 e(Pl)

a)

IA2.31->

  d(M)

   o

' e(M)

 b(M)
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,

M

o

l

2

3

a(?q) b(M) e(M) d(M)

8

31

20

11

.65

•79

.45

.03

l5

55

l3

8

•56

.I4

•79

.03

l.74

l.36

3•39

o

-2

 o

4

.18

.20

•58

o

(B) LibronC)

         l Ao. Il "'>

   :W2 = (5•47)

a) W(M) is defined

b) WJ(M) and W3(M)

e) E$timates based
unit: r2 ).

'pY

are

on

            IA2,ll+>

      w3- (,gll:

      'W(M)= Z v;(MS).
     s=Å}
 omitted.

the nearest neighbor

lAo,ll""

I:Ii,l]

approxirnation (
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Table IV The .k..=O roton spectrum and Raman intensity.

Mode
a'

Rama4intensity.
b)

H.A.C)presentExp.d,e) Present
A(l)
-ig

-- 8.92-ll.7

rO•89"4•l'p4•7ij
-l.92-3.8(-4.09)
O.IO-3.0(--4.09)

9.024.43.12
l3.l25.84.45

oz.ooO.35O.14l.!22.70
oi.oo(O.74)f)(o.74)f)O.923.70

a)

b)

c)

d)

e)

f)

The energy shift relatively to the free roton value sto=IOB.

The intensities for a powder sampZe are noymalized to that of
E(l).

Ref.8 based on the harmonic approxirnatÅ}on.

HS"ff's data for p-D2 with 98% J=l rnolecules (Ref.9). The
                                                      '                                                  'values in parenthesis are not resolved.
                       'The energy shifts relatively to the disoydered state are
scaled by r=o.8o2 cm-l after Ref.g. '

The resuitant vaiue of T(i) and T(2) based on a numerieai

        . g,.                                g
interaction of HSM's, experirnental curve is cenverted inte
            '                                                       '
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Table V The .5v=O libron spectrum and Raman intensity.

Mode Bamanintensity
'

6)

c)d)C.HPresentExp. Present

EgT(l)g(2){"gt'wo-1ibron 11.29ll.4ll.3,

l4.07Z4.2l4.0

l9.5520.8l9.l
e),f)28.235.5Åí)31.IC)

.z.oo

O.25

O.07

O.21

lo-oo .oo

.26

.o6

.18

a)

b)

c)

d)

e)

f)

The energy values in the harmonic approxirnation are l3.68,

l7•73, 29.04 (Ref.4).

The intenSitÅ}es are normalized to that of E.-. '                                          g
Coll and Harris (Ref.5). ''
:gMl:,;ale.iO"..:-gz.i2gfs;)i:,"?gse.xRe,.energies extrapoiated

The value evaluated from Berlinsky's resttit (ReÅí.6).

The mean positions of the energy speetra are given. The

peak positions are 25.8r and 26.8r respectively Åíoy Berlinsky

and HSM while our peak is iocated at 35r with broader width.
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                                                           '
                                                      '                                                     '                       Figure Captions •                           +. .
                                            '                                   '    Fig.l.'Eneygy diag-ram of the k=O rQtons as a function Of
                                                   'G/r. The roton energies in the harrRonie appfeoximation (Ref•8)

aMe compared with the Raman feature of p-D2 observed by HSM'  '
(Ref.9). The crysta!line field energy Vc.is defined by
v. = .- (2/g)(4T)i/2G[y4o(sZ ) + (iO/7)l!2{-'Y43(sh) + Y4-3(st )}]•

                  J,Only the modes shown by thiek lines have sizable Raman intensity.

    Fig.2. Designation of the sublattices.
                                                '                                           (3)    Fig.3. Diagramatic representation of Z                                                 The wavy lines                                          ll '                                                      '
represent the EQQ interaction. . .
    Fig.4. cu]?ves for !fL(e) vs. Elr Herg !IL(e) is piotted in

units of r and the broken iine shows Re 3SL(e) in the rnoiecuiar

                                                        'field app]?oximation. The density of states DI'(e) in the

harrnonie approximation are also shown in the same energy scale,

whereas the corresponding ordinate is taken arbitrarily.
 . Mg.5. Effective density of states DMR(9) in the harmonic

approximation. Here DMR(sa) :- DDGsR(se) with s=Å}-

    Fig.6. cu'rves for 31oR(E) vs. (E-sto)/r and for !IM{}.(E) vs•

(E-sto)/r• [rhe both self-energies are in units oÅí r.

    Fig.7. Raman features for E - and T -- modes. The inten-                               g .g •                                                            '                                                           'sities arein arbitrarily units,. The theoretical curves are

obtained with account of the experimental resolution width 1.25
cm-l , where r=o.so2 crg.-i and sto=2gs.7s cni-i are assumed in'

               tt                                                   'aceord with the experiments on p-D2 by HS"1 (Ref.9).
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Part UI

Localized Excitations in the Ordered Solid Hydrogen

     The excitations due to a parahydrogen in -the ordered

state of solid orthohydrogens are studied. The anharmonic

processes prove to give signilicant effects on J=2

rotons. The virtual creation of libron (J=1 exeitation)

in the vieinity of roton is taken into account with the

interaetions between roton and libron, where the -pelevant

Green's funetion is determined self-consistently. The

results for Raman intensities areingood agreement with

the experiment by Hardy, Si!vera and McTague. rt is shown

that the loeal perturbation in the presence of a parahydrogen

gives large effects on libron. The concentration dependenees

of the k=O libron energy at very low concentrations of

parahydrogens are also studied in a fair agreement with the
                                                  'Raman experiment by Hardy et al.
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                   gl rntroduction

                       '                                                              '     Tn Part ul) referred to- as n,,,,a study' has been presented

                                  '                           '                                           'for the rotational excitation in the ordered solid hydrogen,

                           .tparticularly for J=3 exeitation. ' M`he ground state.of pure.
J=i hydrogen syst6m is of the pa3 structure.2''3) The dorninarit'

                                                 'interaetions betweeri moiecUies are EQQ interactions.3'4) '

                                  '                 '                                 -The rotation-phonon interaction does not alter the angular
                                                 .                  'dependenee of EQQ interactions.5) [phis effect is taken into
                                             '
aecount as a renormalization of the EQQ eoupling parameter r.
                  'r=6e2Q2/2sa5 with eQ the electrie quadrupole rnornent and .{iL '

the distance to nearest neighbors.
     It was first shown by Harris pttL a,IL.6) that libyons (J=1

excitations) are stronglY perturbed by the anharmonic processes.
                                    'With due account of the mentioned proeesses, they got a good '

agreement with experiments.7) !t is aiso the case for rotons

(J=3 excitations)sl) whe)e the anharmonic processes are

                          ttconsiderably effective in aehieving the agreement of theory
                7)with experiment.

     In the present paper, we study J=2 rotons localized at
       '                                                        'the parahydrogen site in J=1 hydrogens on the same footing.
The Raman seattering experiment7) shows four lthes'with the

                                                            'higher two lines b?oadend considerably, compared with the

molecular field theorY giving only three lines. Hardy s:tL al.
                'pointed out7) the second highest line to be mainly 12 2Å}>'
                  t).i/
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                        '        '                            'with a large frequency shift due to the anharmonic effeet•
(See Eq.(2.3) for our state as designated by IJM"->.) They

also pointed ou,t the h.ighestt broad line to be l21Å}'> comb•in'ed
                                         .with a libron, i.e. {l2 ZÅ}'> + libron}. ' ' .'
                                                          '                               . ., !n contradistinction with Hardy's interpretation, it
appears that the highest broad line is mainly l2 2Å}'>. The

broad width of it comes from the virtual processes of libron

creation. ,However there is no large frequency shift for
                            '             '                    .the considered line. This follows simp.ly from a seeond order
perturbation; the eneygy of 12 2Å}> is larger than that of

{l2 O > + libron}, while it is smalle? than that of
{l2 2Å}} + libron}. The energy shifts due to these energy

                                                          +leveZs eaneel each other. It should be noted that I2 2->
combines strongly with {l2 lÅ}> +libron} through the anharmonie

'term, because they a]?e nearly degenerate. While this gives
                                                            'the highest' line, the second highest iine also comes from .
I2 2Å}> strongiy combined with {l2 O> + libron} again through

the anharmonic term with eonsideyable lowering of the energy.

The situations are shown in Fig. 1 sehematicaUy.
                         '     The local perturbation in the pyesenee of impurity gives
    '
large effects on libron, though no loeaZ mode comes out.
                                                  'This change of libron state in turn affects roton.                                                      This

effect is also taken into account in our study.

