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1 Introduction

The existence of constant scalar curvature Kéhler (cscK) metrics on com-
plex manifolds is a fundamental problem in Kéhler geometry. If a complex
manifold is noncompact, there are many positive results in this problem. In
1979, Calabi [7] showed that if a Fano manifold has a Kéhler Einstein metric,
then there is a complete Ricci-flat Kahler metric on the total space of the
canonical line bundle. In addition, there exist following generalizations. In
1990, Bando-Kobayashi [5] showed that if a Fano manifold admits an anti-
canonical smooth divisor which has a Ricci-positive Kahler Einstein metric,
then there exists a complete Ricci-flat Kéhler metric on the complement (see
also [22]). Tian-Yau [21] showed that if a Fano manifold admits an anti-
canonical smooth divisor which has a Ricci-flat Kahler metric, then there
is a complete Ricci-flat Kahler metric on the complement. In 2002, on the
other hand, as a scalar curvature version of Calabi’s result [7], Hwang-Singer
[15] showed that if a polarized manifold has a nonnegative cscK metric, then
the total space of the dual line bundle admits a complete scalar-flat Kahler
metric. However, a similar generalization of Hwang-Singer [15] like Bando-
Kobayashi [5] and Tian-Yau [21] is unknown since it is hard to solve a forth
order nonlinear partial differential equation.

In this paper, assuming the existence of a smooth hypersurface which
admits a constant positive scalar curvature Kahler metric, we will prove the
existence of a complete scalar-flat Kahler metric on the complement of this
hypersurface. Our proof goes roughly as follows.

Step 1. We show that if the smooth hypersurface has a cscK metric, there is
a complete Kahler metric whose scalar curvature decays at a higher order.
Step 2. We show that the existence of a complete Kahler metric whose scalar
curvature is sufficiently small implies the existence of a complete scalar-flat
Kahler metric.

Step 3. We construct a complete Kahler metric on the complement of the
smooth hypersurface, whose scalar curvature is arbitrarily small.

Step 4. Finally, we show the existence of a complete scalar-flat Kahler metric
by solving the forth order nonlinear partial differential equation.

Now we describe our strategy more precisely. Let (X, Lx) be a polarized
manifold of dimension n, i.e., X is an n-dimensional compact complex man-
ifold and Lx is an ample line bundle over X. Assume that there is a smooth
hypersurface D C X with

D e |L X|‘

Set an ample line bundle Lp := &(D)|p = Lx|p over D. Since Ly is ample,
there exists a Hermitian metric hx on Lx which defines a Kahler metric 0x



on X, i.e., the curvature form of hy multiplied by v/—1 is positive definite.
rfhen, the restriction of hx to Lp defines also a Kahler metric 8p on D. Let
Sp be the average of the scalar curvature S(6p) of 6p defined by

S(Op)ot _
- /D 00)0% _ (n—De(Kp') Ue(Lp)"?
. /Gn—l Cl(LD)ni1 ’
b D

where K, is the anti-canonical line bundle of D. Note that Spis a topolog-
ical invariant in the sense that it is representable in terms of Chern classes
of the line bundles K 51 and Lp. In this paper, we treat the following case :

Sp > 0. (1.1)

Let op € H(X, Lx) be a defining section of D and set ¢ := log|lop]l];,2.
Following [5], we can define a complete Kéhler metric wy by

wo = %\/—Mﬁexp <S—Dt>

D n(n —1)

on the noncompact complex manifold X \ D. In addition, since (X \ D, wy) is
of asymptotically conical geometry (see [5] or Section 5 of this paper), we can
define the weighted Banach space Cy* = Cy*(X \ D) for k € Zso,a € (0,1)
and with a weight § € R with respect to the distance function r defined by
wp from some fixed point in X \ D. It follows from the construction of wy
that S(wy) = O(r—2) near D.

Step 1. The cscK condition implies the following stronger decay property.

Theorem 1.1. If 0p is a constant positive scalar curvature Kahler metric
on D, i.e., S(0p) =Sp >0, we have

S(wp) = O(T—Q—Qn(n—l)/S’D)
as r — Q.

Thus, the cscK condition implies that S(wy) € Cp* for some § > 2 and
any k, a.

Step 2. In order to construct a complete scalar-flat Kéhler metric on
X \ D, the linearization of the scalar curvature operator plays an important
role :
Luy = =D Dy + (V%, V1S (wp) )y

5



Here, D, = 00 V", We will show that if 4 < § < 2n and there is no nonzero
holomorphic vector field on X which vanishes on D, then D}, D, : C’gl’_oil —
C§=" is isomorphic. For such operators, we consider the following :

Condition 1.2. Assume that n > 3 and there is no nonzero holomorphic
vector field on X which vanishes on D. For 4 < § < 2n, the operator

Ly : C3% — CF°
is isomorphic, i.e., we can find a constant K > 0 such that

Lanbllcon > Kll@lloe

for any ¢ € C5°%,.
In addition, we consider

Condition 1.3. A
1S G)llgge < a2

Here, the constant c¢q will be defined in Lemma 7.2 later. Under these
conditions, Theorem 1.1 implies the following result :

Theorem 1.4. Assume that n > 3 and there is no nonzero holomorphic
vector field on X which vanishes on D. Assume that 0p is a constant scalar
curvature Kdhler metric satisfying

0<Sp<n(n—1).

Assume moreover that Condition 1.2 and Condition 1.3 hold, then X \ D
admits a complete scalar-flat Kahler metric.

In fact, we can show the existence of a complete scalar-flat Kahler metric
on X \ D under the following assumptions : (i) n > 3 and there is no
nonzero holomorphic vector field on X which vanishes on D, (ii) there exists a
complete Kéhler metric on X\ D which is of asymptotically conical geometry,
such that its scalar curvature is sufficiently small and decays at a higher order.
So, if there exists a complete Kéhler metric on X'\ D which is sufficiently close
to wp at infinity, satisfying Condition 1.2 and Condition 1.3, we can show the
existence of a complete scalar-flat Kédhler metric on X \ D. Theorem 1.4 is
proved by the fixed point theorem on the weighted Banach space C’?’i(X \D)

~

by following Arezzo-Pacard [3], [4] (see also [20]). In general, constants c¢q, K
which arise in Condition 1.2 and Condition 1.3 depend on the background
Kahler metric wy. In addition, to construct such a Kéahler metric, we have



to find a complete Kéhler metric X \ D whose scalar curvature is arbitrarily
small.

Step 3. We consider a degenerate (meromorphic) complex Monge-Ampere
equation Take positive integers | > n and m such that the line bundle
Ky ® L% is very ample. Let F € |Ky' ® L%| be a smooth hypersurface
deﬁned by a holomorphic section o € H(X, K'®L%) such that the divisor
D + F is simple normal crossing. For a defining section op € H°(X, Lx) of
D, set

E=o0p®@op™.

From the result due to Yau [23, Theorem 7|, we can solve the following
degenerate complex Monge-Ampere equation:

(0x +v/=100p)" = nE

Moreover, it follows from a priori estimate due to Kolodziej [16] that the
solution ¢ is bounded on X. Thus, we can glue plurisubharmonic functions
by using the regularized maximum function. To compute the scalar curva-
ture of the glued Kahler metric, we need to study behaviors of higher order
derivatives of the solution ¢. So, we give explicit estimates of them near the
intersection D N F' :

Theorem 1.5. Let (z), = (2',2%,...,2" 2 wp,wp) be local holomorphic

coordinates such that {wp = 0} = F and {wp = 0} = D. Then, there exists
a positive integer a(n) depending only on the dimension n such that

0? P —2a(n)m —2a(n
s | = Ol g,
64
> 28_2¢ — 0O (|’U) | —2a(n m/l|w |—2—2a(n)/l) ’
WpOWEk
84
o _ O(|w | —2—2a(n) m/l|w |—2a(n)/l)
dw? ow?, ’

as |wel, |wp| — 0, for any 1 <i,j < n—2 and multi-index o = (v, ..., ay,)
with 0 < 3, a; < 2.

