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Abstract
We determine the center of a meta-nilpotent quotient of a mapping-torus group. As a corollary,
we introduce two invariants, which are quadratic forms, of knots and of mapping classes.

1. Introduction

For a free group F, let F; be F, and let F} be the commutator subgroup [F, F_;] induc-
tively. We suppose an automorphism 7 : F — F, which admits the semi-direct product
F < Z. By meta-nilpotent quotient, we mean the quotient F/Fj = Z. This paper mainly
discusses the case k = 3.

In some cases, the group F = Z is topologically constructed as follows. Let M, , be the
mapping class group of the oriented compact surface X, . with r-boundaries, which fix the
boundary pointwise. Given a mapping class f € M, ., the mapping-torus T is the quotient
space of X, X [0, 1] subject to (x,0) ~ (f(x), 1) for any x € X, ,; then, the fundamental
group 71 (Ty) is the semi-direct product 71(Z, ) = Z. Since the Dehn-Nielsen theorem (see,
e.g., [5]) claims a natural injection DH : M, < Aut(m(Z,,1)), the study of the difference
between the image ImnDH and Aut(rr;(Z,,1)) is interesting and has been investigated in some
ways (e.g., in terms of F = Z); see, e.g., [5, 8, 7, 11] and references therein. .

In this paper, we give an observation of the difference in terms of centers. However, some
groups appearing in the study of M, , have trivial centers in many cases. For example, M, o
has no center if g > 3 (see [5, §3.4]), and m1(Z,,) = Z and its metabelianization are mostly
centerless. It is often that, if a mapping class group M, , with > 1 has non-trivial center,
the central elements can be described in an easy way. For these reasons, few invariants of
mapping classes and mapping-tori are studied so far by using centers.

In contrast, this paper focuses on the meta-nilpotent quotient F/F3 > Z and determines
the center (Theorem 2.1). Moreover, if F' = Z is a mapping-torus group my(Z, 1) > Z, we
show (Corollary 2.3) that the center of F/F3 > Z always contains Z¢; further, we explicitly
express the central elements of the summand Z? in some cases (Proposition 2.5). Here, the
point is to express explicitly the action of Z on F/F3 (Proposition 5.2).

In application, we construct two invariants which are quadratic forms and are valued in
the centers of the groups F/F3 > Z. First, we define a quadratic form from a mapping
class [f] € My; see Definition 4.2. Roughly speaking, this quadratic form is defined
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by a correspondence from the homology H;(F/F3 = Z;Z[t*']) to a boundary element of
71(Zg,1) @ ¢ Z. On the other hand, as an analogy, we give a knot invariant of a quadratic form
over Q in terms of evaluating longitudes from F/ F3>Z (Definition 3.3). We also contrast our
invariant with the Blanchfield pairing [1], which is a classical invariant of hermite bilinear
form (see Proposition 3.9).

This paper is organized as follows. Section 2 states the theorems, and Sections 3 and
4 describe the two invariants of quadratic forms. Sections 5 and 6 give the proofs of the
statements in Sections 3—4.

2. The main theorems
The purpose of this section is to state Theorems 2.1 and 2.5.

2.1. Center of the meta-nilpotent quotient of the free group. Consider the situation
that the free group, F, of rank m is acted on by Z = {t*"},z. Then, we have the semi-direct
product F/Fj < Z for any k. In this paper, we will focus on the case k = 3 and analyze the
center of F/F3 = Z (see Theorem 2.1).

In order to state Theorem 2.1, we regard the quotient action 7 : F/F, — F/F, as an
(m x m) matrix over Z, since F/F, = Z"™. The characteristic polynomial of 7 is called
the Alexander polynomial (of T) and is denoted by A.(f) € Q[r*!]. Fixing an inclusion
Q — C, let ay,...,a; € C be the distinct roots of A.(¢). We further consider the com-
plexification F/F, ® C and regard it as a C[¢*']-module; elementary divisor theory gives a
C[#*!]-isomorphism

C[t+l] C[til] C[til]
(1) F/F,®C = @ - ® B
-y (- ) (t—a)"i
for some natural numbers ¢y, ..., {; and n(’) .. ,nﬁ,’? with 0 < n(li) < n(zi) <--- < ng).

We determine the center of F [ F5 < Z as follows:
Theorem 2.1. Let F be the free group of rank m < oo. Suppose A(x1) # 0. Then, the
center of F/F3 < Z is a free Z-module, and the rank is equal to the following sum:

6 4

2) Z Z Z min(n®, n{7).

(0, )ef(i, NEN?| =1, i<j} u=1 v=1

.

The proof appears in §5. Here, as examples, we give corollaries in special situations,
which will be used in Corollary 2.7 and §§3-4.

Corollary 2.2. With the notation in Theorem 2.1, we now assume €, = --- = €, = 1 and
(11) == n(lk) = 1. Then, the rank of the center of F|F3 % Z is equal to the cardinality

#(i, j) e N? | jarj = 1}

Corollary 2.3. With the notation in Theorem 2.1, assume the existence of g € N with
k = 2g and the reciprocity, i.e., a; = a/zgl iy and Ui = by and n? = n@7Y for all i and
u € N. Then, the rank of the center of F|F3 = Z is larger than or equal to m/?2.

