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Abstract
In this paper, we re-compute the cohomology of the Morava stabilizer algebra S (3) [12, 16].
As an application, we show that for p > 7, if s # 0,1 mod (p), n # 1 mod 3, n > 1, then {,y,
is a nontrivial product in 7.(S) by Adams-Novikov spectral sequence, where ¢, is created by R.
Cohen [1], y, is a third periodic homotopy elements.

1. Introduction

In this paper we adapt the well-known framework of classical Adams spectral sequence,
Adams-Novikov spectral sequence and chromatic spectral sequence, as described in [11].
Fix p an odd prime. Consider the corresponding Brown-Peterson spectrum BP, of which
the coeflicient ring 7.(BP) is denoted by BP,, and the BP-homology of the spectrum BP
is denoted by BP,.BP. There is a well-known Hopf algebroid structure over the pair (BP.,
BP.BP).

Let K(n). be the coefficient ring of the n-th Morava K-theory, X(n) =
K(n). ®pp, BP.BP ®pp, K(n)., and S(n) = X(n) ®kn, Z/p be the n-th Morava stabilizer
algebra. X2(n) and S (n) have obvious coproducts induced by that of BP,.BP, making them
Hopf algebras.

At an odd prime p > 5, the cohomology of Hopf algebra S(3) has been studied by
Ravenel in [12], where he gave the Poincare series of H*S(3) and listed the generators
bellow dimensional 5. It is also studied by Yamaguchi in [16], where he shown the ring
structure, though there may be some misprints.

In this paper, we redetermine the Z/ p-algebra structure of H*S (3), i.e., the Z/p-algebra

Exts3)(Z/p,Z/p)

for p > 7 in another way, and apply this result to detect a nontrivial product in the stable
homotopy groups of spheres. It will become clear that the algebra structure, rather than the
underlying Z/p-module structure of H*S (3), is essential to our application.

We define a May-type filtration upon S(3) in such a way that E**(3) =
b mso F »Mg(3)/F*M-15(3) becomes a primitive generated Hopf algebra. This filtration
gives rise to a May spectral sequence {ES"" d,} that converges to H*S (3). A simple argu-
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ment in homological algebra then determines £;™" and d,. Hence, E;"" for H*S(3) can be
obtained by direct computation. Finally, a comparison of E;"* and the cobar complex of
S (3) gives us the desired result. The structure of H*S (3) is rather complicated and therefore
postponed to Section 3.

We apply the result above to detect a family of nontrivial elements in the homotopy group
of the sphere spectrum, each of which is the product of following two well-known elements.

To describe the first one, recall
BP, = BP.S = Z,)lvi,02,- -1,

where v; is the i-th Hazewinkel generator with degree 2(p’ — 1)([2, 3][11]). We recall the
Greek letter elements in the Adams-Novikov E, page H*(BP.BP) = Extgp gp(BP., BP..).
Consider the short exact sequence of graded Z,)-modules

0 — BP./I, = BP./I, — BP./I,.; — 0,

where 1,,,1 = (p,v1,- -+ ,0,), the ideal generated by p,vy,...,v,. By convention, we also set
vp = p and I_; = 0. Furthermore, we let

8, : Ext*(BP, /I,.1) — Ext**\(BP./I,)

denote the connecting homomorphism corresponding to the short exact sequence above, and
fort,n > 0, let

of" = 6061 -+ 6,-1(t}) € EXU'(BP.)

Conventionally we denote aﬁ”) forn = 1,2,3 by «a4,8;,v:, respectively. Toda([14], [11])
proved the following

Theorem 1.1 ([11], Theorem 1.3.18 (b)). For p > 7, eachy, is represented by a nontrivial
element of order p in Ty 4 p+1)—q(p+2)-3(S ), where g = 2p — 2.

From now on we consider y, also as the element in ,(S°) that it represents. This is the
first factor of the product that concerns us.

The other factor is first detected with the classical Adams spectral sequence by Cohen
([1]), which he denotes by ¢,, a permanant cocycly of bi-degree (3,2(p — 1)(1 + p"*1)).

Our structure theorem of H*S (3) leads to the following

Theorem 1.2. For p > 7, s # 0,1 mod (p), if n £ 1 mod (3), n > 1 then 0 # {,y, €
m.(S).

We briefly explain the idea of the proof of Theorem 1.2. Let .A. be the dual of the mod p
Steenrod algebra and consider the mod p Thom map

®: BP — K(Z/p),

where the latter is the Eilenberg-Maclane Spectrum associated to Z/p. This map induces a
homomorphism

O : Extgp pp(BP., BP.) — Exty (Z/p,Z/p).

