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Introduction

Since the study of homotopy representations by torn Dieck and Petrie [6], several
authors studied homotopy representations in their own setting. (See for example [4],
[6], [8], [9], [10], [11].)
In this paper we will study the unstable j'0-groups and stably linear homotopy
representations for p-groups.
Let G be a finite group. A G-homotopy representation X is a G-CW complex
such that XH is homotopy equivalent to a (dim XH)-dimensional sphere for every
subgroup H of G. When XH is empty, we set d i m X ^ = — 1 and we regard the
empty set as a (—1)-dimensional sphere. We call a G-homotopy representation X linear if X is G-homotopy equivalent to a linear G-sphere S(V). We also call a Ghomotopy representation X stably linear if there exist representations V and W such
that X * S(W) is G-homotopy equivalent to S(V). Let S(G) be the set of subgroups
of G. The dimension function DimX : S{G) -> Z is defined by ΌimX(H)
=
d i m X ^ + 1. A function n : S(G) —> Z is called linear if there exists a representation

V such that n = ΌimS(V).
In the theory of homotopy representations, the Picard group Pic(G), the unstable Picard group Pic(G, n) and the j'0-groups are relevant to the classification of Ghomotopy types and the cancellation law for homotopy representations. In [6], torn
Dieck and Petrie introduced the homotopy representation group V°°(G), which is the
Grothendieck group of the G-homotopy types of G-homotopy representations, and torn
Dieck [2] also introduced the JO-group JO(G), which is the Grothendieck group of
the G-homotopy types of linear G-spheres. The calculation of these groups gives many
results on classification of G-homotopy representations or linear G-spheres. In [6, Theorem 6.5], torn Dieck and Petrie proved that the torsion subgroup of V°°(G) is isomorphic to the Picard group Pic(G), which is algebraically defined and computable
This work was partially supported by Grant-in-Aid for Scientific Research.
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for some groups. Thus we can study the G-homotopical problem such as the classification of G-homotopy types of G-homotopy representations by the algebraic method.
E. Laitinen [8] introduced the unstable Picard group Pic(G,n) and studied unstable G-homotopy types of G-homotopy representations and the cancellation law problem for G-homotopy representations. He essentially proved that the cancellation law
holds for G-homotopy representations if the natural map a(n) : Pίc(G; n) —> Pic(G)
is injective (cf. [8, Theorem 5]) and furthermore one can see that the injectivity of
a(n) is equivalent to the cancellation law for homotopy representations by [11, Theorem 2.6 and Proposition 3.3].
In [10] and [11], we introduced the unstable jθ-group jO(G;n) as a subgroup of
Pic(G;n), where n is a linear dimension function, and we also defined the unstable
LH-group by

LH°°(G;n) = Pic(G;n)/jO(G;n),
and the LH-group by

LH°°(G) = Pic(G)/jO(G).
These groups play important roles in the (stable) linearity of homotopy representations.
For example we can see the following result by [11, Theorem 5.2 and Corollary 5.3].
Proposition 0.1.
The following statements are equivalent.
(1) The natural homomorphism i(n) : LH°°(G,n) -> LH°°(G) is injective for every linear dimension function n.
(2) Every stably linear G-homotopy representation with linear dimension function is
linear.
In [2], torn Dieck computed the jO-group jO(G) for a p-group, which is isomorphic to the torsion subgroup of JO(G).
Our first result is the analogous computation of the unstable jO-group jO(G;n)
for a p-group G in terms of representation theory (see Theorem 4.1).
Secondly we will show the following theorem.
Theorem A.
Let G be a p-group and n a linear dimension function.
If p is an odd prime then the natural homomorphism i(n) : LHoo(G;n) —>
LH°°(G) is injective.
(2) If p = 2 and the natural homomorphism a(n) : Pic(G,n) —» Pic(G) is injective, then the natural homomorphism i(n) : LH°°(G\n) -> LH°°(G) is injective.
(1)

As mentioned in [11, p.289, Proof of Corollary B], every homotopy representation
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of a p-group has a linear dimension function. Thus we obtain the following by Proposition 0.1 and Theorem A.
Corollary B.
Let G be a p-group.
If p is an odd prime, then every stably linear G-homotopy representation is linear.
(2) If p — 2 and the natural homomorphism a(n) : Pic(G,n) -» Pic(G) is injective
for every dimension function n, then every stably linear G-homotopy representation is linear.
(1)

