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Abstract
We classify four-dimensional homogeneous conformal C-spaces and show that they are con-

formally Cotton-flat.

1. Introduction

1. Introduction
A metric is said to be Einstein if its Ricci curvature is proportional to the metric. Einstein

metrics, being critical for the Hilbert-Einstein functional, are central not only in Mathe-
matics but also in Physics. Three-dimensional Einstein manifolds are of constant curvature
but non-trivial examples exist in dimension four, where some topological obstructions to
their existence are known to exist. The Einstein condition is known to be very rigid under
some assumptions like homogeneity (see [11]). Various generalizations of Einstein metrics
are important and have been extensively investigated. From a conformal point of view, the
existence of Einstein, or more generally Cotton-flat, representatives of a given conformal
class motivated some conformal generalizations of the Einstein condition (see for example
[8, 9, 13]).

Let (M, g) be a Riemannian manifold and denote by ρ and τ = trg ρ the Ricci tensor
and the scalar curvature, respectively. Let S = ρ − τ

2(n−1) g denote the Schouten tensor
of (M, g) and let Ci jk = (∇iS ) jk − (∇ jS )ik be the Cotton tensor. The Schouten tensor of
any Einstein manifold is a scalar multiple of the metric and thus parallel. Hence Cotton-
flatness (equivalently harmonic Weyl tensor) is a necessary condition to be Einstein since
div4 W = − n−3

n−2 C. It follows from the work in [15] that homogeneous Cotton-flat manifolds
are symmetric in dimension four.

The necessary and sufficient conditions for a metric to be conformally Einstein were
established by Brinkmann [4] in terms of the existence of positive solutions to the differential
equation

(1) (n − 2) Hesϕ +ϕ ρ − 1
n
{(n − 2)Δϕ + ϕ τ}g = 0 ,

where Hesϕ = ∇dϕ is the Hessian tensor and Δϕ = trgHesϕ denotes the Laplacian. Any
four-dimensional conformally Einstein manifold satisfies (see, for example [13])
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(2) (i) B = 0, (ii) C(·, ·, ·) −W(·, ·, ·,∇σ) = 0,

where the conformal Einstein metric is given by g̃ = e2σg, σ = −2 logϕ, and B = div1 div4

W+ 1
2 W[ρ] is the Bach tensor. Moreover, it was shown in [12] that conditions in Equation (2)

are also sufficient to be conformally Einstein if (M, g) is weakly-generic (i.e., the Weyl tensor
viewed as a map T M →⊗3 T M is injective).

Four-dimensional Bach-flat homogeneous manifolds are either symmetric (and hence
Einstein or locally conformally flat) or homothetic to one of the Lie groups determined
by the following Lie algebras, where {ei} is an orthonormal basis (see [5]):

(a) The Lie algebra gα = Re4 � r
3 given by

[e4, e1] = e1, [e4, e2] =
1
4

e2 + αe3, [e4, e3] = −αe2 +
1
4

e3 .

(b) The Lie algebra gα = Re4 � h
3 given by

[e1, e2] = e3 [e4, e1] = e1 − αe2, [e4, e2] = αe1 + e2, [e4, e3] = 2e3 .

(c) The Lie algebra gα = Re4 � r
3 given by

[e4, e1] = e1, [e4, e2] = (α + 1)2 e2, [e4, e3] = α2 e3, α > 1 .

(d) The Lie algebra g = Re4 � e(1, 1) given by

[e2, e3] = e1, [e1, e3] = (2 +
√

3) e2,

[e4, e1] =
√

6 + 3
√

3 e1, [e4, e2] =
√

6 + 3
√

3 e2.

(e) The Lie algebra g = Re4 � h
3 given by

[e1, e2] = e3, [e4, e1] = 1
4

√
7 − 3

√
5 e1,

[e2, e4] = 1
4

√
7 + 3

√
5 e2, [e3, e4] =

√
5

2
√

2
e3 .

It follows from the work in [5] that Lie groups corresponding to cases (a), (b) and (c) are
conformally Einstein, while the Lie gropus determined by (d) and (e) fail to satisfy condition
(ii) in Equation (2) (see [1]).

A Riemannian manifold (M, g) is said to be conformally Cotton if there is a Cotton-flat
representative of the conformal class [g]. This is achieved if there is a smooth function
such that Equation (2)-(ii) is satisfied since the Weyl tensor of the conformal metric satisfies
d̃ivW̃ = div W + (n − 3)ι∇σW. More generally, (M, g) is said to be a conformal C-space if
there is a (not necessarily gradient) vector field ξ on M so that C − iξW = 0 (see [9] for more
information on conformal C-spaces). It was shown in [9, Theorem 1.2] that any compact
conformal C-space is conformally Einstein if and only if it is Bach-flat, independently of any
weakly-genericity assumption. It follows from the work in [1, 5] that a conformal C-space
is conformally Einstein if and only if it is Bach-flat in the homogeneous setting as well.

Our main purpose in this work is to prove Theorem 1.1 below, which provides a complete
description of homogeneous conformal C-spaces in dimension four. Since any symmetric
space is Cotton-flat, we exclude these trivial cases (which corresponds to Einstein metrics
and products of the form R×N(c) or N1(c1)×N2(c2) where N(c) denotes a space of constant
curvature). Furthermore, observe that two conformally related homogeneous spaces are
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either locally conformally flat or homothetic. Hence we work modulo homotheties to show
the existence of a one-parameter family of homothetical classes of homogeneous conformal
C-spaces which are not conformally Einstein.

Theorem 1.1. Let (M, g) be a four-dimensional complete and simply connected homoge-
neous manifold which is a conformal C-space. Then (M, g) is Bach-flat or otherwise it is
homothetic to a Lie group determined by the solvable Lie algebra gα = Re4 � r

3 given by

[e1, e4] = e1, [e2, e4] = e2, [e3, e4] = αe3,

where α � {0, 1, 4} and {e1, . . . , e4} is an orthonormal basis. Here, ξ = −6e4 and thus (M, g)
is indeed conformally Cotton-flat.

It was shown in [9, Theorem 1.1] that any compact conformal C-space is indeed confor-
mally Cotton. It immediately follows from Theorem 1.1 that the same result holds true in
the homogeneous case.

By a result of Bérard-Bergery [3], a complete and simply connected homogeneous four-
manifold is either symmetric or a Lie group. In particular, either (M, g) is isometric to
one of the groups ˜SL(2,R) × R, SU(2) × R or it is a solvable Lie group whose Lie algebra
is an extension of the three-dimensional unimodular Lie algebras: the abelian Lie algebra
r3, the Heisenberg algebra h3, the Poincaré algebra e(1, 1) and the Euclidean algebra e(2).
Since symmetric spaces are Cotton-flat, the analysis of the conformal C-space condition
is considered separately for the different four-dimensional Lie groups through Sections 2–
5. Determining the left-invariant conformal C-space metrics on Lie groups equals to solve
some rather complicated polynomial systems. We make use of Gröbner bases theory [6, 7]
to achive the results. Finally, the proof of Theorem 1.1 and some remarks are given in
Section 6.

2. Left-invariant metrics on Re4 � R
3

2. Left-invariant metrics on Re4 � R
3

Let g = R � r3 be a semi-direct extension of the Abelian Lie algebra r3. Let 〈·, ·〉 be an
inner product on g and 〈·, ·〉3 its restriction to r3. The algebra of all derivations D of r3 is
gl(3,R). If we fix D ∈ gl(3,R), there exists a 〈·, ·〉3-orthonormal basis {v1, v2, v3} of r3 where
D decomposes as a sum of a diagonal matrix and a skew-symmetric matrix. Hence

der(r3) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a −b −c
b f −h
c h p

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ; a, b, c, f , h, p ∈ R
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

Now, the corresponding semi-direct product g = R � r3 is given by

[v1, v2] = 0, [v1, v3] = 0, [v2, v3] = 0,
[v4, v1] = av1 + bv2 + cv3, [v4, v2] = −bv1 + f v2 + hv3,

[v4, v3] = −cv1 − hv2 + pv3,

with respect to some basis {v1, v2, v3, v4} so that g = Rv4 ⊕ span{v1, v2, v3}. Since Rv4 needs
not to be orthogonal to r3, we set ki = 〈vi, v4〉, for i = 1, 2, 3. Let ê4 = v4 − ∑i kivi and
normalize it to get an orthonormal basis {e1, . . . , e4} of g = R ⊕ r3 so that
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(3)
[e4, e1] = 1

R {ae1 + be2 + ce3}, [e4, e2] = 1
R {−be1 + f e2 + he3},

[e4, e3] = 1
R {−ce1 − he2 + pe3}, R > 0.