Cohen [1] detected that hob, € Ext4 (Z/p,Z/p), n > 0, is a permanent cycle in the classical
Adams spectral sequence and it converges to £, in .S °. From the Thom map we find that it
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was a1 (B, +x) € Extgp, pp(BP., BP,) that converges to ¢, in the Adams-Novikov spectral
sequence, where x = 3 agx jBsptjand 0 < agpj < p—1, a1, = 0.
5.k, j ’

Consider the canonical homomorphism BP, — vy 'BP, /15, which induces homomor-
phism
Extyy, pp(BP., BP.) — Exty, ,(BP.,v;' BP.[I5).

On the other hand, consider the map BP. — K(3)., where K(3) is the 3-rd Morava K-theory.
By the change of ring theroem in Chapter 5 of [11], we have

Extpp, gp(BP,, 3 BP./15) = Extke), k3)(K(3)., K(3).) = H*S (3) ® Z/ plvs, v3']
and ¢ is the composition
¢ : Extyp po(BP,, BP,) — Extyy, p,(BP.,v3'BP,/I5) = H'S (3) ® Z/ p[vs, v3'].

We find the images of the representation of (53, +x) and y, under ¢ and show that the
product of their images reduction in H*S (3) is nontrivial. This implies that a (8, + X)y;
is nontrivial in Extgp gp(BP., BP,) and then {,y, is nontrivial in m.(S). This is why the
algebra structure of H*S (3) is essential.

This paper is organized as follows. In section 2, we define a May-type filtration upon the
Hopf algebra S (3) and consider the corresponding spectral sequence {E;” M d.} = H*S(3).
In section 3, we recompute the cohomology ring of the Morava stabilizer algebra S (3) with
the spectral sequence constructed in section 2. In section 4, we prove that the product
Lyys € m.(S©) is nontrivial.

2. The May Spectral Sequence for H*(S(3))

2.1. The May spectral sequence. Let p be a prime, BP, = Zp)[v1,0v,---] and BP.BP =
BP,[t),tp,---]. For the Hazewinkel’s generators described inductively by vy, = pmy —

s—1
D vf _m; (cf 2,9, 11]). The coproduct map A : BP.BP — BP.BP ®pp, BP.BP is given by
i=1

S omiany' = Y mi e

i+j=s i+j+k=s

and the right unit g : BP, — BP,BP is given by
nr(m,) = Z mit?l-

i+j=n
One can easily prove that
(2.1) At)=1n1+1®1
and
(2.2) Al) = ) @t —ubiy

i+j=2

where p - b1 = A()) -1} ® 1 - 1 ® 1. Inductively define
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pk pk pi+k pk
pbsi-1 = Ay ) - Z i ®t; + Z Vi Dyijri-1
i+j=s O<i<s

one has

s

At = Y 6@ = uibyiii.

i+j=s+1 i=1

It is convenient to give some specific examples, which can be found in [4, 5] :

(2.3) nr(v1)

v1 + ph

_ 2 P
nr(2) = vy +oit] + pry—vity mod (p*,v})
- ’ 2 p-1 2 3
nr(vz) = vz + vztf + vltg + pt; — vgtl - vlvg tf mod (p°, pvy,vy)
4 3 2
Ats) = l‘5®1+1®l‘5+l‘4®l‘i7 +t3®l‘§ +l‘2®l‘é7 +t1®tf:—v3b2,2—v4b1,3
mod (p, vy, v2)
where
p-1 o ; P 1 P P pitk] Pt
biy= Z:l ( ; )/p et , by = > A(l2 ) — 4221‘1- ®tj +v; b1 k+1 |-
= 1+ =

Thus, for the Morava K-theory K(3). = Z/p[vs, vgl], the Hopf algebra £(3) = K(3). ®gpp,
BP,.BP ®gp, K(3). is isomorphic to

$(3) = KB)lt, 1o, 1/ (st? =01, fori> 1.
And S(3) = Z/p ®k3), 2(3) ®k(3), Z/p is isomorphic to
S3) = Z/p[t],tz,...]/(tf’3 -t), forixl.
The inner degree of 7, in S (3) is
1l =2(p" = 1) mod2(p® - 1),

because vs is sent to 1. The structure map A : S(3) — S(3) ® S(3) acts on ¢, as follows

k
el+1®t+ Y net, if s <3,
(24) A(ls) = Iskss-l k .
ts®1+1®ts+lkz lzk®tf_k—bs_3,2 if s > 3.
<k<s—

Here by = %(A(tf) - ®1-1®1)and

1 ”
byj-1=— A(tfk) - Z f,[-’k ®f§ 4 by 3442 |-
p i+j=s
Derinition 2.1. In the Hopf algebra S (3), we define May filtration M as follows:
1. For s = 1,2, 3, set the May filtration of " as M(zfl) =2s—1.
2. Fors >3 and j € Z/3, from M(b,_3 ;) = p-M(tf;7 13), inductively set the May filtration
of 1 as