By applying Theorem 1.5 and gluing plurisubharmonic functions, we have
the following result :



Theorem 1.6. Assume that there exist positive integers | > n and m such

that .
a(n)m Sp
T n(n—1) (12)

and the line bundle K)}Z®L§ is very ample. Here, a(n) is the positive integer
in Theorem 1.5. Take a smooth hypersuface F € |Ky'® L'Z| such that D+ F
is simple mormal crossing. Then, for any relatively compact domain Y &
X\ (DUF), there exists a complete Kihler metric wp on X \ D whose scalar
curvature S(wp) =0 on'Y and is arbitrarily small on the complement of Y.
In addition, wp = wy on some neighborhood of D\ (DN F).

For example, if the anti-canonical line bundle K )}1 of the compact complex
manifold X is nef (in particular, X is Fano), the assumption (1.2) in Theorem
1.6 holds, i.e., we can always find such integers [, m. In this paper, we treat the
case that Ky' has positivity in the senses of (1.1) and (1.2). From Theorem
1.4, if there exists a complete Kahler metric which is of asymptotically conical
geometry and satisfies Condition 1.2 and Condition 1.3, X \ D admits a
complete scalar-flat Kahler metric. In fact, Theorem 1.6 gives a Kahler metric
whose scalar curvature is under control. However, the Kéahler metric wg in
Theorem 1.6 is not of asymptotically conical geometry (near the intersection
of D and F'). So, when we replace the complete Kéahler metric wy with wp
obtained in Theorem 1.6, we can not apply Theorem 1.4 to a construction of
a complete scalar-flat Kéhler metric.

To solve this problem, we consider an average on some closed subset
in |[Ky' ® L"X”ﬁ |. Then, the asymptotically conicalness is recovered and we
obtain the following result :

Theorem 1.7. Assume that there are positive integers | > n and m such
that the line bundle Ky' @ L' is very ample and

a(n)m - Sp
21 n(n—1)

Then, there exists a complete Kdhler metric w on X \ D satisfies following
properties:

e W is equivalent to wy, i.e., there is a constant C' > 0 such that
C lwy <@ < Cuwy.

Moreover, the Kdhler metric @ is of asymptotically conical geometry.



o Assume thatn > 4. If 0p is cscK and 0 < Sp < n(n—1), the C*H-norm
of the scalar curvature S(w) of weight 6 € (4, min{2n, 2+2n(n—1)/Sp})
can be made arbitrarily small.

Thus, we obtain the Kahler metric @ which is of asymptotically conical
geometry. In addition, the scalar curvature of @ is arbitrarily small in the
sense of the weight norm.

Step 4. Finally, by applying the similar argument in the proof of Theorem
1.4 to the Kahler metric @ obtained in Theorem 1.7, we obtain our main result
in this paper :

Theorem 1.8. Assume following conditions:

e n > 6 and there is no nonzero holomorphic vector field on X which
vanishes on D.

e The following inequality holds:

0 < 3Sp <n(n—1).

e There are positive integers | > n and m such that the line bundle K ' ®
L'} is very ample and

a(n)m Sp
< .
21 n(n —1)

Then, if D admits a cscK metric Op, X \ D admits a complete scalar-flat
Kahler metric.

In other word, we can solve the following forth order nonlinear partial
differential equation:

S@+v=100¢) = 0, @+ /—1006 >0, ¢ € O,

for a weight 8 < § < min{2n, 2+ 2n(n —1)/Sp}. The reason why we assume
that n > 6 and 0 < 35p < n(n — 1) in Theorem 1.8 is that we need the
isomorphic Laplacian A5 between higher order weighted Banach spaces.
This paper is organized as follows. In the section 2, we will recall funda-
mental facts in Kahler geometry. Formulas of curvatures of tangent bundles
and line bundles play important roles in this paper. In addition, we recall the
results of the existence of complete Ricci-flat Kéhler metrics on noncompact
Kéhler manifolds (see [5][7][21]). In Section 3, we recall the result due to



Hwang-Singer [15] and give the volume growth of a geodesic ball with re-
spect to the Kéhler metric obtained in [15] (see [1]). This case is a toy-model
of our problem. In Section 4, we prove Theorem 1.1. To prove this, we use
fundamental results in matrix analysis. In Section 5, we will introduce the
asymptotically conicalness of open Riemannian manifolds and weighted Ba-
nach spaces by following Bando-Kobayashi [5]. In Section 6, we study the
linearization of the scalar curvature operator between some weighted Banach
spaces. In section 7, we prove Theorem 1.4 by following Arezzo-Pacard [3],
[4] (see also [20]). In Section 8, we construct Kéhler potentials, i.e., strictly
plurisubharmonic functions, whose scalar curvature is under control. In ad-
dition, we glue these plurisubharmonic functions by using the regularized
maximum function. In Section 9, we prove Theorem 1.5. To show this, we re-
call the C*“-estimate of a solution of the degenerate complex Monge-Ampere
equation. In Section 10, we prove Theorem 1.6. In Section 11, we will prove
Theorem 1.7. Namely, we recover the asymptotically conicalness by con-
structing an average metric. In Section 12, we prove Theorem 1.8, i.e., we
show the existence of a complete scalar-flat Kahler metric.

10
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2 Kahler geometry and Ricci-flat Kahler met-
rics

In this section, we recall fundamental facts in Kéhler geometry (see [8] and
[20]) and the results of the existence of complete Ricci-flat Kahler metrics of
Calabi [7], Bando-Kobayashi [5] and Tian-Yau [21].

2.1 Kahler metrics

Let X be a n-dimensional complex manifold with the complex structure J €
End(7T°X). Here T'X is the real tangent bundle of X. We consider the com-
plexified tangent bundle T X = T'X ®g C. Extend the complex structure J
to End(7T'X¢) by complex linearity. Then we have a pointwise decomposition:

TXe=T"Y"X ¢ T™X,

where T X is \/—1-eigenspace and T%1 X is —/—1-eigenspace of J. Simi-
larly, we obtain the complexified cotangent bundle 7™ X and the decompo-
sition of eigenspaces:

T*X(C — (T*X)LO @ (T*X>0’1.

Set
APIT* X i= (AP(T*X)H0) A (AT X)),

Then the set of differential forms of type (p, ¢) is defined by
ORT = €°(X; APIT* X¢).
Then we can decompose the exterior derivative as d = 9 + 0, where
9 QR — QR QRI — QBRI
The fact that d? = 0 implies that
P =0 =080+00 =0.

Definition 2.1. We say that a Riemannian metric g on X is Hermaitian, if
g(JA, JB) = g(A, B) for all tangent vectors A, B € T, Xg for every z € X.

Let g be a Riemannian metric on X. Set

w(A, B) :=g(JA,B)

12



for tangent vectors A, B € T, X for each x € X. The computation
implies that w(A, B) is anti-symmetric in A, B € T, X and defines a real
2-form.

Definition 2.2. We say that the Hermitian metric g is Kdhler if the 2-form
w defined by g is d-closed. In this case, w is called the Kdhler form.

