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1. Introduction and main results

In this paper we study the spectral property of the 2-dimensional Schrόdinger
operators with periodic potentials and constant magnetic fields :

(1.1) H(\) = (DXl+bx2)
2 + (DX2-bx1)

2 + λ2V(x) in L2(R2),

where DXj = —ίd/dxj (j = 1,2), b G R, V(x) is a real-valued function on R2, and
λ is a positive parameter. The corresponding magnetic field is defined by the 2-form
B — —2bdxι A dx2. We assume that V(x) satisfies the following conditions :
(HA) V(x)eC°°(R2;R).
(H2) V(x + 7) = V(x) on R2 for any 7 G Γ = 2πZ Θ 2πZ.
(if.3) V(x) > 0 on R2.
(if .4) V(x) = 0 if and only if x G Γ.

(H.5) Vff(0)=2^ ^ J , μ i ,μ 2 >0.

The spectral property of H(X) depends largely on number theoretical properties
of B and Γ. In this paper we assume that
(H.β) b G (l/4π)Z.

Under the assumption (if.6), the spectrum of H(λ) has a band structure. Our
main purpose is to study the asymptotic behavior of the spectrum of H(λ) when
λ tends to infinity. When the magnetic field is absent (i.e. b = 0), B. Simon [5] and
A. Outassout [4] proved that the width of the lowest band (the ground state band)
decreases in exponential order when λ —• 00. Simon used the theory of Brownian
motion in the proof, while Outassout employed the W.K.B. type analysis developed
by B. Helffer-J. Sjόstrand [2]. In this paper we prove similar estimates in the presence
of the magnetic field B.

For x, y G R2, we denote by dy(x, y) the Agmon distance associated with V(x)
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(see §3), and we set

SQ = min dy(0,y).
7GΓ\{0}

The hypotheses (H.3) and (HA) imply that s0 > 0. Then we have the following
theorem.

Theorem A. Assume (HA) ~ (H.6). Let L(λ) be the width of the ground
state band. Then, for any η > 0, there exists a constant Cη > 0 such that

(1.2) L(λ) < Ce-^-W as λ -f oo.

We improve the estimate (2) under an additional geometrical assumption. Let

For XQ G R 2 and r > 0, we set

By(xo,r) = {xG R2;dv(x0,x) < r}.

For each 7 e Λ, we assume the following.
(H.Ί) There is a unique geodesic K of length s0 joining 0 and 7.
(H.S) Let x0 e K Π Bv(0, s0) Π Bv(j, s0) and let Γo CC Bv(0, s0) Π Bv(η, s0) be

any smooth curve such that TQ Π K = {xo} and ΓQ intersects K transversally
at x0. Then there exists a constant C = C(x0? Γo) > 0 such that

0) + dy(x,7) > s0 + Cdv(x, XQ)2 for any x e Γo.

Theorem B. Under the hypotheses (H.I) ~ (H.8), the width of the ground
state band ofH(λ) is

S 0 λ as λ ^ o o ,

60 > 0 is a constant depending only on V(x) and B.

We owe the basic ideas of the proof of these theorems to the work of Helffer-
Sjόstrand [2] on the tunneling effect of Schrόdinger operators and to that of Out-
assourt [4] which applied the technique of Helffer-Sjostrand to periodic potentials
and the tight-binding approximation. The assumption (H.6) allows us to generalize
this idea to the magnetic Schrόdinger operators with small modification. In §2, we
introduce a differential operator on a torus, and estimate its eigenvalues by using
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harmonic approximation. In §3, we prove Theorem A by slightly deforming the
periodic potential and comparing the first eigenvalue of the resulting Schrodinger
operator with the one introduced in §2. In order to prove Theorem B, we shall intro-
duce in §4 a W.K.B. solution of the magnetic Schrodinger operator and approximate
the eigenfunctions of the reference problem.

2. Preliminaries

First we introduce various function spaces and magnetic translations which
reduce our problem to that of a differential operators on a torus. For details see
Sjόstrand [6] p. 247.

Let E be the fundamental domain of Γ = 2πZ Θ 2πZ, Γ* be the dual lattice of
Γ, and E* be the fundamental domain of Γ*. Namely,

E = [0,2ττ) x [0,2π),

Γ* = {7* e R2; 7 7* € 2πZ, v

7 £ Γ} = Z Θ Z,

Let H2

B(R2) = {ue L^R^T^TiTjU £ L 2(R 2), vi, j e {1,2}}, where

3i = DX1 + 6z2,T2 = DX2 - bxλ.

We define the inner product of H%{R2) by

ΐ=i ΐ,i=i

Then, iί(λ) is self-adjoint with domain Hg(R2).
For 7 = (71,72) € Γ and u G L2

OC(R2), we define the magnetic translation T^
by

(T*u)(x) = jh^e-
ih^Ί*-χ^u{x - 7).

{T^}7Gr is an Abelian group, and each T^ commutes with the differential operator
H(λ) defined by (1).

For u e 5(R2) and θ e E*, we define

7GΓ

For θ £ E*9 we define

| β = {t; G L 2

O C(R 2); T ^ = e-^θv a.e. in R 2, v

7 G Γ}
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equipped with the inner product (u, V)HB θ = JEu(x)v(x)dx.

Let H = jE+ Hββdθ equipped with the inner product

(u,v)n = (volE*)'1 ί dθ ί u{x,θ)v{x,θ)dx.
JE* JE

For θ G E*9 we define

(2.1) H(λ',θ) = (DXl+bx2)
2 + (DX2-bx1)

2+\2V(x) in

with domain

«β,* = & e HB^ΆV^TJV e HB,θ,\j G {1,2}}.

We then have the following fundamental proposition (cf. [6] p. 255).

Proposition 2.1. ZY ΐs uniquely extended to a unitary operator from L 2(R 2) to

H, and the following equality holds :

r®

(2.2) UH{\)U~1 = / H(λ]θ)dθ.
JE*

Because iJ(λ; 0) has a compact resolvent, the spectum of H(λ; 0) is discrete. We

denote by Sj(X θ) the jf-th eigenvalue of H(X Θ) counted with multiplicity. By the

min-max principle, Sj(λ θ) is a continuous function of θ e E*. So, we have

oo

(2.3) σ(H{\))=\Jεj(\;E*), where ^(λ E*) = {^(λ; 0); 0 e ^*}

Sj(λ;E*) is either a closed interval or a one-point set. We call Sj(\;E*) the j-th

band, and £χ(λ;.E*) the ground state band.