+k +2

M@y = max{M(tf’) + M), p M@0 <k < s} +1.
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Let F*™S (3) be the sub-module of S (3) generated by the elements with May filtration no
larger than M. Set E*™(3) = F*M§(3)/F*M-15(3). From (2.4), we get the coproduct in

E**(3) = @ F*M$(3)/F~M-15(3),
M=0
that is, A(ty) =, ® 1 + 1 ® t,. Thus
2.5) E(3) = (X)TI 1) € Z/31,
s>1

is a primitively generated Hopf algebra, where T'[ ] denote the truncated polynomial algebra

of height p on the indicated generators, and each #; "isa primitive element.
Let C5*S(3) = S(3)® denote the cobar construction of S (3). The differential d : C*'S (3)
— C**118(3) is given on generators as

N
(2.6) dao ® - Qay) = Z(—l)ial Q- Qi1 @A) iy - ®
i=1
+1 ® a; ®---®as+(—l)s+lal R - Qa,R 1.
In general, the generator @; ®- - -, of C*'S (3) is denoted by [ - - - |a,]. For the generator
[a1]- - - |ag], define its May filtration as

M([ay]---lag]) = M(ay) + - - - + M(a).

Let F**™ denote the sub-complex of C**S (3) generated by the elements with May filtra-
tion not greater than M. Then we obtain a short exact sequence

(27) 0— F*’*,M—l — F*,*,M — ES,*,M -0

of cochain complexes, where E;’*’M denote F**M/F**M-1_The cochain complex E;™" is
isomorphic to the cobar complex of E**(3) given in (2.5). Let Ef’*’M be the homology of
(E;’*’M ,dp). Then (2.7) gives rise to the May spectral sequence {E ﬁ’t’M S (3),d,} that converges

to H*'S (3) 4 HY(C*'S(3),d) = Extg’e)(Z/p, Z/p) as Z/ p-algebras.
Theorem 2.2. The Hopfalgebra S (3) can be given an increasing filtration as in definition

2.1. The associated spectral sequence, so called May spectral sequence (MSS) converges to
H*S (3). The Ei-term E f”’M is isomorphic to

E[h,jll > 1,j€Z/3]®P[b,',j|l. >1,je€2/3].

The homological dimension of each element is given by s(h; ;) = 1,5(b; ;) = 2 and the degree
is given by
hi,j c Ei,z([’i—l)[’j,*S(:s)’ bi,j c E?,Z(Pi—l)l"i+l'*s(3)’

. p—l . B ;
here h; ; corresponds to tf " and b;;j corresponds to ]Z“] (‘Z)/ p [tf.‘p Ilt(p “p /]. One has d,

ESMS(3) — ESTMMTS3), If x € ES™M | then
d,(xy) = d(x) -y + (=1)*x - d,(y).

In the E\-term of this spectral sequence, we have the following relations:
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hij - hiyj, = =hij - hij, hij-bi g, = bij, - hij, bij-bij, = bij - bij.

Proof. From [11], we can see that for the truncated polynomial algebra 7[x] with |x| = 0
mod 2 and x primitive,

Extry(Z/p,Z/p) = E(h) ® P(b)

r-l . .
where h € Ext' is represented by [x] in the cobar complex and b € Ext’ by > (’l’ ) /plxt|xP~"].
i=1

Notice that the Ej-term of the spectral sequence is isomorphic to the cobar complex of
E™*(3) given by (2.5), we see that

HYM(EGM, do) = Exty.  (Z/p, Z/p) = (X) BXU e L/ P2 P
s>1 ;

Thus, the May’s E|-term
EVM = Elhjli>1,j€Z/31® Plb;li > 1, j € Z/3].
Notice that do(tf’j . tf:jl) = —tf.’j ® tﬁ” — tf:” ® tff, we get hy ;- hi, j, = —hj, j, - hi ;. In a similar

way, one can prove that a; ;- b;, ;, = b;, j, - hijand b; ;- b; ; = b; j, - bij . O

2.2. The first May differential. From now on we fix p > 7 being an odd prime. From
Definition 2.1, we see that the May filtration is given by

M) =1, M) =3, M) =5,
M) =p+1, M) =3p +1, M@y =5p + 1.
By induction we see that for s = 1,2,3

MW, ) =p- M. )+1=Qs—Dp +p 4t 1> M)+ ME ) +1,

3r+s

here 0 < k < 3r + 5. Thus from (2.4) one has the first May differential d; : Ef’*’M SQ3) —

Ei‘+1,*,M—1S (3)

s—1
— Y hiihg iy ifs <3,
(28) dl(hs,j) — g:] ) Ths—1,j+1
bs-3,j+2 if s > 3.
Each by ; is the boundary of the first May differentials.

Theorem 2.3. The E,-term of the May spectral sequence is isomorphic to the cohomology
of
Elhs j, hy j, hy jlj € Z/3].