Furthermore, if every {; is equal to 1, then the center of F/F3 = Z is isomorphic to Z"™? =

z9.
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Proof. By reciprocity, the sum (2) is smaller than the sum Z?zl ¢; which is equal to m/2.
g O

Regarding the latter part, the sum (2) is 3.7, ny”, which is equal to m/2 by (1). |
2.2. Central elements in rationalization of the Z-action. Now let us study a rational-
ization of the group F/F5 >~ Z and explicitly describe some central elements of F/F3 > Z
(Theorem 2.5).
First, we describe the group structure of F/F3. Since F/F, = 7™ and F,/F3 = Z""=1/2,
we choose a basis {¢;}7, of F/F> and a basis {e;;}1<i<j<m Of F2/F3. As an analogy to the
exterior product, we define a bilinear map

M:F/Fy X F/Fy — F,/Fs
by setting
eiMej=¢; and e;jMe; =¢; Me; =0 fori < j.
Accordingly, we have a group operation on F'/F, X F,/F5 given by
3) (a,) - (b,B):=(a+b,anb+a+p),

fora,b e F/F,, a,B € F,/F5. It can be seen that this group is isomorphic to F/Fs.

Next, let us examine the rationalization. Consider the Q-extension of M, i.e., M : F/F, ®
QX F/F,®Q — F,/F3® Q. Then, the operation (3) makes F/F, ® Q X F,/F3 ® Q into
a group. We denote the group by F/F3 ® Q, and we later address the group structure of
F/F3® Q in details (see Proposition 5.2).

We will analyze the center of (F//F3®Q) ><Z in Theorem 2.5. For this, the following easy
lemma implies that we may focus on the elements in Z(e, 1) N (F/F3 ® Q x {0}).

Lemma 2.4. Let Z act on a group G with unit e, and consider the semi-direct product
G x Z. Let Z(G) C G be the center of G and Z(e, 1) be the centralizer subgroup of (e, 1) €
G = Z. Then, the center of G < Z is equal to the intersection Z(e, 1) N (Z(G) % {0}).

Proof. Any central element C € G < Z commutes with (e, 1) and (x, 0) for any x € Z(G).
Therefore, C € Z(e,1) N (Z(G) x {0}). Conversely, by the definition of G < Z, any C €
Z(e, 1) N (Z(G) x {0}) is obviously central. |

Now, we will give an expression of central elements, when m = 2g for some g € N. Here,
we further assume that k = 1, i.e., F/F>» ® Q = Q[r]/fi(¢), and fi(r™") = 798/ fi(r). Then,
if we expand f] as Zl.zzgo a;t' with ay = ay = 1, we have a; = ap,—j forany 0 < j < g. For

any i < j <2gand{ < g, let us introduce dfs.) € Z as follows. Let d(f; € Z be the Kronecker
delta 6;_1 for j < g, and d(l?. be 24— 1, for j > g. By double induction on i and j, we

define dg? € Z by using the formulas

¢ e .
df-_)l,j_l —aj10i-10+aj20j 14, if i<g,j<g,
(0) oo .
4) 40 = d;_) jo1 — @j-10i-12g-¢ + aj20 -1, if i>g,j<g,
lJ dg—)],j—] - aj,ld,-,l,,g + ajfz(sj',],zg,g, if i<g,j>g,

() P .
di0\ iy —aj-10is12g-¢ + Aj-20j-10g-¢, i 1>9,]>g.
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Theorem 2.5. Let m = 2g for some g € N. Suppose all £{; = 1 in (1) and the reciprocity
fit™Y = % £,(¢) (possibly fi(£1) = 0) as above. Then, the element C; defined to be
Xi<j di?ei,j, 0) € (F2/F3® Q) < Z satisfies 1(Cy) = Cy. In particular, C; lies in the center of
(F2/F3®Q) = Z.

Moreover, the center is a Q-vector space of dimension g, and spanned by the elements

Ci,...,C,
The proof will appear in §5.

ExampLE 2.6. If g = 1, then C; := (e, 0).
Next, if g = 2, the central elements C| and C, are given by

Ci = (enp + ey + (1 —ax)ex + exn,0), Cy = (e13 + ajen +ex,0).
If g = 3, the central elements C1, C,, and C3 are given by

Ci = (enn +e1p+ (1 —ar)ers —azex — asers + (1 — az)ezs — azezs + (1 — as)ess + esq, 0),
Cy = (e13 +ej5 +ajexn + ey +ajers +exp + (a1 — az)ess + e3s + ajess + esq, 0),

C3 = (e14 + ajex + €5 + aress + ajess + e3q,0).

Theorem 2.5 also integrally holds in some cases. Precisely, we have

Corollary 2.7. Regarding F/F, as a Z[t*']-module, we assume that F/F» is isomorphic
o Z[F' /A +art + - + azg_ltzg_l + 1%9) with arg-j = aj, as in the reciprocity in Theorem
2.5. Then, the center of F|F3 < Z is spanned by the central elements Cy, ..., C, in Theorem
2.5.