Before going into the precise analysis of the ground state band, we first get the

asymptotic expansion of first order of each eigenvalue. Let N be the set of non-

negative integers and N + the set of positive integers. Let

Λo - {(2j + l)VμΓ + (2fe + 1)Vw; J> keN}

(where μi, μ2 are defined in (H.5)) and let i;n be the n-th smallest element of Λo

counted with multiplicity. Then we have the following theorem.

Theorem 2.2. For each n e N+, w

(2.4) £ n (λ ;0)=?; n λ + o(λ) (λ-^ oo),
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where the error term is uniform with respect to θ e E*.

Proof. The proof is done along the line of Theorem 1 of Simon [5]. We prove

the following two inequalities.

(2.5) £n(λ; θ) > vnX - O(λ4/5) (λ -> oo),

(2.6) εn(λ;θ)<vnλ + O(\1/2) (λ-oo),

where the error term is uniform with respect to θ £ E*.

As was done in Simon [5], (5) is proved by using the I.M.S. localization formula

and the min-max principle. The presense of the magnetic fields requires no essential

change.

Next we prove (6). To show this, we use the harmonic approximation (cf. [5]).

(H.5) implies that

V(x) = μixι2 + μ2x2

2 + O(\x\3) (\x\ -> 0).

Let us introduce the following approximate operator :

(2.7) ffo(λ) = (DX1 + bx2)
2 + (DX2 - bXl)

2 + X2(μlXl

2 + μ 2x 2

2) in £ 2 (R 2 )

We use the eigenvalues and eigenfunctions of H0(λ) to approximate Sj(X;9). By

the symplectic invariance of Weyl operators, H0(λ) is unitarily equivalent to the

following harmonic oscillator (see Appendix) :

(2.8) - Δ + mi(λ)zi 2 + m 2 (λ)z 2

2 in L 2(R 2),

where rai(λ) and ra2(λ) are the roots of

t2 - ((μi + μ2)λ2+4&2)£ + /iiμ2λ
4 = 0,m1(X) < m2(λ).

Therefore, the eigenvalues of H0(X) are

εjtk(X) = (2j + l)>/mi(A) + (2fe

Let

vjik-= (2j + l)v /min(μi,μ2) -f (2k + l)γ/max(μi,μ2)-

In Appendix, we shall show that

(2.9) £j,kW=Vj,kX + O(l) (λ-oo).

Let {ψj,k}j,ken be the complete orthonormal system of L 2(R 2), where φj^(X]x) is

the eigenfunction of H0(X) associated with the eigenvalue (2j + l)y/m\(X) + (2k +
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l)y /m 2(λ). Each ψj^ can be computed explicitly, and the following estimate holds

(see Appendix) :

(2.10) l ^ ,*(λ;x)| < C. fcλ^expί-cλlxl2),

where Cj^ > 0 and c > 0 are constants independent of λ > 1. We can choose

{(in, kn)}n>i (jn, K G N) such that

Vn = Vjn,kn(
n = 1> 2, 0, On, fen) Φ O'm, fern) ^ ™ / m.

Let φn = ψjn,kn, Cn = C i n ϊ f c n , 4 ( λ ) = ζ n f f c n(λ) (n = 1,2, •), and

(2.11) ^n(λ;x;fl) = ^ e i ^ ( T ^ n ) ( λ ; a : ) (θ G E*).

We prove the following estimates :

(2.12) (φn(λ;x;θ),φrn(λ;x;θ))nBίθ = δnrn + O{e~kX) (λ - , oo),

(2.13) (fr(λ;fl)^n(λ;x;β),^m(λ;x;β))W f l f β =t; n λ« n m H-O(λ 1 / 2 ) (A-^ oo),

where /c > 0 is a constant independent of λ and each error term is uniform with

respect to θ e E*. The inequality (6) then follows from (12) and (13) by Schmidt's

orthogonalization process and the Rayleigh-Ritz Principle.

First we show (12). For 7 = (71,72) G Γ, we set

(2.14)

Then (H.6) implies that

(2.15) 0(7) €{1 , -1} .

From (11) and (15), we have

(2.16) (φn(X; x; 0), φm(λ; x; Θ))HBΘ

A; x - 7)<0m(A; x - η)dx

Σ Σ / el{Ί-Ί'+
7GΓ

where 7 = (71,72), 7' = (7i,72)
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The first term of the right-hand side equals

= δnτn.

We denote the second term by i?n ? m(λ). Then (10) implies that

|-Rn,m(λ)| < C nCmλ TJ 2_] / exp(—cλ(|x — 7|2 + \x — 7;|2))ίία:.

A simple calculation shows that

\x - 7I2 + \x- VI2 > 2π2 in R2 for v

7 , 7 ' G Γ, 7 φ 7''.

Let A; = π2c (> 0). Using the above inequality, we have

(2.17)

< c n c m λe- f c λ Σ Σ y e x p ( - 2 c λ ( i χ " 7 i 2 + i χ " 7'i

) Y^ / exΌ l--cλ\x - VI2 ) drr
^ T J E V 2 '

= CnCmλe- f c λ V e x p ( - - c λ m i n | x - 7 | 2 ) / exp (--cλ|x | 2 J
VTGΓ ^ x G £ ; / I JR2 \ 2 /

V e x p (--cλmin |x - 7 | 2 ) ,
^ V 2 χ G £ ; y

where we have used the scale change yf\x —• x in the third line.
For 7 G Γ, |7| > 4>/2π, we have

m i n > - 7 | 2 > - | 7 | 2 .
x£E 4

So, there exists a constant C > 0 independent of λ > 1 such that

\ ^ exp I —cλmin \x — 7| 2 1 < C' for any λ > 1.

f^τ V 2 XGE y

Therefore, we get (12).
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Next we show (13). We denote by £Γ°(λ) and ίf°(λ) the formal differential

operators

(DXl + bx2)
2 + (DX2 - bXl)

2 + λ 2 ( μ i X ! 2 + μ2x2

2)

and

(2?X1 + bx2)
2 + ( P X 2 - tan)2 + λ V ( a )

respectively. Let Eo = [—π,π) x [—π, π). Because each 1^(7 G Γ) commutes with

ϋ r°(λ), we have by using (11)

(2.18) (#(λ ; θ)φn(X; x; θ), ̂ m ( λ ; x; β)) W f l > β

= ί
JE0

n)(X; x)ψrn{\ χ θ)dx

(2.19) = I Σ eiτθ(Tξ(H°(X) - H°(λ))ψn)(λ; x)Ψm{\; x; θ)dx

Let us recall that

H°(\)ψn = εn(λ)φn.