Lemma 2.1. The group Re4 � R
3 admits a non-Bach-flat left-invariant conformal C-

space metric if and only if it corresponds to a Lie group determined by one of the following
solvable Lie algebras:

(i) [e1, e4] = − a
R e1 − b

R e2, [e2, e4] = b
R e1 − a

R e2, [e3, e4] = − p
R e3,

where p � {0, a, 4a} and a � 0. Here, ξ = 6a
R e4.

(ii) [e1, e4] = − a
R e1 − c

R e3, [e2, e4] = − f
R e2, [e3, e4] = c

R e1 − a
R e3,

where f � {0, a, 4a} and a � 0. Here, ξ = 6a
R e4.

(iii) [e1, e4] = − a
R e1, [e2, e4] = − f

R e2 − h
R e3, [e3, e4] = h

R e2 − f
R e3,

where a � {0, f , 4 f } and f � 0. Here, ξ = 6 f
R e4.

Proof. Let C = C−ιξW. A long but straightforward calculation shows that the components
Ci jk = Ci jk −∑α ξαWi jkα, considering the structure constants in Equation (3), are given by

(4)

C211 =
1

6R2P211, C212 =
1

6R2P212, C213 =
1

2R2P213, C214 =
1

R3P214,

C311 =
1

6R2P311, C312 =
1

2R2P312, C313 =
1

6R2P313, C314 =
1

R3P314,

C321 =
1

2R2P321, C322 =
1

6R2P322, C323 =
1

6R2P323, C324 =
1

R3P324,

C411 =
1

6R3P411, C412 =
1

2R3P412, C413 =
1

2R3P413, C414 =
1

6R2P414,

C421 =
1

2R3P421, C422 =
1

6R3P422, C423 =
1

2R3P423, C424 =
1

6R2P424,

C431 =
1

2R3P431, C432 =
1

2R3P432, C433 =
1

6R3P433, C434 =
1

6R2P434,

where the polynomials Pi jk’s correspond to:

P211 = ((a − f )2 − 2p2 + (a + f )p)ξ2 − 3( f − p)h ξ3,

P212 = −((a − f )2 − 2p2 + (a + f )p)ξ1 + 3(a − p)c ξ3,

P213 = ( f − p)h ξ1 − (a − p)c ξ2,

P214 = −(a − f )2b,

P311 = −3( f − p)h ξ2 + (a2 − 2 f 2 + p2 + ( f − 2p)a + f p)ξ3,

P312 = ( f − p)h ξ1 − (a − f )b ξ3,

P313 = −(a2 − 2 f 2 + p2 + ( f − 2p)a + f p)ξ1 + 3(a − f )b ξ2,

P314 = −(a − p)2c,

P321 = (a − p)c ξ2 − (a − f )b ξ3,

P322 = −3(a − p)c ξ1 − (2a2 − ( f − p)2 − ( f + p)a)ξ3,

P323 = 3(a − f )b ξ1 + (2a2 − ( f − p)2 − ( f + p)a)ξ2,

P324 = −( f − p)2h,

P411 = −(2a2 − ( f − p)2 − ( f + p)a)R ξ4
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− 6((2b2 + 2c2 + f 2 + p2)a − ( f + p)a2 − 2(b2 f + c2 p)),

P412 = (a − f )Rb ξ4 − 2(2a2b − ( f + p)b f + ( f − 2p)ch + (ch − ( f − p)b)a),

P413 = (a − p)Rc ξ4 − 2(2a2c + (2 f − p)bh − ( f + p)cp − (bh − ( f − p)c)a),

P414 = (2a2 − ( f − p)2 − ( f + p)a)ξ1 − 3(a − f )b ξ2 − 3(a − p)c ξ3,

P421 = (a − f )Rb ξ4 − 2(a2b − (2 f + p)b f + ( f − 2p)ch + (ch + ( f + p)b)a),

P422 = (a2 − 2 f 2 + p2 + ( f − 2p)a + f p)R ξ4
− 6(a2 f + 2b2 f − (2b2 + f 2)a + ( f − p)(2h2 − f p)),

P423 = ( f − p)Rh ξ4 + 2((2bc − ( f − p)h)a − ( f + p)bc − ( f − p)(2 f + p)h),

P424 = −3(a − f )b ξ1 − (a2 + ( f − 2p)a − ( f − p)(2 f + p))ξ2 − 3( f − p)h ξ3,

P431 = (a − p)Rc ξ4 − 2(a2c − 2cp2 − abh − c f p + ( f + p)ac + (2 f − p)bh),

P432 = ( f − p)Rh ξ4 + 2((2bc − ( f − p)h)a − ( f + p)bc − ( f − p)( f + 2p)h),

P433 = ((a − f )2 − 2p2 + (a + f )p)R ξ4
+ 6(a + f )p2 − 6(a2 + 2c2 + f 2 + 2h2)p + 12(ac2 + f h2),

P434 = −3(a − p)c ξ1 − 3( f − p)h ξ2 − ((a − f )2 − 2p2 + (a + f )p)ξ3 .

Hence, Re4 �R
3 admits a left-invariant conformal C-space metric if and only if the struc-

ture constants in Equation (3) satisfy the equations {Pi jk = 0}. Since

P214 = −(a − f )2b, P314 = −(a − p)2c, P324 = −( f − p)2h,

we are led to the following cases:

(1) f = a, p = a, (4) f � a, b = 0, p � a, c = 0, p = f ,

(2) f = a, p � a, c = h = 0, (5) f � a, b = 0, p � a, c = 0, p � f , h = 0 ,

(3) f � a, b = 0, p = a, h = 0, .

Case (1): f = a, p = a. If f = p = a then a direct calculation shows that the correspond-
ing Lie group given by Equation (3) is locally conformally flat and therefore a symmetric
manifold [16] and trivially Bach-flat.

Case (2): f = a, p � a, c = h = 0. In this case, from Equation (4) we get

P212 = −2(a − p)p ξ1, P211 = 2(a − p)p ξ2, P311 = −(a − p)p ξ3 .

If p = 0 then a direct calculation shows that the corresponding Lie group given by Equa-
tion (3) is locally conformally flat and therefore a symmetric manifold [16] and trivially
Bach-flat. If p � 0 then necessarily ξ1 = ξ2 = ξ3 = 0 and Equation (4) implies that

P411 = (a − p)p(6a − R ξ4)

and therefore ξ4 = 6a
R . Now, a direct calculation shows that the manifold is a conformal

C-space which is Bach-flat if and only if p = 4a, thus corresponding to Assertion (i) in
Lemma 2.1.
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Case (3): f � a, b = 0, p = a, h = 0. We use Equation (4) to get

P212 = (a − f ) f ξ1, P211 = −(a − f ) f ξ2, P311 = 2(a − f ) f ξ3 .

If f = 0 then a direct calculation shows that the corresponding Lie group given by Equa-
tion (3) is locally conformally flat and therefore a symmetric manifold [16] and trivially
Bach-flat. If f � 0 then ξ1 = ξ2 = ξ3 = 0 and Equation (4) implies that

P411 = (a − f ) f (6a − R ξ4)

and hence ξ4 = 6a
R . A direct calculation shows that the manifold is a conformal C-space

which is Bach-flat if and only if f = 4a, thus corresponding to Assertion (ii) in Lemma 2.1.
Case (4): f � a, b = 0, p � a, c = 0, p = f . In this case, Equation (4) implies

P212 = −(a − f )a ξ1, P211 = (a − f )a ξ2, P311 = (a − f )a ξ3 .

If a = 0 then a direct calculation shows that the corresponding Lie group given by Equa-
tion (3) is locally conformally flat and therefore a symmetric manifold [16] and trivially
Bach-flat. If a � 0 then necessarily ξ1 = ξ2 = ξ3 = 0 and from Equation (4) we get

P411 = 2(a − f )a(6 f − R ξ4)

and therefore ξ4 =
6 f
R . Now, a direct calculation shows that the manifold is a conformal

C-space which is Bach-flat if and only if a = 4 f , thus corresponding to Assertion (iii) in
Lemma 2.1.