REMARK 1. Stably linear homotopy representations are not linear in general. For
example if G is a cyclic group Cpq of order pq, where p, q are distinct odd prime,
there exist a Cpq -homotopy representation which is stably linear but not linear. (See
[11, Section 5] for the detail.)
E. Laitinen [8] showed that the cancellation law holds (and hence α(n) is injective) if G is a nilpotent group whose 2-Sylow subgroup is abelian. In 2-group case,
unfortunately his result covers only abelian 2-groups. We note the following remark,
whose proof is given in Section 5. By this remark, one can find many finite 2-groups
for which a(n) is injective.
REMARK 2. Let G be a 2-group such that for every normal subgroup H, (1)
G/H is abelian, dihedral or semi-dihedral, or (2) the center Z(G/H) of G/H is not
of order 2, and let n be a dimension function. Then the natural homomorphism a(n)
is injective.
This paper is organized as follows. In Section 1, we will recall several definitions
and notations for the convenience of the readers. In Sections 2 and 3, we will discuss
splittings of the (unstable) Picard groups, the (unstable) jO-groups and the (unstable)
LH-groups by using the splitting theorem in [9]. In Section 4, we will compute the
unstable jO-groups for p-groups by using the splittings of jO-groups. In Section 5,
we shall prove Theorem A. The key result for the proof is Theorem 5.8 in Section 5,
which states that the injectivity of a(n) : Pic(G;n) -> Pic(G) implies the injectivity
of i(n) : LH°°(G;n) -> LH{G) for a p-group. Theorem 5.8 is proved by using some
results of representation theory and the splittings of the Picard groups and the LHgroups in Sections 3 and 4.
1.

Preliminaries

In this section we briefly recall the (unstable) Picard group, the (unstable) jOgroup and the (unstable) LH-group. (For the detail, see [2], [5], [6], [8], [10], [11].)
Let φ(G) denote the set of conjugacy classes of subgroups of G and C(G) the
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ring of integer-valued functions on φ(G). Let A(G) denote the Burnside ring of G.
We regard A{G) as a subring of C{G) by the usual way ([6]). We put C(G) =
C(G)/\G\C(G) and Ά(G) = A(G)/\G\C(G). Then the Picard group is defined by

where * indicates the unit group.
For the definition of the unstable Picard group, we recall the unstability conditions. Let n be the dimension function of a G-homotopy representation. We say that a
function d G C(G) satisfies the unstability conditions for n if the following conditions
(l)-(3) hold.
(1) d(H) = 1 when n(H) = 0;
(2) d(H) = -1,0,1 when n(H) = 1;
(3) d(H) — d{H) for (H) G φ(G), where H is defined as the maximum subgroup
including H such that n(H) = n(H).
We put
C(G;n)*

= {de

C(G)* \ d satisfies the unstability conditions.},

A{G\n)* = {d G A(G)* \ d satisfies the unstability conditions.},
C(G;n)*

= {d G C(G)* \ d satisfies the unstability conditions.}.

The unstable Picard group is defined by
Pic(G\n) =

C(G;n)*
C(G]n)*A{G;n)*

Let X, Y be G-homotopy representations with dimension function n. In [8], the
G-homotopy invariants D(X,Y) G Pic(G) and Dn(X,Y) G Pic(G;n) are defined by
the class of the degree function d(f), where / : Y -» X is a G-map such that degfH
is prime to |G| for every subgroup H.
In the case where X = S(V), Y = S(W), we denote D(S(V),S(W))
and
Dn(S(V),S(W)) by ^ ( y , ^ ) and Djy.W)
respectively.
We define the j'0-group jO(G), and the unstable jO-group jO(G;n) as follows.
jO(G)
jO(G;n)

- {Z?(V, W) I DimS(F) =
= {£>n(V,WO | Dim5(F) = Dim5(W) = n}.

When n is not linear, we set jO(G,n)

= 0.

REMARK. The above definition of jO(G) is different from the original one in [2]
or [3], but it is known [6] that our jO(G) is isomorphic to the original one.
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The (unstable) LH-groups are defined as follows.

Finally we recall essential isotropy subgroups (for n). We call a subgroup H an
essential isotropy subgroup if n(H) > 0 and H = H. We denote by Iso(n) the set of
essential isotropy subgroups.
2.