This together with (9) implies that

H°(λ)φn = (vnλ + O{\))φn (λ - oo).

So, the second term of (19) equals

ί Σ eiΊ-θ(T*ψn)(λ; x)φm(λ; x; θ)dx
E° 76Γ

[ φn(λ;x;θ)φm(λ;x;θ)dx
Eo

= vnδnmλ
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where we used (12).
We denote by K,m( λ) the first term of (19). We have

= \2T*{(V(x) - (μi

2

Xl

2 + μ2

2X22))Ψn}

= λ2θ(Ί)e-ib^2-χ^{V(x - 7 ) - (μi(*i - 7i) 2 + M2(z2 - 72)2)}V>«(λ; x - 7).

By (H.5), there exists a constant Co > 0 such that

\V(x)-(μ1x1

2+μ2X22)\<C0\x\3 in Eo.

Because V(x) is bounded in R2 and dis(Γ\{0}, Eo) > 0, there exists a constant
Co > 0 independent of 7 € Γ\{0} such that

\V(x - 7 ) | + μi(*i " 7i)2 + μ2(x2 - 7 2) 2 < C'0\x - 7 | 3 in ^ 0 for any 7 G Γ\{0}.

Using (10), we have for any 7 e Γ

^ in JSo,

where CQ' > 0 is a constant independent of λ > 1 and 7 E Γ.
Using (10) again, we have

x - 7 | 3 e x p ( - c λ | x - 7 | 2 ) e x p ( - c λ | x - 7 Ί 2 ) ^

exp(-cλ min \x - Ί'\
2)

x e E o

x Σ / \x ~Ύ

As in the preceding caluculus, there exists a constant C > 0 independent of
λ > 1 such that

S^ exp(-cλ min |x - 7 ; |2) < C (λ > 1).

So we have

ί la
^R2

and we get (13). •
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3. Proof of Theorem A

In this section, we give the proof of Theorem A. The most important part of

the proof is the exponential decay of eigenfunctions of approximate operators (cf.

[1] §3.3).

First we introduce the Agmon distance. For x, y e R2, we define

(3.1) dv(x,y) = inf / y/VW))\<y(t)\dt
-v Jo

where 7 : [0,1] —• R2 is a piecewise C1 path satisfying 7(0) = x and 7(1) = y.

dγ(x,y) has the following properties (see [1] §2.3, 2.4, and 3.1) : For any y e R2,

(3.2) \Vxdv(x,y)\2 <V(x) a.e. in R2.

dv(x,0) is smooth in a neighborhood of 0 and satisfies

\Vxdv(x,0)\2 = V(x) in a neighborhood of 0.

For x0 G R2 and r > 0, we set

Bv(x0,r) = {x £ R2 : dv(x0,x) < r}.

Let

5o = min dv(0,7) (> 0).

For sufficiently small η > 0, we choose Wη e C^°(R2) such that

Wη = l on Bv(θ^,Wη>O in R2,supp^ C By

Let

V(x) = V(x)+

7GΓ\{0}

To approximate Sι(λ θ) (θ e E*)9 we introduce the following approximate oper-

ator

(3.3) H(X) = (DX1 + bx2)
2 + (DX2 - bxλ)

2 + X2V(x)

in L2(R2) with domain i f | ( R 2 ) .

Since V(x) has a non-degenerate minimum only at the origin, one can argue as

in §2 to show the following fact.
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For any n e N + and sufficiently large λ, H(X) has at least n eigenvalues below its

essential spectrum, and the j-th eigenvalue counted with multiplicity has asymptotic

expansion Vjλ + o(λ) (λ —• oo).

Let £(λ) be the first eigenvalue of H(λ) and let φ(λ)(x) be the associated

normalized eigenfunction. We have the following theorem which is analogous to

Helffer-Sjόstrand (cf. [2] Lemma 2.4).

Lemma 3.1. For sufficiently small e > 0 we have

(3.4) | | e λ ( 1 - e ) d v ^ ° ^ ( λ ) ( x ) | | ^ ( R 2 ) = O e ( e e λ ) (λ ̂  oo),

where {u,υ)H^R2) = (u,v)L2{R2) + E L I ( T ^ > T ^ ) L 2 ( R 2 ) .

Proof. First we show the following equality

(3.5) / {|(£>X1 + bx2){ex*φ)\2 + \(DX2 - bXl)(ex*φ)f}dx

where φ is any R-valued locally Lipschitzian function in R2, which is constant for

sufficiently large \x\.

We choose χ G Cg°(R2) such that

For R > 0, we set

Note that φ G ϋ/^c(R2) and UR = 0 for |x| > 2R. Then integrating by parts shows

that

(3.6) Re/ e2Xφ{(H(\)-ε(\))uR}ΰRdx
7R2

- bXl)(e^uR)\2}dx

Because y? is constant for sufficiently large \x\ and UR —• 0 in i ί^(R 2 ) ( ϋ —• oo),

we get (5) by taking the limit R —• oo in (6).
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Let

ft (0<t<R)
X R i t ) = \R (t>R).

We set

φ(x) = d~{x, 0) and φR(x) = (1 - 6)χR(φ(x)) (0 < δ < 1).

It follows from (2) that if ψ(x) < R, we have

(3.7) 2 2 2

< (1 - δfV{x),

and VψR = 0 otherwise. So it follows that if V(x) > δ, we have

(3.8) v - | V < Λ R | 2 - χ-2ε(λ) > δ2{2 -δ)- χ-2ε(\).

Because S(X) = vxλ + o(λ) (λ —• CXD), for any ̂  > 0, there exists λ(<5) > 1 such that

(3.9) ^ - | V y > Λ | 2 - λ - 2 f ( λ ) > « 2 if V(x)>δ,\>λ(δ).

We set

Qt = {xe R2; V{x) > δ}, Qj = {χe R2; V{x) < δ}.

Then, (5) and (9) imply that

(3.10) λ"2 / {\(DX1 + bx2)(eχ*«φ)\2 + |(Z>*3 - 6 x i ) ( e λ ^ ^ ) 2

e2X**\φ\2dx

< sup\V - \VφR\2 - \-2ε(λ)\ ί e2XφR\φ\2dx.

