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1. Introduction

Let Rn + i=RnxR be the (n + l)-dimensional Euclidean spase
We consider the heat equation

Lu:=Au = 0
dt

and its nonnegative solutions (called parabolic functions). For an
unbounded domain Ω in Rn + ί> a nonnegative parabolic function u in Ω
is called a kernel function at infinity (resp. at a point (yys)edpΩ) if u is
not identically equal to zero and if u vanishes continuously on dpΩ (resp.
on dpΩ\{(y,s)}), where dpΩ denotes the parabolic boundary of Ω

We study the existence and uniqueness of kernel functions for the
domains of the following form:

where oceR and D is a bounded starlike Lipschitz domain in Rn with
center 0, that is, D is starlike with center 0 and for every point xoedDyD
is defined by a Lipschitz graph in some neighborhood of x0 such that
the ray xo0 is its axis(see [3,p. 513]).

J.T. Kemper [5] has studied kernel functions at finite boundary
points, but our concern is ones at infinity, as discussed in [7], [8] and
[4]. It has been shown that Ωa(D) has a unique kernel function at infinity
if w = l, α < l ([8])and if « > 1 , α<l/2 ([7]). Here we use the convention
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that a kernel function at a point is "unique" if any two kernel functions
at the point differ only by a multiplicative constant.

The aim of this paper is to show the following theorem, which
completes the above assertion.

Theorem A. Ωa(D) has a unique kernel function at infinity if and only
if α < l .

Remark that if α > 1, then ΩΛ(D) has infinitely many kernel functions
at infinity which are not proportional each other (cf. [8]).

Now we consider the Appell transformation stf\ Put

for (x,t)eRnx(-coy0) and

for a function u on a domain ΩczRn x ( — oo,0) and for {xyt)e<srf{Ω): =
{s/(x,t); (x,t)eΩ}. Then */(Ωa(D)) = {(x,t);t>0, f'^xeD) and sίu is the
kernel function on s/(Ωa(D)) at the origin if u is a kernel function on
Ωa(D) at infinity (see [1, p.283]). Therefore Theorem A is easily deduced
from the following

Theorem B. Put Ωβ(D) = {(xyt)'yt>0yt~
βxeD}. Then Ωβ(D) has a

unique kernel function at the origin if β>0.

To prove the existence of kernel functions we prepare a kind of the
boundary Harnack principle in §3. In §4 we show that a certain
nontangential set is "minimally thick", i.e., it is not thin with respect
to minimal kernel functions, which plays an important role to examine
the uniqueness of kernel functions. This idea was first used in Hunt
and Wheeden [3] for harmonic functions. Theorem B is proved in
§5. Some comments on the boundedness of kernel functions at infinity
are made in §6.

2. Preliminaries

For a domain Ω in Rn + 1 we denote by dpΩ the set of (yys)edΩ ( = the
boundary of Ω) satisfying VnΩnRn x (syco)Φ0 for every neighborhood
V of (y,s). This is called the parabolic boundary of Ω. For (x,ήeΩ,
we denote by cϋβfί* the parabolic measure at (x,t) with respect to Ω. The
parabolic measure ωjjfί) is supported by dPΩnRn x (— coyt] and for any
bounded continuous function / on dpΩy the function J fdω^ft) of (x,t) is
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the solution of the Dirichlet problem with boundary value /. For the
detail of potential theory for the heat equation, see [1] or [10].

A boundary point (yys) e dpQ is said to be regular if for every bounded
continuous function / on 5pΩ,

lim ί

For a nonempty open set B in Rn

y (yys)eRn + i and for r>0, we define
tusk cones with vertex (yys) as follows:

and

T*tS)(Byr){(xytyy0<s-t<ry(s-ty1ί2(x-y)eB}.

It is well-known that a boundary point (yys) of a domain Ω is regular if

with some open set Bφ§ and r>0 (cf. [2]).

DEFINITION 1. A domain Ω in Rn + i is called uniformly regular if
there exist a nonempty open set B in Rn and r > 0 such that for every
point (yys)edpΩy

with some orthogonal transformation P on Rn.

We describe the assumptions for domains which will be considered
in the later sections. These are adequate for domains Ω,β(D)y 0</?<l/2
(see the proof of Theorem 2 below).

DEFINITION 2. Let Ω be a domain in /?++1 =Rn x (0,oo). We say
that Ω satisfies Condition (*) if the following conditions are satisfied:

(1) There exist a constant T > 0 and an upper semicontinuous
function φ>0 on Rn such that

(2) l iming φ(x)>0.

(3) lim supx_>0 |#|~2<p(#
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(4) Ω is uniformly regular.
(5) There exist constants r2>r1>0 such that for every (yys)

e<3pΩ\{(0,0)} with 0<s<rl9

where B(xyr) is the open ball in Rn with center x and radius r>0.
(6) lim^o sup{\x\;φ(x)<t} = 0.