The splitting theorem for the Picard groups

For the convenience, we recall the splittings of the Picard groups. The general theory of the splittings is discussed in [9].
We suppose that n is linear. We denote Pic(G), jO(G), Pic(G;n) or jO(G;n)
by B(G).
Let H be any normal subgroup of G and x any element of B(G). We define a
new element xH of B{G) as follows. Suppose that x is represented by a function d G
C{G)\ Then we set xH = [dH] G B(G), where dH is defined by dH(L) = d(HL).
Lemma 2.1. The above xH is well-defined.
Proof.
Clearly dH is in C{G)\ Hence xH e Pic{G) when B{G) = Pic(G). If
d satisfies the unstability conditions, then dH also satisfies the unstability conditions.
In fact, if n{L) = 0, then n(HL) = 0. Hence dH(L) = d{HL) = 1. If n(L) =
1, then n(HL) = 0 or 1. Hence dH(L) = d(HL) = ± 1 . Since Jso(n) is closed
under intersection, it follows from [8] or [11, Lemma 2.2] that HL < HL < HL.
Hence dH(L) = d{HL) - d(HT) = dH(L). Thus xH is in Pic{G;n) when B(G) =
Pic(G;n).
We next consider the case where B(G) = jO(G) (resp. jO(G;n)).
Assume
that x = D(V,W) (resp. D n ^ W O ) and that d(f) G C(G)* represents x, where
/ : S(W) -> 5(V) is a G-map such that άegfH is prime to \G\ for every i ί . Then
it is easily checked that d(f)H = d(fH). Hence xH G B{G) when B(G) = jO(G).
Furthermore we put:
g = fH*id:

S(WH) * S(W - WH) -> 5 ^ )

* 5(VΓ - WH).

Then d(ρ) satisfies the unstability conditions for n and clearly d(fH) = d(g). Hence
xH G B(G) when B(G) - jO(G;n).
D
We define xH for # < G by

**= Π
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where μ(—, —) is the Mobius function on the normal subgroup lattice. (For the Mobius
function, see [1].) By the Mobius inversion, one can see that
K

x = Π

XH

K<H<G

The following is clear.

(1)

Lemma 2.2. Let x, y be in B(G) and H, K normal subgroups of G.
(xy)H = xHyH and 1H = 1.

(2)

[xy)H

(3)

(xH)κ

= XHUH and

= xHK

=

1H

= 1.

(xκ)H.

For every normal subgroup H, we put:
B(G)H

= {xe

B{G) I xH = x, xκ

= 1 for any K such that H < K < G}.

By Lemma 2.2, one can see that B(G)H is a subgroup of
Let λί(G)
phism

B(G).

denote the set of normal subgroups of G. We can define a homomor-

Heλί(G)

by
*B(G) 0*0 = (XH)HeM(G)'
We then obtain the following splitting theorem.
Theorem 2.3 (cf. [9, Theorem 2.2]).
morphism.
Proof.

The above homomorphism Φβ(G) is

a n

iso-

By the Mobius inversion, one can see that a homomorphism
(XH)HeM(G)

>

JJ

XH

Heλί(G)

is the inverse of Φβ(G)
Finally we note that B(G)H is naturally isomoφhic to B(G/H){ιy.
tail, see [9].)

C
(For the de-
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3.

On Pic(G;n)H<,

and

jO(G)H
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jO(G;n)H

In this section we investigate B(G)H f° r B{G)
= Pic(G n), jO(G) and
jO(G;n).
We assume that n is a linear dimension function. Let X(n) ( c Iso(n)) denote the
set of normal essential isotropy subgroups for n.
Proposition 3.1.

For any H G λί(G) \ l(n)> Pic{G;n)H = 1.

Proof.
We note # i f < HK < HK. Indeed it is clear that # # < # X . Since
Iso(n) is closed under intersection, it follows from [11, Lemma 2.2] that H < HK
and K < TΪK. Hence ΉK < ΊΪK. By definition, dH(K)
= d(HK) for any
[d\ € PIC(G',JI)H
Since d satisfies_the unstability conditions, it follows that d(HK) —
d(HK) = dH{K). Hence dH - dπ. Since H < H, it follows that [ d p = 1. Therefore [d\ = [d\H = [d\H = 1 and Pic(G;n)H
= 1.
D
Let /C(G) denote the set of the kernels of irreducible representations of G. We
define K,(n) as follows. Suppose that n = ΌimS(U). Then U decomposes into
U = Uχ Θ

θt/r,

where t/^'s are irreducible subrepresentations of U. We set
/C(n) = {Ker C/ l 5 ...,Ker ί/ r }.
By [8], this definition depends only on n. We note the following relation.
IC(G) C λί(G)
U
U
/C(n) C I ( n )

(1)
(2)

Proposition 3.2.
For any H G ,
For any H G λί(G) \ /C(n), jO{G;n)

= 1.