For simplicity, we call w the Kahler metric in this paper. Extend the
Hermitian metric g to the complexified tangent bundle T X by complex

linearity in both entries. Fix a local holomorphic coodinates (z', 22, - - -, 2").
The computation
o 0 0 0 0 0 o 0
_—, ) = J—.,J—) = \/—1—. \/—1— = —qg(—, —
g<8zj7azk) g( azj7 azk> g( azj7 azk> g(azj7azk)

implies that
g 0 o 0

915000 =95 oar)
Thus we can write g and w as follows:
g= Zgjg(dzj ® dzF + dz* ® d27),

ak

=0.

and

w=+v-1 Zgjgdzj A dz",
j.k

where

o 0

9% = 9055 55)- (2.1)

Moreover, if g is Kahler, d-closed condition of w implies that local coeffi-
clents g,z satisfy

0zt 0

Proposition 2.3 (see [8], [12]). Suppose that g is Hermitian. Then the fol-
lowing properties are equivalent ;

1. g is Kahler ;

2. for any point vy € X, we can find a local holomorphic coodinates

L 1<4,4,k<n. (2.2)

(21,22, -+, 2™) centered at xy such that
9955 99;%
9;5(x0) = ji, a—;-(iﬁo) = 3; (z0) =0, (2.3)

where d;5, is the Kronecker delta.

Proposition 2.3 gives the fundamental characterization of the Kahler met-
ric on the complex manifold.

13



2.2 Completeness

Following [8, Chapter VIII], we recall the definition of the completeness
of Riemannian manifolds.

Definition 2.4. Let (M, g) be a connected Riemannian manifold. The length
of a path v : [a,b] — M is defined by

)= [ VoA
The geodesic distance of x,y € M is defined by
dg(z,y) == inf £(7),
where v runs over all paths with v(a) = z,v(b) = y.

It is a well-known fact that (M, d,) is a metric space.

Definition 2.5. We say that a Riemannian manifold (M, g) is complete if
(M, d,) is complete as a metric space.

In order to show the completeness of a Riemannian manifold, we introduce
a exhaustive function by following [8, Chapter VIII].

Definition 2.6. Let (M, g) be a Riemannian manifold. A continuous func-
tion ¢y : M — R is said to be ezhaustive if the inverse image {x € M |
() < ¢} is relatively compact in M for all ¢ € R.

The completeness is characterized by the existence of a certain exhaustive
function as follows (see [8]).

Lemma 2.7. Let (M, g) be a Riemannian manifold. Then the following prop-
erties are equivalent:

(1) (M, g) is complete;

(2) there exists an exhaustive function ¢ € €>°(M,R) such that |di|, < 1.

By using this lemma, we can show the completeness of the Kéahler mani-
folds that we will consider in this paper (see [1]).

14



2.3 Curvatures of tangent bundles

In this subsection, we compute curvatures of Kéahler metrics. Fix a Kahler
manifold (X, w). If the connection V satisfies that Vg = 0 and V is torsion-
free, V is called the Levi-Clivita connection of g. The Levi-Civita connection
V of g satisfies

VJ =0, Vw=0.

For a local holomorphic coodinatess (21, 22, - - -, 2™), we write

Vi=Vao, V;:=Vo

oz a7t

The computation
(515) = 03) = @0 =1 (5535)

implies that Vj(%k has a type (1,0). The Christoffel symbols T "% is defined
by
0 .0
v]_ - Fl'k._A,
0zF 0z
and we have F;/k = ng = 0. Here we use the Einstien summation convention.
Since the Levi-Civita connection is torsion free, we have

0 0
Viger = Vg
and I”k = Fk] Similarly, Vja = has a type (1,0) and Vk - has a type (0, 1).
So
0 0
vgﬁzk vkﬁ_J =0,

and we have I, =T%¢ =T =T%_ = (. Moreover,
gk gk Jk jk

o _ 0 .0 =
Viger = Vigar = linga = Nz

Therefore, we have F% = F_;k and the Levi-Civita connection V is completely
determined by the coefficients sz Using the Christoffel symbols, we have

0:V<dz7<aik>) (def)%mzf(v%) (deﬂ)%+r

and (V;dz;)(0/0z%) = 0. It follows that
Vidz = T dz*.

15



So we have

. 0
Vi(ggpds © dz") = ag]kdzj ® dz" + g7(Vidz') @ dz"* + g3d2’ @ (V;dz")
0
= S @ d2t - glde! @ d2t

99;% ; -
( 82]1 — gl >dz’ ® dz*.

The relation Vg = 0 implies that

Lemma 2.8. The Christoffel symbol is written in terms of g as follows:

e — pE%
0zt

where gP* is the inverse matriz of Gpke-

Let RY be a curvature of V. Set Rsz as follows:

.0 o 0\ 0 0
) _~ _pv(_~ 7 _ _
Ryigm =& (azk’ (()El)@zl (ViVi = ViVi) g5
Then
) 0
0
= Vi ( kid), p)
0giz O 0
— _\J(paZ29_ " ) _TP7.__
= Vi (g OzF 8zp) Fkivl@zp
e P9 g 309995\ O
— [ _ P L] Tqaps 220 ZITS ) 7
( I oran 99 o azl)azp'
So we have )
R — g 0°9ig g jgégiq 9grs
ikl 0zk07 0zF 97
Set
Rag: = gtERfki
2 rg §agi7 agrs
= —g59" o ,@_, + 959" 5,3 e

_ P95 . grqagia 09,7
02+7 0zk 97

16



Since g is Kahler, relations (2.2) imply that

995 170913 99,7
“oko2 9 9k o
_ P9 299399

ozioz 9 oz oz
Rkh’j-

Ri}ki =

Definition 2.9.
1. The Ricci form Ric(w) is defined by

Ric(w) := vV—1R;dz" A d7,

where R := ngngz.
2. The scalar curvature S(w) is defined by

S(w) := tryRic(w) = ginﬁ.

Definition 2.10.
1. We say that Kéhler metric w is Kdhler Einstein if its Ricci form Ric(w)
satisfies
Ric(w) = Aw
for some A € R. In particular, we say that w is Ricci-flat if A = 0.

2. We say that Kahler metric w is a constant scalar curvature Kahler
(escK) metric if its scalar curvature S(w) is constant. In particular, we
say that w is scalar-flat if its scalar curvature is zero.

Lemma 2.11. In holomorphic local coodinatess, we have

2
Rz = _82(?82j log det(g,;)-
Proof. By the direct computation, we have
2

B az?azj log det(gi) = _% (9 M%)
Kl 329@ gﬂgl@%%
02'0Z° 0zt 077
_ _gki 62‘91&. L ki%%
02'07’ 0zt 077

17



Thus, we have the local formula of Ricci-form in the Kéhler geometry:

Proposition 2.12. The Ricci form can be written locally as
Ric(w) = —v/—199log det(g,7).

In particular, Ric(w) is a closed real (1,1)-form.

2.4  Curvatures of line bundles

Let L be a holomorphic line bundle over a complex manifold X and fix
a Hermitian metric h on L. Then there exists an unique connection which is
called the Chern connection V¥ of L. The Chern connection is compatible
with A in the sense that for all local sections s;, s of L, we have

0
%h(sl, 82) = h(stl, 82) + h(Sh V;LSQ)
and a similar formula holds for 8/9%z7. Let FV" be a curvature of V. F¥V"
can be written locally by
vl _ Lol LyyL
Fi =ViVy = Vrvy.