Case (5): f � a, b = 0, p � a, c = 0, p � f , h = 0. With these conditions, we use
Equation (4) to get

P212 = −((a − f )2 − 2p2 + (a + f )p)ξ1,

P313 = −(a2 − 2 f 2 + p2 + f p + ( f − 2p)a)ξ1,

P211 = ((a − f )2 − 2p2 + (a + f )p)ξ2,

P323 = (2a2 − ( f − p)2 − ( f + p)a)ξ2,

P311 = (a2 − 2 f 2 + p2 + f p + ( f − 2p)a)ξ3,

P322 = (−2a2 + ( f − p)2 + ( f + p)a)ξ3 .

A direct calculation shows that

P212 − P313 = 3( f − p)(a − f − p)ξ1,

P212 + 2P313 = −3(a − f )(a + f − p)ξ1,

P211 + P323 = 3(a − p)(a − f + p)ξ2,

P211 − 2P323 = −3(a − f )(a + f − p)ξ2,

P311 − P322 = 3(a − f )(a + f − p)ξ3,

P311 + 2P322 = −3(a − p)(a − f + p)ξ3 .

Since f � a, p � a and p � f , it follows that necessarily ξ1 = ξ2 = ξ3 = 0. Now,
Equation (4) reduces to
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(5)

P411 = 6(( f + p)a2 − ( f 2 + p2)a) − (2a2 − ( f − p)2 − ( f + p)a)R ξ4,

P433 = 6((a + f )p2 − (a2 + f 2)p) − (2p2 − (a − f )2 − (a + f )p)R ξ4,

P422 = −P411 −P433,

and we compute

P411 + 2P433

6( f − p)
− P411 −P433

6(a − p)
= (a − f )2 − 3(a + f )p + pR ξ4 = 0 .

Note that p = 0 is not possible since f � a. Then,

ξ4 =
−(a − f )2 + 3(a + f )p

pR

and hence Equation (5) transforms into

P411 =
1
p (a − f )(2a + f − 3p)(p2 − 2(a + f )p + (a − f )2),

P433 = − 1
p (a − f )2(p2 − 2a(a + f ) + (a − f )2),

P422 = −P411 −P433 .

Thus

p2 − 2(a + f )p + (a − f )2 = 0,

so we finally conclude that the manifold is a conformal C-space if and only if

p = a + f ± 2
√

a f and ξ4 =
2(a + f ± √a f )

R
and, in such a case, a straightforward calculation shows that the manifold is Bach-flat. This
finishes the proof. �

3. Left-invariant metrics on Re4 � H3

3. Left-invariant metrics on Re4 � H3
Let g = R � h3 be a semi-direct extension of the Heisenberg algebra h3. Let 〈·, ·〉 be an

inner product on g and 〈·, ·〉3 its restriction to h3. Then, there exists an orthonormal basis
{v1, v2, v3} of h3 such that (see [14])

(6) [v3, v2] = 0, [v3, v1] = 0, [v1, v2] = λ3v3,

where λ3 � 0 is a real number. The algebra of all derivations of h3 is given with respect to
the basis {v1, v2, v3} by

der(h3) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
α11 α12 0
α21 α22 0
ĥ f̂ α11 + α22

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ; αi j, f̂ , ĥ ∈ R
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

We rotate the basis elements {v1, v2} so that the matrix A = (αi j) decomposes as the sum of
a diagonal matrix and a skew-symmetric matrix. Hence

der(h3) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a c 0
−c d 0
h f a + d

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ; a, c, d, f , h ∈ R
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,
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and consider the Lie algebra g = Rv4 ⊕ h3 given by

[v3, v2] = 0, [v3, v1] = 0, [v1, v2] = γv3,

[v4, v1] = av1 − cv2 + hv3, [v4, v2] = cv1 + dv2 + f v3, [v4, v3] = (a + d)v3.

Since Rv4 needs not to be orthogonal to h3, we set ki = 〈vi, v4〉, for i = 1, 2, 3. Let ê4 =

v4 −∑i kivi and normalize it to get an orthonormal basis {e1, . . . , e4} of g = R ⊕ h3 so that

(7)
[e1, e2] = γe3, [e4, e1] = 1

R {ae1 − ce2 + (h + k2γ)e3},
[e4, e3] = 1

R (a + d)e3, [e4, e2] = 1
R {ce1 + de2 + ( f − k1γ)e3}, R > 0.

Lemma 3.1. The group Re4 �H3 does not admit any non-Bach-flat left-invariant confor-
mal C-space metric.

Proof. In order to simplify the expressions we use the notation F = f − k1γ and H =
h + k2γ. Moreover, since the structure constant of h3 satisfies γ � 0, one may work with a
homothetic basis ẽk =

1
γ
ek so that we may assume γ = 1. Let C = C − ιξW. A long but

straightforward calculation shows that the components Ci jk = Ci jk−∑α ξαWi jkα, considering
the structure constants in Equation (7), are given by

(8)

C211 =
1

12R2P211, C212 =
1

12R2P212, C213 =
1

4R2P213, C214 =
1

4R3P214,

C311 =
1

12R2P311, C312 =
1

4R2P312, C313 =
1

12R2P313, C314 =
1

2R3P314,

C321 =
1

4R2P321, C322 =
1

12R2P322, C323 =
1

12R2P323, C324 =
1

2R3P324,

C411 =
1

12R3P411, C412 =
1

4R3P412, C413 =
1

4R3P413, C414 =
1

12R2P414,

C421 =
1

4R3P421, C422 =
1

12R3P422, C423 =
1

4R3P423, C424 =
1

12R2P424,

C431 =
1

4R3P431, C432 =
1

4R3P432, C433 =
1

12R3P433, C434 =
1

12R2P434,

where the polynomials Pi jk’s correspond to:

P211 = 2(F2 + H2 − 4ad − 2R2)ξ2 + 3((a + 2d)F + cH)ξ3 + 6RH ξ4 + 9cF − 3(4a + 9d)H,

P212 = −(2(F2 + H2) − 8ad − 4R2)ξ1 + (3cF − 3(2a + d)H)ξ3 + 6RF ξ4 − 3((9a + 4d)F + 3cH),

P213 = −((a + 2d)F + cH)ξ1 − (cF − (2a + d)H)ξ2 + 2(a + d)R ξ4 + 4(F2 + H2 − (a + d)2 + R2),

P214 = −2R2H ξ1 − 2R2F ξ2 − 2(a + d)R2ξ3 + cF2 + cH2 + 3(a − d)FH + 4(a − d)2c,

P311 = 3((a + 2d)F + cH)ξ2 − 2(2F2 − H2 − 2ad − R2)ξ3 − 6(a − d)c,

P312 = −((a + 2d)F + cH)ξ1 + 2(FH + (a − d)c)ξ3 + 2dR ξ4 + 2(F2 + H2 − 2(a + d)d + R2),

P313 = 2(2F2 − H2 − 2ad − R2)ξ1 − 6(FH + (a − d)c)ξ2 − 6RF ξ4 + 3((5a + 4d)F + cH),

P314 = −dR2ξ2 + R2F ξ3 − (a − 2d)cF − (F2 + H2 + d2 + R2)H,

P321 = (cF − (2a + d)H)ξ2 + 2(FH + (a − d)c)ξ3 − 2aR ξ4 − 2(F2 + H2 + R2) + 4(a + d)a,

P322 = −(3cF − 3(2a + d)H)ξ1 + 2(F2 − 2H2 + 2ad + R2)ξ3 + 6(a − d)c,

P323 = −6(FH + (a − d)c)ξ1 − 2(F2 − 2H2 + 2ad + R2)ξ2 + 6RH ξ4 + 3(cF − (4a + 5d)H),

P324 = aR2ξ1 − R2H ξ3 − a2F − (2a − d)cH − (F2 + H2 + R2)F,

P411 = 6R2H ξ2 + 2(F2 − 2H2 + 2ad + R2)R ξ4
+ 3(9dH2 − 7cFH − 2(F2 − 3H2 + 4c2 + 4d2 − R2)a + 8c2d),

P412 = −2R2H ξ1 − 2aR2ξ3 − 2(FH + (a − d)c)R ξ4
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+ 4cH2 + (10a + 7d)FH − (3F2 − 4(a − d)(3a + 2d))c,

P413 = 2aR2ξ2 + (cF − (2a + d)H)R ξ4
+ 4a2H − 2(5cF − 7dH)a − 2(cdF + c2H + 2(F2 + H2 − d2 + R2)H),

P414 = −2(F2 − 2H2 + 2ad + R2)ξ1 + 6(FH + (a − d)c)ξ2 − (3cF − 3(2a + d)H)ξ3 + 6(2aF + cH),