The first May differential is given by

s—1
di(hy)) = _Zhi,j Pis—i jui fors <3.
i=1

Proof. From the May’s E-term we define a filtration, for each n > 1
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29 Fln) = Elh; |l <i<n,jeZ/3] forl1 <n <3,
' Elhijl <i<n,jeZ/3]®Plbi ]l <i<n-3,je€Z/3] forn>3.
The filtration gives rise to a spectral sequence and thus gives the theorem. O

To compute the E,-page of the May spectral sequence
Ey™" = H¥M(Elhs j, ho j b jlj € Z/3)),

we will give a filtration on the exterior algebra F(n) = E[h;;|]l < i < n,j € Z/3] for
n = 2,3. This filtration gives rise to a spectral sequence and the spectral sequences allow us
to compute H*(F(2)) from H*(F (1)) and then compute H*(F(3)) from H*(F(2)) (cf [12]).

Let Ei(n) = Z/ plhy j, -+ hy 1, the sub-module generated by elements of homological
dimension i, and hy, j, # hyj, if ji # j;. Thenin F(n) forn = 2,3, let

(2.10) Ff(n) = @E"(n)@E[h,-,ju <i<n-1,j€Z/3],

i<k

then we have the following statement.

Theorem 2.4 ([12], (1.10) Theorem). The spectral sequence induced by the filtration
(2.8) converges to the cohomology of F(n) = E[h; j|1 <i < n,j€ Z/3], and its E\-term can
be described as

E;"" () = Elh,|j € Z/31@ H'E[h )l <i<n—1,j€Z/3].
The differential is given by
6r . E'A:,I,M,k(n) N FEVj-Fl,l,M—l,k—r(n)’
and the first differential is expressed as
k .
61(h”’jl hn,j2 T hn,jkx) = Z(_l)lilhn,jlhn,jz T d(hn,jf) Tt hn,jkx’
i=1

where x is a cohomology class in H'E[h; j|]1 <i<n-1,j€Z/3]

3. The cohomology ring of Morava stabilizer algebra S(3)

In this section we recompute the cohomology of S (3) at prime p > 7, with the add of the
May filtration given in definition 2.1. First we consider the differential graded algebra

F(3)=E[hij|1 <i<3,j€Z/3],
whose differentials defined by

3.1 di(hij) = - Z hi ik jk

1<k<i

and

di(xy) = di(0)y + (=1)"xd (y)

for any monomials x, y and s denotes the homological dimension of x. To calculate the coho-



374 X. Gu, X. WaNG AND J. WU

mology of F(3) = E[h;j|1 <i <3, j € Z/3], we will inductively calculate the cohomology
of F(n) forn =1,2,3 as it is indicated by Theorem 2.4.
First notice that H.E[h, ;li € Z/3] = E[h,,|i € Z/3] and we have the spectral sequence

E?™**(2) = Elhali € Z/31® H.E[h1;] = H.E[ha, hli € Z/3].

From this spectral sequence one can easily get the generators of H*E[hy;, hyli € Z/3],

they are listed as follows:

dim O: 1;

dim 1: Ay ;3

dim 2: g; = hyihi i, ki = hoihij, €3 = hihoier + hoihi o, (Xie3i=0);

dim 3: ¢; = hyihyj1hyi + hoiohoihy v, hoihoicihiic,  gibicr,  esihy;

dim 4: e3;419i,  e3.ki, €§,i, (Ziei,,- = 0);

dim 5: e3c;;

dim 6: €3 €301 = —2hy i inihyisali by i (€5 €301 = €5, €3.42).
where i € Z/3. We also list the product relations with e3 ; in H*E[hy;, hy ;|i € Z/3] which will
be used in computing H*E[h3;, hy;, hy li € Z/3] by the spectral sequence given in Theorem
2.4:

Table 3. 1. Product relations with e3;

| dimension | relations | \
dim 3: e3iv1 i = esihy, €34 - hii = —2e3hy ;
N ) _ _

dim 4: €3 €341 = €3, 5, e3;i-gi =0, €32 gi = —€3+19is
esir1 - ki = —e3 ik, e3i42 ki = 0;

dim 5: e3i-e3ih; =0, e3ir1 - e3ihy; =0, €342 - e3jh; =0,
e3i - gihiir1 =0, e3ir1 - gihiv1 =0, €342 - gihiv1 = 0,
e hoihoicihiivr =0, | €31 - hoihojrihiivr =0, | €340 - hoihyivihy i =0,
€3+l - Ci = —2e3,¢;, €342 Ci = €3,C;;

dim 6: e3; 2. =0 e3; €. =—e%. es; i~e3ir19; =0

. 3i°€3; =Y 30 €301 = 3,i+1€3,i+25 | €3, ° €3,i+19i = U,

e3ir1 - €3s19i = 0, €342 e3419; = 0, e3;-e3;ki =0,
e3it1 - €3k =0, €342 - e3ik; = 0.