Let ¢ be a non-vanishing local holomorphic section of L defined on some open
set U C X. Then we obtain a positive function

he(2) == h(¢(2),¢(2)), z € U. (2.4)
Write
Vi¢ = A
Here Ay is some smooth function on U. Then, we have
L 0A
F ¢ =ViVi¢ = ViViC = =VEHA) = ==
and 94
vEk k
ij — _ﬁ-
Since 9
a_zg = h(Vé/Ca C) = Ath7
we have 5 o o
vk _ Y (1P
Fa =5 (h azk> FET=RLS

In conclusion, we have:

18



Lemma 2.13. The curvature F¥" of the Chern connection VX of the holo-
morphic line bundle L with the Hermitian metric h is written locally as

F¥" = —98log he,
where € is a local non-vanishing holomorphic section of L.
There exists the well known fact (see [8, Chapter V]) :

Theorem 2.14. The first Chern class of L is written as

v—1
(L) = [—FVL] € H*(X,R)
2m
and is independent on the choice of Hermitian metrics of L.
In this case, we write /—1FV" € 27¢;(L). Recall that Kx := A"((T*X)'0)
is the canonical line bundle of X. Since det(g, ;) defines a Hermitian metric
on Ky', Proposition 2.12 shows that the Ricci form represents ¢;(X):

1
a(X) = e (Kb = [%Ric(u})] e H*(X,R).
2.5 Ampleness and Positivity of line bundles

Following [8, Chapter VII, §11], we recall the fundamental results of holo-
morphic line bundles in complex geometry. Let & be a sheaf of germs of local
holomorphic functions over X, and &, denotes its stalk on x € X. Similarly,
O(L) denotes a sheaf of germs of local holomorphic sections of L over X,
and O(L), denotes its stalk on z € X.

Definition 2.15. The fiber bundle J*L of k-jets of sections of L is defined
by
(J*L), = O(L),) M, - O(L),

for every x € X, where .#, C 0, is the maximal ideal.

Definition 2.16.
1. L is said to be very ample if all evaluation maps:

H°(X,0(L)) — (J'L),, H*(X,0(L)) — L, ® L,,

are surjective for z,y € X with z # y.

2. L is said to be ample if there exists a positive integer ky such that L¥
is very ample for every k > k.
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Definition 2.17. We say that a pair (X, L) is a polarized manifold if X is a
compact complex manifold with an ample line bundle ¢ : L — X.

Theorem 2.18. The following properties are equivalent ;
1. L is ample ;

2. L admits a Hermitian metric h whose curvature is positive, i.e., the

closed real (1,1)-form B
—v—190log h
defines a Kdahler metric on X.
The following result is a fundamental result in complex geometry.

Theorem 2.19. (Kodaira embedding theorem)
Let X be a n-dimensional compact complex manifold. Then the following
properties are equivalent ;
1. there exists a line bundle L which admits a Hermitian metric whose
curvature is positive ;

2. there exists k > 0 such that X can be embedded as an algebraic variety
into some projective space PV ;

3. X has a Hodge metric, i.e., a Kdhler metric w defines a rational coho-
mology class [w] € H*(X,Q).

2.6 The existence of complete Ricci-flat Kahler met-
rics

In this subsection, we recall the results of Calabi [7], Bando-Kobayashi [5]
and Tian-Yau [21]. These theorem showed the existence of a complete Ricci-
flat Kahler metric on a certain noncompact Kahler manifold. In order to
consider the existence of complete scalar-flat Kahler metrics which is the
main theme in this paper, these results are very important. We recall the
definition of a Fano manifold.

Definition 2.20. A compact complex manifold X is said to be a Fano man-
ifold if its anti-canonical line bundle Ky ' := AMMXTX10 is ample. Equiva-
lently, X is a Fano manifold if there is a Kahler metric whose Ricci-form is
positive, i.e., a Kahler metric.

For instance, the complex projective space P" of dimension n is a Fano
manifold which has the Fubini-Study metric wpg. We can easily show that
wpg is a Kahler Einstein metric with positive scalar curvature. On the as-
sumption that a Fano manifold has a Kahler Einstein metric with positive
scalar curvature, Calabi showed the following result [7] :
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Theorem 2.21. If a Fano manifold has a Kdhler Einstein metric, the total
space of the canonical line bundle Kx admits a complete Ricci-flat Kdhler
metric.

Note that we can regard the total space of the canonical line bundle K
as the complement of X in the total space of the projective bundle P(Kx &
Ox) ~ Kx U X. This theorem is proved by solving a ordinary differential
equation (see [7][15] or the next section in this paper). On the other hand,
the following two theorems are proved by solving nonlinear partial differential
equations called complex Monge-Ampere equations.

Assume that X is an n-dimensional Fano manifold and D is a smooth
ample divisor on X. Let op € H°(X, &(D)) be a defining section of D. Since
O(D) is ample, there exists a Hermitian metric hx on &'(D) which defines a
Kihler metric x on X, i.e., the curvature form of hx multiplied by v/—1 is
positive definite. Then, the restriction of hx to &(D)|p defines also a Kahler
metric fp on D. For a function on X \ D defined by t := log ||0D||,;2(, we
have Ox = /—100t.

Bando-Kobayashi showed the following result which is one of generaliza-
tions of Calabi’s result [5] :

Theorem 2.22. Let X be a Fano manifold of dimension n > 2. Assume
that there is a smooth hypersurface D C X satisfying

c1(X) = a[D]

for some rational number o > 1. Here, [D] denotes the Poincaré dual of
D. If D has a Kdihler Einstein metric, then its complement X \ D admits a
complete Ricci-flat Kahler metric.

In the case of Bando-Kobayashi, the background complete Kéhler metric
wpk is defined by

WRK = n V=190 exp (a_—l ) )
a—1 n
This Kahler metric wgk is of asymptotically conical geometry, so there is the
weighted Banach space C5*(X \ D) ([5] and see also Section 5 in this paper).
The volume form w} of this metric wpk has poles of order 2ar along D by
the direct computation. In this case, the assumption ¢;(X) = «[D] implies
that we can find a singular volume form V' on X with poles of order 2« along
D. So, we can define a smooth function f on X by

w?’L
=1 BEK
J =log v

21



In [5], they showed the existence of a complete Ricci-flat Kéhler metric by
solving the following complex Monge-Ampere equation which is a second
order nonlinear partial differential equation on X \ D :

(WBK + V —185@25)” =V = e_fw%K.

Here, an unknown function in this equation is ¢ € C’f’a(X \ D) for § > 2.
We recall the adjunction formula (see [12]).

Lemma 2.23. For a smooth hypersurface D in X, the following formula
holds :
Kp = (Kx+ D)|p.

In this case, the relation —Kp = (—Kx —D)|p = (a—1)D|p implies that
D is also a Fano manifold and has a Ricci-positive Kahler Einstein metric,
i.e., Ric(fp) = (o — 1)fp. Since fp is Kahler Einstein, we may assume that
f =0(l|op||) as op — 0 (see [5]). Bando-Kobayashi showed that we have
f = O(||op]?) by finding a smooth function a € C*(X) such that a|p = 0
and Ox + v/ —190a is also a Kihler metric on X (see [5]). The solvability
of the complex Monge-Ampere equation above comes from this higher order
decay of f since this condition implies that we can use the continuity method
on the weighted Banach space. We generalize this result of [5] to our scalar
curvature case (see Section 4 in this paper).