Proof. We can verify that C, lies in F,/F3 by definition, and satisfies 7(C;) = C; by
Theorem 2.5. Hence, C, lies in the center of F/F3; =< Z. By Corollary 2.3, the rank of
the center is g. Since the e ;-th component of C, is d;; = 6;-1¢ for j > g, the elements
Ci,...,C, are linearly independent. Thus, the center is spanned by C;’s. O

3. Knot invariants of quadratic forms

As an application of §2, we will introduce a knot invariant of a quadratic form (The proof
of every proposition in this section will be shown in §6). Let K c S* be a tame knot. We
suppose basic knowledge about knot theory as seen in [3, 4, 6]. We denote the fundamental
group 71 (S 3\ K) by mg hereafter. Furthermore, we fix a meridian m € ng.

Here, let us briefly review the (rational) Alexander modules and polynomials of knots.
Since H(S3\ K) = Z, we have the universal abelian covering Ex — S\ K. This fundamen-
tal group m(EK) is the commutator subgroup [7g, k], which is acted on by the covering
transformation . The rational homology H;([rx,ng]; Q) as a Q[*!]-module is called the
(rational) Alexander module of K. We then have Q[r*!]-module isomorphisms,

&) H\(Ex; Q) = H\([rx, 7], Q) = QIi/ /i) @ - - & Qle/ f(0),

for some non-zero polynomials fi(?),. .., f,(¢) such that f;,,(¢) is divisible by f;(?). It is well
known as the reciprocity (see, e.g., [3, Section IX]) that

fiYy =%l f(r) and  fi(x1) £ 0.
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The product fi(?) - - - f,(?) is equal to the usual Alexander polynomial Ag of the knot K.

Next, we will consider the set (6) below. Let F be the free group of rank deg(f, (7)),
which is even by reciprocity. Then, we get uniquely the isomorphism ¢ : F/F;, ® Q —
F/F, ® Q which admits the Q[¢*!]-isomorphism F/F, ® Q = Q[t]/f,(¢). In addition, since
Z = {m) has a conjugacy action on mg, let us consider the following set consisting of group
homomorphisms:

(6) Hg :={ homomorphism f : S\ K) - (FIF;@ Q)= 2Zs.t. f(im)=(0,1) }.

This set is a Q[¢*']-module and is identified with the set of Z-equivariant homomorphisms
from [7x,7x] to F/F, ® Q. Hence, by (5), the Q[¢*']-module H is isomorphic to the
Q[#*']-module H,([ng, 7x]; Q); in particular, the isomorphism class of Hg is independent
of the choice of m.

Now we are in a position to state Proposition 3.1. Let F/F; ® Q be the rationalization of
the nilpotent group F/Fy, i.e., a Malcev completion of F/F}, and suppose an automorphism
7: F/F®Q — F/F;®Q, as alift of z. Then, we have the semi-direct product (F/F;®Q)>Z.
We will discuss lifts of Hg to (F/F; ® Q) < Z:

Proposition 3.1. Let k € N. Every homomorphism f mS3\K) = (F [F2®Q)xZin
Hy uniquely admits a lift f : 11(S> \ K) = (F/F; ® Q) % Z of f such that f(m) = (0, 1).

Next, we will focus on the case k = 3 and discuss the preferred longitude evaluated by
such a lift:

Proposition 3.2. Let | € g be the preferred longitude.

(D Given a lift f: m1(S3\K) = (F/F3®Q) = Z, the target JT(I) is contained in the center
of (F/F3® Q) < Z.

(II) This JT(I) does not depend on the choice of the lift T : F/F3;®Q — F/F3;®Q of t.

To summarize, we can introduce a new knot invariant:

DeriniTioN 3.3. We define a knot invariant, Qk, to be the map from Hg = H; (E k;Q) to
the center Z(F/F3; ® Q = Z) which sends f to f(I).

If n = 1 in (5), the computation of this invariant is not so hard; in fact, since we later
describe concretely the group structure of (F/F3 ® Q) < Z (see Propositions 5.2), it is not so
hard to find fand f(I) by using a presentation of [; see Examples 3.6 and 3.7.

Furthermore, we later show that this invariant is of a quadratic form and isometric:

Proposition 3.4. This map, Qk, is a quadratic form on Hyg. Moreover, Qg is isometric

in the sense of Qi (t.(f)) = Ok (f) for any f € H.

Such a quadratic form is completely classified in [9]. Thus, after the computation of Qk,
we can obtain quantitative information from the invariant Q.

3.1. Some examples of the invariant Qx. We will explain a procedure of computing
Q. In many cases, given a diagram of a knot K with the Alexander polynomial Ag, it is not
hard to compute Q, as shown in what follows.
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ExampLE 3.5. Let us compute the invariant Qg of the trefoil knot. Notice that the
Wirtinger presentation gives a presentation of the fundamental group:

nx ={a,b,clc=b"tab, a=c"be, b=a'ca) = {a,b|aba = bab).