     The above effect"gives rise to change of k=O libron if
                                              vtw`
                                                        ..tthe coneentration of parahydrogens is finite. The
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                .t t                                         '
eo'ncentration dependenee of the libron energy thus produced
is studied in good agreement with the' Rarnan experiment.7)

                                  '                                    '                                     ':2fit;g:2.g:egtf hi$ubmgtenieseo.nfined to the system at very iow

                                  t tt                                                tt                                     '
     Our Hamiltonian is described in g2. Xn g3. we diseuss

the local eharacter of libron in the presence of a J=O molecule.
                                      'g4 is devoted to the study of J=2 excitation. !n g5, the
           'Raman intensity is evaluated in agreement with experiments.
                                        'The concentration dependence of the energy of,l,E,.'.-O libron is
                                    '                                                  'studied in g6. '
                             '
                      g2. Hamiltonian

                                   '                                '     The rnoleeular configuratien in the ordered pu?e J=l

hydrogens is a fcc lattiee consisting of four sc sublattices.

We choose new coordinates systems with z-axis parallel to

the molecuiar direction, which is diyeeted along ene ef four

body-diagonals as is shown in Table I.
                                                       '                                 '     rn the loeal frarne. EQQ inter'actions a]?e written as
                                          '                     '                                                        '      HFjZ.2 vlv Zu(j)fyv(j.,Åí)Zv(2) , (2.l)
                                   '                           '                      tt                                          '                                     '                '                                       '                                                                tt             '                                                            '                                             tt     ( .Z sl ), " ( i}[/t,) 1(. 2 [ ( " l' ) Y 2 2 ( stj ) " ( il ) Y 2 -- 2 ( shj ) ] ' . . '

                                             '                                     '                                                           '                                                 '                                     '                                             '        '     ( Z. 34 ) = (l{/ÅÄ) l/ 2 t ( - l )y 2 1( stj ) + ,( ii ) y 2 - 1 ( gj ). ] .
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                                 '
       zs = (!Ig'!-)i/2y2o(stj) , ,L ' (2.2)

              '                                                      '                                       'where Y.2m(stj) denotes thespherieal harmonic function with stj.,.

the orientational angle of the molecu!e at site j. . The

coupling parameter r is included in fyv,(j,Åí), a function of
RjÅí with the distanee dependence .Rj2-5• • '.' 1'

     Let us introduee the real basic states by '
                                                             '  '                                                       '    {::lgM-">.} - ilS '{,(-l•)(-i)My,M(st) + (l• )y,-..(st)} , M>o '

                               '
                                                   '    `stIJO'=YJo(st)' (2•3)
                  '                       tt                                                '
Let us then consider the system with a parahydrogen substituted

into the matrix of J=l system. Zn the approxÅ}mate ground
state, all molecules are inIIO>, exeept the origin with state
 'IOO>. Zn order to get the elementary exeitation, we adopt
the boson' ic representation: ' '                                   '  '
                                             '  Zp(j) =,,;.{`MlZvl"'[aA(j)(fptan(j)6.o + al (j)a.(j)] + h•c•}

                   '        + iR{<mlzulm> - <OIzpIo>}ath' (j ),a.(j) ÅÄ <olzvlo>, - (2.4)

                                                       '               '                                 'where f = (i--z alt(j)am(j))i/2. Here in the ease of jso,

ln> stands for IJM> with odd J-number and iO> for PO>.

At the origin, ln> stands for IJM> with even J-number and

IO> for IOO>. (The inelusion of ao which must have no sense

is due to a formal simplicity.) We assume that a                                                    (j) and
                                                  n
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aX(j) satisfy the boson commutation relations.

     (a) The case when the parahydrogen is in J=O state•

In this case, one has zp.(j) = O for j=e. It is herd noted'.
                    'that in Eq.(2.4) for jtiO ln> i$ restricted to J=l maniÅío.!d•,,.

because the energies of J=3 states are highe? than those of

J=l by 10B with B the rotational eonstant. From Eq•(2'. e).' '

we ebtain •                                 '                           '
      HL = Eo + HpLure + Vl + V2 + V3 + '"' ' ' (2'5)

  '                                                          '
Here Eo denotes the energy of the approximate ground state,
and }t[ pJ ure the HamUtonian of pure J=1 hydrogen system as

classified into the quadratic, cubie and quartic terms in

boson opevators:
                            '
                       '  HpL... " H: +1 Hg +1 ''' ,

  HB = } z z.z{<mlzvlm'> --- <iOlzvliO>6mm.}fp2(i,j)

        ij mm p, ,
                                      '                   ' <IOIz21IO>{aM(i)a..(i) + h.c.} ,

                                           '
                  '     + 21. ij mZ. uÅív`rnlzvlio>fvv(i,j)<nlzvlio>

            '
                                                  '               - 1'{aM(i) +a.(i)}{a:(j)+a.(j)} , (2.6)

                                       '                                                    '    '                                   '                      '            '  Hg = ll IFj vFv !il,.n fMIZvliO'fpv(i'j){`m'lz.vin' M `iOlzvlio'6m..}
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                                                             '
                                                             '
                                               '                 {alll(i) + a.(i)}{a.t(j)a.(j) + h.c.} . (2•7)

                                                            '                     '
The te.rms of 'Vi, V'2iV3? ...• stand for the Xocal pertu?batiens
                                       'in the presence of a J=O molecule. Here Vl is written as
                     '                       '                                           '                      '                                                            '  vl• = - Jz. i:i <mizullo>fp2Sg',O)<IOIz2110>{alt.(j) +am(j)}(.s.sS .

                                        tt           '                                    '                                                                'and we similarly have V2 and V3 which in reversed sign are .
                                                         'merely a sum of the two terms obtained respectively from Eqs.

(2.6) and (2.7) if we put i=O or j=O. Here we use
4 fv2(ij) = O for piE2•3) Note that the ereation .dnd annihiiation

Joperato?s assoeiated with tnÅ}> can aiso be effective for the

                                                             'parahydrQgen=si.t.e due to ou]? division of the HamUtonian.

     (b) The case when the parahydrogen is in J=2 state.

In thi's case, frorn Eq.(2.4) we obtain
                        '                         '     Zu(j=O) = i,Xi,.`2rrilZuI2M"{bth(O)b.'(O)+h•e•} • (2•9)

                                      'If one substitutes Eq.(2.9) into Eq.(2.l), the co]?rection
                                              'terrns to Eq.(2.5) come out as follows:
                                  '                               '            '   '    HR = 6B z bl:(o)b.(o)+HS+Hg+H{i+••• , (2.io)
            m

    HS = ill, g. <2mlz2l2rn>f22(O,j)<ZOIz2lio>bl (o)b,,(o) , (2.ii)

                               '                                          '        '                                  '    Hg = 2i ,IIi,. i vEv Z `?,ml zp l 2m'>fp.(o,j )

                      tt          • <ln1z. bO>{bl (O)b..(O) +h.c.}{a:(j') + a.(j)} (2.l2>
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     Rl   'H4 " 1[i rji,t JZ• nÅín. `2M l Zv l 2M" fyv(O'.j )

                                '                         '
                                      '                      ' ' {<l' n- l zv l ln,'> - <IO l zv. 1'l-O>6nn.'}

                                   '                            tt                                                '
                                         '            ''.{bA(o)b..(o)+h.e.}{a:(j)an.<j)+h.c.} .. (2

                      '                             '!n the above expression 6fi denotes the ereation operatot

                                                 'defined by blXIOo> = l2m> . we note that Eq.(2.n) cor•-

                                   '                                               'responds to the molecular field energy.

                      g3. Lib?on

. I3 )'

as

     We shall for a moment ignore the linear term Vl, which

comes out due to presence of impurities. rphe effeet of it
has proved very small, 8) as win be discussed in Appendix A.

     In the presenee of an impurity, let us introduce the

temperature Green's funetion
                      '
                                '                         '         Gm,m.(j,j';T) = - <TT(am(j,T)amt(j'.O)> ,

                        '

         a,,m.(j,j';T) = - <7].(alll(j,T)a.t(J''.o))> . (3.i)

where j and j' denote the rriolecular site. Here
                     'am(j,T) = exp(TH)am(j)exp(--TH) with T the imaginary time.
                                                     '       '
We also intveodiee the I"ourier transform of Gmm.(j,j';T) by
                           '                                                 '                  '                     '     Grnln'(j,j';aln) " I: eibonT Grm,.(j,j';T) , (3.2?
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                 'where tun' = 2TriIB and B-1 = kBT •''  .
                                            '     For a pure J=l system described by the Hamiltonian
HpL- ure, we introduee the G]7een's fuva'etbons.. pmm.fCj,j';ton),

    Aand, .Pmm,.(j.,j';aln), corresponding respectively to Gma.(j,j'stun)

Day" g.giy.p'ggllg[i.gn..)' .Referring to Fig• 2. we write d... 1...