Tian-Yau showed the following result which is another generalization of
Calabi’s result [21] :

Theorem 2.24. Let X be a Fano manifold of dimension n > 2. Assume
that there is a smooth hypersurface D C X satisfying

Kx+ D =0.
Then, its complement X \ D admits a complete Ricci-flat Kdhler metric.

The background Kéahler metric wyy is defined by

Wry = n V=199t H/n
n+1

and we can find a singular volume form V on X with poles of order 2 along
D. The volume form w7y has also poles of order 2 along D. Similarly, we
can define a smooth function f on X by

n

w
=1 Ty
Ji=log v
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The Kahler metric wry is not of asymptotically conical geometry, so we
cannot use the previous space of functions Cy*(X \ D). In [22], they showed
the existence of a complete Ricci-flat Kahler metric by solving the following
complex Monge-Ampere equation on X \ D :

(wry + \/—105@25)“ =V =c7ul,.

In the case of Tian-Yau, the relation Kp = (Kx + D)|p implies that the
canonical line bundle of D is trivial. For such a compact Kahler manifold,
there is the following celebrated work by Yau [23] :

Theorem 2.25. If a compact Kdhler manifold D has a trivial canonical line
bundle, there exists a Ricci-flat Kdhler metric on D.

By this result, a compact complex manifold with a Ricci-flat Kahler met-
ric called a Calabi- Yau manifold. Therefore, in the case of Tian-Yau, a
smooth hypersurface D has a Kahler Einstein metric with flat scalar curva-
ture. In this paper, we try to generalize these results to a scalar curvature
case from this point of view.
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3 The case of line bundles

Before considering the general case, we consider the existence of a complete
scalar-flat Kahler metrics on line bundles and compute the volume growth.
Let (X, L) be an n-dimensional polarized manifold and § € 2mc;(L) be a
cscK metric. In this case, the value of the scalar curvature is equal to the
following average value given by

& ney(X) Ue (L))"
X -— Cl(L>n I

(3.1)

where (27)"c;(L)" = [ 0" and (2m)"¢c1(X) U ey (L)™' = [, Ric(0) A 6" 1.
Note that Sx is a topological invariant. In 2002, Hwang-Singer [15] showed
the following :

Theorem 3.1. Let (X, L) be an n-dimensional polarized manifold. Suppose
that there exists a constant scalar curvature Kdhler metric 0 € 2wei(L) and
the value of the scalar curvature of 6 is nonnegative:

Sx > 0. (3.2)

Then, there exists a complete scalar-flat Kahler metric w on the total space

of the dual line bundle L.

Remark 3.2. In [15], they treat more general cases which contain the exis-
tence of a complete scalar-flat Kiahler metric on the disc bundle in L~!. In
this paper, it is enough for us to consider Theorem 3.1.

We recall the proof of Theorem 3.1 by following [15] (see also [20]) and
give the volume growth of the Kéhler metric w above (see [1]).

3.1 LeBrun-Simanca metrics

In this subsection, we construct the LeBrun-Simanca metric for an ample line
bundle. This metric for the dual of the tautological line bundle over CP**
was found by LeBrun and Simanca [17],[19](see also [20]).

Fix an n-dimensional polarized manifold (X, L). Consider a Hermitian
metric h on L which defines the Kahler metric @ € 2mc¢;(L). Let p: L™ — X
be the projection map and (L~!)* be the complement of the zero section of
L. Define a smooth function s by

st (L) >R, & logh ' (£,6), (3.3)

where h~! is a Hermitian metric on L~! induced by h.
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Definition 3.3. The LeBrun-Simanca metric w on (L™1)* is defined by
w = /—100f(s), (3.4)
where f is a smooth, increasing and strictly convex function on R.

To extend w to the whole space L™!, we start to compute w in local
coordinates. Fix a point zy in the base space X. Then we can find a local
holomorphic coordinate chart U around z, with a local holomorphic trivial-
ization of L~! around z:

(LY, 2UXC, & (2,w), (3.5)

where w is a fiber coodinate. Then, in these local coodinates, we can write
as
s(z,w) = log |w|* — log h(z), (3.6)

where h(z) is a positive function defined by some local non-vanishing holo-
morphic section of L on U. For any point z; € X, we can choose the above
trivialization so that:

dlog h(zp) = 0. (3.7)
Let us compute at a point (2o, w) with w # 0;
_ . dw A dic .
VE1001(s) = oW T+ fewe (3.8)

where the symbol f denotes the differential of f with respect to the variable
s.

To simplify the construction of a scalar-flat Kahler metric on L™, fol-
lowing [20], we introduce Legendre transforms and momentum profiles and
recall fundamental facts of them. By using them, we can give a condition on
the extension of w to the whole space L~! and compute the scalar curvature
not as a nonlinear PDE in forth order but as an ODE in second order by
following [15].

Definition 3.4. Let f be a strictly convex and smooth function on R. Set
7:= f(s) and I be an image of 7. The Legendre transform F on I of f with
variable 7 is defined by
sT = f(s) + F(7).
Note that there are following relations:

1
F'(r)=s, F'(1)=—-——,
(7)=s Fr) =2

where we use the symbol F'(7) as the differential of F' with respect to the
variable 7.
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Definition 3.5. Let I C R be an image of 7. The momentum profile ¢ of
the metric w = v/—199f(s) is defined by the following:

1
I =R = — :
el >R, p(7) Frr) (3.9)
where F' is the Legendre transform of f defined above.

Clearly, there are following relations:

dr

(1) = f(s), 75 = A7), (3.10)

The following proposition is the converse of the above construction:

Proposition 3.6. Let I C R be any interval and ¢ be a smooth positive
function defined on I. Then we can find a smooth and strictly convex function
f on some interval J of R such that

7= f(s), (1) = f(s). (3.11)

Proof. Let G = G(71) be a function on I with G'(7) = 1/¢(7). Since G is
strictly monotone increasing, we have 7 = G7*(s). Set J := G(I). Proposition
3.6 is proved by setting

£(s) = / Neinr

for some ¢ € J. O

3.2 The extension to the total space

In this subsection, we give a condition such that the LeBrun-Simanca metric
w can be extended to the whole space L™! as a Kahler metric by following
[15] (see also [20]). By using the momentum profile ¢, w can be rewritten as
follows:

dw N\ dw
w= @(T)\/—l% + 7p6. (3.12)
w
First, we set a momentum profile ¢ defined on I := (1, N) for some

N € (1,00] so that a function f is defined on J = R in the way in the
proof of Proposition 3.6. Then, the formula (3.12) implies that the LeBrun-
Simanca metric w is positive in the base direction at any point in the zero
section. Following [15], to obtain the positivity in the fiber direction and the
smoothness of w on the whole space L™!, we pose the boundary condition on

@:
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Proposition 3.7. Suppose that ¢ satisfies the following boundary condition:

p(1) =0, ¢(1)=1, (3.13)

and can be extended smoothly in a neighborhood of 1. Then w can be extended
to L' as a Kdihler metric.

For simplicity, we will denote the extended metric on L~! by the same
symbol w.

3.3 The Ricci form and the scalar curvature

In this subsection, we compute the Ricci form and the scalar curvature of
the LeBrun-Simanca metric w (see [15], [20]).

Proposition 3.8. The Ricci form Ric(w) and the scalar curvature S(w) of
w are given by

Ric(w) = —go(gp’ +n= o + n%)p*@ + p*Ric(0),

p*S(O) 1 &

r—— QW(T%(T)),

S(w) =

where Ric(w) is a pointwise formula.