Proof.
The homomorphism jO(G) -* jO(G)H (resp. jO(G;n) ->> JO{G\U)H)'
x ι-> x/f is surjective. Hence it suffices to show that £ # = 1 for any x G jO(G) (resp.
jO{G;n)). Suppose that x = D(F,W) (resp. 2?n(V,W)) and /C(n) = { ϋ i , . . . ,if r },
where n = ΌimS(V) = DimS(W). Suppose that
V = Vι Θ

Θ V.

\A7

— \Af* CV\ . . . (T\ \Af

VV

—

VV 1 \χp

KJj Vr o
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are irreducible decompositions of V and W. (Note that the numbers of irreducible
components of V and W are equal.) We denote by V(Hi) (resp. W(Hi)) the direct
sum of Vj (resp. Wj) with kernel Hi. Then V, W are described as
V =
W =
By [5, p.213], one can see that ΌimS(V(Hi)) = ΌimS(W(Hi)) for any i. Take Gmaps /i : 5(VΓ(^)) -> 5(F(ff<)) such that d(fi)(H) is prime to |G| for every if.
Put

where * means join. Note that S(VF(#i)) *
* S(W(Hr)) (resp. S ( V ( # i ) ) *
J r ))) is G-homeomorphic to S(W) (resp. 5(F)). Hence we have

*

Furthermore, for i ί G Af(G), it follows that

*" = Π [rf(Λ)]
H<Hi

Indeed, since S{W{Hi))H
when H £ Hi, we have

= S{W(Hi))

w h e n

H

< Hi> a

n d

S(W(Hi))H

is empty

This leads the above equation. By the Mobius inversion, we obtain
ί[d(/i)],
xH = {
[1,
Hence we can see that jO(G;n)H
H eλf(G)^JC(G).

if H = Hi
if H eΛf(G)^JC(n).

= 1 for # G Λ/*(G) \ /C(n), and jO(G)H

= 1 for
D

Thus we can see the following.
Theorem 3.3. Vfa f/ιe isomorphisms Φβ(G) for
jO(G) and jO(G;n), the commutative diagram:
Pic(G;n)
U

—> Pic(G)
U

B(G) = Pic(G),

Pic{G',n)y

JΌ-GROUPS AND STABLY LINEAR HOMOΪOPY

is isomorphic to
Pi

Π

Pίc G

—• Π

<G;n)H

H€l(n)

( )n

H€λί(G)

U

U

Π JO(G;n)H —> JJ

HeK.(n)

For

HelC(G)

, we put

LH

{G)H

= .

and

J

;n)/f = j

We obtain the following.
Corollary 3.4.

77*e diagram

LH°°{G)

-I

-I

LH°°(G;n)H

LH°°(G)H

^ ^

Hel(n)

Heλί(G)

consisting of natural homomorphisms is commutative.
4.

Computation of the unstable j'O-group for a p-group

We first recall the computation of jO(G) and JO(G)H
for a p-group G from [2]
and [3].
Let m be a multiple of 2|G| and £ m a primitive ra-th root of unity. Let Γ denote
the Galois group Gal(Q(£ m )/Q). As is well-known, Γ is isomorphic to Z/ra* via the
correspondence:

We often identify Γ with Z/ra*. Let Irr(G) denote the set of irreducible (real) representations of G and Let Irr(G)// denote the set of irreducible representations of
G with kernel H. Then Γ acts on Irr(G) and Irr(G)H via the Galois conjugation.
(See [3, pp.230-231].) Let X(G) [resp. X{G)H] denote the orbit set Irr(G)/Γ [resp.
Irr(G)z//Γ] (i.e., the set of the Galois conjugate classes). We put

iO(G) =

Π
A€X(G)