                                                     '                               '                                                  '               '                       '    p(ee) = PO(ee) + PO(al)Zll(co)P(to) + PO(co)Z2of(ut) . (3•3)

                                                  '
                            '    F(al) l pO(-al)zu(•-al)S(as) + pO(•-co)zo2p(al) . (3•4)

                                '                                            t tt   '
Here j and rn are absorbed into the formal matrix notation.
     'In rl, we have takenthe diagonal term of Eq.(2.6) to be the

unperturbed Hamiltonian. Zn the present paper,

however, we introduee the free propagater matrix by
                                                     '
     [PO(tu)]j.,j'.' " (ito)'-l6mm'6jj' . ' (3'5)
                    '                                             '                                                       '                                    '       '

    '                                              '     Zu(co)-ÅíS2,)+zS)(co) -.' - (3.6)
                                            '
with ZSi) and ,ZS31) as defined in Fig. 2. [Ehe effect of

   '
the cubic anharmonicity is included in the site--diagonal part
[ZSi)('co)]jm,jm.', whose expression may be given by

                                           '                        '' [ZÅíi)(co)]jm,jm' '
           '                                  tt                                  '  " -BTi Åí2 ng. vvZv. .Åí.`nlFyliO>fpv(Åí,j){`mlzvln'> "- <lolzv Po>6mn.}
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                                  '
     ' <nlzv Po>fuv.(2,j){<m'lzv.In'> - <iOlzv.1io>6..n.}

                              '       '                              '                        '       '
     ' [P(co-'to'>]'gn,2n[?(to')]j'n",jn".'' ' ' (3''7>'
                                                  '                                   '                         tt tt t               'we note [zS2)(co)]jm,j.. =o if rniirn';'.. •- '

,

     We ean formally solve Eqs.(3.3) and (3.4) as

                                   '                            '    p(.)-l . pO(.) "-lp xll( ul ) - x2o{ pO(-ut ) - xll( -- at) }-I Z' o2 • (3•8)

                                  '                        '                               '                           '
Xn the right side of Eq.(3.8), Zli(co) includes P(al), and

hence the self-consistent solution or Eq.(3.8) must be solved.

The solution is obtained by a transfo]?rnation of Eq.(3.8) from
the coordinate space to the rnomentum onel) (see Appendix B.)

     By the same consideration as above, we get the formal

equation of G(co) as•
   '
       '   '              '   G-1( co ) = pO ( a) )'- .l - zli( tu) - Z26{PO (ru) )-1 - Xl i[ (-al> }Zo'2 ' (3 '9)

                                                           '                             ' 'Here Zli(to), 'Z26 and Åío5 are the self-energy parts
                                              'in the presence of the impurity, where the notation follows

Fig. 2. Needless to say, the (jm,j'm') eomponents of the

above self-energy parts should be zero iÅí either of j and j'
is at the impurity site.O. Similarly ZS)' eorresponds to

zSi) in the perefeet lattice' as given by Eq.(3.7) and vahishes

            '                 'if one of j and 2 is qt the origin. Mhe expression for
z52)' inciudes G(co) ih piace of p(al). .
                     '                '                               -1                  ' (co)]om,om=itu• This is     Xt should be noted that [G
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           'the Green's funetion at the impurity site. Here a spuriouS
                                               'reaonance comes in at zero frequency because excess degrees '
                                                             '
of freedom are brought into the impurity site.. However, the •
                                                                 .mentioned singular term can be isolated from our libron solution.

     Let us now subtraet Eq.(3.9) from Eq.(3.8). We obtaip. '.

                                                               '                          '     p"i(.) " G-i(co) = c(to) , . (3.io)
                                                       '

   [c(al)]j.,j-.. = r{<rnlz2Im> - <iOlz2liO>}{l. f22(O.i)}

                       . <10lz2IIO>6jj.6jo6mm.

   --z{<mlzplm'> - <IOlzvlIO>6mm.}fy2(j,O)<IOlz2l10>6jj.
    I.k

       '
   "' pZv `MlZu110'Svv(j,j')`M'lZvlIO'(6jo + 6j.o)

         '      '                                                           '
   +B-l.Z. nZn.vev.Z2[`"lZvlIO'fpv(2,j){`MlZvl"" "`101ZvlIO'6,,n'}]

              t'     ' [<nIzp1io>fuv.(2,j){<m'izv.In'> - `:iOlzv.IiO>6m.n.}]

     ' P2n,2n(tu')Pjn',jn"(tu"to')6jj,"(6jo+62o) ' .(3•ll)

In the right-hand side of Eq.(3.ll), the' first three terms eome

from V2e and the others from V3. The frequency sum in C(to)

is performed by the Same procedure as was done in Eq.(4.12) of U.

     In der}iving Eq.(3.U), we neglect the difference between



                                                         III-l2

                                                           '                                                     t/Åí,26{pO(--tu)'-l-Åíll(-to)}-lzo5 'and z2b{pO(-to)-l -- t,ll(-to)}'-lio2,.

because it has proved ver•y small. In Z•{i)'(to), we may atso

                          '                                          t.                                  '                         '                                       'replace G by P by the same reas on .. ''
                                         '                                        '                                                     '     In Eq.(3.!O) utth replacement of al by -ito+O+, we write

                                                  '                                  '                                                   'the Dyson equation for tlxe retarded funetions as i'
                                                          '                                                        ..                                               '   '            tt     e(.) = p(.) + v(.)e(.)tr(.) . .(3.12)
                                             '                 tt                                                 '
Here the retarded funetions are defined, for instance,' by
                                    'aS(ee) = G(-ico+O+). (The temperature is assumed. zero throughout
             '                                                            '                                                       'the present paper.)

     Solving Eq.(3.l2), we have

                                                        '                                                 '      tr(tu) = P(co) + P( co)or(to)V(os) , ' (3.13)
        'where
                                                    '      or(ee) = e( to)u - V( at )B( tu)]-i (3.i4)

with I the unite matrix.
                                                  '     In our site representation, the defect matrix e(co) is

the raost effective for the diagonai term with respect to the

impurity site, decreasing rapidly with inereasing distance
                                      '    '                                      Nfrom it. Thus the eÅífeetive site$ of C(co) can be confined
                                              'to the nearest neighbors to the origin. Then ?S(co) is a

26Å~26 matr;ix. Ac-c-ordingly. IilS(to) and Ell!(co) can also be assumed

to have the same dimensionality.
                                                       '                            '     Let coo be the bottotn of the libron band. For to<uto, both
                                                            'V(co) and the diagonal part of B(co) are negative, and hence
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                                       '                                         '                                                             '
some loeal rnodes rnay appear at the f?equency satisfying
det [1 - V(co)B(to)] = e. However no local mode appears .

accordintg to the numerical inspeetion. ' .
    ' For co > dio, we iook into -(i/24rr)jfZo ill rrn[U(to)]bm,jme' ;

This spectral density for libron at the neighborÅ}ng site is

diÅíferent from that in the perfect lattice. The result is'
shown in Fig. 3. "ihe eomputations of IIS(co) wepe peyformed

                                               'for 1.000 points in the l/8 part of k-space. ,.

               '
            g4. Localized roton at pgrahydrogen

                             '                                                    '
     Let us consider the roton assoeiated with a parahydrogen.

Consider the Green's function of roton .