Proof. First, the Ricci form Ric(w) is locally given by the following:
Ric(w) = —v/—1091log w™ .
By the direct computation at a point zy, we have

il F(8)(s)"p*6" A /—T1dw A dw

YT jw]?

o(T)T"p* 0" N v/ —1dw A dw

|w|?

If we choose another trivialization (z,w) of L™, there exists a holomorphic
transform function g such that w = g(z)w. The differential of g(z) does not
affect the above formula because p*0™ is the top wedge product in the base
direction. Therefore, w™*! is invariant under the choice of the local coodinates
(z,w) and we can use the formula above globally.
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Let us compute Ric(w) at a point (zg, wo):
Ric(w) = —+v/—190logy(7(s)) —nv/—1900log 7(s) + p*Ric()

'/ —=1ldw N dw )
= —<,0<g0' + nf> — (cp' + nf>p*9 + p*Ric(0).
T |w T
Note that the equation of Ric(w) is completely divided into the base direction
and fiber direction. Taking a trace of the Ricci form by the metric w =

o(T)vV—=1dw A dw/|w|* + Tp*0, we have the following:

! *S(6
S(w) = —(gp’—knf) —E<<pl+n£>+p (6)
T T T T
1La p*S(0)
- _T_ndTQ (T SO(T)) + T .
Thus, the proof of Proposition 3.8 is finished. O]

3.4 ODE and volume growth

In this subsection, we recall the proof of Theorem 3.1 [15] (see also [20])
by using Proposition 3.8. The key of the proof is that we can consider the
scalar-flat condition as the case of ordinary differential equations (ODE) in
second order on the assumption that w is cscK.

ProoOF OF THEOREM 3.1. If the Kahler metric § has a constant scalar
curvature, the value of the scalar curvature S(6) is equal to the average of

the scalar curvature:
ney (X) Uey (L))"

(L)
By the formula in Proposition 3.8, to make w scalar-flat, it is enough to solve
the following ODE with the boundary condition:

Sx = (3.14)

d? N _ ,
ﬁ(THSD(T)) =Sxm"Y, p(1)=0, ¢(1)=1

In fact, a solution of this is easily given by

Sx Sx . Sx _
X __1)1n (——1> n, 3.15
#(7) n(n—l—l)T (n T n+1 ’ (3.15)
If N=o00,p=0(T)as 7 — o0. If N < 00, ¢ vanishes like a polynomial.
Recall that s = [ ¢~ *d7. In both cases, applying Proposition 3.6 for these ¢,
we can obtain an increasing, strictly convex and smooth function f defined
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on R by setting an interval I := {7 € R | ¢(7) is positive }. Then, we have
finished the proof of Theorem 3.1. 0

To conclude this section, we give the volume growth of this Kahler metric
w (see [1]).

Proposition 3.9. Fiz a point ¢ € L~'. Suppose that w be the LeBrun-
Simanca metric as above. Let B(E,r) be a geodesic ball with respect to w in
L= of radius r centered at .

(1) If Sx > 0, we have

/ W' = O )Y as 1 — 0. (3.16)
B(&,r)

(2) If Sx = 0, we have

/ W =00?) as r — oco. (3.17)
B(&r)
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4  The higher order decay

In this section, we prove Theorem 1.1. Let (X, Lx) be an n-dimensional
polarized manifold. Let hy be a Hermitian metric on the line bundle Lx
which defines a Kéahler metric 8y on X. Then, the restriction hp of hx to
a line bundle Lp := Lx|p over D defines a Kéhler metric §p on D. Let
op € HY(X,Lx) be a defining section of D. Set t := log||op||~2, where
llop||* = hx(op,op). From the construction of the complete Kéhler metrics
in Theorem 3.1 and [5], we can define a complete Kéhler metric wy on X \ D
by

n(n —1) = Sp
= -~ _1 - <
Wo 3, v —100 exp (n(n — 1)t>

SD SD )

where Sp > 0 is the average value of the scalar curvature S(6p):

S(0p)os _
5 LSO e vz
. /en—l C1<LD)n_l '
D D

By similar ways in [1], we have the followings

Lemma 4.1. Let r be a distance function defined by wy from a fixed point
xg € X\ D. Then,

__Sp
r(z) = O(llop|| =0 (x))
as x — D.
Lemma 4.2. The volume growth of wy s given by
Vol,, (B(zo, 7)) = O(r*™)
as r — 0o.

Thus, Lemma 4.1 implies that it is enough to show that
S(wo) = O(||op| 252/ =0)

as op — 0.

To show Theorem 1.1, we have to compute Ric(fx) and Ric(wp). Unfor-
tunately, we can’t compute the scalar curvature of wy in the same way in
the proof of Proposition 3.8. So, we study the determinant of #x and the
inverse matrix of wy. First, we recall fundamental results in matrix analysis
(see [25]).
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4.1 Matrix analysis

To compute Ricci forms of Kahler metrics fx,wy, we need the following
lemma :

Lemma 4.3. Consider the following matrix
A B
-8 5)
where A is an invertible matriz. Then, the determinant of T is given by
det T = det Adet(D — CA™'B).

The block D — CA~'B is called the Schur complement of the block D of
the matrix 7" (see [25, p.23]). For the reader’s convenience, we give a proof
of this lemma.

Proof. The result immediately follows from the following formula :

A B I 074 o) I A°'B
C D| |cAt | O D—-CA'B o I

where I and I denote suitable identity matrices. O]

To take a trace with respect to the Kahler metric wy, we need the following
inverse matrix formula (see [25, p.24]) :

Lemma 4.4. Consider the following matrix
A B
T- [ 45 ] .

Assume that A and S := D — CA™'B are invertible. Then, T is invertible
and the inverse matriz of T' can be written as

71 Al + A7'BSTlcA™Y —ATIBST!
B —S-lcA™! St '

Similarly, we give a proof of this lemma for the reader’s convenience.

Proof. From the proof of the previous lemma, we have

AB]" I A'BI'[A0]'[ I o]
C D o I O S CA' T
[ —-AT'Bl[AY O I 0
o I O S| -cAt I
[ AP+ AIBSTICATY —ATIBST!
a —S7lCA™ S '
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4.2 Local trivialization and normal coordinates

Before studying the scalar curvature S(wp) near D, we choose a local trivi-
alization and normal coordinates around a point of D.

First, fix a point p € D. Since D is the smooth hypersurface of X, there
exist local holomorphic coordinates (z!,22, ..., 2" !, w) centered at p where
D is defined by {w = 0} locally and (2!, 22,...,2""!) are local holomorphic
coordinates of D. Then, there exists a local trivialization of Ly such that we

can write as ||op||? = |w|*e™% for a smooth function ¢ near p satisfying

de(0) = 0.