As is well-known, the Alexander polynomial is Ag = ?—t+1and H, (E K Z) = Z[t] /(> —t+
1). Choose an automorphism 7 : F/F3;®Q — F/F3;®Q such that F/F,®Q = Q[t]/(f>—t+1).
Then, for x,y, x’,y’ € Z, the correspondence,

ar— (0,1), br—o (x+1y,1), cr— (X' +1ty,1),

gives rise to a homomorphism f : 7 — F/F,=Z,ifand only if X' +y't = x+y—tx € F/F5.
Moreover, if so, we can verify that the correspondence,

ar— (0,0,1) € Fr/F3s X F|/FyXZ, br— (B, x+1ty,1)e Fy/F3X F|/FyXZ,

yields a homomorphism f : 7x — F/F3=Zif and only if 8 = (x — x> —y + 2xy + y*)/2 + .
Here, « is arbitrary. Then, the Wirtinger presentation gives the preferred longitude I as
a~'bc'ab~'c. Thus, it is easy to compute f(I) as

]7(1) = ﬂa_lbc_'ab_'c) =(x* - Xy + yz,O, 0)e Fh/F3 X F/Fy X Z.

In summary, the map Qk : Hx — Z(F/F3® Q xZ) = Q is equal to the map (x + yt) —

x* - xy + y>.

ExampLE 3.6. In a similar way, we can compute Qx when Hg is isomorphic to Q[#]/(1 +
at + t*) for some a € Q. For example, when K is one of the knots 41, 5, or 6;, the resulting
computations are described as:

Qu 1 QU2 =3t+1) — Q; (x+1y) — x> = 3wy + 1.
Os, : QIil/Q2F =3t +2) — Q; (x + ty) — 2x% = 3xy + 2.
Qp, : Q)2 =5t +2) — Q; (x+ty) — 2x> = 5xy + 24,
ExawmpLE 3.7. However, the computation becomes little complicated even if degAg(f) = 4,
in which case we should use a computer program. Here, notice from Corollary 2.3 that the

center of (F/F3 ® Q) = Z is isomorphic to Q. As examples of degAk(f) = 4, if K is one of
51, 6, or 63, we give the resulting computations of Qk as follows.

Qs 1 QU/(t* =+ —1+1) — Q%
(X + 1y + P22+ 0w — (P +xy +y> +wz+yz+ 2+ W, —wx + wy + Xy + Wz + X7 + yz).
Qp, : QIrl/(* =38 + 3 =3t + 1) — Q7
(x+ty + 2+ Pw) — W +2wx + x° + xy + y> + wz + yz + 22,
—2w? + wx — 2x% + 3wy — xy — 2y — wz + 3xz — yz — 22°).
Qp, : QIAl/(* =38 + 57 =3t + 1) — Q7
(x + ty + Pz + Pw) — (—w” + 6wx — x> + 2wy — xy — y* — wz + 2x2 — yz — 7%

20 — Ywx + 2x% — wy + 3xy + 2y% + 3wz — xz + 3yz + 22°).
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In our experience, we conjecture a condition of non-degeneracy:

Conjecture 3.8. Let Cy,...,C, be the central elements in Theorem 2.5. Then, for any

i < g, the composite map Hg 2, Z(F/F3® Q= 2Z) it Q(C;) would be non-degenerate.
That is, every (real) eigenvalue of Qg is not zero.

For comparison, let us examine the Blanchfield pairing [1], which is a hermitian bilinear
form on H,(Ex;Z). This pairing has been studied in a number of ways, and it has had some
topological applications; see [6] and references therein. If two knots have the same Blanch-
field pairing up to equivalence, they are called S -equivalent. We will show the difference
between the pairing and our quadratic form Q.

Proposition 3.9. There are two S -equivalent knots such that the Qg are different.

Proof. Consider the Pretzel knots P(3,3,-3) and P(9, 3, —-3) depicted in Figure 1. Ac-
cording to [2, Lemma 5.6], they are S-equivalent. With the help of a computer, we can
compute the quadratic forms as

Qp,-33); Qlt1/ (27 = 5t +2) — Q; (x + ty) —> 12x% + 30xy + 1247,

Qp.-39): QU127 = 5t +2) — Q; (x + ty) —> 6x° + 15xy + 6°.

Therefore, Qp3-33) = 2Qp3,-39). However, 2 admits no square-root in the field Q[¢]/ (2% -
5t + 2). Hence, the two forms are not equivalent. ]

3
4

X0
00
AL
ihdins
200

[
L

Fig.1. The Pretzel knots P(3,3,-3) and P(9, 3, -3).

4. Quadratic forms from mapping classes

The purpose of this section is to define quadratic forms, which are isometric over Z, from
mapping classes in M, ;.

We begin by reviewing the Dehn-Nielsen theorem. Let F be 711(Z,, ;). Choose a generating
set {x1,..., Xy} of F, where x; is represented by the curve as illustrated in Figure 2. Take

(N ¢ = [xr, x2][x3, x4] -+ - [x2g-1, X2g] € m1(Zg,1)s

which is represented by the boundary curve shown in Figure 2. Since f € M, gives an
automorphism on m1(Z, ), we have a group homomorphism M, ; — Aut(m(Z,;)). The
Dehn-Nielsen-Baer theorem (see, e.g., [5, Theorem 8.8]) claims that this is injective, and
the image is { T € Aut(F) | 7({) = {}.

Next, we will examine the mapping-torus 7'y with respect to f € M, ;. By a van Kampen
argument, we notice the presentation,
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Fig.2. The curves x; on the surface X, ;, and curves a; on the surface X, i,

) TU(Tp) = (2, xgy | L YUAGAT L g Y1 (o)) ).