Let

a(δ) = 2 sup φR(x).
xeQ-

(HΛ) and (H.5) imply that

(3.11) a(δ) = O(δ2) {δ^0).

Ϊ
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Besides, there exists a constant C > 0 such that for any R > 0 and λ > X(δ)

sup\V-\VφR\2-λ-2ε(X)\<C.

So, it follows from (10) that

(3.12) λ " 2 / {\(DX1 + bx2)(eλ*«φ)\2 + \(DX2 - bXl)(eλ*«φ)\2}dx

+ δ2 f e2X*R\φ\2dx
7R2

< (C + l

Taking the limit R —> ex), we have

(3.13) λ"2 / {\(DX1 + bx2)(ex^-δ^φ)\2 + \(DX2 -

< ( C + l ) e λ α ( < 5 ) (λ

Plugging (11) to (13), we get (4). •

Lemma 3.2. For any e > 0, a e N 2, and R > 0, there exists a constant

Ca:e,R > 0 independent ofX such that

(3.14) \dZφ(X)(x)\<Ca^Re-λ{dv^0)-e) in 5^(0, Λ).

Proof. Because V(x) = 0 <ί=^ x = 0 and V'(x) is non-degenerate at x = 0, we

have

(3.15) ¥>(*) = d^(x,0) G C°°(R 2;R).

Let

Let If, ΛΓ be any bounded open set of R 2 satisfying K CC K. Lemma 3.1 implies

(3-16) W^ λ

Because H(X)φ = S(X)φ, we have

(3.17) -Aw = (S(X) - X2V(x) - XAφ + λ2 |V<p|2 + b2\x\2)w

+ 2X(DXlφ)(DXl 4- bx2)w + 2λ(J9X 2(^)(DX 2 -

^x1 + bx2)w + 2bxι(DX2 — bxι)w.



872 K. YOSHITOMI

We denote by /(λ)(x) the right-hand side of (17). Noting £(λ) = vλλ + o(λ) and

(16), we have by an a-priori estimate for the Laplacian

(3.18) \\w\\HHK) < ^ £

Let K\ K' be any bounded open set of R2 satisfying K' CC K'. Then the above

argument shows that

(3.19) II

= O(eeλ).

Inductively, for any m G N + and R > 0, we have

(3.20) lkl l^(^(o,β))

where CR is a constant independent of λ.

By using Sobolev's imbedding theorem and (20), we get (14). D

We turn to the proof of the Theorem A. First note that V(x) = V(x) in

BV{0,SQ - \), and d~{x,ϋ) > dv{x,ϋ) in R2. We choose χη £ C^°(R2) such that

/ 3 \ / 3 \
suppχ^ C By ί 0, 50 - -η ) , 0 < χη < 1 in By ί 0, s0 - -η) ,

χη = 1 on Bv(O,so-η).

Let ψ(\)(x) = χη(x)φ(λ){x). For θ e E* we set

(3.21) φθ(x) = Σ e^θ(Ύ*ψ)(x)(e HB,θ Π C~(R2)).

Then, by a direct computation we get

(3.22) H (λ; β)^(λ) = ε(λ)ψθ(λ) + r*(λ)

where

r(λ)(ar) = - ( Δ X r 7 ) 0 - 2VX t ? Vφ - 2M((x2dXl - XldXa)χ,,)φ.
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We estimate | | ^ ( λ ) | | W f l i β and | | r»(λ) | | W f l f β . Because | | ^ | U 2 ( R 2 ) = 1 and 0 < χv <

1 in R2, we have

Using Lemma 3.1, we have

11(1 -
II „

= \\e
°~ηϊeeX

— (J e-λ(so-η)+\e(so-η+l)

We choose e > 0 such that e(s0 — η + 1) < η. Then we have

and

(3.23)

Using (21), we have

(3.24) \\φo\\2nB,θ

-7,-Ύ'er

where Eo = [—π,π) x [—τr,π). We note that the summation of the right-hand side

of (24) ranges over a finite set of indices because ψ is compactly supported. Let 7,

y G Γ, 7 / y . Lemma 3.2 implies

/ \ΦW(χ-Ί)Φ(X)(χ-Ί')\dχ
E0

< Ce f
JEEQ

Because

dv(x - 7,0) + dv (x - Ί', 0) > dvin, I) > so,

we have

(3.25) \(Ύ*ψ,τ*φ)L2{Eo)\ = O(e-χ^-2^).

Combining (24) and (23), (25), we have

(3-26) \\MHB,Θ = 1 + O{e-χ^-2^),



874 K. YOSHITOMI

where the error term is uniform with respect to θ G E*

Next we estimate ||r\9||ftB>0. We have

(3-27) \\fe\&B,=

We again note that the summation of the right-hand side of (27) ranges over a finite

set of indices. Let us recall

r(λ)(x) = -(Aχη)φ-2Vχη Vφ- 2bi((x2dXl - xιdX2)χη)φ.

We note that

Δχ^ = 0,Vχη = 0,(x2dXl -xιdX2)χη = 0 on Bv(0,so -η).

So, Lemma 3.2 implies

|r(λ)(x)| < C ^ e - ^ 0 " 2 ^ in R2.

Using (27) and the above inequality, we have

(3.28) l|rβ| |wfl,β=O(e-λ ( θ°-2 t ? )),

where the error term is uniform with respect to θ G E*.

Using (22), (26), and (28), we get

On the other hand,

S{\) = VlX + o(λ), fi(λ β) = υiλ + o(λ),f2(A; fl) = ^2λ + o(λ),

where υi = ^/μl 4- y7̂ 2 < 2̂ and each error term is uniform with respect to θ G E*.

These two facts imply Theorem A. D

4. Proof of Theorem B

In this section, we describe the proof of Theorem B. For this purpose, we shall

get the ^-dependence of the asymptotic behavior of Si (λ; θ). In this proof, the W.K.B.

type analysis plays an important role.

First, we define a distance between the subspaces of a Hubert space H. Let E,

F be closed subspaces of H, and let ΐlp be the orthogonal projection onto F. We

define

~d(E,F) = sup dis(x,F) = ||(1 - UF)\E\\H.
xeE,\\x\\ = l
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Proposition 4.1 (cf. [2, Proposition 2.5]). Let A be a selfadjoint operator

in H. Let I C R be a compact interval. Let ψι, φ2> •> ΨN £ Έ(A) be linearly

independent, and μlf μ2, , μN £ I = [<*, β] be such that

Aφj = μjφj -h Tj, \\rj\\ <e (j = 1, 2, , N).