P421 = 2R2F ξ2 + 2dR2ξ3 − 2(FH + (a − d)c)R ξ4
+ 3cH2 + (7a + 10d)FH − 4(F2 − 2a2 + 3d2 − ad)c,

P422 = −6R2F ξ1 − 2(2F2 − H2 − 2ad − R2)R ξ4
+ 3(7cFH + (9F2 + 8c2)a + 2(3F2 − H2 + R2)d − 8(a2 + c2)d),

P423 = −2dR2ξ1 − ((a + 2d)F + cH)R ξ4
+ 2(2a2 − c2)F + 10cdH + 2(7dF + cH)a − 4(F2 + H2 − d2 + R2)F,

P424 = 6(FH + (a − d)c)ξ1 + 2(2F2 − H2 − 2ad − R2)ξ2 + 3((a + 2d)F + cH)ξ3 + 6(cF − 2dH),

P431 = 2(a + d)R2ξ2 − 2R2F ξ3 + (cF − (2a + d)H)R ξ4
+ 4a2H − 2a(4cF − 7dH) − 2(3cdF + c2H + (F2 + H2 − 3d2 + R2)H),

P432 = −2(a + d)R2ξ1 + 2R2H ξ3 − ((a + 2d)F + cH)R ξ4
+ (6a2 − 2c2 + 14ad + 4d2)F + 2(3a + 4d)cH − 2(F2 + H2 + R2)F,

P433 = 6R2F ξ1 − 6R2H ξ2 + 2(F2 + H2 − 4ad − 2R2)R ξ4
− 3((7a + 6d)F2 + (6a + 7d)H2 − 8(a + d)ad + 2(a + d)R2),

P434 = 3((2a + d)H − cF)ξ1 + 3((a + 2d)F + cH)ξ2 − 2(F2 + H2 − 4ad − 2R2)ξ3 .

Hence, Re4 �H3 admits a left-invariant conformal C-space metric if and only if the struc-
ture constants in Equation (7) satisfy the equations {Pi jk = 0}. We consider separately the
following cases:

(1) d = 0, (2) d � 0,H = 0, (3) d � 0,H � 0 .

Case (1): d = 0. Let 1 ⊂ R[a, c, d, F,H,R, ξ1, ξ2, ξ3, ξ4] be the ideal generated by
the polynomials {Pi jk} ∪ {d}. We compute a Gröbner basis 1 of 1 with respect to the
lexicographical order and a detailed analysis of the Gröbner basis shows that the polynomial

g1 = (F2 + H2 + R2)R2

belongs to 1. Since the zero sets of {Pi jk = 0, d = 0} and 1 = 〈Pi jk, d〉 = 〈1〉 coincide,
and R > 0, we conclude that there is no solution in this case.

Case (2): d � 0, H = 0. Let 2 ⊂ R[ξ4, F,H, d, a, c,R, ξ1, ξ2, ξ3] be the ideal generated
by the polynomials {Pi jk} ∪ {H}. We compute a Gröbner basis 2 of 2 with respect to the
lexicographical order and a detailed analysis of the Gröbner basis shows that the polynomials

g2 = (F2 + R2)F, g′2 = (ξ22 + ξ
2
3)dR2, g′′2 = F2d + (d − a)R2

belong to 2. As a consequence, F = ξ2 = ξ3 = 0 and d = a. Now, Equation (8) implies that

P212 = 4(2a2 + R2)ξ1

and therefore ξ1 = 0. Using again Equation (8) we get

P213 = 4(aR ξ4 − 4a2 + R2), P411 = (4a2 + 2R2)R ξ4 − 24a3 + 6aR2 .

Thus, necessarily a � 0 and ξ4 = 4a2−R2

aR , while a = ±R or a = ±R
2 . Now, a straightforward

calculation shows that, in any case, the manifold is Bach-flat.
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Case (3): d � 0, H � 0. In this last case, we are not able to get a Gröbner basis using the
initial polynomials Pi jk. Thus, our strategy consists in reducing the number of variables as
follows. Since dH � 0, and also R � 0, we can use Equation (8) to get expressions for ξ2, ξ3
and ξ4. In particular, from P324 we obtain

ξ3 =
1

HR2 {aR2ξ1 − a2F − (2a − d)cH − (F2 + H2 + R2)F},
from P314 we get

ξ2 =
1

dR2 {FR2ξ3 − (a − 2d)cF − (d2 + F2 + H2 + R2)H}
and, finally, using P323 we get

ξ4 =
1

6HR
{6(FH + (a − d)c)ξ1 + 2(F2 − 2H2 + 2ad + R2)ξ2 − 3(cF − (4a + 5d)H)} .

Thus, we can eliminate the variables ξ2, ξ3 and ξ4 from the polynomialsPi jk in Equation (8).
Let us denote by Q′i jk the expressions obtained from the polynomials Pi jk after substituting
ξ2, ξ3 and ξ4 with the expressions above. These expressionsQ′i jk are not directly polynomials
in R[a, c, d, F,H,R, ξ1] since they contain powers of d, H and R with negative exponents. We
avoid this problem considering P′i jk given by

P̃′211 = dHR2Q′211, P̃
′
212 = dH2R2Q′212, P̃

′
213 = 3dH2R2Q′213, P̃

′
214 = dHQ′214,

P̃′311 = dHR2Q′311, P̃
′
312 = 3H2R2Q′312, P̃

′
313 = dH2R2Q′313, P̃

′
314 = 0,

P̃′321 = 3dH2R2Q′321, P̃
′
322 = HR2Q′322, P̃′323 = 0, P̃′324 = 0,

P̃′411 = 3dH2R2Q′411, P̃
′
412 = 3dH2R2Q′412, P̃

′
413 = 6dH2R2Q′413, P̃

′
414 = dHR2Q′414,

P̃′421 = 3dH2R2Q′421, P̃
′
422 = 3dH2R2Q′422, P̃

′
423 = 6dH2R2Q′423, P̃

′
424 = dHR2Q′424,

P̃′431 = 6dH2R2Q′431, P̃
′
432 = 6dH2R2Q′432, P̃

′
433 = 3dH2R2Q′433, P̃

′
434 = dHR2Q′434,

which are polynomials in R[a, c, d, F,H,R, ξ1]. Now, Let 3 ⊂ R[a, c, d, F,H,R, ξ1] be the
ideal generated by the polynomials P′i jk. We compute a Gröbner basis 3 of 3 with respect
to the graded reverse lexicographical order and a detailed analysis of the Gröbner basis
shows that the polynomial

g3 = d4H5R2

belongs to 3. Since we are assuming dH � 0, and moreover R > 0, we conclude that there
is no solution in this case. This finishes the proof. �

4. Left-invariant metrics on Re4 � E(1, 1) and Re4 � E(2)

4. Left-invariant metrics on Re4 � E(1, 1) and Re4 � E(2)
Let g = R � g3 be a semi-direct extension of the unimodular Lie algebra g3 = e(1, 1) or

g3 = e(2). Let 〈·, ·〉 be an inner product on g and 〈·, ·〉3 its restriction to g3. Following the
work of Milnor [14], there exists an orthonormal basis {v1, v2, v3} of g3 such that

(9) [v2, v3] = λ1v1, [v3, v1] = λ2v2, [v1, v2] = 0,

where λ1, λ2 ∈ R and λ1λ2 � 0. Moreover, the associated Lie group corresponds to E(2)
(resp., E(1, 1)) if λ1λ2 > 0 (resp., λ1λ2 < 0). The algebra of derivations of g3 is given by
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der(g3) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b a c
−λ2
λ1

a b d
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ; a, b, c, d ∈ R
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

Let {v1, v2, v3, v4} be a basis of g such that {v1, v2, v3} are given by Equation (9) and g =
Rv4 ⊕ g3. Since Rv4 needs not to be orthogonal to g3, we set ki = 〈vi, v4〉, for i = 1, 2, 3. Let
ê4 = v4 − ∑i kivi and normalize it to get an orthonormal basis {e1, . . . , e4} of g = R ⊕ g3 so
that

(10)

[e2, e3] = λ1e1, [e3, e1] = λ2e2,

[e4, e1] = 1
R {be1 − λ2( a

λ1
+ k3)e2}, [e4, e2] = 1

R {(a + k3λ1)e1 + be2},
[e4, e3] = 1

R {(c − k2λ1)e1 + (d + k1λ2)e2}, R > 0.