3. Boundary Harnack principle

Throughout this section Ω is a domain in JR^+ 1 which satisfies
Condition (*). Fix 0<a <1 and take a constant r0 with r o >lim supx_>0

\x\~2φ(x). For each τ>0, we put

Aτ = (0yaτ)eΩy

E(τ) = {(xyt)'yτ<t<(a + l)τyr0\x\2 <t}y

E\τ) = {(xyt);0 < t < aτyr0\x\2 < t + τ},
E"(τ) = {(xyt);r0\x\2 <aτ-t<aτ)

and choose a number t(τ)>0 such that

{(xyt)eΩ;t<t(τ)}aE"(τ/2).

Then by the similar manner to the proof of Lemma 4 in [7] (see also
[6, Lemma 5]) we have

^Ωn\t>t(τ)) (Bx{t(τ)})<Const ωfcn{t>m (Bx{t(τ)})

for (xy t)eΩ\E"(τ) and for every open ball B in {χ-y(xyt(τ))eΩ}. This
esttimate yields the following boundary Harnack principle (cf. [7, Lemma
5]).

Lemma 1. There is a constant C 1 > 0 such that for every parabolic
function u>0 on Ω vanishing continuously on dpΩn{t>t(τ)}y we have

w(x,O<C'1M(^τ)ω(

ίJ'ί)(£'(τ)nδΩ) on Ω\£"(τ).

By Lemma 1 and the standard argument (see the proof of Proposition
2 in [7]), we can see the following

Lemma 2. There is a kernel function on Ω at the origin.
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4. Minimal thickness

A nonnegative parabolic function u on a domain Ω is called minimal
if every parabolic function v satisfying 0<υ<u is a constant multiple of
u. A nonnegative lower semicontinuous function u on Ω is called
superparabolic if Lu>0 in the distribution sense. For a superparabolic
function u on Ω and an open set F in Ω, RFu denotes the reduced function
of u on F, that is, the minimum superparabolic function on Ω with RFu =
u on F.

The following assertion means "minimal thickness" of a nontangential
set.

Lemma 3. Let Ω be a domain in Rn+1 satisfying Condition(*). For
a decreasing sequence {τm}^ = i in R+ tending to 0, we put

00

m = l

If u is a minimal kernel function on Ω at the origin, then RFu — u on Ω.. Here
E(τ) is the set defined in §3.

Proof. Let (0, to)eQ. We may assume that w(0,£o) = l. For each
meN, put

00

Fm = JJ E{h).

Then RFmu decreases to some parabolic function v>0 as ra-»oo because
Fm decreases to the empty set. Since v<u and u is minimal, v — ku for
some constant k > 0. By the (parabolic) Harnack inequality, for 0 < τ < t0,

RE(τ)u = u>Cu(Aτ) on ΩnE(τ)

with some constant C>0, so that

RE(τ)U(x,t + τ) > Cu(Aτ)(ύ^Ω '^(δΩ n

On the other hand, Lemma 1 shows

Hence
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which implies k>0. Since RFu + RFv — v = u on Fy we see

RFu + RFv — v>RFu on Ω.

This shows RFv = v, so that

RFu = RF(v/k) = (RFv)/k = v/k = u

on Ω. The lemma is proved.

5. Uniqueness of kernel functions

We begin with the following

Theorem 1. Let Ω be a domain in Λ+ + 1 satisfying Condition (*)
and let (0, £0)eΩ. Then there exists a unique kernel function u on Ω at
the origin with w(0, £0) = l.

Proof. The existence of the kernel functions at the origin is stated
in Lemma 2. To show the uniqueness, we denote by H(Ω) the space
of all parabolic functions on Ω endowed with the topology of uniform
convergence on compact sets and set

= {we//(Ω);ι/>0, continuously vanishes on 5pΩ\{(0,0)}
and }

Then with the aid of the Harnack inequality and Lemma t, we see that
HQ(Ω) is a compact convex set in i/(Ω). Hence by the Krein-Milman
theorem, it is sufficient to show the uniqueness of the minimal kernel
functions at the origin. Let «,-,/= 1,2, be minimal kernel functions at
the origin with ui(0,t0) = \. We may assume that there is a decreasing
sequence {τm}^=1 tending to 0 such that

for each integer m>\. By the Harnack inequality and Lemma 1 again,
there is a constant C > 0 such that

Ui>Cu2 on

Thus Lemma 3 leads to

ui>Cu2 on Ω.
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Since ut minimal, we have ui=C'u2 for some constant C">0, which
implies ux = w2. This completes the proof.

Now we turn to Theorem B. According to the result in [7], only the
case 0 < β < 1/2 must be handled, but this case follows from the following

Theorem 2. Let D be a bounded starlike Lipschitz domain in Rn

with center 0 and let φ be a lower semicontinuous and increasing function
on an open interval(Oyτ0). If lim inft_of~

1/2^r(f)>0, then Ω(φ,D) has a
unique kernel function at the origin, where

Ω(ψyD) = {(x,t);0<t<τOiψ(tyixeD}.