Suppose that there exists a constant a > 0 such that

σ{A) Π [α - 2α, a] = 0, σ{A) Γ\\β,β + 2a] = 0.

Let E be the subspace ofΉ spanned by ψι, ψ2, , ΨN and let F be the range of

EA(I), EA{-) being the spectral projection associated with A.

Then, we have

d(E,F)<
a Λ /λmin

V s

where Xfϊn is the smallest eigenvalue of the matrix S = ((ψj,ψk)H)i<ij<N-

For θ e E* and ψθ(\) defined in (21), let

and let FΘ(\) be the eigenspace of H(λ; θ) associated with £i(λ; θ). Using the decay

estimates of eigenfunctions in §3 and this proposition, we have the following.

Lemma 4.2.

(4.1) ~d(Eθ(λ),Fθ(\)) = O(e-^~2^x) (λ -+ oo)

where the error term is uniform with respect to θ e E*.

Proof. First we recall the following estimates. (See §3 (26), (22), and (28).)

(4.2) | | ^ | | ^ = l

(4.3) H(λ; θ)φθ{\) =

(4.4) \MHB,, = O(e-λ(s°-2")),

where the error terms in (2) and (4) are uniform with respect to θ G E*.

In §2, we have shown that

(4.5)£r(λ) = VlX 4- o(λ), £i(λ; (9) = ^ λ + o(λ), 52(λ; <9) = ^2λ + o(λ), ̂ i < v2,
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where each error term is uniform with respect to θ G E*.

We set k = (v2 - i>i)/4 (> 0). Then (5) implies

(4.6) fi(λ;fl)G[(ί;i

σ(H(λ; θ)) Π [{vλ - 2fc)λ, (υx - k)λ] = 0,

; 0)) Π [(V l + fc)λ, (vi + 2fe)λ] - 0

for sufficiently large λ.

Applying Proposition 4.1, we have

~d(Eθ(λ),Fθ(λ)) <

where we used (2) and (4) in the last equality, and the last term is uniform with

respect to θ e E*. D

Lemma 4.3.

Σ ^ ^ ^ ( 2 5 ^ λ ( λ - o o )

7er\{o}

where the error term is uniform with respect to θ e E*.

Proof. Let UFΘ be the orthogonal projection onto F#. We set

(4.7) vθ=UFθφθ.

Lemma 4.2 implies

(4.8) | K - φθ\\HB,β = | |(ΠF β - 1)ΨΘ\\HB,Θ

< \\Φθ\\nB,θ~d(Eθ(λ),Fθ(\))

= O(e-( s °- 2 ")),

(4-9) \\M\2HB,β ^

Recalling again the relations (2)~(4), we have

(4.10) H(\;θ)(vθ - φθ) = H(\; θ)(ΠFθ - j

= (ΠFθ-l)H(λ;θ)φθ
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= (UFθ-l)(ε{λ)φθ + rθ)

= ε(\)(υθ-ψθ) + {πFe -l)rθ

= O(e-(S 0- 3"»A) in HB,Θ,

where we used (3) in the third equality and (8), (4) in the fifth equality. So we get

(4.11) (H(λ;θ)φθ,φθ)HBβ

= (H(λ;θ)vθ,vθ)nBtβ + (H{λ;θ)(φθ - υθ),φθ - υθ)uB,β

Using (3) and H(\;θ)vθ = εΎ(\;θ)vθ, we get

(4.12) ε1(.

iθ ~ \\vθ\\2nB,e)

Using (9), (2), (4), we have

(4.13) ε1(λ;θ) = ε(X) +

A direct computation shows that

(4.14) (rβ, Φβ)nB,β = (r, φ

Because r and φ are compactly supported and r = 0 in Bγ{0, so — η), Lemma

3.2 implies that

(4.15) |(?

Combining (13), (14), and (15), we get the conclusion. D

Let sf

0 = min7 G Γ\(Λ U{0}) dy(j,0)m Since V is periodic, it is easy to see that

so < sf

0 < 2s0. Then, Lemma 3.2 implies

(4.16) 5x(λ; θ) = ε(λ) + Σ e^θ(Ύξr, φ)LHR2) + δ(e" sόλ) (λ - oo).

where O(e~s'°λ) means Oη(e~(s°~η>}X) for any η > 0, and the error term is uniform

with respect to θ e E*.
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(H.2) implies that : 7 G Λ =>> - 7 G Λ. After a straightfoward calculation, we
have

(4.17) (Tfr,^)L2 ( R 2 ) = (T? 7 Γ,^)L2(R2) for any 7 € Λ.

For 7 G Λ and a > 0, let

4 α ) = {x G R2;dy(0,z) + dv(7,a;) < s0 + α}.

Then, for sufficiently small a > 0, we have

4 C By (0, S0 - -Λ U By f 7, 50 - ^ J .

We choose an open domain Ω with smooth boundary such that

0 i Ω,7 G Ω,£j> } n U C By (7, 50 - τ?),£<>) ΠΩC C Bv(0,so - η).

Let f7 = <9ΩΓΊϋ?(2α) and let n = (ni,n2) be the outer unit normal of ^Ω. Using the
decay estimates of eigenfunctions, we get

Lemma 4.4. We have mod O(λ~°°e-S°λ)

(4.18) (T^r,

Proof. Using the Green's formula, we have

(4.19) ( T ? ^

where L = X2dXl — xidX2. We choose χE(a) G C Q ° ( R 2 ) such that

ia) = l on
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We compute these terms mod O(λ~°°e~s°λ) in the following way :

(4.20) h = 0,

(4.2D h=

- 2bi

(4.22) /3 = 2bi [ χηχE{a)

— 2bi I φΎ

Lemma 4.4 is an immediate consequence of (19)~(22).
First we estimate I\. We note that

( 3 \
Vχη = 0 on Bv(s0-η), supp χη C Bv ί 0, s0 - -η J .

So, Lemma 3.2 implies

K V x ^ ^ ^ l ^ C ^ e - ^ - 2 ^ in R2.

Similary we have

in R2.

So, (20) is proved.
Next we compute /2 Using Lemma 3.2, we have

γφ) - {rT^/yφ)Vφ}χη(x + 7)1

So, we get

I2 = / x (β)(VXt?)(x) [^V(T^) - ( T ^ V ^ l Xr?(x + Ί)dx

mod O(λ-°°e- s o λ).