Now we calculate H*E[h3;, hy;, hy;li € Z/3]. From Theorem 2.4 we have the spectral
sequence

E"*(3) = Elhsli € Z/31® H' Elha, i1 = H'Elhs j ho g, ili € Z/3],
with the first differential
61 : Ei‘,l‘,M,k(3) - Ei+l,l,M—1,k—1(3)'

To calculate the E>-term, we denote the generators h3;h3 ; € E?[hs,li € Z/3] by h3;h3.1,
i € Z/3 and denote hsohs hsy € E’[hsili € Z/3] by hs;hsje1hsia, haihzivihzin =
h3,is1h3i42h3 ;3. Then

01(h3,;) = — es,
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01(h3ih341) = — h3e3; — (h3 13, + h3€310),

01(h3,ih3 i41h3,i42) = — Z h3ih3iv1€3,42,
;

and the generators in Ej-term can be written as one of forms x, hsz;x, h31x, h3i0x,

h3ihs i1 x, h3iihsiox, h3iohs;x and hsihs i hs0x, where x is some generator of
H*E[hy;, ho].

By (3.2) and the product relations with es; in Table 3.1 we can compute the first differen-
tials then get the generators of the E,-term. And each generator is the lead term of a cocycle

in E[hs;, hy,

are the generators of the complex. With isomorphic classes and base change we get the

generators of H*E[h3;, hy;, hy li € Z/3] as follows.
dim O:
dim 1:
dim 2:

dim 3:

dim 4:

dim 5:

dim 6:

dim 7:

1,
p € ELOS

2.9p", 6

phi, es; € E; 9i

2,42p™'+ph)4

ki € E2 s
3.qp'11

pe4i € Ez qp P

3’ 2 i+2+ i+1 ’9
Pkis1, ViGEzq(p P
3.2qp',7

e4ihi; € E37P,
3.2q(p™"+p"),5,
ihiv1 € E ;

4,q(p™'+2p'),14
pui € E, )

4,0,14
pé: € E2 £
4.2qp", 12
pe4lh] i» 641, 0 EE
4,qp™'.10,
e4i9i+1 € E, ;

5 i+1 17
peqieqivy € E AP,

€4,iv1Mis P€4i+19i, PE4iK;

2 S5.q(p™'+2p",13
hiis1 € E, ,

50,13,
eqieqiv1hyiva = espeq1hip € E5775

on; € E6 2qp', 22

6.qp',20
pes;vi € E;,

g(pt+2 18
,064,h11+1, 64,6’4z+1 €k, Calp™ 20",

6.4(p'+p™?), 16,
€4i€4i+19i+2 € E

7.q9Q2p +pit3),23
pe; a2 € Ey )

€4.i+1€4,i+2Mis P€4,i€4i+19i+2 € E2

PYi, Hi
Ee B2,

PYi
pesih v, esieqiv1 € E,

szhl i+1 €41k1a €4,i+19i € E

5,2 i+1 i’15
k-€E2 q(p"™ +p") ,

T.q(p™+phH).21
9

Lgp'.1
hl,i € E2 y

2’ i+1 2i’4
GEZ"(‘D +2p") ,

3 i+1 2 i
c Ezaq(p + p),9,

3.q(p™+p)7
eqihi i1 € E; ,

4,902 i+2 i+1 14
EEzq(p +") ,

4.q(p™'+p), 12

4 2q<p”'+p> 10

pb;, pel,, mi € By,

5,qpf+2,15
e4Vi, pesir19gir2 € E, ,

2 5.q2p'+p™),13
hiisv2 € E) ,

6,2q(p'+p'*%),20
peaiftivy € ES2IVH20,

6.0,18
peqiesivihyivg € E°,

6,q(2p'+p™*2), 18
64,64 i+25 P€4,h1 i+2 € Ey

pe4 €4 € E7 q(p’”+2p)23
i 1
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CQ. 8,q(p'+p'**),26 2 _ 2 80,22,
dim 8:  peyeqivipiva € E; , €y 4.ix2giv1 = €50ea291 € E;7

. Q. 2 9.0.27
dim 9: peyeaivngiv1 € ES777,
where p := Y h3;, eq; = h3ihi; + hoihaio + hiihs e, € = Y haies; + X hoihoivihoiv,
Mi = h3ihoihy g, vi = haihoivihy i, 0; = haihoioho ihy g, mi = haihs i ho ioho i .
From the May filtration of the generators in £, = H*E[hs;, ha, hy ;], one can easily see
that the May spectral sequence { ESM 4.y = H*S(3) collapses at E,-term for each generator

dr * —r
he E;*M N Eg“"’M = 0. Thus we get the Z/p-module H*S (3).