Γ/ΓΛ
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iO(G)H =

1 1 Γ/Γ Λ ,

ΛeX(G)H

where Γ^ is the isotropy subgroup at V G A. By [2], for any finite group G, there
are surjective homomorphisms
tO(G) : %O(G) —>

jO(G)

and
tO{G)H

: iO{G)H

—>• jO(G)H

defined by

AeX(G)

and
(kA)Aex(G)H

•->

D

(VA,tl>kAVA)=D(θA€X(G)HVA,eA€X(G)Htl>kΛVA),

Π
ΛGX(G)H

where VA G A. In particular if G is a p-group, then tO(G) and tO(G)π are isomorphisms [2, Theorem 2].
We compute jO(G;n) and JO(G;U)H
As is well-known, n is uniquely described as αχΠi -f
+ α s n s , where n; is
the dimension function of a sphere of some irreducible representation and α^'s are
positive integers, and rij's are linearly independent. (See [5].) Let Irr(n) denote the
set of irreducible representations V of G such that ΌimS(V) — n^ for some i. Let
Irr(n)# denote the set of irreducible representations V of G with kernel H such that
fc
DimS(y) = n± for some i. Since V and ?/> y have the same kernel, Γ acts on Irr(n)
and Iτr(n)H We put X(n) = Irr(n)/Γ and JC(n)H = Irr(n)H/Γ. We also put

iO(G n) -

JJ

Let [/i (i = 1,...,5) be irreducible representations such that U{ = DimS(t/i) and
X(n) = {[E/i],..., [U8]}. We define a homomorphism

tθ(n)

: iO(G;n) —> jO(G;n),
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by

t=l

where aniίn
jO(G;rii) -> jO(G]n) is the homomorphism defined by the natural
way.
We also define a homomorphism tO(G;n)H ' iO(G',n)H -> jO(G;n)H by a similar way.

(1)
(2)

Theorem 4.1.
The homomorphisms tθ(n) and tO(n)H are surjective.
If G is a p-group, then tθ(n) and tO(n)H are isomorphisms.

Proof.
such that

(1)

By [10, p.599], for any element x of jO(G',n),

there exist

kij's

| = 1 Θ LI

x=

Furthermore DrJJJwφ^Ui)
is represented by the function kiβ1/2)Όϊms{Ui)\
which
is the degree function of some £7-map fcj : S{φki^Ui) -> S(Ui), where [ ] denotes
the Gauss symbol. Then one can see that

Hence x is equal to

DJίΘLiUi θ 17, ΘUiΨkiUi

where £7 = θf = 1 θ ^ 1 C/^ and k{ = Π°=i *»,iHence ^O(n) is surjective. Similarly one can see that tO(n)H is surjective.
(2) The diagram
tO{G)

iO(G)

>

jO(G;n).
consisting of natural homomoφhisms is commutative. If G is a p-group, then tO(G)
is an isomorphism and iO(G;n) -> iO(G) is injective. Hence it follows that tθ(n)

12

I. NAGASAKI

is injective and by (1), tθ(n) is an isomorphism. By the same argument, one can see
that tO(n)H is an isomorphism.
D
5. Proof of Theorem A
In order to prove Theorem A, we recall some well-known results from finite group
theory and representation theory.
The following results are well-known, (see for example [7].)

(1)
(2)

Lemma 5.1.
A non-trivial p-group has the non-trivial center.
Every non-trivial normal subgroup of a p-group intersects the center nontrivially.

Lemma 5.2. If a finite group G has a faithful irreducible representation, then
the center Z(G) is cyclic. In particular Z(G/H) is cyclic for every H G IC(G).
Lemma 5.3. Let G be a p-group. If G does not have a normal subgroup isomorphic to Cp x Cp, then G is cyclic when p is an odd prime, and G is cyclic, dihedral,
quaternionic or semi-dihedral when p = 2.
We also notice the following.
Lemma 5.4.

Proof.

For every H G T(n), there exist K\, . . . , Kr

G IC(n) such that

One can show this by a similar argument in [10, Lemma 4.1].