Because

χη(x) = 1 on suppχ^(α) Π Ωc, χη(x + 7) = 1 on suppx^cα) Π Ω,
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we have

I2= f χEia)(VXη)[φV(ΎBφ) - (Ί?φ)Vφ]dx mod= f χEia)(VXη

= - f
JΩ

- ί
Jn

Noting that

we have

h = n ^
JΩ -Ί

J ^ ? B ^ mod

= ~ ί XnXu.
JΩ -Ί

for sufϊicientry small η. We further compute

Because

H(\)φ = ε(λ)φ on suppχ,j,

^ ( ) φ ( ) Ί φ o n

we have

V ) - (T£
- (ΎB φ)S(λ)φ - 2UφLT*φ - 2bi(TB

ΐ^φ - 2bi(Ύ*Ίφ)Lφ

on suppχ^(α) Π suppx^. So, we get

I2 = -26?; / χηχE(a)[φLΎ* φ + Ίl

*>)lrΦ\ XvdS m o d O(λ-°°e- soλ)
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From this formula one can easily derive (21) by noting that

(4.23) Xη(x) = l on f_7,

(4.24) dv(x, 0) -f dv{x, ~l) > s0 + a if χE(a) (x) Φ 1.

Finally we compute /3. A similar argument shows that

ΞΞ -2bi f χE(
JR2

I3 = mod

Because

(Lχη)(x) = 0 on suppχβ(α) Π Ωc,

Xη(x H- 7) = 1 on suppx (α) Π Ω,

we have

h == -2bi ί
Jn

= 2bi

+ 2bi ί χE{a)χη(Lφ)(Ύ*Ίφ)dx
JΩ -v

4" 2bi I Xτp(a)XηφL/Ύ_^φdx
JΩ -Ύ

- x1n2)dS.

Noting that

on

we have

2bi [ (LχE(a))χηφ(Ύ*φ)dx = 0 mod
JΩ -Ύ

for sufficiently large λ. (23), (24) imply that

/
Jd
/

JdΩ
B φ(x2n1 - x1n2)dS

- x1n2)dS mod
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Therefore we get (22). •

To approximate (T^r, Ψ)L2(R2) mod O(λ~°°e~s°λ), we construct an approxi-
mate eigenfunction of H(λ) by the W.K.B. method which we explain below.

For the differential operator

H(λ) = (DXl+bx2)
2 + (DX2-bx1)

2 + λ2V(x) in R2,

we construct an asymptotic solution of the following type

(ao(x) + α ^ z μ - 1 + α2(x)λ~2 + ^e~x^x\

where φ(x) is a real valued C°° function defined near 0 in R2, and αo(x), «i(x),
are complex valued C°° functions defined near 0 in R2. For e±, e2, , ejv+i £ C,
we set

N JV+1

a(x) = Σ*ΛΦ-J, E(λ) = Σ e«λ2~k-
j=0 k=l

Then we get the following identity :

(4.25) e λ*(iϊ(λ) - E(λ))

= \2{V - \Vφ\2) + λ(Mφa0 - e i a 0 )

)
^ λ

1=0 J

V J>O,fc>l

2N-2

H- λ~N(-2biLaN + b2\x\2aN - AaN) - ^ λ~z

l=N j+k=ι+2
j>O,k>l

where L = X2&Xl — x\dX2 and Mφ = 2Vφ V + Aφ + 2biLφ.
So, we shall consider the following equations in the neighborhood of the origin

(4.26) V - \Vφ\2 = 0,

(4.27) Mφa0 =

(4.28)/ Mφaι+ι = 2biLa\ - b2\x\2aι
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If we solve these equations, the right-hand side of (25) is O(X~N) in the neighbor-

hood of the origin. Since V(0) = 0, special attentions should be paid in solving

these eikonal equation (26) and transport equations (27), (28)/. We make use of the

arguments of Helffer-Sjόstrand [2].

We first consider the eikonal equation. For e > 0 sufficiently small, let Ωe be the

set consisting of {0} and the union of the interiors of all minimal geodesies starting

from {0} of length strictly less than SQ — e. Here by geodesic we mean the curve

satisfying that

7 : [0, a] —• R2; smooth curve,

7(ί) <£Γfor any t G (0,α],

η(t) -> 0 as t -> +0,

7l(o,α] is a geodesic of R2\Γ with metric Vdx2.

Ωo is an open set. Let d(x) — dy(x,0), then we have

d(x)eC°°(Ω0),\Vd(x)\2 = V(x) in Ωo.

Namely, d(x) solves the eikonal equation (26) (see [1] §4.4). Moreover, d(x) has the

following property (see [1] §2.3 and 3.2).

(4.29) d{x) = y/Kx\ +

Next, we consider the transport equations. Let

X = 2VdΛ/ in Ωo.

Since this vector field vanishes at the origin, we must impose compatibility condi-

tions on transport equations to guarantee the solvability.

Lemma 4.5. Let a{x) and b(x) be C-valued C°° functions in Ωo with

α(0) = 6(0) = 0.

Then, for any c e C, the initial value problem

Xu = au -\-b in Ωo

u(0) = c

has a unique solution.

The proof of this Lemma is the same as those in [1] Propositions 2.3.7 and 4.4.2,

where this fact is proved when a(x) and b(x) are real valued.
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Now we determine ei, e2, in such a way that the above compatibility con-
ditions are satisfied. To solve the first transport equation (27) :

2Vd Vα0 = -(Ad + 2biLd - ei)α0,

we set

ei = (Δd)(0) 4- 2bi(Ld)(0) = (Δd)(0).

Using (29), we have ei = ^/μΓH- ^/μ^ Lemma 4.5 implies that (27) with initial
condition αo(0) = 1 has a unique solution defined in Ωo

Next, we consider (28)0 :

2Vd Vαi = -(Δd + 2taLd - ei)αi + (2biLa0 - b2\x\2a0 + Δα0 -f e2α0).

By choosing e2 in such a way that

β2 = J-τ(2W(Lαo)(O) + (Δαo)(0)) = -(Δαo)(O),
αo(0)

one can see by Lemma 4.5 that (28)0 with initial condition αi(0) = 0 has a unique
solution defined in Ωo.

Inductively, (28)/ (/ = 1,2, •) with initial condition α/+i(0) = 0 has a unique
solution defined in Ωo if we set e/+2 = — (Δα/)(0).