Proposition 3.1 ([16] Theorem 4.2). H*S (3) is isomorphic to E[p] ® M, where M is a
Z] p-module generated by the following listed elements:

dim 0: 1;

dim 1: hyi;

dim2: es;, ¢gi kis

dim 3: egihy;,  esihiivr, g, i Vi &
dim4: ef, esiesivt, €sigiv1, Caigiva,  eaiki O

: 2 2 _
dim 5: €4J~hl,i+1, 6’4’/11 Ji+25 €4,i€4,i+1 hy 42 €4 iMiy2, €4,iVi ni (64,i€4,i+1 hy 2 =
e4ir1€4,i:2M1 ;)5

e 2 2 )
dim6: e esir1, €412, €4i€4i11gis2;
dim7: eyjeqir1fiv2;

R 2 2 _ 2
dim 8: €} jes:2giv1, (€5 €4 +2giv1 = €4, 1€4,Gis2)-

Also by the relation among cohomology degrees, inner degrees and May filtrations, we
know that as a ring, H*S (3) = H*E[hs, hy;, h;;]. Therefore, we are able to determine the
ring structure of H*S (3).

Summarizing the results above, we have the following

Theorem 3.2 ([16] Proposition 4.3, Theorem 4.4). The Z/ p-algebra H*S (3) is generated
by the elements {h, ;, gi, ki, €4, i, Vi, €, 0, m;i, pli € Z/3} satisfying the product relations given
in the appendix. Its Poincaré series is (1 + t)3(1 + t + 612 + 382 + 61* + > + 15).

4. A nontrivial product in stable homotopy groups on spheres

In this section, we turn to the nontrivial products in stable homotopy groups on spheres as
an application of the algebraic structure of the cohomology of the Morava stabilizer algebra
S (3) in the Adams-Novikov spectral sequence.
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The canonical homomorphism BP, — vngP* /15 induces a homomorphism

p: EXtBP*BP(BP*, BP*) - EXtZ;*BP(BP*, U;IBPx/I3) = EXtE(3)(K(3)*7 K(3)*)

Specifically, by [10], ¢ is induced by the reduction map from cobar complex Cpp, 5, BP. to

complex Cs3), where C jg P, gpBP+« = BP.BP : ® BP. BP.., BP.BP = kere, and ¢ is the counit
of Hopf algebroid (BP., BP.BP).
In the cobar complex Cx3), we have d(v3) = 0. In other words, the differential d is

v3-linear. Furthermore, since we have
4.1 Ext 53)(K(3)., K(3).) = H'S (3) ®2/, K(3)..

we may set v3 = 1 for the sake of simplicity, if we allow ourselves to consider non-
homogeneous elements. The vs-linear property of d ensures that the computation won’t
be any different.

Recall

pla)) =hio and @(By) = —bip,

which are shown by Ryo Kato and Katsumi Shimomura ([4]). Following their work we have
the following:

Lemma 4.1. Let p > 7 be a prime number.

] PRI
1. For any integersn > 0 and s = oo > 1, we have
_bl,}’H i= 1’
(42) QD(Bsp"/p”) = .
0, i>1

where B is defined as in [11].
2. For any integer s > 0,

@(ys) = s(s* = 1)vg — s(s — D)pk;.

Proof. Part 1 is immediate from the Lemma 6.42 of [11]. Part 2 has been appeared in [4],
but we want make it more clear.

In the cobar complex Cy p.apBPss by (2.1), (2.2) and (2.3), we get

2 Ky B 2 Ky B 2
d(v3) = svp03 ltf + (2)v%v§ ztfp + (3)0305 3t?p mod (p,vl,v;‘),
which imply

_ 2 S ) 2 R} 33 2
6(v3) = sv 17 + (2)02v§ T+ (3)1}%1}; 17 mod v3.

Recall d(z} ”H) = —pb; », and we obtain

_ _2 2 S\ oo 9,2 B 2 2
0102(vy) = s(s— 1Dvj tg ®tf + (2)v§ tf ®t1p +5(s = D(s = 2)v5 3vztf tf ® tf

s—1\ _ 2 2 s—1\ _ 2 2 s—1) _ 2
+s( 5 )vg 3vltfp e +s( 5 )v§ 3vztf tf®tfp +s( 5 )vg 3v2t§®tfp
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s—1 2
+s( 5 )v§_3ult§t’f®t§p mod (vy, v2).

Notice that d(v2) = pt, mod (p?,v1), d(v3) = pts mod (p?,vy,v2), and d(1)) = -1} ® tfz +

vf b1 — pbayp, in the complex Cyp. gpBPs, then we have

2
§00182(03) =s(s = V5> (=baot} + 15b1 1)
-1
e D0 2 e bed + i 0 1)

+s(s— (s =20 @l @ + - mod (p, vy, ).