Here, y represents a generator of 11(S'). The boundary of Ty is atorus, and 71 (0(Ty)) = Z?
is generated by y and {. Since the 3-manifold 7y is Haken, its homeomorphism type is
determined by the triple of (71(Ty), v, {) by the Waldhausen theorem [13]. Thus, it is sensible
to consider the relation between 71(T'y) and { in a meta-nilpotent quotient sense as follows:

Let us establish some more terminology. Assume that f € Aut(F) arises from the map-
ping class in M, ; via the Dehn-Nielsen embedding M, ; < Aut(F’). Then, the homology
H{(X,,1;Z) = F/F, is made into a torsion Z[t*']-module. The order of F/F, is called the
Alexander polynomial of f and will be denoted by A;. As is well known (see, e.g., [12]), the
leading coefficient of Ar is 1 and deg(Ay) = 2g.

Similar to (6), let us consider the Z[¢*']-module defined by the formula

Hy := {Z-equivariant homomorphism ¢ : F — F/F5}.

As will be seen later in Lemma 6.1, for any ¢ € Hy, we have alift ® : F — F/F3 of ¢ as a
Z-equivariant homomorphism. Notice ®({) € F,/F3, since { € F; by (7). Moreover, since
f(&) = ¢ by the Dehn-Nielsen theorem, ®(¢) lies in the center Z(0, 1) N F,/F5 (cf. Lemma
2.4). Next, let us prove the following proposition.

Proposition 4.1. Take f € M, as above. The map Qy : Hy — Z(0,1) N F/F3 which
sends ¢ to ©({) is a quadratic form on Hy, and is independent of the choice of ®. Moreover,
Qy is isometric, that is, for any x € Hy, Qr(f.(x)) = Qf(x).

Proof. For (a,@),(b,B) € F/F, X F,/F3 the commutator [(a, @), (b,B)] € F»/F5 equals
anb-bnaby definition (3). Thus, [B(xs), (xais1)] = G(a1) M G(Xais1) — HXais 1) M P(x)
as a quadratic form. Thus, ®(¢{) = H?:] [D(x27), D@(x2:41)] 1s also a quadratic form, and does
not depend on the choice of ©.

Since @ is Z-equivariant and f({) = £, we have Q ((f(¢)) = f(D()) = D(f({) = D) =

Q (¢), which means the isometry, as desired. O

DEeriNtTiON 4.2. For f € M, 1, we denote the quadratic map H; — Z(0,1) N F,/F3 by
Qy.

Remark 4.3. Let p : M, — S p(2g;Z) be the canonical surjection, and let 7, ; be the
Torelli group, that is, Ker(p). If f lies in 7, the space Hy is trivial; thus, Q is trivial.
Furthermore, we should notice that, if f, f* € M, are conjugate, Qr and Q  are equivalent
by definition. However, there are fi, f> € M, such that the classes p(f1), p(f2) € S p(2g9;Z)
are conjugate and Q4 and Qy, are not equivalent as follows:
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ExawmpLE 4.4. For a simple closed curve @; C X, in Figure 2, let 7(e;) be the positive
Dehn twist along «@; in M_;. Consider the mapping classes,

fi = t@)r(@s)r(es) ' (@s) (@), i = t(@)r(as)r(es)r(as)r(es)  (es) r(@).

We can easily verify that the images p(fi) and p(f>) in the symplectic group are conjugate.
Furthermore, according to the knot info [4], the mapping-tori s, and Ty, are homeomorphic
to the knot complements of 8,y and 12nsg;, respectively. Therefore, we will compute Q.
from the knot diagrams in a similar way to Examples 3.6 and 3.7.

Let us compute the Q. Asin [4], F = H{(Z,1;Z) is a Z[*']-module of the form
Z[*'1/((1 = t + *)*). Then, by Corollary 2.3, the center Z(F/F3 = Z) is of rank 2 and
generated by Cy,C,. Let P; : Z(F/F3 = 2Z) — (C;) the projection. With the help of a
computer, the composite (P + P;) o Qj, is shown to be the map,

(x+ty+t2z+t3w)+—>w2—2xw+x2—wy+xy+y2+wz—xz+yz+zz,

and (P +P;)0Qy, is equal to 3(Py + P2)0 Q. However, 3 has no square-root in ZI=1/((1 -
t+1%)?). In summary, Q, and Q/, turn out to be not equivalent.

5. Proofs of the statements in §2

Here, we give the proofs of Theorem 2.1 and Theorem 2.5.

We will suppose an automorphism 7 : F/F3 ® Q — F/F3 ® Q and will concretely
express the action of 7. For any X = (372, be;, 2i<jCijei)) € F/F3® Q, the target 7(X) can
be described as

©) T bien, Y eiei) = (D blen, (O cjer) € FIF,® QX F2/F3© Q.
i=1 i<j i=1 i<j

for some rational numbers b; and c; i

Proposition 5.1. Using the notation b and c ;in (9), let us regard b and c| ;as functions
with respect to b;, c;;.

Then, the b; is a linear function of the b;’s, and the c;;’s are sums of a linear function of
the c;’s and a quadratic function of the b;’s.