Using the Borel procedure, we have the following.

Lemma 4.6. One can construct

ei,e 2 , € R (ei =

f (λ) ~ eiλ + e2 4- eaλ"1 + (λ -> oo),

Chained C°° functions ao(x), aι(x), in Ωo,

C-valued C°°function α(x, λ) in Ωe,

satisfying that

ao(x) φΰ in Ωo,α0(0) = 1,^(0) = 0 (j > 1),

°)e-λί ίW m Ωe

More precisely,

N

max sup |0£(α(α,λ) - V α ^ ' ) ! = O(λ" ( i V + 1 ) ) /or any ΛΓ € N,
ll<2 p ί
sup \eXd(χ)(H(λ) - f (λ))fl(λ)| = O(A-°°).
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We fix e > 0. By deviding 0(λ) by | |0(λ)| |L 2 ( Ω e ) ~ y/2π + O ^ " 1 ) , one can
normalize 0(λ) so that ||0(λ)||^2(Ωe) = 1. Let K be a compact subset of Ωe. We
can choose η > 0 sufficiently small such that Ωe C Bv(0, s0 — η). Let K be the set
composed of all minimal geodesies joining K to {0}. Then, K c Ωe. We choose Ω:
an open neighborhood of K such that Ω CC Ωe. We choose χ G CQ°(R 2 ) such that
X = 1 in a neighborhood of K and suppx c Ω. Recall that φ(X) is a normalized
first eigenfunction of H(λ).

Let Eι = {k(χθ(λ));k G C} and Fλ = {kφ(λ);k G C}. Then the above lemma

and Proposition 4.1 imply d (EΊ,Fχ) = O(λ"°°). So we have

So we can assume that φ(λ) satisfies

(χ0(λ),0(λ))L 2 ( R 2 )>O

for sufficiently large λ.
Let α (λ) = χ(φ(λ) - θ(λ)). By the same argument as in [1] §4.4 of Helffer, we

have the following lemma.

Lemma 4.7. There exists K: a neighborhood ofK with K CC Ω such that

ω = O(\-°°)e-χd^ in H2(K).

This Lemma together with (18) implies that for any 7 G Λ we have

(4.30) (T?r,^)L 2 ( R a ) =• j [ | f lA(τB^) _ (jB^) JLθ\ dS

- xιn2)dS mod- 2bi ί

We have now arrived at the final step for proving Theorem B.

Lemma 4.8. For 7 G Λ, there exists a constant bΊ G C\{0} such that

(4.31) (T^f, V0L2(R2) = (bΊλ
3/2 + O(λ 1 / 2))e~ s o λ (λ -> 00).

Proof. We insert 0(λ) = Λ1/2α(x, λ)e" λ d( χ) in (30) and use the definition of
T^: (Ύ*u)(x) = e i 6 7 l 7 2 e-^ X l ^ 2 - X 2 ^)w(x - 7) to get
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I a(x, λ)a(x + 7,

x f-^-d(x + 7) + 7?-
\ σn on

f ίφ^ λ ^ ( e - i 6 ( x l

on

f a(x, λ)a(x + 7,
yr_Ύ

72 "^ -*73

We can assume that Γ_ 7 intersects «_7 transversally at x_ 7 where x_ 7 is the

only point in Γ_ 7 Πκ_ 7 . Let η be the angle between ~n and Vd at x_ 7 (π/2 < ry < π).

Because |Vd(x)|2 = V(a:) in Ωo, we have

d
dn
— d{x-Ί) = ~n

| cos?7

and

= —JV(x-Ί)cosη.

So, decreasing α if necessary, we may assume that there exists a constant C o > 0

such that

in Γ_ 7 .

in Γ_ 7 .

(4.32) _ φ ; + 7 ) +

(H.8) implies

(4.33) d(x) + d(x + 7) > 50 •

First we compute / 7 > i . Let

—d(x) - —d(x + 7) I ,
σn an

(4.35) J(λ) = / 60 (a;)
J r_.
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Then

(4.36) bo(x)^O in f_7.

Let

(4.37) x = c(t)(-e < t < c),c(0) = x_7, |c'(t)| = 1 on [-e,e]

be the curve representing Γ_7 near x_7. Let

do(t) = d(c(t)) + d(c(t) + 7 ) , t e [-e, €].

Because

c(ί) = x-Ί +tp + O(t2) (t - . 0), p G R2, |p| = 1,

and there exists a constant C" > 0 such that

<iv(x, x_7) > C'|x — X-Ί\ near x_7,

(33) implies that there exists a constant C" > 0 such that

do(t) > so 4- C/7£2 in a neighborhood of 0.

So, we have

do(t) = so + \d'^)t2 + O(ί3) (ί -+ 0),^(0) > 0.

Then, we can apply the stationary phase method and get

J(λ) = Γ 60(c(ί))
«/ — e

^ + O(A"3/2)),

where μ = (1/2)^(0).

So, we have

77>1 = e-soλ(6~λ3/2 + O(λ^2)),

where

~ i 6 / 2 C\{0}.
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A similar argument shows that

I Ί 2 = e - S o λ O(λ 1 / 2 ) ,/ 7 , 3 = e"

So, we get the conclusion. Π

We are now in a position of proving Theorem B.

Let f(θ) = Σ 7 GΛ e^'θbΊ for any θ e E\ (17) and (31) imply that bΊ = bΓΊ for
any 7 e Λ. Let b0 = max0GjE;* f(θ) — min0€£* f(θ). Combining (16) and (31), we
get

(4.38) length of ^(λ; £*) = (60λ
3 / 2 + O(λ 1/ 2))e" s o λ (as λ -+ 00).

Since bΊ Φ 0 for 7 G Λ, f(θ) is a non-constant real function. So we have 60 > 0 and
complete the proof of Theorem B. D

Appendix Eigenvalues and eigenfunctions of H0(X)

Let us first recall the following well-known fact on the Weyl operator aw(x, Dx)
(cf. [7]). For a symplectic transformation χ on R™ x R£, there exists a unitary
operator U on L2(Rn) such that

U-^ix, DX)U = (α o x ) w (x , D s ) .

We use only the following two cases.

CASE i) When % is the map interchanging Xj, ξj by ξj, —Xj respectively, leaving
the other coodinates unchanged, U is the partial Fourier transformation with respect
tO Xj.

CASE ii) If χ is the map (x, £) i-> (Tx, tT~1ξ) where Γ is an n x n real matrix
with detTφ 0, then (i//)(x) = ^

Next we describe the computation of eigenvalues and eigenfunctions of Ho(X).