Lemma 4.1. The groups Re4 � E(1, 1) and Re4 � E(2) do not admit any non-Bach-flat
left-invariant conformal C-space metric.

Proof. Unlike the cases Re4 � R
3 and Re4 � H3, for Re4 � E(1, 1) and Re4 � E(2) we

are not able to get the left-invariant conformal C-space metrics using Equation (2)-(ii) only.
It was shown in [8] that a Riemannian four-manifold with non-vanishing Weyl tensor is
a conformal C-space if and only if (observe that our convention for the Cotton tensor is
different from the one in [8])

(11) |W |2 Ck ji − 4 WdabcCcbaWdi jk = 0 .

In what follows, we combine Equation (2)-(ii) and Equation (11) to get the appropriate
Gröbner bases.

In order to simplify the expressions, from now on we use the notation A = a
λ1
+ k3,

C = c − k2λ1 and D = d + k1λ2. The components Ci jk = Ci jk − ∑α ξαWi jkα and C̃i jk =

|W |2 Ck ji−4 WdabcCcbaWdi jk of the (0, 3)-tensor fields associated to Equations (2)-(ii) and (11)
determine polynomials Pi jk and P̃i jk as follows:

(12)

C211 =
1

12R2P211, C212 =
1

12R2P212, C213 =
1

4R2P213, C214 =
1

4R3P214,

C311 =
1

12R2P311, C312 =
1

4R2P312, C313 =
1

12R2P313, C314 =
1

4R3P314,

C321 =
1

4R2P321, C322 =
1

12R2P322, C323 =
1

12R2P323, C324 =
1

4R3P324,

C411 =
1

12R3P411, C412 =
1

4R3P412, C413 =
1

4R3P413, C414 =
1

12R2P414,

C421 =
1

4R3P421, C422 =
1

12R3P422, C423 =
1

4R3P423, C424 =
1

12R2P424,

C431 =
1

4R3P431, C432 =
1

4R3P432, C433 =
1

12R3P433, C434 =
1

12R2P434,

and



424 E. Calviño-Louzao, E. Garcı́a-Rı́o, I. Gutiérrez-Rodrı́guez and R. Vázquez-Lorenzo

(13)

C̃121 =
1

12R6 P̃121, C̃131 =
1

12R6 P̃131, C̃132 =
1

12R6 P̃132, C̃141 =
1

12R7 P̃141,

C̃142 =
1

12R7 P̃142, C̃143 =
1

12R7 P̃143, C̃221 =
1

12R6 P̃221, C̃231 =
1

12R6 P̃231,

C̃232 =
1

12R6 P̃232, C̃241 =
1

12R7 P̃241, C̃242 =
1

12R7 P̃242, C̃243 =
1

12R7 P̃243,

C̃321 =
1

12R6 P̃321, C̃331 =
1

12R6 P̃331, C̃332 =
1

12R6 P̃332, C̃341 =
1

12R7 P̃341,

C̃342 =
1

12R7 P̃342, C̃343 =
1

12R7 P̃343, C̃421 =
1

12R7 P̃421, C̃431 =
1

12R7 P̃431,

C̃432 =
1

12R7 P̃432, C̃441 =
1

12R6 P̃441, C̃442 =
1

12R6 P̃442, C̃443 =
1

12R6 P̃443 .

The expressions of the polynomialsPi jk and P̃i jk are very lengthy, so we do not include them
here for the sake of clarity. They can be obtained after a long but straightforward calculation
using the Weyl curvature tensor and the Cotton tensor of Re4 � E(1, 1) and Re4 � E(2). In
particular, the Weyl curvature tensor is determined by

6R2W1212 = 6R2W3434 = (A2 + R2)(λ1 − λ2)2 − 2(C2 + D2),

4R2W1213 = −4R2W2434 = AC(2λ1 − λ2) + bD,

4R2W1223 = 4R2W1434 = −AD(λ1 − 2λ2) − bC,

6R2W1313 = 6R2W2424 = −(A2(2λ1 + λ2) − R2(λ1 + 2λ2))(λ1 − λ2) +C2 + D2,

2R2W1323 = −2R2W1424 = Ab(λ1 − λ2),

6R2W1414 = 6R2W2323 = (A2(λ1 + 2λ2) − R2(2λ1 + λ2))(λ1 − λ2) +C2 + D2,

while the Cotton tensor is given by
4R2C211 = −bC(5λ1 − 3λ2),

4R2C212 = bD(3λ1 − 5λ2),

4R2C213 = −2(A2 + R2)(λ1 − λ2)2(λ1 + λ2) −C2(2λ1 − λ2) + D2(λ1 − 2λ2),

4R3C214 = (2(A2 + R2)(λ1 − λ2)2(λ1 + λ2) +C2(2λ1 − λ2) − D2(λ1 − 2λ2))A,

4R2C311 = 4Ab(λ2
1 − λ2

2) −CD(λ1 + 4λ2),

4R2C312 = 2(A2 + R2)(λ3
1 − 2λ3

2 + λ1λ
2
2) − (4b2 − 2C2 − D2)λ1 + 4(b2 − D2)λ2,

4R2C313 = AC(λ1 + λ2)λ2 − 3bD(λ1 − 3λ2),

4R3C314 = 2(A2 + R2)Cλ2
1 − A2Cλ2

2 + AbDλ1 − 3AbDλ2 − A2Cλ1λ2 + 2(b2 +C2 + D2)C,

4R2C321 = 2(A2 + R2)(2λ2
1 + λ

2
2 + λ1λ2)(λ1 − λ2) − 4b2(λ1 − λ2) +C2(4λ1 − λ2) − 2D2λ2,

4R2C322 = −4Ab(λ2
1 − λ2

2) +CD(4λ1 + λ2),

4R2C323 = AD(λ1 + λ2)λ1 − 3bC(3λ1 − λ2),

4R3C324 = −A2Dλ2
1 + 2D(A2 + R2)λ2

2 + 3AbCλ1 − AbCλ2 − A2Dλ1λ2 + 2(b2 +C2 + D2)D,

4R3C411 = −2b(3A2 + R2)(λ2
1 − λ2

2) + ACD(λ1 + 4λ2) − (7C2 + 2D2)b,

4R3C412 = −2A(A2 + R2)(λ3
1 − 2λ3

2 + λ1λ
2
2) + (4b2 − 2C2 − D2)Aλ1 − 4(b2 − D2)Aλ2 − 5bCD,

4R3C413 = −2(A2 + R2)Cλ2
1 +CR2λ2

2 + 2AbDλ1 − 10AbDλ2 +CR2λ1λ2 + 2(3b2 −C2 − D2)C,

4R2C414 = −(AC(λ1 + λ2) + 4bD)λ2,

4R3C421 = −A(A2 + R2)(4λ3
1 − 2λ3

2 − 2λ2
1λ2) + 4A(b2 −C2)λ1 − (4b2 −C2 − 2D2)Aλ2 − 5bCD,

4R3C422 = 2b(3A2 + R2)(λ2
1 − λ2

2) − ACD(4λ1 + λ2) − (2C2 + 7D2)b,

4R3C423 = DR2λ2
1 − 2(A2 + R2)Dλ2

2 + DR2λ1λ2 + AbC(10λ1 − 2λ2) + (6b2 − 2(C2 + D2))D,
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4R2C424 = −(AD(λ1 + λ2) − 4bC)λ1,

4R3C431 = −C(A2 + R2)(4λ2
1 − λ2

2 − λ1λ2) + AbD(λ1 − 7λ2) + 4(b2 −C2 − D2)C,

4R3C432 = D(A2 + R2)(λ2
1 − 4λ2

2 + λ1λ2) + AbC(7λ1 − λ2) + 4(b2 −C2 − D2)D,

4R3C433 = 3ACD(λ1 − λ2) + 9(C2 + D2)b,

4R2C434 = 3CD(λ1 − λ2) .

Hence, Re4 � E(1, 1) or Re4 � E(2) admit a left-invariant conformal C-space metric if
and only if the structure constants in Equation (10) satisfy the equations {Pi jk = 0} or,
equivalently, {P̃i jk = 0}.