     Dm m.(T) = - <[r.(bm(O,T)bint(o,o))> .' ,                                                       (4el)
                                                  '                                                         '                        'whose FouTier transform is denoted by Dm m.(al)•                                                  The total
                                                           'HamUtonian is given by

                                  '                                                   '                                                '          RR                    RL                           , (4.2)          2+ H3 + H4 +H     H=H

aceording to S2. As mentioned before, Vl in HL rnay be.

eliminated by a canomical transformation. In Appendix A,

the effect of the elimination on the Hamiltonian Åíor roton

wiU be given. Using that result we obtain ,
                                                           '     H- - HS•+ Hg + HE + HL- , -' ' (4.3)
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                   '
     HS"' = Z { 6B +<2mlz2.I 2m>{\f2,2.(O.j)}<zOlz2.l iO> +Ae.}

          m- J                                                   '                           '                                               '  , ' . •b$i(o)b.(o). (4.4)
  '           '
:gf?,%em, g#,t:g.ge.r:,SOgi;,f.i.'?M.lh2 .e]i:i?eii?n a2.:Zie :Y.

the unperturbed Hamiltonian. Thus the fi?ee propagator

matrix becomes ' -
           '
                              '     Dfut)(co) = (ico -- 6B-e.)-16mm. , (4.s)
     '                                    '
                           '
     e. = <2mlz2l2m>{jÅíf22(O,j)}<iOlz2PO>+Ae..•, (ij•6)

                            '                                  '
Let us now consider the Dyson equation as shown in Fig. 4:

     [D-i(os)]mm. = (iee - 6B - e.)6... -Zmm-(to) . (4•7) '

                                                       '        '          '
     Zihm'(to) " -B-ig. mZim2 nZin2 .Z. r!S2Xi,rn(j)Gnin2(j'j;tu')

             ' Drnim2(tuntco')rm2n2,m'(j;ee-co',tu';co) .' (k.s)

                                                '
                  (j,j;to') is the !ibr'on G]?een's funetionIn the above, G              nl:e
                                   (o)                  . In Eq.(4.8), r                                      (j) is defined byas derived from H
                                         '                        '     rli,2illi,.(j) =pÅív f,2mlzyl2mi>fvv(o)j)<nilz.Po> • (4•g)

                                   '                                              'We shall below use Eq•(3•2) for Gnln2(j,j';at')• OnlY the
site-diagonal pai?t'  of G will be taken into aecount.



                           '
     For the vertex'part, we might have

     rmn,mt(j;to-co',to';co) = rth9)m.(j)

      -3'-ifoZ"miin2 nin2Umn,mini(j)Gnin2(j'j;esM)Dmim2(w"tu") '

       '' ,' rm2n2,m.(j;to-ulpt.to";tu) ,. '- - (4•lo)

in a ladder apprommatzon (F:g 4), where U zs defzned by -

    Umn,rn'n'(j)

    = pzv <2mlzvl2m'>fyv(o,j){<nlzvln" 'b `iOlZvIiO>6n'n'}(E.ii)

In order to solve Eq.(4.10), we intr}oduee ' ,,

                                                   '                   -•1     Fmn,m'(j;al) = '-B ,coZ. miniGnni(j'j;to')

          ' Dmml(to-"to')rmlni,rn'(j;al-ut',tu';co) • (4•12)

Arid F(O)(j;co) is defined by Eq.(4.12) with replacement of .

      (o)         . From Eq.(4.IO) we have .r by r
                                                       '
              (o)     F(j ,' to) = F (j o• co) + K(j;co)U(j)}"(j;co) ' '(4`l3)

in  th :,T:.l:li.i?iT;.W.Ieig-i(X' i7.1:i.Z:e.f.2Y.., ..',,.,,,

[Phen F(O)(j;co)=K(j;tu)r(O)(j). [Vhus Eq.(4.l3) is solved to be
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                            '                                   '                    '                                         '     Ip(j;co) ='[I -K(j ,• ca)u(j)]"IK(j;.)T(O)(j) '. . (4.ls)

            '                  '                          t.
By the use of Eq.(4.l5), Eq.(4.8) is rewritten as .''

                            '     Xmm'(to) " jZ .Zi.ir!g2n)i,rn(j)Fmini,m'(j;to) • . (4•,i6?.

Equations (4.7), (4.l4), ('4.15) and (4.16) are a set of . -

equations. which will below be solved self-eonsistently.

• By the same procedure as we obtained Eq.(4.l8) of rl
   '
                    '   [ft(j;co)]mn,m'n' = - lk i: 2Srnm'(co'-E) imU...(j,j;e)de , (4•i7)

where 2((j;ee) and B(co) are the eorresponding retarded functions.

     using Eq.(4.l7), we evaluate 3f(ee) :- z(-ial+o+) by an -

iterative method, where the summation over j in Eq.(4.l6) is

taken up to the nearest neighbors of the parahydrogen.
.,..h:.h.ei.XiTf-.bC2gSllYentT:ii";&O."bf.O;.3gf.(co3.hta.s.at:gl];.i:dform

degenerate levels, as required from a symmetry reason.

In Table !I, d should be reversed in sign if the parahydrogen

site belongs to B-- and D-sublattices.
     The eomputed resu!ts for i(co) are given in Fig. 5, where

only the diagonal parts of 3ij(al) are shown. The off-diagonal

payts of 3f(w) are fairly small. !n Fig. 6 is shown the '

density of states as giv.en by -(l/T)Im[2Smm(co)]• The line
                                                            'l2 2Å}> is 6ow spiitted into two parts, where each part appears

with considerably broad width. '                                            ..                 /.F, ,
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g5. Raman intensities fQr J = O -> 2 transition

     Aecording to ll,the diÅíferential eross sect'ion of '
                          'light scattered by the system is given by

                         '                                  '        . .. I(as,A) - 2:g3 (g)2 .s.Åí{g(2)xg}.{R(2)xiEi,}..ll...(as-esO) . (s.1)

Here .I}.(i) and es(2) denote the unit po!arization vectors of the

scattered light with propagation dire' ction Åí=lt(i)xRs(2) and

with frequency co, ,liLthe electric field vector for the incident
lighp with' frequency alO, and {k(2)xk}v the v-th component

                                                        (se)of the second-rank irreducible tensors constructed by ,l}..

and E in acco]?danee with Eq.(2;2). And n                                            .(to) is defined by
                                          vv
     llvv'(tu) " (2T)-l f.-: <Pv('t)Pv)(O)' e-'itotdt ', (5.2)

                                               `                    '                                                           'with Pv the polarizability tensor of the system. .

     Let us consider the system at very low eoneentrations.

Now Pv for roton may be given by the orientation-dependent

                                                         'polarizability tensors of parahydrogens. Hence we have

       Pv=AX\Z'v (i), (5'3)               l
vifhere Ax = xli -x;L egith x" and x,L the polar,izabilities of

molecule parallel and perpendieular to the molecular axis respee-
                                                             .ttively. !Phe surrrtnatittn is taken over parahyd]?ogen sites. And
                                                            '                                                       'z' v (i) defined in the crystal-fixed frame is transformed into
                  .t
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                                 '
ouy zu(i) in the local coordinate frame by . 1'  '

                                                          '
     zG(i) =:. T.y.(ei? Åëi)zp.(O ... . (5•4)

gl 2r2.:v:gllli),,?IV::,i:,Te-b.;,e,YZE.9i,".e-f,1,9,l ,l,?9'e •' i

eorre \:gng.i:.:.;;A,s.:ggi:,.?g?la,tj;g3g.,geg2ectiveiy. -

     zs(i) = pz.T.y(ei, Åëi)<2mlz#ioo>{bgl(i) +b.(i)} . (s.s)

                                              'We introduce the foilowing function: '

     Rvv.(to) = y4.g vi. nizt Tgy<2mizploo> ' . .

                                                 '
            '                   . Tg;p.<2m'lzv-loo> 2Sili,,.(to) (5•6)

                                                        '
aftei? averaging over sublattice ct• Then Rvv.(al) = Rl(ut)6vv'

for v=l, 2 and R2(co)6vv. fer v=3, 4, 5, where .

  Rl(ed) = l!5•{l/3•B2Å}2Å}(ee)+2/3•2SlÅ}1Å}(co)} (5.7)

  R2(tu) = 1/5'{4/9'ND2'2Å}(tu)"219'Bl'l'(tu)+l/3'25oo(co)}•' (5-8)

                '
,,,.,gigS. \&Oet.ai? i;viEalk,g.[i(to)6..- for v-i, 2 a.d

    ffl(oo) = -Ni(Ax)2(g,Bto-l)-l(1/T) Xrn [Rl(ed) - Rl(-to)] (5.9)

and I 2(al) given by Eq.(5.9) with replacement of Rl by R2•
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                         'Here Ni is the number of parahydrogens.
                            '           '     Then we hdve

                               '                                               '     I( tu ,je) =, i::3 (g) 2' [2I"l (xL) rr l( co) + 3F2 (j}L) E2(ut)] (5• i.O)

                         '
                       '                                           '                                                          '                                                       '     F,(Åí) - i/2• i' z2 [{a(2)xg}.]2 '(s.ii)
        , 2=l v=l
                    '     F2(sl}4) = l/3'2il .F-5.3[{"!l(2)Xl[li}v]2 ' ' (5'l2)

                       '     Aecording to the experiment,7) we assurne the incident

light to be parallel to [l!1]-axis of the erystal, being

parallel to Z-axis, and the scattered light to be observed

along X-axis. Using the formula of Appendix B in ll,we

can evaluate Eq.(5.10) for arbitary poZarization.