For x = (xi,z2),ξ = ( 6 , 6 ) € R2, we set

P{x,0 = (6 + bx2)
2 + (6 - &E1)2 +

Then, we have

(Al) H0(\)=pw(x,Dx).

Let Ό\ be the Fourier transformation with respect to x\. We set

? + (6 ~
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Then we have

(A2) pw(x, Dx) = UlP?(x, DX)U^\

~6YYandweset

For / e L2(R2), we set

(ί/2/)(a;) = M l

£/2 is unitary on L 2(R 2), and we have

(A3) PΪ7 (*,£>*) = U2p^(x,Dx)U^.

Next, we diagonalize the matrix ( j ^ 1

 λ9 Ϊ1.2 ) bY a n orthogonal

matrix. Let rai(λ) and m2(λ) be the eigenvalues of this matrix such that rai(λ) <

m2(λ). Namely, we set

1 Γ 1 Ί 1 / 2

g (^1 + M2)λ2 -f 262 - I -(μi - μ 2 ) 2 λ 4 + 26 2 ( μ i + μ2)λ2 + 4 6 4 | ,

1 Γ 1 1 1 / 2

- (μi + μ2)λ2 + 2b2 + | - ( μ i - μ 2 ) 2 λ 4 + 26 2 ( μ i + μ2)λ2 1

Then, we get

μ i λ 2 + O ( l )

(A4) mi(A) = { μiλ
2 - 2bμiλ

μ2λ
2+O(l)

μ2λ
2+O(l)

m2(λ) = { μ i \ 2 + 2bμι\

μι\2+O(l)

Let A(λ) = (αi(λ),α2(λ)) where

(A6)

(μ2

(μ2

(μ2

(μ2

(μ2

>

=

<

<

μ i )

μ i )

μi),

μi)

μi)

μi)
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U(A)

(A7)

Then A(λ) is an orthogonal matrix and the following equality holds :

0
0 m2{\)

Let

P3(x, ξ) = P2{A{\)x, A(\)ξ) = ξ* + ζl+ mi{X)xj + m2{λ)xl

Then

p%(x, Dx) = - Δ + mi(λ)x? + m2(λ)xl.

For / € L2(R2), we set

(U3f)(x) = fCA(X)x).

U3 is unitary on L2(R2), and we have

(A8) *#(*,£>*) = E^PS 7^,^)^" 1 -

Let 17 = U1U2U3. U is unitary on L2(R2). So, (Al), (A2), (A3), and (A8)
imply

(A9) flo(λ) - tf(-Δ + m!(λ)x2 + m 2 (λ)^)[/- 1 .

Namely, Ho(X) is unitarily equivalent to the Harmonic oscillator

—Δ + ?7ii(λ)x2 + rri2(λ)x2'

The eigenvalues of —Δ + rai(λ)x2 + 777,2 (λ)x2 m ^ 2 (R 2 ) are

(2j 4- l ) λ /^i(λ) + (2fe + l)>/m2(λ) (j, fe G N),
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and the corresponding eigenfunctions is

exp (-lmi(\)V*xl -

where Qj is the Hermite polynomial of degree j . {wj,fc}j,fc>o is a complete orthonor-
mal system in L2(R2). Therefore, the eigenvalues of H0(X) are

εjtk(X) = (2j + 1 ) ^ 1 ^ ) + (2k + l)y/m2(X) (j,feGN),

and the corresponding eigenfunction is (ί7wjjfe)(λ;a;). So, (A4), and (vl.5) implies

εj,k{λ)=υj,k\ + O(l) (A-•(»),

where ,̂fe(A) = (2j + 1)^111^(^1,^2) + (2A; + l)v

/max(μi,μ2)
Next, we compute (t/wj)fc)(λ;x). We have

,*) (A)

Let

x Qj{m1{X)1'i{aιl(X)\-1μ-1/2{x1 + bx2) +α 2 1 (λ) i 2 ) )

x <3fe(m2(λ)1/4(α12(λ)λ-VΓ1/2(^i + te2) + α22(λ)x2))

VΓ1 / 2(a ;i + &ε2) + α2 1(λ)x2)
2

^i + bx2)+a22(X)x2)
2)/2}.

cπ(λ)

C l 2(λ)

C 2 2(λ) =

We have

(U2U3wjtk)(λ;x)

= m1(\)1/sm2(X)1/sμ-1/4λ-1^Qj(c11(\)x1+c21(X)x2)Qk(c12(λ)x1+c22(λ)x2)

-xexp ^--(c i i ίλ)^ ! + c 2 1 ( λ ) a ; 2 ) 2 - -(ci2(λ)xi + c2 2(λ)x2)2 > .

Let
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c2 2(λ)z2)

- -

A direct computation implies that

(AΛO)

( ( λ ) + c 2 2 ( λ ) x 2 ) 2 i (n,m G N).

\π( ΓΊ , \m\ ( (CHC22 -

l + c2ix2)
n(-c12DXl + C21X2T \ e x P ~ 0( 2 , 2

I \ ZVC11 + C 1

X β X P V j i + c?2 / X /c 2 + c 2 Θ X P V~2(c 2

1 +c 2

2 ) : g V I '

Because (Uwj^iλ; x) is the Fourier transform with respect to x\ of (U2U^Wj^){X\ x),
(Uwj,k){λ',x) is a linear combination of (A. 10) whose coefficients are independent
of λ.

Using (A4), (A.5), (A6), and (A7), we have that there exist positive constants
ki, k2, ks, fcll5 kί2, k2ι, and /c22 such that

(All) kλ Cn(λ)2+Ci2(λ)2

, |c2 2(λ)|<fe2 2λ
1/2,

|cn(λ)c21(λ) + c1 2(λ)c2 2(λ)| <fc3

for λ > 1.
Noting that

(cn(λ)c22(λ) - c1 2(λ)c2 1(λ))2 = m 1(λ) 1/ 2m 2(λ) 1/ 2μΓ 1λ- 2,

we can find positive constants k4 and k5 such that

(A12) k4 < (cn(λ)c2 2(λ) - c1 2(λ)c2 2(λ))2 < fc5

for λ > 1. So we get

(A 13) \(Uwjik)(X',x)\ <C j 5 f cA
1 / 2exp(-cA|x|2) on R2,

where Cj^ and c are positive constants independent of λ.
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