D

Proposition 5.5. Let G be a p-group. Then /C(n) = /C(G) Π l(n).
Proof.
K,{n) C /C(G) Π X(n) is clear. Let H be in £ ( G ) Π l{n). Then take
Ku...,Kr
G £ ( n ) such that H = Π i ^ ΐ If H = G, then K{ = G for any i
and hence H G /C(n). We assume that H φ G. Suppose that H # IC(n). Since every Ki/H is a non-trivial normal subgroup of G/H, Ki/H intersects Z(G/H) nontrivially. Since Z(G/H) is a cyclic p-group, Z{G/H) Π ^Ki/H
is a nontrivial subgroup. On the other hand, f]{Ki/H is trivial since H = Π i ^ This is a contradiction. Therefore H G /C(n).
D
Proposition 5.6. Let G be a nilpotent group. Suppose that G has a normal subgroup A isomorphic to Cp x Cp (pφrime) and an irreducible faithful representation
V. Let Ao,..., Ap be all subgroups of order p in A. Then
(1) One of the Ai's, say AQ, is normal in G and the other Ai's (i = 1,... ,p) have

JO-GROUPS AND STABLY LINEAR HOMOΊΌPY

(2)

(3)
(4)
(5)
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the same normalizer N(= NG(AΪ))
of index p in G.
The restriction ResN V splits into irreducible representations V\ Θ
Θ Vp such
that ROSAVI has the kernel A{. If W is an irreducible representation which is
not isomorphic to V> then ResjvVF does not contain a summand which is isomorphic to one of Vi 's.
V = lnd%Vi (t = l , . . . , p ) .
The irreducible summands Vi's as in (2) are not Galois conjugate.
If faithful irreducible representations V and W are not Galois conjugate, then
Vi and Wj are not Galois conjugate for every i and j .

Proof.
For (l)-(3), see [5, p.214].
(4): Since the kernels of V^s are distinct, V^'s are not Galois conjugate.
(5): If Vi and Wj are Galois conjugate for some i, j , then V and W are Galois
conjugate by (3).
D
In order to prove the theorem, we show the following lemma. Suppose that n is
a linear dimension function.
Lemma 5.7. Let G be a dihedral 2-group, a quaternion 2-group or a semidihedral 2-group. Then i(n) : LH°°(G;n) -> LH°°(G) is injective.
Proof.
By Corollary 3.4 it suffices to show that i(n)H
LH°°(G',n)H ->
LH°°{G)H
is injective for every H G I ( n ) . It is not hard to see LH°°{G\n)H and
LH°°(Gl)H are naturally isomorphic to LH°°(G/H;nH){1}
and LH°°(G/H){1}
reκ
spectively. Here nH = ΣKeΛf(G\ μ(H,K)n .
Since every quotient group of G is 1,
C 2 x C2, a dihedral, a quaternionic or a semi-dihedral 2-group, it suffices to show that

is injective for 1, C2 x C2, a dihedral, a quaternionic and a semi-dihedral 2-group. For
s m c e m e
1 and C2 x C2,
(unstable) LH-group vanishes, i{n){ι} is injective. We next
consider in case of the dihedral 2-group
G = D2n = (α, b I a271'1 = 1, bab~ι = a~ι).
In this case, it can be seen that Pic(G;n){i}

Pic(G;n){1}

κ

= {x G Pic(G;n) \ x

— Pic(G){ιy.

In fact, by definition,

= 1 for any if such that 1 < X < G}.

Hence every element x of Pic(G;n){!} is represented by a function d such that
d(L) — 1 for (L) 7^ (1), ((&)), ((α6)) and such that d satisfies the unstability conditions. Since n is the dimension function of a faithful representation by 1 G X(n),
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it is seen that (α), (ab) are also in l(n) by computing the dimension function. Thus
the unstability conditions gives no restriction, and hence Pzc(G;n){i} coincides with
Pic(G){i}. This leads the injectivity of α(n){!}. Similarly jO(G;n){ιy coincides with
jO(G){ιy Hence i(n){i} is injective.
In the cases of a quaternion 2-group and a semi-dihedral 2-group, by the same
argument, one can also see that i(n){!} is injective. The detail is omitted.
D
Theorem 5.8. Let G be a p-group. If a(n) : Pic(G,n)
then i(n) : LH°°(G]n) -> LH°°{G) is injective.
Proof.