Note that since the structure constants of g3 satisfy λ1λ2 � 0, one may work with a
homothetic basis ẽk =

1
λ1

ek so that we may assume λ1 = 1 in the rest of the proof. First, we

start working with the polynomials P̃i jk given by Equation (13). Let ̃ ⊂ R[A, b,C,D, λ2,R]
be the ideal generated by the polynomials P̃i jk. We compute a Gröbner basis ̃ of ̃ with
respect to the graded reverse lexicographical order and a detailed analysis of the Gröbner
basis shows that the polynomial

g̃ = b3CD(C − D)2(C + D)2(C2 + D2)R2

belongs to ̃. Since the zero sets of {P̃i jk = 0} and ̃ = 〈P̃i jk〉 = 〈̃〉 coincide, and R > 0, we
are led to the following cases:

(1) C = 0, (2) D = 0, (3) b = 0, (4) D = ±C .

Next we analyze each one of these cases by separate using the polynomials Pi jk given by
Equation (12).

Case (1): C = 0. Let 1 ⊂ R[A, b,C,D,R, λ2, ξ1, ξ2, ξ3, ξ4] be the ideal generated by the
polynomials {Pi jk} ∪ {C}. We compute a Gröbner basis 1 of 1 with respect to the graded
reverse lexicographical order and a detailed analysis of the Gröbner basis shows that the
polynomials

g1 = D(8A2 + 5D2 + 8R2),

g′1 = (A2 + R2)R2(λ2 − 1)ξ1,

g′′1 = (A2 + R2)R2(λ2 − 1)ξ2,

g′′′1 = (9ADξ1 + 4(A2 + R2)(λ2 − 1)ξ3)R2

belong to 1. Since the zero sets of {Pi jk = 0,C = 0} and 1 = 〈Pi jk〉 = 〈1〉 coincide, and
R > 0, it follows that necessarily D = 0 and, moreover, either λ2 = 1 or ξ1 = ξ2 = ξ3 = 0.
If λ2 = 1 then a straightforward calculation shows that the corresponding Lie group given
by Equation (10) is locally conformally flat and therefore a symmetric manifold [16] and
trivially Bach-flat. Now, if λ2 � 1 and ξ1 = ξ2 = ξ3 = 0, then we compute

P433 = 2(A2 + R2)R(λ2 − 1)2ξ4,

which shows that there is no solution in this case.
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Case (2): D = 0. Let 2 ⊂ R[A, b,C,D,R, λ2, ξ1, ξ2, ξ3, ξ4] be the ideal generated by the
polynomials {Pi jk} ∪ {D}. We compute a Gröbner basis 2 of 2 with respect to the graded
reverse lexicographical order and a detailed analysis of the Gröbner basis shows that the
polynomial

g2 = C(C2 + R2)(A2 +C2 + R2)

belongs to 2. Thus necessarily C = 0, which corresponds to Case (1).
Case (3): b = 0. Let 3 ⊂ R[A, b,C,D,R, λ2, ξ1, ξ2, ξ3, ξ4] be the ideal generated by the

polynomials {Pi jk} ∪ {b}. We compute a Gröbner basis 3 of 3 with respect to the graded
reverse lexicographical order and a detailed analysis of the Gröbner basis shows that the
polynomial

g3 = D2(C2 + D2)

belongs to 3. Thus necessarily D = 0, which corresponds to Case (2).
Case (4): D = εC (ε = ±1). Let 4 ⊂ R[A, b,C,D,R, λ2, ξ1, ξ2, ξ3, ξ4] be the ideal

generated by the polynomials {Pi jk} ∪ {D − εC}. We compute a Gröbner basis 4 of 4 with
respect to the graded reverse lexicographical order and a detailed analysis of the Gröbner
basis shows that the polynomial

g4 = D(4A2 + 5D2 + 4R2)R

belongs to 4. Hence D = 0, which corresponds to Case (2). This finishes the proof. �

5. Left-invariant metrics on ˜SL(2,R) × R and SU(2) × R

5. Left-invariant metrics on ˜SL(2,R) × R and SU(2) × R
Let g = g3 × R be a direct extension of the unimodular Lie algebra g3 = sl(2,R) or

g3 = su(2). Let 〈·, ·〉 be an inner product on g and let 〈·, ·〉3 denote its restriction to g3.
Following the work of Milnor [14], there exists an orthonormal basis {v1, v2, v3} of g3 such
that

(14) [v2, v3] = λ1v1, [v3, v1] = λ2v2, [v1, v2] = λ3v3,

where λ1, λ2, λ3 ∈ R and λ1λ2λ3 � 0. Moreover, the associated Lie group corresponds to
SU(2) (resp., SL(2,R)) if λ1, λ2, λ3 are all positive (resp., if any of λ1, λ2, λ3 is negative).

Let {v1, v2, v3, v4} be a basis of g such that {v1, v2, v3} are given by Equation (14) and
g = g3 ⊕ Rv4. Since Rv4 needs not to be orthogonal to g3, we set ki = 〈vi, v4〉, for i = 1, 2, 3.
Let ê4 = v4 −∑i kivi and normalize it to get an orthonormal basis {e1, . . . , e4} of g = g3 ⊕ R
so that

(15)

[e1, e2] = λ3e3, [e2, e3] = λ1e1, [e3, e1] = λ2e2,

[e1, e4] = 1
R (k3λ2e2 − k2λ3e3), [e2, e4] = 1

R (k1λ3e3 − k3λ1e1),

[e3, e4] = 1
R (k2λ1e1 − k1λ2e2), R > 0.

Lemma 5.1. The groups ˜SL(2,R) × R and SU(2) × R do not admit any non-Bach-flat
left-invariant conformal C-space metric.
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Proof. As in the cases Re4 � E(1, 1) and Re4 � E(2), for ˜SL(2,R) × R and SU(2) ×
R we are not able to get the left-invariant conformal C-space metrics using Equation (2)-
(ii) only. We proceed as in Lemma 4.1 combining Equation (2)-(ii) and Equation (11) to
get the appropriate Gröbner bases. The components Ci jk = Ci jk − ∑α ξαWi jkα and C̃i jk =

|W |2 Ck ji−4 WdabcCcbaWdi jk of the (0, 3)-tensor fields associated to Equations (2)-(ii) and (11)
determine polynomials Pi jk and P̃i jk with exactly the same expressions than in Lemma 4.1
(Equations (12) and (13)). The expressions of the polynomialsPi jk and P̃i jk are very lengthy,
so we do not include them here for the sake of clarity. They can be obtained after a long
but straightforward calculation using the Weyl curvature tensor and the Cotton tensor of
˜SL(2,R) × R and SU(2) × R. The Weyl curvature tensor is determined by