Proof. If lim ί_0^(ί)>0, the assertion is verified easily. In case
limt^oιj/(t) = 0y by Theorem 1, it is sufficient to check that the domain
Ω{φ,D) satisfies Condίtion(*). Because φ is lower semicontinuous and
increasing, Ω(φ,D) can be written

Ω(φ,D) = {(x,t);τo>t>φ(x)}

for some upper semicontinuous function φ such that φ(x) = τ 0 when
(limt^τoψ(t)y1xφD. This implies (1) and (2). The condition (3) follows
from lim inft_+ot~

iI2φ(t)>0. Since D is Lipschitz and φ is increasing,
we see easily (4) and (5). The remained condition (6) follows from

6. Bounded kernel functions

In this section we consider the case that the origin is an irregular
boundary point with respect to the adjoint heat equation (coirregular
point). Then we can construct a kernel function at the origin in the
following way.

For a domain Ω in Rn + 1 with OedΩ, put

where W is the fundamental solution of the heat equation, that is,

I v l 2

(4πί)" n'2 exp( - — ) for t > 0

W(x,t)= \ 4t

I 0 for£<0
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If Ω is regular, ί. e., every parabolic boundary point is regular, then uΩ

is a kernel function at the origin provided that uΩ

REMARK. uΩφ0 if and only if the origin is a coirregular boundary
point of Ω (cf. [9, Lemma 3]).

By Theorem 1 we have

Proposition 1. Let Ω be a domain in /?w

+

+1 satisfying Condition
(*). // the origin is coirregular, then uΩ is the unique kernel function at
the origin.

Applying the Appell transformation s/, we can give a criterion
whether a domain has a bounded kernel functions at infinity. Note that
s/~iuΩ=l—ωfc'\dΩ) and that a kernel function at infinity is a barrier
function at all parabolic boundary points.

Proposition 2. A domain Ω in Rn + 1 has a bounded kernel function
at infinity if and only if s/(Q)nRn x ( — oo,0)) is regular and the origin is
a coirregular point of j/(Ω)n/?π x ( —oo,0)). In fact, 1— ω{

Ω't] (δΩ) is a
bounded kernel function on Ω at infinity.

As an example, we now consider domains

Ω = {(*,*);* <0, \x\2<-2nt log(-ί)}

and for k>0

fyk) = {(*,*);*<0, \x\2<-kt loglog(-f)}.

Theorem 1 and the Appell transformation again show that these domains
have a unique kernel function at infinity. Furthermore since the origin
is a coirregular point of s/(Ώ) and of j/(Ω(fc)) for k>4 (see [1, pp.
338-340]), the present kernel function is bounded. On the other hand
for 0<&<4,Ω(fc) does not have any bounded kernel function at
infinity. This observation justifies the comments in [4, p. 869].



UNIQUENESS OF KERNEL FUNCTIONS 339

References

[1] J.L. Doob: Classical potential theory and its probabilistic counterpart, New York
Berlin Heiderberg, Springer, 1984.

[2] E.G. Effros and J.L. Kazdan: On the Dirichlet problem for the heat equation,
Indiana Univ. Math. J. 20 (1971), 683-693.

[3] R.R. Hunt and R.L. Wheeden: Positive harmonic functions on Lipschitz domains,
Trans. Amer. Math. Soc. 147 (1970), 507-527

[4] B.F. Jones, Jr. and C.C. Tu: On the existence of kernel functions for the heat
equation, Indiana Univ. Math. J. 21 (9)(1972), 857-876.

[5] J.T. Kemper: Temperatures in several variables: Kernel functions, representations,
and parabolic boundary values, Trans. Amer. Math. Soc. 167 (1972), 243-262.

[6] M. Nishio: Uniqueness of positive solutions of the heat equation, Osaka J. Math. 29
(1992), 531-538.

[7] M. Nishio: The uniqueness of positive solutions for parabolic equations of divergence
form on an unbonded domain, Nagoya Math. J. 130 (1993), 111-121.

[8] M. Nishio: Uniqueness of kernel functions of the heat equation, to appear in Potential
Analysis.

[9] N. Suzuki: A note on Dirichlet regularity on harmonic spaces, Hiroshima Math. J.
21 (1991), 335-341.

[10] N.A. Watson: Green functions, potentials and the Dirichlet problem for the heat
equation, Proc. London Math. Soc. 33 (3)(1976), 251-298.

Masaharu Mishio
Department of Mathematics
Faculty of Science
Osaka City University
Osaka 558, Japan

Noriaki Suzuki
Department of Mathematics
College of General Education
Nagoya University
Nagoya 464-01, Japan

Current Address
Department of Mathematics
School of Science
Nagoya University
Nagoya 464-01, Japan