Moreover, the restriction on F,|F3® Q is determined by the formula (0, xMy —yMx) =
(0, tx Mty — ty N tx) for any x,y € F/F5.

Before going the proof, let us show Theorem 2.1. For this, we briefly review the Jordan
decomposition over C. For 4 € C\ {0} and ¢ € N, let J,(£) be the Jordan block of size ¢
and eigenvalue A. In other words, J,(¢) is C[]/(t — 1)’ as a C[f]-module. According to [10,
Theorem 2], the tensor product of J,(¢) and J,(n) has the following decomposition:

min({,n)

(10) Ja(0) ®c J,(n) = EB Jo (£ +n—=2w—1).

w=1
In addition, the exterior square J,(€) Ac Ja(€) is a direct sum of J(F)’s. Proof of Theorem
2.1.. By Lemma 2.4, the center is isomorphic to the kernel of the linear map idr, r,—7|F,/F, :
F»/F3 — F,/F5. In particular, the center is free.



360 T. NosakA

Next, we will determine the rank of the kernel, which equals the rank of the center. For
this, we denote by 7®C the extension of the map 7|r,/r, to F»/F3®zC. By Jordan decompo-
sition of F,/F3 ®z C, the desired rank of the center is equal to the number (i.e., multiplicity)
of the Jordan blocks of eigenvalue 1. As a C[¢*!']-submodule of F,/F3 ®; C, let W; be the
direct sum of such Jordan blocks of eigenvalue 1. It is enough for the proof to determine the
multiplicity of the direct sum.

We will compute the multiplicity. Consider the subspace, V, of F|/F, @z Fi/F, ®; C
generated by (x® y — y ® x) ® 1, and the T-equivariant linear map ¢ : V — F,/F3® C
which takes (x @y —y ® x) ® 1 to x My — y M x. By the definition of M and Proposition
5.1, considering (x,y) = (e;,e;) with i < j can easily verify that ¢ is an isomorphism. In
summary, F,/F3 ®z C is linear isomorphic to the exterior square of F;/F, ®z C. As in (1),
recall the Jordan decomposition of F/F, @z C as

k

FIFy®C = (B)(Jo,(n) @ Jo,(n)) @ -+ @ Jo, (n))).
i=1

Since the square al.z is not 1 by the assumption A (1) # 0, the submodule W, does not

contai_n any dirept summand of the form J,(€) Ac J (€). Hence, this W, is a direct sum of

Ja,.(n(u')) ® J(,i(nij)) such that a;a; = 1 with i < j. More precisely, it follows from (10) that

the subspace W; is isomorphic to

¢ L minGiy )

@ @@ @ Jl(n$)+n,(}j)—2w—l).

(DelNEN?] ajaj=1, i<j) u=l v=1  w=1

Notice that the multiplicity of W; is equal to (2) exactly. Since the multiplicity is equal to
the rank of the center as mentioned above, we complete the proof. O

Proof of Proposition 5.1. For x € F/F, and @ € F,/F3, we can define «,(@) € F,/F3
such that 7(x, @) = (tx, k,(@)). Since 7 is a group homomorphism, we have

(11) (tx + ty, tx Nty + k(@) + k,(B) = (IX + 1Y, Koy (X Ty + @ + B))

for any x,y € F/Fy,a,p € F>/F3. When x = 0,8 = 0, we have «,(a) = «,(0) + «o(a).
Therefore, denoting «,(0) by A(y) and «o(a) by n(a), it is enough for the proof to show that
A is a quadratic form with respect to y and 7 is a linear map with respect to a.

We will determine 7 first. Applying y = —xand S = —xM xto (11), we have

O=-txMtx+ A(—=x) + Ax) + n(—x M x) € Fy/F3.
Then, by computing the commutator 7((x, 0)(y, 0)(—x, x M x)(—y, y M y)), we obtain
(12) nxMNy—ynx)=txMty—tyrix.

Applying x = y = 0 to (11), we should notice the linearity n(a + 8) = n(a) + n(B). Since any
a is a linear sum of x My — y M x’s, 17 is determined by (12) as desired.
Furthermore, from the linearity of n, (11) is reduced to

(13) Ax+y) =Ax)+Aly) +txNty —n(xMy) forany x,y € F/F, ® Q.
Notice that the map B : (F/F, ® Q)> — Q which sends (x,y) — tx Mty —n(xMy)is a



FuNDAMENTAL GROUP, PRESENTATIONS, FREE DIFFERENTIAL CALCULUS 361

symmetric bilinear map over Q. Let B be an (i X m)-matrix presentation of 3. Then, as is
a common discussion on equivalence of symmetric bilinear maps and quadratic forms, A(x)
must be x” Bx+ Ax for some (mxm)-matrix A. Namely, A is a quadratic function as required.

O

As a corollary, in the situation of Theorem 2.5, we now explicitly describe the target 7(X):

Proposition 5.2. Suppose n = 1, i.e., F/F, ® Q = Ql[t]/ f1(¢), and that, if we expand f;
as Zl.zfo a;it" with ag = azy = 1, they satisfy a; = ayy—j for any 0 < j < g. Let bi,c;j be the
functions defined in (9).