     In Fig. 7, we show the calculated differential eross
                                                         ..
seetion for the polarization XY +XZ, in agreement with the
experiment.7) Here XY stands for the polarization of the

scattered light along Y-axis for the incident light

polarization parallel to X-axis.
                                  '     '         '     Table ZII shows the peak positions and the Raman

intenslties. The theoretical peak positions deviate slightly
                                        'from the experimentZ) Howe'ver we can get the fuyther improve-

ment by taking account of the negleeted effects of the order
                    'r/B. These contribUtions are estimated to be about l.5r for
                                        'D2, as are shown in Part IV.
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                                 '
   g6. Energy shift oÅí k=O libron at very low concentration
          '               '               '             '                             '
                    '     For the system of impuri'ty eoneentration x, we must take
                                                        '                                              'the configurational average of the Gr'een's function. Ci'(ee)• .

:2 tohb:.azl.XW COnCentratiOn Zimit, by the wen-known procedurelO)

          '                      '      '                               '     ee(.) rk V(.) + V(.)or(.)Q(.),- or(.) = xz orÅí(.).•(6.l)
                                             2
where NT2(to) = ek(tu) [i-pt(tu)ek(al)]-i. Here e2(al) is the

                                                 'defect matrix due te the impurlty at 2-site.
                                     '      '     By the Fourier transforrnation of 1)i(al) we obtain

                        '                                 '   [Q-i(ss,al)]..,...- " [PPi(3s.,,co)]..,..m. -ictm,ct.m-(3s,al), (6•2)

                      'where
                      '   or ctm, ct 'm' (i!E;, co ) = x( 4/N ) Z2 j [X. ] j .E..] fl! illm ,j 'm'( tu )

                       '                                       '                                                 '                                                         '                    ' exp{ik,.(sj[.] -2:.j-[..])} . . (6.3)

                                         '                              '
Here N denotes the number of lattice sites, and j[ct] stands

for a lattice site belonging to the sublattice or.

     Remember that we have brought degrees of freedom into

the impurity site for our impurity probZern. The spurious
                    'resonance associated with these degrees of freedom are '
eompletely decoupled from libron in tr(tu).

     '                    ,                    -     At finite coneentrations, however, this spurious
resonance cotiples to libron through Eti2(al) of Eq.(6.3).
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In order to reMOVe it, We MUSt iMPOSe [tr(co)]orn,orn = O fOr

the single impurity ease, because the impurity site should
                                               .                                                           'not invoZve the e-xcitation. This is sat,isfied by adding,
a riard coTe petentiai, at the imbUrity site of the formlO'

               '                                                           '         '    '                                         '                          '      AV(O)=4o iz alt(o)g.(o) ' (6-4•) ••
   '     '                                       '       'with a very large'  Ao.'  [vhus we obtain'' !Ve2(to) in the low

concentration limit. . .
     We note here that the symmetry of or(k=O.co) is the

                                                      'same as that of V-1(k=o,to). we evaluate the libron energy
                    tw                            '                                    '
                     '      E= eo(l-Kx) . i . (6.s)
          'with estimates K=i.6g.for ' E•g. o.i2 for S.l) and o.38 for T8)

It is noted that Re 3f(k=O,Eo) depends sensi'tively on Eo's,

the libron energies in the pure system: eo=IO.5r for Eg,
14.or for T(l) and 2.2.or for T(2) in aceordanee with s3.

           g g,Our caleulation is based on the neglection of the site=
                          N N2
                                   farther than the secondnondiagonal components of P in T
                                          '     'neighbors. This treatment does not make any serious error
              'for the results given up to g5, beeause the over-ali nature

of libron is relevant there. In the present problem, it is

not the case. However the error is believed to be not so
 '

large. In view of the experimental errors. our results
                         '                                                   7)seem consistent withythe experimental ones for D2:
                            (2) 'K=l.42 for E and O.57 for T            g g'

.
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                                 '                                                           '
     Appendix A: EliminatiOn Of Vl

                  '
       '     The !inear term Vl rnay be ettminated by a• well known

Xfa:Sef-Og.IHatetg9wni:th The tranSfo.rmed Hamiitonian is assumed to be

                                                  '                                                            '                                           '                                     '                           '                    '
                             '                                                 '     s = z z v.(j) {al (J') -- a,,(j )} , ,                                                       (A.1)

where j runs ove? nea]?est neighbors to a impurity.

     We replaee H in [H,S] by the sum of the diagonal

pai?ts of Eq.(2.6) and V2 in the site r'epresentation,

since they are most dominant in the quadratie terms.                                                       The
above terlns eaneells Vl, if tm(j') is determined by '
                                          '                   '
    [i;o{<mlz2lm> - <IOlz2llo>}f22(j,i)<lolz2lzo>]t.(Jt )

                                         '
        = <mlzuliO>fu2(j,O)<iOlz2IiO> , u = 3, 4 ' (A.2)
   '       '
Equation (A.2) gives lt.(j)I s O.052. Sinee Itm(j)l is small,.
the other terms from [HL,s] prove srnalz and hence ignorable.'

     If the parahydrogen is in J=2, we obtain

                                                '     [H5'S] = i. mmZ..vZv`2i"lZpl2M"fpv(O,j)<nlzvlIO>

                           L
                      ' {bl (O)b.e(O)+h'C'}t.(j) (A'3)

                  '
                                                 'fyom Eqs.(2.l6) and ('A.2). Thus we get
                                              '
            '
     [Hll,s] = i: Ae"i.' blll(o)b.(o) ', ' (A.4)
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                                                           'with the estirnates A62.Å} '---1.34F, AglÅ} -- O.67r and Aeo =l.34r.i

                                      '                                                      '              '                                                '                                      '                                                  '     Appendix B; Der'ivation Of Pjm,j.me(ee)
                              '                         '     '                             tt                     '          '                         '             '
     The Fourier transform of P. ..                                   .(es) is denoted by
                             JM. J- M
Pctm,ct.m.(k,oo),. which is identieal with Gctm,or.m.gk,al) in XI.

                                                 'We also define [Z(k,ee)]ctm,ct.mf similarly•

     By the same procedure as !, the selÅí-consistent solution
for ZSi) may be written as

                            '    [ZS2)(k,tu)]cti6,ct'rn' = ÅíL(co) 6..'6mm- , ' ' (B•l)

where ZL(ut) is given by Eq.(4.ll) in I. Moreover we have

    [ZSi) (k' tu ) ]orm, ct 'm' = tu o6 ct ct '6 mm' + [X (S) (k) ]ctm. or .m'' , (B •2)

                                 (2)where tuo is given by Eq.(3.8) and Z, L                                    (k) by Eq.(2.9) in IX.
                                                 (2)The mat?ices Zo2(k) and Z2o(k) are identified with Z L                                                    (k).
     Let us introduee sL(k) such that

     [sL(k)-iz(S)(k)sL(k)]ii.= ui(k)6ii- • (B•3)

                       '                                   'Then Eq.(3.8) gives

                     '     Pctm,ct'm.(k,al) = [SL(k)]ctm,i "[SL(k)]or'm',i

                                           '                                              '       ' ' {ieo - tuo - ui (k) - Z I" ( tu ) + Gi. (k)/(ito + alQ + gi (k) + zl" (-to ) } ,

                   ''t                                                - (B.4)

whenee one gets Pjm,j.me(co)' '



 l)

 2)

 3)

 4)

 5)

 6)

 7)

 8)

 9)
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Miable I Designation of the 'local ceordinate system

Sublattiee
x- Dire,eti'on''

of.z-a•xis
Direction
o•fx-ax' is

ABcD (o,o.o)
(o,},.}')

(},o,t)

(},},o)

(l,l,I)

(l,-Z,1)

(-1,-1,!)

(-Z,1,1)

(l,l.--2)

(1,-1,-2)

(-1.-1,-2)

(-l,l,-2)

y.) unit: the lattiee constant of s.c. sublattiee.

Table II
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Table IU Theoretical Raman results in comparison

     with experiments

'

Energyshifta)(unit:r)

Present Exp.d).e) IYI.F.A.C)
Present

-IO.2

-- 6.I

2.8

LleO

-- 8.09

-4.86

3.32

IO.09

l.OO

2.67

2.33

l.eo

2.53

Oe72

1.6o

l.OO

2.33

o.83

1.I7

a)

b)

c)

d)

e)

The energy shift is measured from the free molecule value.
                 '
The intensities for the polarization XY+XZ are

norrnalized to that for the lowest spectrum.