So
P p 1 2p?
olys) = —s(s—l)bz,ozl8+s(s—1)t2®b1,19—5s(s—1)b1,0®r1
6
P P P o P
+s(s =Dty @b (1@ +1) ®1) +s(s—1(s=2)38t, ®] +---
2
. £ .
But in the cobar complex Ck(3)* K(3)K (3) we have:
d(tp®tp2) = el el —rtenel —-relel —Iel o +hoot
s/ T T T TN TR TR T Th , TT20Fh
P oo PPN P o PP D D o (D P oo P o P P oo P P D
dy®ty ) = 1,81 &1, 1+t2®t1 ®t33+t2®t2 ®L, +1,®1t; ®f 7—t2®b1,19.
2 2 2 2 2 2 2 2
Ay et t)) = et o —-1eb (11 +1f ®1) +1{01 &1 +---
1 2 1
2 2 2
—-diy et/ n) = -her ®t33—t§®t3®t’1’5+--~
2 2 2
2di5e1)) = 2501501 +25Q01B01 +---
-5
1 2 1 2 2 2
Ed(q{@t]z”) = §b1,0®t]2p6+tf®tf ®f 4
P oo PN — PP o P o P P o P o (P
dipt; ®1) = -1, L, ®H — 1,81 o+

2 2 2
Thus @(y,) = s(s*> — 1)t3®t§®tf - s(s — l)p(X)tth)l‘{7 + s(s — 1)t§®t§ ®t§+ cee =
s(s? — 1)vy — s(s — 1)pk;, for the monomials with same tabs will disappear. ]

Now we can prove our main result. Proof of Theorem 1.2. By Cohen [1], ¢, is repre-
sented by 1B,/ +a1x € Extg;* sp(BP+, BP,), which is the E,-term of the Adams-Novikov
spectral sequence, where x = 3 agx jBypr/; and ay = 0. Comparing the inner degrees,

s.k,j

we get

2(p* - Dsp* =2(p—1)j =2(p* - Dp" = 2(p - Dp".

That is, p*(sp + s) = p"*! + j. And by the theorem 2.6 of [9], j < p* + p*!' =1, we getk < n
and j = p*. Thus

X = Z sk pBspt/pts

n+1-k odd

n—k+1 +1

where s = 2—— > 1.
p+1

For (a1Bprpn + @1x) - ys € Eg’*, by the Lemma 4.1 ,we have
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(1B + %) - Ys) —s(s* = Dhio b1z - vo + s(s = Dhyo - byz - pky
= —S(S2 - l)hl’() . 64’m Vo

Doy req0g1 0 if =0, s %0, +1 mod (p),

0 if n = 1 mod (p),

@64’064’1g2 #0 ifn=2,5#0,+1 mod (p),

here, n is mod (3) reduction of n. Thus (a18,/,» + a1x) - ys # 0 under the conditions in the
theorem.

Notice that the inner degrees of elements in Extyp pp(BP., BP.) are divisible by ¢, where
g = 2(p—1). This means that the first nontrivial differential may be dy. 1, s0 @ (B, +X)-ys €
Eg’* may not be killed be any differentials, and we conclude. O

Appendix A The list of product relations of any two generators of H*S(3)

Here we lose the products that equal to zero and the proof which is trivial but tedious.

dim 3:
€4 hl,i+2 = e4,i+2h1,i, ki - hl,i = _gihl,i+1,
dim 4:
€4 kiv1 = €4,i+19i+2, Mi - hl,i+2 = _§€4,i+2gi,
1 2 1 1
Hi - hl,i+l = 5€4i+19i — —64,iki + —,Ogihl,m, Vi- hl,i = 5€4i+19i+25
3 3 3 3
1
Vi-hijr = 3C4in2givt — 334,i+1ki+1 - gpgi+1h1,i+2, E-hij=—e4i09i,
dim 5:
enit -hy = e h; o Ny = €% hy
€4€4i+1 " N1 = 64,,' 1,i+1> €4,i€4 j+1 1,i+1 — 64,,'.;.1 1,is
1
2 2
O - hij2 = —564,/11,142, eqihy ;- eqiv = € ;h i,
. =% h Dy = Ny
€41 ;" €442 = 64’,' 1,i+2> €41 j+1 * €4,i+1 = 64’,41 1,i»
2
eq il v - eqiva = eqipeqihy v, 4 iyl = 3PC4iGir1 ~ €air2lin2,
1 1
2 2
i~ Giv1 = 564,”1}11,1‘, Hi*Giv2 = —564,ih1,i+2,
1 1
M kip = 664,i€4,+1h1,i+2, Vit €4ir] = —€42Mis1 + §p€4,i+zgi+l + §P€4,i+1ki+1,
1,
Vi gi = 634,ie4,+1h1,i+2’ vi ki = §€4J+1h1,i+2,
1,
vikiva = =€y 00 E-eqi=pesingi — 3€4ii10ir1,