Then, there are uniquely q; jx € Qwith 1 < j,k < 2g and 2 < i such that

’ 2
(14) ¢;j = (byy = brglai1aj-1/2 + ci1j-1 = Cim129aj-1 + Cj12g0i-1 — Aj-1Dj-1b2g

+(gijib1 + -+ qijogbay).

b,l = _ng and b: = bi—l - ai—leg

cij = (big = b2g)aj/2 + cjog = baghj + (q1,j1b1 + - -+ + q1,j2gbag),

Proof. Together with the above proof, it is enough to show that the correspondence (14)
satisfies (11). Indeed, it is not so hard to check that 7(},. ; ¢;je; M e;) is equal to

m m
E cijTeiMTej—Te;MTe;) = E Cjage1j + Z Z(Ci—l,j—l = Ci1290j-1 + Cjo1290i-1)€ij-
i<j =2 i=2 i

Therefore, we can show that the following is a solution of the equation (13):

29 Zg)aj ng)az 1dj-1
77(2 bie;) = Z( — bygbj)er; + Z Z —aj_1bj_1by)e;;.

i=2 j>i

Then, if we appropriately correct the first degree term of 1, we can uniquely detect n such
that 7(x, @) = (tx, A(x) + n(a)). Hence, the proof is completed. |

We will give some examples:
ExampriE 5.3. If g = 1, then
7(bie1+baer, crenn) = (=baei +(bi—bray)es, (ai1(b5—ba)/2+c1—b1by+q121b1+q122b2)e12).
Ifg=2and fi =1+at+ at* + a1 + 1, the list of c;j is as follows:
T(biey +brey + bzes + baes, ciaern+cizers+caeis +c3e3 + cpaes + C3u€34) =
(=bser + (by — bsay)es + (by — byaz)es + (b3 — baay ey,
(a1(by = b4)/2 + c1a = bibs + biq121 +baqi22 +b3q123 +baqiaa)en
+(aa(b] —ba)/2 + caa = babs + biq1 31 +baqi 32 + b3q1 35 + baqi 3.4)e13
+ (a1 (b5 —bs)[2 +c33 = b3by + b1q1 41 +b2q1a2 +b3q145 +baqras)ers

P
+ (arax(by — bs) /2 + 12 + cpaa1 — bybsasr — c4a3 +b1g23,1 +b2qo32 +b3qo33 + baqo 3 4)ens
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2/1.2
+(ay(by —b4)/2 +c13 +c34a1 —b3bsa; — craa) +b1ga s +bagaan +b3g243 +bagras)ers

2
+(arax(by — bs) /2 + c23 + c34a2 — b3baar — coaay + b1q3 a1 +b2q3 a0 +b3q3.43 +baqssa)ess)

Proof of Theorem 2.5. First, we claim dl(gz)g digl),

i < g, the reciprocity azy—¢+; = a;—¢ and (4) imply

that is, 0jy_j 4—¢. One observes that, if

i—1

0) 0) é’)
dl(Zg d( + Z( aag- ]61 —jt T ai- j62g J.29— K) = — Ag—r+i T Ajig = dl,i-
j=1

On the other hand, if i > g, we compute df?q - diff as

i-g i—1
Z(at 1629 Ji2g—t — A2g—j l J.2g— Z)+ Z (al 162g j2g—t — A2g—j l jt’) + Z (al 162g Jit — A2g—j I jf)
j=1 Jj=i—g+1 Jj=g+1
g i—g i-1 i-1
= Zai—j‘SZg—ﬂg £~ ), 2-j0ij2g-t = Z a2g-j0i-je + Z Qi j02g-jt
=1 j=1 jeig+1 j=g+1

=air—0-ax¢i+0=0,

which proves the claim. Next, let d,"j be the e; j-th component of 7(C¢). Then, Proposition 5.2
immediately leads to

dy;=df) . and df;=d° _ -a;,d

R P
29 11 +a,_1dj71’2g if i>1.

i-1,2g

An inductive discussion easily leads to d”j = d(‘;) by the definition of ¢; ; and the above claim. Hence,
we have 7(Cy) = Cy, as desired. Since C; € F,/F3, Cy lies in the center of F/F3 < Z.

Finally, we will show the latter part. By Lemma 2.4, the center is isomorphic to the kernel of the
linear map 7lr,/re0 : F2/F3® Q = F2/F3 ® Q. In particular, the center is a Q-vector space. By the
proof of Theorem 2.1, the dimension is g. Since Cj,...,C, are linearly independent as in the proof
of Corollary 2.7, the vector space is spanned by them, as desired. O

6. Proofs of Propositions in §3
To begin with, we need the following lemma in order to prove Proposition 3.1:

Lemma 6.1. Let G and K be groups acted on by Z. Suppose that the group homology
ng(G Z) and ng(G % Z;7) are zero. Let p : K — K be a central extension of K whose
kernel Ker(p) is isomorphic to Hy(K; Q).

Then, any Z-equivariant homomorphism f : G — K admits a Z-equivariant homomor-
phism f : G — K as a lift of f.

Proof. Consider the pullback, G, of f and p, and take f : G — K. Since H5 (G;Z) =
and Ker(p) is uniquely divisible, we have Hér(G; Ker(p)) = 0 by the universal coefficient
theorem. Thus, there is a group isomorphism G = G x Ker(p).