The rnolecula]? fS.eld approximation.

Data for D2 based on Ref.7). [Vhe origin of the enei?gy
is taken as "o =178.66em-l.

       'The energy is sealed by r=o.8oscTh-l after ll.
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             Figure Captions
                 '
                         '
         'Schema for energy levels. (a): t'he energy levels

without anharmonic process. (b): the density of
       '                          '         'states with anharmonie processes. -
                                            'Diagrams for X{i), X.o2, Z2o and ZS)•-

                            NCurves for -( l/24rr ) J. ?Zto i7 Im [G(E) ]j ,, ,j. vs • Elr •

The solid line shows the density of states in the

presence of a impurity and the broken one that for

the perfect J=l system.
                                             '                            'Diagramatic vepresentation for the Dyson equation.
                                               'curves for 3tnn(E) vs. (E-6B)/r. [rhe solid lines

             + •+stand for n=2- , the broken ones for n=1- and the

dotted byoken ones for n=O.
Density of states -(1/T) Im[f)Smm(E)] as a function of

(E-6B)/r. The area under the eurve with each value
                             'of m is normalized to unity. The sharp spectra for
m=O and m=Å}l, which are located at -iO.2r and •-6.lr.

have the area of O.96 and O.91, respeetively.

Rarnan intensities for the polarization XY +XZ as a

funetion of (E -- 6B)/r. [Phe theor'etieal cu]?ve

represented by abroken line is obtained by the ,
                                               'eonvolution with a Lorentzian instrurnental line-shape
function of width l.2scm-l. Here r is taken'to be
            .tt     '                          -l       -l         , and 6B = l78.66crno.805cm                             for p-D2 in accord with
the experiinent.7) '
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                         Part IV

         Polarization Effeet on the Exci.tatior)s

              in the Ordered Solid Hydrogen

     In the ordered solid hydrogen, the polarizatÅ}on effect on
         '           'the excitation en'ergies of k=O librons (J=1 excitations) is

studied in the first order of r/B, where B is the rotational

constant and r the eleetrie quadrupole-quadrupQle eoupling

parameter. 'The similar effect on J=2 rotons in the presence

of a parahydro' gen is also studied. The inclusion of the

polarization effect has improved the results without it.



                                  . • IV-2
                           '                        gl. Introduction

                          tt t                                       '
                               '                             '              '     In the previous parts ?eferred to as ZI and X!I, we have
                       .t                    'studied the rotational excitations in the' orderded soiid hydrogen.
      '
In !I, we have studied the anharmonic effeet on both roton .

(J=3 excitations) and libron systematlcally for pure .ortho-

hydrogen system in good agreement with the Rarnan seattering
  '           l)                Zn UX, we have also studied the localizedexperimente
                                              'exeitations (J=2 roton) due to parahydrogen. We have s.hown

a strong anharmonic effect to exist for J=2 rotons in good agree--
                          l)                              However the theoreiieal peakment with the experiment.

positions have slightly shifted from the experimental ones.
                                                               '     In this pa?t, we study the negleeted efÅíect of the first

order in r/B, where B is the rotational eonstant and r the EQQ

eoupling parameter with the similar notations to I! and III.

'The mentioned effect is important at high pressures, beeause
                                                          'r/B increases the]?e•
     First Fujio and Nakamura2) have ealculated the energy shift

for the k=O libyon by taking into account the effect oÅí the virtual

exeitation to J=3 states. However their ealculation is based
on the harmonie theory. Theh Harris et ai.3) evaiuated the'

average energy shift foy libron by eonstrueting the effeetive

Hamiltonian based on the seeond order perturbation. The

renormalized value of r, deduced from the k=O spectrum, seems
more consistent with the other expei?iments.3)



                                                                !V-3

     First, we evaluate the polarization coyrection to the k=O
      '                                             '                                          'libron modes. The average energy shift obtained from the
              '                                            '       '                         'present treatment is smaller than the previous ones by Harris
                                                         '                                         --et al. rt is noted here that the mode-dependence of the energy

shifts is rather small. Secondiy we evaluate the similar •
                        '  'g;,rg;:.xig2,12,the,fi"::g;,gf,g.=;.:!l.g:s,gn,.go.og.g;r,;e:;nl.gige,

libron is evaluated. The ?oton for J=2 is treated in g3(. .                                                                .t                  '                                  '

          g2. Correction to the k=O libvon energy
                '                                          '                             '                                       '
     Let us first consider the pure orthohydrogen (J=odd) system.
               '                                     'In g2 of IZ, we have given the representation ,for the EQQ
                 '
intei?aetions in terms of boson opei?ators, where the terms respon-

sible for the non-conserving processes in the number of rotons
                                                            '                                           .are neglected. Note that B is considerably large compared with
                                   '
the EQQ eoupling eonstant. [raking account of the neglected

terms, we shall now write down the total Hamiltonian as
   '
           '     H =. Ho + HL + }I li + Hlii. + HSL ,+ H5L +, HIiL + "" •- (2.1)

          '                               'Here Ho denotes the energy of the elassieal ground state, and
                 'HL the- Hamiltonian foT librons.' Theiy expressions have been

                           'given already. The notations follow the previous parts.
                                    '                                                       'The other terms are new and may be given by the followings;
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                                                   rv-4

                              '
 <3O l z2 l io>.< io I z2 l io> gc zB f2I2(o) .) (N/ Li ) 'i/2{c.8(o)+c.o(o)}

      ..

 = iOB I.Z.e.$(k)c..(k) ' ' ' • ;' , : ,' (2•3)

                                     '                                   '                   '                                                  ." ll[.ZB .Zn`3M1Z21ln'`IOIz21iO>f2ct2B(9){c.l (k)a.n(k,)+h.c:}

                           '    '     '  ' + .ZB pZv .Z.`3mizpliO><inlz.lio>f21g(•-k) . '

                          '                        '
         • {c.l (k)+'c..(-k)}{aBA(-k)+a3.(k)}] (2.4)

= ( 4 / N ) l / 2 kZq .Z6 [ jZ ( - i / 2 ) < 3 o l z 2 1 i o > < ! o l z 2 l i o > f g 2 ( o )

                            '         ''{c.8(k-q)a.za(q)a..(k)+h.c.}

  + (Y2) z. z <3mlzuliO>{<im'lzvlin>-<iOlzvliO>6...}
   . mm npv
      '
   . f:g(--k){cctl (k)+c..(-k)}{aBIX"(q)a3..(k+q)+h•c•}

                                                '          '                              ttt  tt
  + pZv mX..<inlzuliO><3mlzvIin">fXg(re-k) '

       '          '                       .   . ' { a . t.( k ) + a . .( - k ) } { c B lt (q ) a 3 . ., ( k + q ) + h . e , }

                '                             '
  + vX. '.i..<3mlzv1zo><3m'lzvlin>sgg(-k) '

           '                          '
   ''{c.IX(k)+c..(.k)}{cBza.(q)aB.(k+q)+htc.} ] ?. (2•5)
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        '   H{i iJ " ( 4/ig ) i2 kiq .ZB pZ. [.fi.t(-i/2)<in" I zp 4o><3Fi l z. Po>fpct.B (Tk" )

                                      '                                           '                                             '                                          '        ' {a.Ill'-(k+k"-;•q)d6/ttN<'q• )ao,.(k)+h•e•}{cB.(.k")+CBza('k')}

                    '                        '                                         '                                      '                                                      '                                                 '                                             '                           '      + z.(--l/2)<3mlzullo><ln'lzvllo>f"p'g(-k') '

                                                   '                                                         ttt
                                              '             '        " {e.R(k+k'-q)acthF(q)a..(k)+h•e•}{as.e(k')+aB.t('k")}

                                 '                        '                 '
                     '      + ,,jll .n( '- l/2 )`3M l Zv l 10>` 3M" l Zv I 10'fffvB (-k')

           '
                                         '        ' {cdl (k+kt-q-)q.il(q)a..(k)+h•c•}{cB..(k")+cBIXt("k')} ] •

        '

     In the above expressions, H5 is the primary term for the

polarization, H:in the rotational kinetic energy and HliL, HllL

and H5L the iibron-roton interaetions without conse]?ving,the
                                         t                       '                                                          'number oÅí rotons as classified by the number of operators.
                                       'The notation follows I:, where the previous annihilation operato]7

aorm(k) associated with roton is now replaced by cctrn(k), :n
deriving Eqs.(2.s) and (2.6), ' we expand f :- (i-zalXam).112 'as