6R2W1212 = 6R2W3434 = −(λ2 − λ3)(2λ2 + λ3)k2
1 + (λ1 − λ2)2k2

3

− (2λ2
1 − λ2

3 − λ1λ3)k2
2 + ((λ1 − λ2)2 − 2λ2

3 + (λ1 + λ2)λ3)R2,

4R2W1213 = −4R2W2434 = −(2λ1 − λ2 − λ3)λ1k2k3,

4R2W1223 = 4R2W1434 = −(λ1 − 2λ2 + λ3)λ2k1k3,

6R2W1313 = 6R2W2424 = (λ2 − λ3)(λ2 + 2λ3)k2
1 + (λ1 − λ3)2k2

2

− (2λ2
1 − λ2

2 − λ1λ2)k2
3 + (λ2

1 − 2λ2
2 + λ

2
3 + λ1(λ2 − 2λ3) + λ2λ3)R2,

4R2W1323 = −4R2W1424 = (λ1 + λ2 − 2λ3)λ3k1k2,

6R2W1414 = 6R2W2323 = (λ2 − λ3)2k2
1 + (λ1 − λ3)(λ1 + 2λ3)k2

2

+ (λ1 − λ2)(λ1 + 2λ2)k2
3 − (2λ2

1 − (λ2 − λ3)2 − λ1(λ2 + λ3))R2,

while the Cotton tensor is given by
4R2C211 = −(λ2

1 − λ1(3λ2 − 4λ3) − λ2(λ2 + λ3))λ3k1k3,

4R2C212 = (λ2
1 + λ1(3λ2 + λ3) − λ2(λ2 + 4λ3))λ3k2k3,

4R2C213 = (λ1(λ2 + λ3) − 2(λ2
2 + 2λ2

3 + λ2λ3))(λ2 − λ3)k2
1

− (2λ3
1 − λ2

1λ2 + 2λ1λ
2
3 + (λ2 − 4λ3)λ2

3)k2
2

− 2(λ1 − λ2)2(λ1 + λ2)k2
3

− 2((λ1 − λ2)2(λ1 + λ2) + (λ1 + λ2)λ2
3 − 2λ3

3)R2,

4R3C214 = {−(λ1(λ2 + 2λ3) − λ2(2λ2 + λ3))(λ2 − λ3)k2
1

+ (2λ2
1 − λ1(λ2 − λ3) − 2λ2λ3)(λ1 − λ3)k2

2

+ 2(λ1 − λ2)2(λ1 + λ2)k2
3

+ 2(λ1 − λ2)2(λ1 + λ2)R2}k3,

4R2C311 = (λ2
1 + λ1(4λ2 − 3λ3) − (λ2 + λ3)λ3)λ2k1k2,

4R2C312 = (λ1(λ2 + λ3) − 2(2λ2
2 + λ2λ3 + λ

2
3))(λ2 − λ3)k2

1

+ 2(λ1 − λ3)2(λ1 + λ3)k2
2

+ (2λ3
1 + 2λ1λ

2
2 − λ2

1λ3 − λ2
2(4λ2 − λ3))k2

3

+ 2(λ3
1 − 2λ3

2 − λ2
1λ3 + λ

2
2λ3 + λ

3
3 + λ1(λ2

2 − λ2
3))R2,

4R2C313 = −(λ2
1 + λ1(λ2 + 3λ3) − (4λ2 + λ3)λ3)λ2k2k3,

4R3C314 = {−(λ1(2λ2 + λ3) − (λ2 + 2λ3)λ3)(λ2 − λ3)k2
1

− 2(λ1 − λ3)2(λ1 + λ3)k2
2

− (λ1(2λ1 + λ2) − (λ1 + 2λ2)λ3)(λ1 − λ2)k2
3

− 2(λ1 − λ3)2(λ1 + λ3)R2}k2,
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4R2C321 = −2(λ2 − λ3)2(λ2 + λ3)k2
1

+ (4λ3
1 − λ2

1(λ2 + 2λ3) + (λ2 − 2λ3)λ2
3)k2

2

+ (4λ3
1 − λ2

1(2λ2 + λ3) − (2λ2 − λ3)λ2
2)k2

3

+ 2(2λ3
1 − λ2

1(λ2 + λ3) − (λ2 − λ3)2(λ2 + λ3))R2,

4R2C322 = (λ2
3 − (4λ1 + λ2)λ2 + (λ1 + 3λ2)λ3)λ1k1k2,

4R2C323 = (λ2
2 − λ2

3 + λ1(λ2 − 4λ3) + 3λ2λ3)λ1k1k3,

4R3C324 = {2(λ2 − λ3)2(λ2 + λ3)k2
1

− ((λ1 + 2λ2)λ2 − (2λ1 + λ2)λ3)(λ1 − λ2)k2
3

+ (λ1(2λ2 − λ3) + (λ2 − 2λ3)λ3)(λ1 − λ3)k2
2

+ 2(λ2 − λ3)2(λ2 + λ3)R2}k1,

4R3C411 = −(λ2
1 + 4λ1(λ2 + λ3) + 3λ2λ3)(λ2 − λ3)k1k2k3,

4R3C412 = {(−(λ1 − 4λ2)λ2
2 − (2λ1 + λ2)λ2

3 + (λ1 − λ2)λ2λ3)k2
1

− 2(λ3
1 + λ1λ2λ3 − 2λ2λ

2
3)k2

2

− 2(λ3
1 + λ1λ

2
2 − 2λ3

2)k2
3

− (2(λ2
1 + λ1λ2 + 2λ2

2) − (λ1 + λ2)λ3 − λ2
3)(λ1 − λ2)R2}k3,

4R3C413 = {(2λ1λ
2
2 + (λ1 + λ2)λ2

3 − (λ1 − λ2)λ2λ3 − 4λ3
3)k2

1

+ 2(λ3
1 + λ1λ

2
3 − 2λ3

3)k2
2

+ 2(λ3
1 + (λ1 − 2λ2)λ2λ3)k2

3

+ (2λ2
1 − λ1λ2 − λ2

2 + 2λ1λ3 − λ2λ3 + 4λ2
3)(λ1 − λ3)R2}k2,

4R2C414 = (λ2
1 + λ1(λ2 + λ3) − 3λ2λ3)(λ2 − λ3)k2k3,

4R3C421 = {2(λ3
2 + λ1λ2λ3 − 2λ1λ

2
3)k2

1

− 2(2λ3
1 − λ2

1λ2 − λ3
2)k2

3

− (4λ3
1 − λ2

1(λ2 + λ3) + λ1(λ2 − λ3)λ3 − 2λ2λ
2
3)k2

2

− (4λ2
1 + λ1(2λ2 − λ3) + (λ2 − λ3)(2λ2 + λ3))(λ1 − λ2)R2}k3,

4R3C422 = (4λ1λ2 + 3λ1λ3 + λ
2
2 + 4λ2λ3)(λ1 − λ3)k1k2k3,

4R3C423 = {−2(λ3
2 + λ2λ

2
3 − 2λ3

3)k2
1

− (λ2
1(2λ2 + λ3) − λ1(λ2 − λ3)λ3 + (λ2 − 4λ3)λ2

3)k2
2

+ 2(λ1(2λ1 − λ2)λ3 − λ3
2)k2

3

+ (λ2
1 + λ1(λ2 + λ3) − 2(λ2

2 + λ2λ3 + 2λ2
3))(λ2 − λ3)R2}k1,

4R2C424 = −(λ1(λ2 − 3λ3) + λ2(λ2 + λ3))(λ1 − λ3)k1k3,

4R3C431 = {(2λ1λ2(2λ2 − λ3) − 2λ3
3)k2

1

+ (4λ3
1 − 2λ2

1λ3 − 2λ3
3)k2

2

+ (4λ3
1 − λ2

1(λ2 + λ3) − λ1λ2(λ2 − λ3) − 2λ2
2λ3)k2

3

+ (4λ2
1 − λ1(λ2 − 2λ3) − (λ2 − λ3)(λ2 + 2λ3))(λ1 − λ3)R2}k2,

4R3C432 = {−2(2λ3
2 − λ2

2λ3 − λ3
3)k2

1

− 2(2λ2
1λ2 − λ1λ2λ3 − λ3

3)k2
2

+ (λ2
1(λ2 + 2λ3) + λ1λ2(λ2 − λ3) − λ2

2(4λ2 − λ3))k2
3

+ (λ2
1 + λ1(λ2 + λ3) − 2(2λ2

2 + λ2λ3 + λ
2
3))(λ2 − λ3)R2}k1,

4R3C433 = −(3λ1λ2 + 4(λ1 + λ2)λ3 + λ
2
3)(λ1 − λ2)k1k2k3,

4R2C434 = −(λ1(3λ2 − λ3) − (λ2 + λ3)λ3)(λ1 − λ2)k1k2 .

Hence, ˜SL(2,R) × R or SU(2) × R admit a left-invariant conformal C-space metric if
and only if the structure constants in Equation (15) satisfy the equations {Pi jk = 0} or,
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equivalently, {P̃i jk = 0}.
Note that since the structure constants of g3 satisfy λ1λ2λ3 � 0, one may work with a

homothetic basis ẽk =
1
λ1

ek so that we may assume λ1 = 1 in the rest of the proof. We
consider separately the following cases:

(1) k1k2k3 � 0, (2) k1k2k3 = 0 .

Case (1): k1k2k3 � 0. In this first case we work with the polynomials P̃i jk. A key
observation is that, in this case, most of the polynomials P̃i jk can be further decomposed. In
particular,

(16)

P̃121 = k1k3λ3P̃
′
121, P̃131 = k1k2λ2P̃

′
131, P̃132 = P̃

′
132, P̃141 = k1k2k3P̃

′
141,

P̃142 = k3P̃
′
142, P̃143 = k2P̃

′
143, P̃221 = k2k3λ3P̃

′
221, P̃231 = P̃

′
231,

P̃232 = k1k2P̃
′
232, P̃241 = k3P̃

′
241, P̃242 = k1k2k3P̃

′
242, P̃243 = k1P̃

′
243,

P̃321 = P̃
′
321, P̃331 = k2k3λ2P̃

′
331, P̃332 = k1k3P̃

′
332, P̃341 = k2P̃

′
341,

P̃342 = k1P̃
′
342, P̃343 = k1k2k3P̃

′
343, P̃421 = k3P̃

′
421, P̃431 = k2P̃

′
431,

P̃432 = k1P̃
′
432, P̃441 = k2k3P̃

′
441, P̃442 = k1k3P̃

′
442, P̃443 = k1k2P̃

′
443 .