-» Pic(G) is injective,

Note that
α(n) { i} : Pic(G/H;nH){1}

->

Pic(G/H){1}

is injective by the injectivity of a(n). As mentioned in the proof of Lemma 5.7, it
suffices to show that i{n){ι} : Lif°°(G;n){i} -* LH°°{G){ι} is injective when
1 G l(n). If 1 £ /C(n), then, by Proposition 5.5, it follows that 1 £ /C(G). Hence
L # ° ° ( G ; n ) { 1 } = Pic(G;n){1}
and L # ° ° ( G ) { 1 } = Pic(G){1}
by Propositions 3.1
and 3.2, and hence i(rc){i} = α(n){!}. Thus it follows that z(n){i} is injective.
We next consider the case where 1 G /C(n). In this case we show the theorem by
induction on the order of G. We showed in [11, Theorem 5.5] that ί(n) is injective
for an abelian p-group. By this fact and Lemma 5.7, we may assume that G is not
cyclic, dihedral, quaternionic or semi-dihedral. Let x be any element of
Pic{G]n)^
such that α(n){i}(x) G jO(G){ιy We show that x is in jO(G;n)^1y. By Lemma 5.3,
G has a normal subgroup A isomorphic to Cp x Cp. Let N be the normal subgroup
of G as in Proposition 5.6. Suppose X(n){!} = {[t/i],..., [Ur]} and X(G){i} =
{ [ ^ 1 ] , . . . J t / r ] , [ t / r + 1 ] , . . . , [£/,]}. Note that j<9(G) { 1 } Ξ Θ| = 1 Γ/Γ [ c / t ] . (See section
4.) We decompose Resjvi/i into ®?=1Uij as in Proposition 5.6. Let α i , . . . , o r denote the positive integers such that n = aιΌimS(Uι) + ••• + arΌ'ιmS(Ur) and let
ku . . . , kr denote the elements such that k{ G Γ/Γ^.j, i = 1,..., r and α(n){!}(:r) =
fci
i£/i,θ* = i^ ί^<). Furthermore
KesN(a(n){1}(x))

= D(Θsi= i

θ^i

which corresponds to θj = 1 (fc<,... ,**) G θf = 1 θ ^ = 1 Γ/Γ [ { / . .] C jΌ(iV). By the hypothesis of induction, Resjsix is in jO(iV,Reswn), and Res^x goes to Resjv(α(n){i}
(a;)) via α(Resτvn). Since [Uij] & X(ResNn)
for r + 1 < i < s, 1 < j < p,
we see that k{ = 1 G Γ / Γ ^ . ] for r + 1 < i < s, 1 < j < p and hence
D(Uij,φkiUij)
= 1 for r + ΐ < i < s, 1 < j < p. Therefore
S{ψkiUid)
and S(Uij) is (stably) 7V-homotopy equivalent. (See [8].) Since [/; = lnά%Uij and
^fciC/j = Ind%ψki Uij by Proposition 5.6, C/^ and ψkiUi are (stably) G-homotopy
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equi-valent and hence D(Ui,ψkiUi)
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— 1 for r + 1 < i < s. Thus we see that

Put y — tθ(n){ιy((ki)i)
G jO(G;n){i} Then one can easily see that a(n){ι}(y) =
α(n){!}(x). Since a(n){ιy is injective, it follows that x = y G jO(G;n){ι}. Thus the
proof is complete.
D
Proof of Theorem A.
(1): By a result of Laitinen [8, Theorem 6], the cancellation low holds for G-homotopy representations if G is a group of odd prime power
order. This implies that a(n) is injective for a group of odd prime power order. Hence
(1) holds.
(2): It directly follows from Theorem 5.8.
D
Finally we give the proof of Remark 2 in Introduction.
Proof of Remark 2. It suffices to show that a(n){ι} is injective when H = 1 G
X(n). In the case (1), we have already shown the injectivity of a(n){i}. In the case
(2), we set
M = {K I If L < K and L is normal in G, then L = 1}.
Since Z(G) is not C2 and also not 1, it follows that Z(WK)

is not C2 for every

K G M. Indeed since K Π Z{G) = 1 for K e M and Z(G)K/K

< Z(NK/K),

it

follows that Z(WK) is not C2, and in particular WK is neither dihedral nor semidihedral.
Take x G Ker α(n){χ}. Then x is represented by a function d such that d(iίΓ) = 1
for every subgroup K <£ M. This function d is realized by the degree function d(f)
of some G-map / :Y -> X ([11, Theorem 2.6]), where X, Y are homotopy representations with the dimension function n. Then by the the same argument as in the proof
of [8, Theorem 6], one can modify / to a G-homotopy equivalence by using the fact
that WK is neither dihedral nor semi-dihedral for every K G M (See [8, p.245, Remark]). Thus it is seen that x — 1 in Pic(G;n) and hence α(n){i} is injective.
D
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