                             • m. .1-(1/2)Z ata +.... And we utilize ' -
        mmm

      i fp2(i, J' )=O for 'yS2. , '. (2.7)
                                            '                    '                             tt     in order to eliminate Hi we use, the f6uowing unitary

                                                       '                                                    tt



                                                          IV-6

                                         '     '
     u = exp [ (N/4)i/2 g g.{e. 8. (o) - c.ogo)}] . (2•8)

                                         '
The transformed Hamiltonian is given by -
                                            '
                                 '                                                       '                  '                                                          '           -1 • • •' •`     H'=U HU                , (2.9)where '
     Hl!{'n = UNIHIiinU

              '      '
          = Hlii. +. IoB.( N/4) g g.2

                      l/2                                -l-             + 10B(N/4)                          Zg.{c.o(O)+c.o(O)} . (2.lo)
                         ct                                 '                            '                                           '                                    'Xf we choose g to be             q
     g ! gct = 1-olB <3olz2Ilo><lolz211o> zB fg2(o)

           =1.388 r/B, (2,ll)
t' hren Hi eaneels the third terms in the right-hand side of

Eq.(2.10). Thus gct proves to be very small, since r/B is very

small. The other parts of the transformed Hamiltonian are

                    '                              '                     '     '                                                       '     HgL'.u-IHgLu.HgL • (2.12)
           '     HRL' . u-IHRLu

      33



                                                          ZV-7

                               '       .= HgL + g l2 .\B [: <3o l z2 Po>{2< ln I z2 l ln>r 3qo l z2 PO>}

                                                '                                                         '                  ' e fg2(o)a.X(k)aq.(k) . ''
                                                '                              '                                 '                     '                                                        '                                        '                                                '                                '                                                    '                                       '        + yXv .Z..`inlzpliO><301zviin">f:g(-k) ' . ..

                                                '                                                 '        '       - e {a.X(k)+a..(-k)}{aB..;(k)+aB:J(-k)} ' '

                        '

        + uEv ,nZ.<3MIZu.IIO><30lz.vlln'f:g(-k)

          " {e,,lll(k)+c..("k)}{a,Bn"(k)+aBnS(--k)}

                                            '                                          '          '        + 2.E.<30 l z2 I iO>< 3m l z2 Pn> fgg(O) {cBIII (k)aB.(k)+h •c e }

                                                  '
                                                '        +.uZv ihZ.<3ml zyiiO><3'O.IzJ "n>f:g(-k) . ,

                                                       '                                            '                                                         '
          ' {c.IIil(k)+e.m("k)}{aB.(k)+a3"i (rk)}] + (eonstant t6ym).

                                         . (2.l3)
                                              RLWe neglect the effect of the- transforrnation on H4 .. . .

     Let us eonsider the k=O lib?on GTeen's function on the same

geOOitflgnge]a?gSyipnaitisNIith COr?eCtion terms of the orde]? T/B to the

     ffrom the second,and third tevms in Eq.(2.l3) we have the
 'correction to Yly z'"2o in the unit of r2/B as Åíoiiows.
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                           IAo,ll+' IA2,ll+> IAo,ll->
          N         Az-ui . Eg (88•P). •[V, (Zg:? . gfi:73),(2.i4)
          '              '                                                     '         A z 2 o : • E g ( i i • 3 ) ' • '. [V g . ( . g : 9 - I g : 7g ) . ( 2 . i s )

                                                                 '                   '                                                 '                                                                  '                        '!n the above expression the designation oÅí the'k=O ,k'bron states

refers to II. By using Eq.(2.4) and taking account of the

proeesses shown in Fig. 1, we also have •
                                   '                                         '
          , ' ' IAo)11+'. IZ!"2,ll+' IAo,ll-'
          N         AFII : Eg ('m38"O) Tg ( 2.g -.323129) ,(2•l6)                                            --31.6

                                               '          N         .AZ2o : Eg (-25'2) Tg (ptl21g -22o:2) g(2•17)

     By combining the second, third and forth.terms in Eq.(2.5),

we have the foUowing results (See Mg. 2):

                           IAo,11+' SA2,ll+> iAo,ll"h>
         A!lll ; Eg (-'-46'5), 11g ("'4i:s5 in3}lg) e(2el8)

                '                                                      '
In the above expression we neglect the eontribution from the
          'teepeated processes due to the first term of Eq.(2.5). sinee
                              ,      'these processes may be of the higher order. (The inclusion of

this term does not alte? the reSult signifieantly-.)
                    '     Let us further take account of the eornbined aetions of
         RL RLH2 and H4 , which a?e shown diagramatieally in Fig. 3, The

                                                        'yesult beeomes •                                  '
         AZII: Eg (279'3) [eg <29o'3 2gO.3) .' (2,19)



                               . !V-9
Zn the calculation of Eqs.(2.l8) and (2.l9). the interactions
ar)e confined to the nea]?est neighbor's• Note that Af\2o"AYo2•

                                          '                                                              '     Let us consider the energy shift for each mode. Expanding
                    '                                           '                                      tiEq.(5.l3) of U in a small parameter r/B. we have
      '
                                                    '    [?Sft(e)]'-i = (e-•tuo)] ), •- zÅí2)-zÅí3)(E) , '

          + zÅí2)[(e+wo)xx +xÅí2) +zÅí3)(ps)]"lxÅí2)

                                  '                '                                   '                   '                               '                           '                    '                   '          -- AÅí"Vii +Az"V2o[(e+oso)!x +xÅí2) +zÅí3)(-e)]-izÅí2) '

                                            '          + 'zÅí2)[(e+coo)xx +zÅí2) +zÅí3)(-E)]-iAz'X"o2

                                       '                           (2)                                 (3)             (2)                                         -1•          - ZA [(a+coo)Zx+Zx +'Zx                                    (-e)]

                 '
             ' A3Iii[(e+coo)ix+ÅíÅí2)+zÅí3)(-•e)]'-izÅí2) , x= 2.3 ,.

                                   ' (2.20)             '                      'Here the corrections to the selt-energy parts are taken to be
                                          'the Eg-part for X=2 and the Tg-part for X=3, yespectively.

We note that Eg part is 1Xl and T g part is 2Å~2 matrix. The
                            'terms in the first two lines of Eq.(2.20) stand for the zero-th
                          ..order terms as given in IZ. Let these be the unpertuybed part

and the remainders be the perturbed one. By this way we shall

perform a perturbation calculation, Thus we expand the

unperturbed matrices in e-eo, where eo denotes the excitation

energy in the zero-th order, while eo is substituted into e



                                                             XV-1O

                                            'for the perturbed matrices, The rnatriees'  eoming Åí]?om the
                                          '
unperturbed one, being linear in e-Eo, must cancel the remainders
                                                       'from the perturbed one in the sense of the average, where the
                             'average is taken over the relevant eigenvector of the
                                   '    '                                       tt                                                       '                         '                                        ttunperturbed matrix. ' '
     The resuZtant energy shifts are given by

           )= 30.0, .      Ae(E
          g

      Ae([egi)) = 32.4 , Ae([vll2)) = 3s.s •(2.2i)

                                                '                                             'in units of r2/B.

     The average energy shift proves to be 33.1 whieh is
    'eompared with 45.2 obtained by Harris et al. The diffeyence

comes from the negleetion of the site nondiagonal correction
to xN' ll and the negleetion of Y2o and tyo2 bY the mentioned

authors, as will be diseussed in Appendix. The effective

value of r is determinedbythe eomparison of our theoretieal
energies with th6 Raman experiment.i) The vaiues are shown
                                                          '        '
in Table I in good agreement with other experiments.

       g3. Correction to the J=2 localized rotons

                                '     Let us eonsider the oythohydrogen system containing

a payahydrogen as a impurity at the origin. By the sirnilar
                                                          '
proeedure as in g2, we write down the total Hamiltonian as



                                                         IV-1l'

                                                  '                                          '                                         '                           '. , H A HL + HR + hl+ HS' + Hftin t hkin + h2 + h3 +'4" 4 +' '•' ' (31i)

Here HL and HR are the Hamiltonian of librons and J=2 votons, '

whieh ar'e given by Eqs.(2.5) and (2.IO) of IIX, respeetively.