2
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1
2
E-gi= —564,,-h1,i+1, E-ki=
dim 6:
eqihy - Miy1 = 3 Cai+1€4i+20is
eqih vt - Hiv2 = 3 C4iv1€4iiv2;
1
2 2
Mi Miy1 = —§P€4,,~+1h1,i ~ Cain G
_ 2 2
Vit Visl = 3Pl = 24
e4iki - eqiv2 = e4i11€4,i129i
2
€4 kiv1 = €4,i€4.i+19i+2»
€4,i9i+1 " €4, = €4,i+1€4,42Yi,
2 2
0;-es4i42 = —§p€4,ih1,i+2 - 664’564’i+2’
O; - ki1 = 3 C4iesir19ie2:
e4;vi-h; = 3 C4iCaiv19is2s
h _ 1 2 h 2
ni-Nyiv1 = 6p€4,,~ Li+1 + 6€4J~€4,i+1,
dim 7:

2
€4 " Mi+1 = €4i+1€4,i+2/i,

1
2

€4,i€4i11 " Vi = —€4,i€4 i1 [Miv2 T §P6‘4,i+2€4,igi+1,

O; - Hiv1 = Ze4ir1€4,i12Mis

2
2

€4,iVi " €441 = —€4,i12€4 iMir] T §P6‘4,i+2€4,igi+2:

L)
€4 i11C4.0s

Ni €42 =
6

ni- kiz1 = _564,i€4,i+lﬂi+2 + §P€4,i€4,i+1gi+2,

dim 8:
2 _ 2
€4 e4,i+1ki+1 = €4 i4i+29i+1,

_ 2
eqjeqivthiva - € = €5, 164,92,
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2
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ey ihyj-vi=—=e4ie4i19i2,

3

e4ihy iz - vi = —ses €491,

3

2
- 64’ie4,i+1 )

1 2
= _pe4,ih1,i+1 + 6

6

1
2 2
= 864,i+2e4.i+1 - gpe4,i+2h1,i+1’

Mi- &

vi-&
2
€4 Ji+l = €4i+1€4i+29i,

€4,i€4i+1 kiy1 = €4,i+2€4.i9i+1,

2
2 €4.i€4i+15

1
—Peiihl,m + 3

0; - e =
’ 3

0; - giv1 = g C4ir1€4ir2gis
1

€4.ili+2 - hl,i+1 = _534,ie4,i+lgi+2,
1

5 €4,i+2€4,i9i+1,

€4V hl,i+1 = 3

2
~€4,€4,i+2,

2
_Pe4,ihl J+2 T 6

ni- h],i+2 = 6

2
€4 Vi= §P€4,i€4,i+1gi+2 — €4,i€4 i+ 1Mit2,

egieqiv1 & = —pegir1€42g; + 364,i+1€4,i+2ﬂi,

2
€4,V €e4; = §pe4,i€4,i+lgi+2 — €4,i€4 i+1M-i+2,
L,
i - €4i+1 = 6P€4,i€4,i+1,
i+ gir1 = 594,i+le4,i+2/v‘i,
2 Hyiny Vi = L
€4iMLi+1 " Vi = 364’ie4,1+291+1’
1

2
—7%4,€4,i+29i+1»

e4iflis2 * e4ir1hyjv1 = 3
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1 1
_ 2 _ 2
e4vi-eqih i = 3 Caicain2gisty N+ Girthiis2 = ~ g CaiCair2ir1;
2 k _ 2 h _ 1 2
€4;€4,i+1 " Kit] = €4,€4,i+2gi+1, €4,i€4i+1Mi+2 ~ N1iv1 = _564,i+1e4,i9i+2,
dim 9:
2 _ 1, 0. = L,
€4iMi+2 * €4y = gpe4,,‘e4,i+295+la €4,iMiv2 - Uiyl = 8,064,i€4,i+2gi+1,
1 2 L,
€4,Vi " €4i€4i11 = 5,034,i+2e4,igi+1’ i+ €4i+29iv1 = €p€4,,~€4,i+2gi+1,
kit = L, 2 _ 1,
i - €4,i+1Ki41 = €P€4,i€4,i+2gi+1, €4,€64,i+1 " Vi = 6P€4,i€4,i+2gi+1,
2 _ 1, _ 1,
€4€4,i+2 " Hi+1 = §P€4,i€4,i+29i+1, €4,i€4,i+1Mi+2 * €4,i+1 = §P€4J€4,i+2gi+1-

Remark A.1. The multiplications in [16] are corresponded with above, except apg; =
hobj, — h1bo. From our calculations, it should be agg(, = hob;, — 2h1by.
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