We may assume that if (21,22, ..., 2"} w) = (0,0, ...,0,w), we have

p = O(Jwp). (4.1)

Second, we consider the existence of normal coordinates with respect to
the Kéahler metric fx around p preserving the condition (4.1). Since Ox =
V=100t = /—1001og ||op||~? is the Kihler metric on X, in coordinates
above, we can write locally as

n—1 n—1
Ox =v—1 (Z gi;d2" N d7 + Z (Gawdz® A dW + gy adw A dZ*) + gupmdw A dw) .

ij=1 a=1
For simplicity, write (z', ..., 2”71, w) = (2; w). Consider another holomorphic

1
?
coordinate chart (2!, ..., 1, w) = (2;w) around p € D. Directly, we have

2 ,> _ 0 (otom
ow %i) = ow \ 0% 3? i1

0 0zF (82 g ) 0zF 07 3%1
K

Ow 03¢ o7’ FE3 8” Ow
Set the condition ok
z
aéz ( ? ) k7

So, we have

9 o 00F 9,7

Considering the equation Jg. ;/0w(0; O) = 0, we have

0 0z~ k7 (0. 993 /.
%%(0,0)——;9 (0,0)6—w(0,0)~

Thus, we have
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Lemma 4.5. By the change of holomorphic coordinates (2;w) around p € D
defined by

n—1 n—1
« § i E : a,j 8917
Z = z <5i,a_w g ’J<O’O>8_u’)](0’0)> ((121,2,...7%—1),
i=1 =1

we have
89%5(0 0) =0 (4.2)
5 (0 ) =0. :
In particular, at (Z;w) = (0;w), we have
9;5(0;w) = g;5(0;0) + O(|wl?). (4.3)

Consequently, we obtain

Proposition 4.6. We can find a local trivialization of Lx and local holo-
morphic coordinates so that

o =O0(wl*), g,5(0;w) = g,5(0:0) + O(|w]).
at (24, ..., 271 w) = (0,...,0,w).

Proof. In new local coordinates above, we have

Op _ 0p 021 D 0w
0% 021 9% Ow 9’

nd 02 9 9
? ¥ ¥
—(0;0) = d;;, =—(0;0) = ==(0;0) = 0.
821 (O’ O) 5J 82’( ) aw( )
Thus, the proposition follows. ]

For simplicity, we write new local coordinates (21, ..., 2"~ w) by the same
symbol (2!, ..., 2" 71 w).

4.3 Proof of Theorem 1.1

Recall that wq is written as

Wy = exp Lt 6X+S—D\/—18tA5t
n(n—1) n(n—1)
and it is enough to show that

S(wo) = O(||op|[+25p/n(n=D)

as op — 0. First, we show
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Lemma 4.7. The Ricci form of wy is given by

~

. . S - S
Ric(wo) = Ric(fx) — ———fx — V=100 log (1 + mn—]in”at‘|3x> .

Proof. To prove this lemma, it is enough to see the volume form of wy. From
the definition of wy, we have

Wy = exp Lt Ox + L\/—lat AOt | .
n(n—1) n(n —1)

So, the following identity
= 1
V=10t N Ot N O = —||0t][5 0%
n

implies that the volume form of wy is given by

n __ SD SD 2 n

Recall that the Ricci form is given by Ric(wy) = —v/—199logwy. Thus, the
lemma follows. [

Thus, we easily have S(wp) = O(||op||252/"™=D)Y as g — 0.
Firstly, we show the following proposition to prove Theorem 1.1.

Proposition 4.8. If 0p is a cscK metric, we have
S(wo) = O(l[op||"+*5 /=)
as op — 0.

Proof. To prove this, we compute the Ricci form of 6x. Write

911 Jn—1 Nw
0 IR : [ B R ]
.X p— p— _t
In—11 " Gn-1pn=1 YIn-1w R W
Jwi °° YGup-1 Guw

in the previous local holomorphic coordinates. Since Lemma 4.3 implies that

det Oy = det Bdet(W — R B~'R), we have
Ric(0x) = —v—100logdet B —+/—190log(W — R B™'R).
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Recall the notation (21, ..., 2”1 w) = (2; w). Consider the expansion at w = 0
’ ddet B _ddet B
+

det B(z; w) = det B(z;0) + 5w T

+ O(Jw]?). (4.4)

Recall that

2log det B . :
Ric(0p) = —v— Z 0 Ogazf(‘?zj(z O)dz’ N dZ,

2,7=1
and S(Ap) = tre, Ric(8p) = Sp. By (4.4),

Ric(fx) = Ric(6p)+ O(|w|)dz A dz — /=100 log(W — R B"'R)
+ O(1l)dw Adz+ O(1)dz A dw + O(1)dw A dw

t (0;w). Here dz denote differential 1-forms in directions of D. To prove
Proposition 4.8, it is clearly enough to take the trace with respect to the
metric

Ox + ——/—10t A Ot.
n(n -1)
For simplicity, set a := Sp/n(n — 1) > 0. Since 9t = dp — dw/w, the metric
Ox + a/—10t A Ot can be written as

G171+ aprpr G17=1 T aP195=1 91w+a901( w — 1/W)
In—11 T WPn—1PT In—17=1 T OPn—1P7—T In—1,5 T AP 1(g0w—1/@)
gw1+a( —1/11})@1 gwn 1+CL( _1/w)90n 1 gww+a( _1/w)(¢w_1/w)

where ¢; denotes Op/0z". For simplicity, write the matrix above as

= E F
Ox +av—10t N Ot = [G H]’

In order to take the trace of Ric(wp) with respect to the metric 6x +a/—19tA
Ot, we compute the inverse matrix of this. Since we only consider S(wy) near
D, H=0(Jw|™?) as w — 0. By Lemma 4.4, we have

E-'+E'FS'GEt —E'FS!
~S7'GE™! St ’

where S := H — GE7'F. Since S = O(Jw|™2) as w — 0, we get

E'FST'GE Y E7'FSH STIGETY, ST = O(Jw)?).
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Thus, to compute the scalar curvature S(wy), it is enough to study the block
E-'+ F7'FS~'GE~!. In this case, by considering the expansion at w = 0,
we can write

E = B(0;0) + J,
where J = O(|w|?). So we have

E~' = (B(0;0)+ J)™*
= B(0;0) (I +JB(0;0) 1) !

= B(0;0)"'(I + ) (=JB(0;0)7")")

1>0

= B(0;0)"* + O(|w]?).

Counsider the term
_ ) )
—v/=1001 1+ ————||0t
where
lotlls, = 29”%% +Z 9" a(pw — 1/) + "7 (pu — 1/w)ps)

+ g“””( Pw — 1/w)(<pw— 1/w).

Note that ¢ = (W — R B~'R)~!. Thus, we have

—V/~1091og(W — R'B™'R) - x/_8810g<1+ (S )||@tHex>
= —V/=1091og(1 + O(|w|?)).

Thus,
lonl|7*S(wo) =ty qy=tarnaRic(wo)
. Sp
tr9X-|—a\/—718t/\5t RIC(QD) (n )GD + O(le
as w — 0. Therefore, Proposition 4.8 is proved. ]

Remark 4.9. Roughly, we have proved that

25p N
S(wo) = Cllop|["=1(5(0p) — Sp + O(llonl]))

near D. Thus, in fact, fp is cscK if and only if S(wo) has a zero along D of
order 14 2Sp/n(n — 1) in our construction.
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Secondly, we prove Theorem 1.1 by altering the Hermitian metric hy. By
following Bando-Kobayashi [5], we take a smooth function a € C*(X,R)
such that a|p = 0. Define a Hermitian metric on Ly by

. ,—a
hX,a =€ hX.

Note that this modification does not change the Hermitian metric hp on Lp.
For this Hermitian metric hx o, we write

lloollz = llonlli,, = e "llonlli,, ta=logllonll,*.

In addition, we define the Kahler metrics by

D n(n —1)

=v/—100t,, w, = %v—l@gexp (S—Dta> )

We consider the following function :
[lop][z 252/ S (w,).

Take a point p € D and a local holomorphic coordinate chart centered at
p in the previous subsection. Recall that D = {w = 0} locally. In order to
prove Theorem 1.1, it is enough to show the following proposition :

Proposition 4.10. We can find a smooth function a on X such that a|p =0

and
9 (lloollz?5/ D5 (w0)) =0

at any point p.