     The kinetie ehergy term of J=2 i?otons is given by the
                                                           '
first term of Eq.(2.IO) in III. . The kinetic energy of J=4

rotons and of J=3 rotons are given by , ,
                                                 '                m-    hkin = 20BZdrh(O)dm(O) ) . (3•2)
              m'                                    '                                             '     '                                                 '                                                        '
    Hfti. = 10B :jZfoCi (j)e.(j) ., ' (3•3)
                                         '  'respectively. Here we introduee the ereation operator dlt(O),

sueh that dM(O)IOO>:14m>. '
     The terms of H5, hl, h2, h3 and h4 are responsible

for the non-eonserving proeesses of the roton number and

                                              '
    hl = <20lz2PO><10Iz2llo>q f.2.2(o,j){b"o'i4(o)+bo(o)}, -(3.4)

                            J
                                      '
                               '    Hi = <30lz2liO><iOlz2liO>iijfof22(i,J'){c6'(i)+co(i)}•, (3•5)

                                                          '    '                                              '
    h2 = JZ. vZv Kl <2mlzulOO>{bill(o)+b.(o)}fvv(o,J')

         • [ Z < l n I z v 1 1 0 > { a .t(j ) + a . (j ) }

            n
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                                          '         '                                                         '
     Now we intyoduee the Åíollowing canonieal transfoi?rnat;on:.

     . s, = exp[jszeg(j){c8(J)--eo(J)} + g(o){b8(o)-po(o)}] •. (3•g)

Then w
:.h2vg-:hHg rransformed HamiitOMan , (ilio)

                                      '                                             '
                                                       'The kinetic energy terms are transformed as •'

      s-i(6B xbt                (O)b (O))S
               mm
                                '                                                                '
        = 6B zbMi (o)b.(o) +6Bg(o){b8(o)+bo(o)} + 6Bg(o)2 , (3.11)

            rn
                                                      '      s-iHlii.s = H#i. ' iOBg3og(j){Cto(j)'Co(j)} " iOBjfZog(J' )( i.i2)

,,,.,:eS,geg:g Z.:;,a)ng,:.i.:s:g:;,wi;2.i.gg,s:,eg;d terms of ,

                                                            '
      g(o) = (-i/6B)<2olz2100><iOlz21iO>Sf22(O,2) , (3-i3)

                   '                                  - .t.
. g(j) .  (-i/ioB)<3olz2l'io><iOlz2IiO>illof22(j'i) ' fOi}317i`21

!n the tvansforrned Hamiltonian, the corrections corning from

i• X'i;S, g.gn:.Z2gEZ61ig,X2g ,(:&21;.b o.tS o,i.t2e,,kg;tgr.,g;uatio"s

                                                         '
cgrpegxgog,ig.rSB..IO, gh,e,fige:Sl.:i.;.=!,"figX:•iL..,.., whieh ' -

bring us the correction linear in r/B to the energy of the
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J=2 rotons, are the followings:
                          '                                                           '             '                                                 '                  '                                                    '    s-ih3s = h3 -g(o)<2olz21oo><iO1z2liO>{i.f22(O)j).}

                                   '                                                       '                                                   tt                                            ttt t
             e [ z b fii ( o )b .( o ) +b 6' ( o ) b o ( O ) ]

                m'                                        '                             '                               '
                               '                                                     .g         + 24 X.E g(j)`2MlZpl2M"`30lZ2lIO>fv2(O,j)b,"(O)bm'(O)

             J.rnm v• ,                                .                           '                                      '                                                               '         + (remainder) , (3.l5)
                            '
where the remainders linear in ?/B are non-diagonal in the

unpertu]?bed energy levels and henee may be neglected.

     Let us consider the Green's function of the J=2 roton and

the eorreetion terms of the self-eneygy papt. Then, from the

second and the third terms of Eq,.(3.15) we obtain the cor'rection
                          Nto `uhe self-ene]ogy parts AE, being diagonal in IJM>;

                                                   '
    A(lfoo= 60e5? A3ilÅ}1Å}, == 30'3, A3f2+-2Å}=64'4, • (3•16)

                                                       '                                         '                                                 'in units of r2/B and with double signs in order. 7]he other
                                                  '                                        'pyoeesses bringing the covereetion are reprecented by the

dlagrams shown in Fig. 4. The eorresponding values are given
                        '                                      'in Table II. The net results are estimated to be '
              '                                                  '    Allioo =' 64'1, AorlÅ}lÅ} =47'3, Alii2Å}2Å} =83i5 '' ' (3'!7) '

                                                   '                                                     '                                                          '     The eurve for the Ram•an-intensity iNTith the eoryeetions

thus obtained is shown in Fig. 5, where the pr'evious result
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without cor]?ectiox is also plotted. As ean be seen in Fig. 5,
                                     '
we have aehieved ,a closer agreement with expgttiments', though

the intensity at 'high frequency side is less well.
                                                  '                                                '                           '                                                                 tt.                          '                               '              '                                           '                                                '         • ' Appendix                 '                       '                                              tt                                                   '                             '                                '
                                '                          '                                                          '                          '
     In this Appendix we shall s.how how to get the previous

results by HaTris et al• by dropping partially the diagrams

taken into account in our paper). Let us eonfine ourselves to

the site diagonal parts of the eorrection to the self-energy as
                                                    'shown in Ftg. 6. If the vlrtual creation p]7ocesses are assumed

to oceur to the nea?est neighbo?s, the estimated coverections to
                patPe self-energy fil are given in the same figure. The
correet;•on to Yll frorn the second terms in Eq.(2.l3) is equal to

77.lr2/B. The net correetion is pyoved to be 4s.g r2/B, which

is identical withtheresult of Harris et al.
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Tab 1e I Comparison

   the Raman

                '             .
 of the k=O libron

experiment

energy with

Libron energy
'' Y.fÅía)

Ex?:xlgg"t             c)b)      Theory
   (gg;h.sg:,gxg)

without J=3
corrections
     -1  (cm       )

Present
    -l (cm      )

Eg

T(l)
 g

T(2)
 g

Eg

Si)

T(2)
 g

 g.18 Å} o.os

11.35 Å}O.1

[.s.so Å}p.os

 6•75 Å} Oel5

 8.s8 Å}O.2

ll.80 Å} O.2

11.4r

l4.2r

  .8r20

ll.4r

l4.2r

2o.8r

D2

H2

o.805

O.799

o.745

Oe592
 t
o.6o4

Oe567

o

o

o

o

o

o

.

--

.

.

.

.

755

756

716

577

591

558

a)

b)

c)

                         ,Estimates of r obtained by Åíitting
                             -1the experimental ones (B=3ecrn for

are used.)

Data based on Ref• 1)e - -

Anharmonic theory given in part !:,

tg;og.egi:2g,;E:r?i;s  to

H2
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Table :! Polarizat'ion

    parts of J=2

coTrections to the

rQtons-

self-ener gy

AZQO AZIÅ}lÅ} .AZ .2'.Å}2"-

(A)

(B)

(c)

(D)

-- 13

-13

-- 22

52

e6

.1

•3

.6

-l2.5

o-22.151.6

-13

o-2255

.2

.9

.2

a) The diagrarns are

          (unit; r

in aceordanee with

2 !B)

 Fig, 4.



Fig. 1.

Fig.

Fig.

Fig.

2

3

4

.

.

e

Fig. 5•

Fig. 6.
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           Figure Captions .
                    '                               '                                       '                                         '                                    .J,                             'Diagrams for Atyll and A3f2o arising Åírom Eq.C2.4).

The solid lines repyesent the Greeh's Åíunctions of

librons andthe broken ones thoseof J=3 rotons• The

wavy lines represent the EQQ interaction.
             t'N.,Diagrams for AZu arisin.g fr om Eq . C2 . 5) . Notations
                                           '                                    'are in accordanee with Fig. 1.
Diagrams forASfll arising from Eqs.(2.4) and (2.6).

Notations are in aceordance with Fig. !. -
Diagrams for Aormm• The solid lines represent the
                                                        '
Green's functions for J---2 ]?otons and the dotted broken

ones those for J=4 rotons, The broken lines represent

                                                     'the Green's functions for librons or' those for' J=3

rotons.

Raman intensities of J=O ÅÄ 2 transition fov D2 as a

function of (E-•6B)/r in the case for the polarization

XY+XZ. The broken line ]?epresents the theoretieal

value without polarization effects. [Vhe theQretical

eurve with the polarization effect is represented by the
dotted broken line. r=o,7ss cm"1 and B=3o cm-l for
                                  '
D2 are used (See Table 1).
Diagrams Åíor Aorll relevant to the previous calculation

by Harris et al. [Vhe solid lines represent the

Green's functions for' librons and the broken ones



those Åíor J=3 rotons in the site"representation
                                         'with i and j the lattice site. The evaluated
           '            '                                     '                            'for the diagonal part of each diagram is shown

the right hand side of the figure.
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Fig•4
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Fig • 6
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