Here, we claim that this isomorphism is Z-equivariant. Considering the Lyndon-
Hochschild spectral sequence from G — G < Z — Z, we have H2 (G, Ker(p))* =
ng(G; Ker(p)), which is zero by assumption. Thus, since we can choose a Z-equivariant
section G — G X Ker(p), the action of Z on G x Ker(p) diagonally.



FuNDAMENTAL GROUP, PRESENTATIONS, FREE DIFFERENTIAL CALCULUS 363

Hence, the composite of the inclusion G < G and f : G — K is a desired lift. O

Proof of Proposition 3.1. We will give an inductive proof on k. Since the case with k = 2
is trivial, we may assume k > 2. Let Kbe F/Fi,; ®Qand K be F/F;, ® Q.

Fix an isomorphism mgx = [mg, k] = Z. Since S° \ K is an Eilenberg-MacLane space, so
is the covering space Ek. Thus, the group homology of 7 (Eg) = [ng, mk] is the homology
ofEK; we notice H§r(7r1(EK);Z) ~ HZ(EK;Z) =0and Hy(ng;Z) = H3(S3\ K;Z) = 0

Thanks to Lemma 6.1, from any Z-equivariant map [7g, mx] — F/F;®Q as the restriction
of f:nx — (F/F,® Q) = 2Z, we have a lift [mg, nx] — F/Fiy1 ® Q. Since this lift is Z-
equivariant by Lemma 6.1, we have a homomorphism f ng = (F/F3®Q)>Z, as required.

Finally, we show the uniqueness of f From the proof of Lemma 6.1, another lift f’
bijectively corresponds to the choice of the inclusion G — G. Thus, we can uniquely find f
with f(m) =(0,1) € (F/Fr ® Q) x Z, as required. m|

Proof of Proposition 3.2 (I). Notice that[ € H|([ng,k];Z) is zero, because [ is bounded
by a Seifert surface of E x; thus, f (D) lies in F»/ F3® Q. Since | commutes with the meridian,
f () € Z(e, 1). By Lemma 2.4, f (D) lies in the center, as desired. We show (II) later. m|

Proof of Proposition 3.4. Since the meridian-longitude pair (i, [) commutes, Qg (7. f) =
Fm~'im) = £(I) = Q(f) as required.

Next, we will show that Qg is a quadratic form. Choose a knot diagram D. Let yq, 1, .. .,
vm be the arcs of D. Here we may assume that the meridian m is represented by a loop cir-
culating around (. Then, given f € Hg, the Wirtinger presentation implies the correspon-
dence vy, — (ax,1) € F/F, =< Z for some a;, € F/F,, where we should notice ayp = O.
Then, from the Wirtinger presentation, the crossing as in Figure 3 requires the relation
fye) = fly j)‘l Sy f(yj), which means linear equations with respect to a,’s and that Hg
can be regarded as a space of the linear equations.

In addition, consider the lift ]?of f. There are b, € F,/F3 ® Q such that

Fon) = (o a, 1) € (F2/F3® Q) X (F/F, ® Q) X Z.

Similarly, for the crossing as in Figure 3, we have the relation j?(yk) = f(yj)‘lf(y,-)f(y s
which equivalently means,

(15) (b, ar, 1) = (b; = bj) +b; + nz(aj Naj) +n(A(=a)) + Aa; — a)), t(a; —a;) +aj, 1).

Here, A and 7 are the functions used in the proof of Proposition 5.1. All such equations
give simultaneous linear equations with respect to b;’s. Proposition 3.1 ensures a unique
equation on b;’s in terms of a@;’s. Since 7 is a linear function of b;’s, and A is a quadratic
function of a;’s from the proof of Proposition 5.1, so are b;’s.

The preferred longitude I € 7;(S 3\ K) is some product of y;’s. Thus, the discussion in the
above paragraph tells us that the target f(l) € (F,/F3 ® Q) = Z can be written as a quadratic
function of f(y;)’s. This means a quadratic function on H. m]

N Proof of Proposition 3.2 (II). For two lifts T and 7’ of ¢, we have the associated lifts fand
[’ of f, respectively; we will show f(I) = f’(I). Let us consider the map,

Y:(F/F30QxZ)?— F/F30QxZ; (a,n,b,m)— (b~'a, max(m,n))
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() = (bj, a3, 1),
\fyk Fow) = (b, ax, 1) € (F/F3® Q) % Z.

Fig.3. The three arcs around a crossing.

and the correspondence

g1 v = TE@, f )
Then, from (15) we obtain g(y,) = g(y j)*lg(yi)g(y ), or equivalently,
(b — b, 0,1) = (n(b; = b; + b, = bj) +b; = b,0,1) € (F2/F3 @ Q x {0}) < Z

Therefore, it can be easily verified that this g gives rise to a homomorphism ¢ : m(S3 \
K) — (F»/F3 ® Q) = Z. Considering the metabelian quotient of g, this g factors through
H, (EK; Q) = Z. As mentioned above, the class of [ in H; (EK; Q) < Z is zero; hence, g(1) = 0.
Since g(I) = j?(I) - ]77(1) by definition, we have JT(I) = ]77([), as desired. m|
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