Since k1k2k3 � 0 and, moreover, λ2λ3 � 0, the study of the equations {P̃i jk = 0} is
equivalent to {P̃′i jk = 0}. Let ̃1 ⊂ R[λ2, λ3, k1, k2, k3,R] be the ideal generated by the

polynomials P̃′i jk. We compute a Gröbner basis ̃1 of ̃1 with respect to lexicographical
order and a detailed analysis of the Gröbner basis shows that the polynomial

g̃1 = λ2λ
2
3(λ3 − 1)3(k2

1 + k2
2 + k2

3 + R2)2R2

belongs to 1. Since the zero sets of {P̃′i jk = 0} and ̃1 = 〈P̃′i jk〉 = 〈̃1〉 coincide, it follows
that necessarily λ3 = 1.

Next, we compute a Gröbner basis ̃′1 of the ideal generated by ̃1 ∪ {λ3 − 1} with respect
to the lexicographical order and we get that the polynomial

g̃′1 = (λ2 − 1)3(k2
1 + k2

3)(k2
1 + k2

2 + k2
3 + R2)R2

belongs to ̃′1. Thus, we get λ2 = 1 and a straightforward calculation shows that the cor-
responding Lie group given by Equation (15) is locally conformally flat and therefore a
symmetric manifold [16] and trivially Bach-flat.

Case (2): k1k2k3 = 0. In this case we can assume without loss of generality that k1 = 0
and we work with the polynomials Pi jk. Let 2 ⊂ R[k1, k2, k3,R, λ2, λ3, ξ1, ξ2, ξ3, ξ4] be the
ideal generated by the polynomials {Pi jk} ∪ {k1}. We compute a Gröbner basis 2 of 2 with
respect to the graded reverse lexicographical order and a detailed analysis of the Gröbner
basis shows that the polynomial

g2 = k2(λ3 − 1)(k2
2 + k2

3 + R2)2

belongs to 2. Thus, λ3 = 1 or k2 = 0.
If λ3 = 1 then we compute a Gröbner basis ′2 of the ideal generated by 2 ∪ {λ3 − 1} with

respect to the lexicographical order and we get that the polynomial
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g′2 = λ
2
2(λ2 − 1)R4

belongs to ′2. Thus, we get λ2 = 1. As in Case (1) the corresponding Lie group given
by Equation (15) is locally conformally flat and therefore a symmetric manifold [16] and
trivially Bach-flat.

If λ3 � 1 and k2 = 0 then we compute a Gröbner basis ′′2 of the ideal generated by
2 ∪ {k2} with respect to the lexicographical order and we get that the polynomial

g′′2 = λ
4
3(λ3 − 1)(λ2

3 + λ3 + 1)R4

belongs to ′′2 . Thus this case is not possible and this finishes the proof. �

6. The proof of Theorem 1.1

6. The proof of Theorem 1.1
The results obtained in the previous sections show that the only conformal C-spaces

which are not Bach-flat are those given in Lemma 2.1. It is easy to see that the three
cases in that lemma are equivalent. Indeed, considering ẽ1 = e1, ẽ2 = e3, ẽ3 = e2 and
ẽ4 = e4, the Lie bracket in Lemma 2.1-(i) reduces to the Lie bracket in Lemma 2.1-(ii).
Analogously, the equivalence between (ii) and (iii) in Lemma 2.1 follows taking ẽ1 = e2,
ẽ2 = e1, ẽ3 = e3 and ẽ4 = e4 in (ii). Thus, in what follows we consider the solvable Lie
algebra given by Lemma 2.1-(i). For this case, we compute the Weyl conformal tensor of
type (1, 3), Wi jk = W(ei, e j)ek, which is determined by

W121 = − (a−p)p
3R2 e2, W131 =

(a−p)p
6R2 e3, W141 =

(a−p)p
6R2 e4,

W232 =
(a−p)p

6R2 e3, W242 =
(a−p)p

6R2 e4, W343 = − (a−p)p
3R2 e4 .

Since the Weyl tensor of type (1,3) does not depend on b, then it follows from the work of
Hall [10] that taking b = 0 we get a homothetic (although not a homothetically isomorphic)
Lie algebra. As a consequence, one easily checks that a solvable Lie algebra given by
Lemma 2.1-(i) is homothetic to a solvable Lie algebra gα = Re4 � r

3 given by

[e1, e4] = e1, [e2, e4] = e2, [e3, e4] = αe3,

where α � {0, 1, 4}. Here, ξ = −6e4 and {e1, . . . , e4} is an orthonormal basis. Finally, we
show that if α � β, then gα and gβ are not homothetic. To do this , we consider the homothetic
metric 〈·, ·〉∗α = 2(α2 + 2α + 3)〈·, ·〉α so that τ∗α = −1 and we compute

(‖R‖∗α)2 =
α4 + 2α2 + 3

((α + 2)α + 3)2 , (‖W‖∗α)2 =
(α − 1)2α2

3((α + 2)α + 3)2 .

Hence, two metrics 〈·, ·〉α and 〈·, ·〉β are homothetic if and only if

(α4 + 2α2 + 3)((β + 2)β + 3)2 = (β4 + 2β2 + 3)((α + 2)α + 3)2,

(α − 1)2α2((β + 2)β + 3)2 = ((α + 2)α + 3)2(β − 1)2β2,

from where a straightforward calculation shows that necessarily α = β, which finishes the
proof.

Remark 6.1. Let {e1, . . . , e4} be the dual basis of {e1, . . . , e4}. Then the structure equations
corresponding to the Lie algebras in Theorem 1.1 are given by
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de4 = 0, de1 = −e1 ∧ e4, de2 = −e2 ∧ e4, de3 = −αe3 ∧ e4.

Setting e4 = dt, e1 = etdx, e2 = etdy, e3 = eαtdz, one has that the manifolds in Theorem 1.1
are isometric to the doubly warped product metric R ×et R

2 ×eαt R on R4 given by

g = dt2 + e2t(dx2 + dy2) + e2αtdz2.

Moreover, a straightforward calculation shows that the conformal metric ĝ = e−6tg is Cotton-
flat. Finally, observe that the Bach tensor B, when expressed in the above coordinates, is
diagonal and given by

B =
1
6
α(α − 1)(α − 4) diag[α − 1,−(α + 1)e2t,−(α + 1)e2t, (α + 3)e2αt].

Hence the Bach tensor vanishes if and only if α = 0, α = 1, or α = 4. For the special cases
α = 0 or α = 1 the underlying structure is symmetric. For α = 0, it corresponds to a product
R × H3 while it corresponds to the hyperbolic space H4 for α = 1. The case corresponding
to α = 4 is conformally Einstein since ĝ = e−6tg is Ricci-flat.

Remark 6.2. Let {ei} be the dual basis of {ei}, and set E±1 =
1√
2

(
e1 ∧ e2 ± e3 ∧ e4

)
, E±2 =

1√
2

(
e1 ∧ e3 ∓ e2 ∧ e4

)
, and E±3 =

1√
2

(
e1 ∧ e4 ± e2 ∧ e3

)
.

The self-dual and anti-self-dual Weyl curvature operators of any left-invariant metric in
Theorem 1.1 satisfy

W± = −1
6
α(α − 1) diag[2,−1,−1]

when expressed on the basis {E+1 , E+2 , E+3 } (resp., {E−1 , E−2 , E−3 }) of self-dual (resp., anti-self-
dual) two-forms. The distinguished eigenvalues of W+ and W− define one-dimensional sub-
spaces of Λ2

+ and Λ2−. The corresponding sections determine two-forms given by E±1 . A
straightforward calculation shows that dE±1 = e4 ∧ E±1 , where de4 = 0. Hence the two-forms
E±1 are conformally symplectic and opposite conformally symplectic. Furthermore, observe
that none of the corresponding almost complex structures J± (determined by J±e1 = e2,
and J±e3 = ±e4) is integrable. A straightforward calculation shows that the two-forms
Ω± = e−2tE±1 determine a symplectic pair [2] (i.e., they are non-degenerate closed two-forms
such that Ω+ ∧Ω− = 0, and Ω+ ∧Ω+ = −Ω− ∧Ω−).

References

[1] E. Abbena, S. Garbiero, and S. Salamon: Bach-flat Lie groups in dimension 4, C. R. Acad. Sci. Paris, 351
(2013), 303–306.

[2] G. Bande and D. Kotschick: The geometry of symplectic pairs, Trans. Amer. Math. Soc. 358 (2006), 1643–
1655.
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