Proof. By using Proposition 4.8, we obtain S(wo) = O(||op|[*+252/7(»=1)) and
S(wa) = O(||opl|250/m(=1)) . Recall the relation ||opl|22/"n=1) = O(r~2)
as 7 — oo. By following [5] (see also Lemma 6.5 in this paper), we can find
functions Fy and F, on X \ D such that

AwOFO = S(WO), AwaFa = S(wa).

Note that Proposition 4.8 implies that Fy = O(||op||) and F, = O(||op||) as
op — 0. Since ||op||7252/"=DS(wy) and [|op|la =2V S(w,) are smooth
functions on X, so the interior Schauder estimate implies that these functions
Iy and F, can be extended to smooth functions on the whole space X. For
simplicity, we denote these extended functions by the same symbols F and
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F,. Clearly, these functions satisfy that Fy|p = F,|p = 0. For these functions
Iy, F,, we have
A, F, = S(wa)
= try,, Ric(w,)
= tr,, (Ric(w,) — Ric(wp)) + (tre, — tre,)Ric(wo) + Ay, Fo

= —tr,,v/—100log (w_i) + (try, — try, )Ric(wo) + Ay, Fo.(4.5)
“o
To compute the first term in (4.5), we recall that

B Sp Sp_ - T n
= exp (m(t—l— a)) (n —0%a (t+a)NO(t+a)+ HX@)

N

_ SDl (Ox + V=109a)"" A O(t + a) A Dt + a)(1 + O(Jw]?))

83

near p € D. Since we can write 9t = dlog||op||™? = —dw/w + O(1) near
p, it suffices to see the term including |w|?dw A dw. So, we can compute as
follows :

w;‘ SD
log { — | — a
Wy n—1

(Ox + v=100a)" L A 3(t + a) A Ot + a)(1 + O(|w]?))

= log

0T A 9t A DL+ O(Jw]?))
o O A+ Oul) A (1 — wi)dw A (T = wB)du(l + Offul)
- 0T A dw A dw(1+ O(jw]?))

Thus, at p, we have

9, o Wa

6w ©8 0
- p ) Ha da Sp Oa
= o-log ((1 +Agpa+ O([w]?)) <1 - w%) (1 - w%))) 10w
B da Sp da
= Appo—t (n_ = 1) e (4.6)

Let us compute the second term in (4.5). Lemma 4.7 implies that the
Ricci form of wy is given by

S Sp
Ric(wy) = Ric(fx) — — D 9X — /=100 1log (1 + ﬁHatHgX) .
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Since the formula g;* — g5 = g7 (92 — g1)g, ' holds for any two invertible
matrices ¢g; and go, we can compute the term tr,, — tr,,. In particular,
O, — 0% = —9;(1(\/—_185@0;(71@. By applying the computation in the proof
of Proposition 4.8 to tr,,, — tr,,, we obtain

0
ow

(F 100=—, Ric(p) — S 9D> (4.7)

(llon I, 252/ tr,,, — b, Ric(wi) )

n—1

at p € D. Here, we have used the fact that @ = 0 on D and the term

llop ||_2SD/"(n b (try, — tr,,) must be vanished on D.

Therefore, by using (4.6) and (4.7), we can compute the differential of

(4.5) multiplied by HUDHfSD/n(n*D with respect to w as follows :
oF, 0 e
Doyt = 5= (llonll 25" w,)

da S’D Oa
= A2 — — 1| Ay, —
90 A (n -1 ) 0 9w

OF,

— \/—185%, RiCQD— SD QD +A9D—O
ow n—1 , ow

Ja 0F,

R w e Ll

9D8 (\/ aa R1C9D>

0p

Here, we have used the fact that (v/—109(da/0w),0p)s, = Ng,(0a/ow).
Recall that the linearization of the scalar curvature operator satisfies

Lo, = —A3, o~ (V=100p, Richp), = —Dj Dy,o+(V0, V' S(0p))o,

for ¢ € C*°(D) (see [20]). So, we have

8 2SD/n(n 1) . 0(1 aa, 5F0
3w (lloolla Swa) = Lo+ oo+ Doy )
. Jda da oFy
DGDDGDa + A@Da—w + AQD B

Here, we have used the fact that the Kéahler metric #p is a cscK metric on
D. Note that 9F,/0w defines a smooth global section of the line bundle L}
(equivalently, the conormal bundle N;' on D) and A, is the Laplacian with
respect to the Kahler metric #p and the corresponding Hermitian metric on
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Ly! defined by hx/|r, . For this Laplacian, we have Ay, < —(n —1). Thus,
we can solve the following differential equation :

Oa
Em + Ay,

da 6F0 . aFa o
w + A@Da—w = AGD@_U) =0, (4.8)

=Dy, Da,,
since the operator —Dj Dy, + Ag, is negative and self-adjoint. By the
same way in [5, p,176], we can show the existence of ~a smooth function
a € C°(X,R) such that a|p =0 and 0x, = 0x + vV/—100a >0on X. [

Remark 4.11. In [5, p,176], if 6 is a Ricci-positive Kahler-Einstein metric,
the background Kahler metric wy can be chosen so that the Ricci poten-
tial of wy decays at a higher order by altering the Hermitian metric hy on
K)_(l/ “. In order to find the Hermitian metric above, they solved the following
differential equation :

da da  OF

Bopgy Hla=2g -+ 50

=0. (4.9)
Here, we have used the notations in this paper. In the case of Bando-
Kobayashi [5], the Kéhler metric 6p is a Kéahler Einstein metric, i.e., Ric(0p) =
(av—1)60p, so this equation (4.9) is equivalent to the equation (4.8) by consid-
ering the image of the operator —Ay, of (4.9). Therefore, our modification
of the Hermitian metric hy can be considered as a generalization of the
modification in Bando-Kobayashi [5].

From now on, let us write the modified Hermitian metric hx, as hx for
simplicity. So, we use the simple symbols ¢, 0x,wy from now on. Thus, we
have S(wp) = O(||op||?+2°P/*"=1)) on the assumption that fp is cscK.
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5 Asymptotically conical geometry

Recall that the Kahler metric defined by

wy = %v—l@gexp (S—Dt)

b n(n—1)

Sh Sp —
= exp (mt> <9X + m\/—_lat A (975)

is complete on X \ D. Set r(z) := d(x, o), where d is the distance function
from some fixed point o € X \ D defined by wy. Following [5], the Rieman-
nian manifold (X \ D, wy) is of asymptotically conical geometry which is the
analytic framework in this paper.

Definition 5.1. A complete Riemannian metric ¢ on an open manifold M
of dimension m is said to be of C*®-asymptotically conical geometry if for
each point p € M with distance r from a fixed point o € M, there exists a
harmonic coordinate system z = (z!, 2%, -, 2™) centered at p which satisfies
the following conditions:

e The coordinate x runs over a unit ball B;" Cc R™.

o If we write g = > ¢;;(x)dz"dz?, then the matrix (r? + 1)"'g; ;(z) is
bounded from below by a constant positive matrix independent of p.

e The C*“norms of (r? + 1)~'g; ;(z) are uniformly bounded.

In particular, we simply say that (M, g) is of asymptotically conical geometry
if (M,g) is of C**-asymptotically conical geometry for any k € Zsq and
a e (0,1).

Definition 5.2. Assume that a Riemannian manifold (M, g) is of asymp-
totically conical geometry. The C*®-norm of a function u of weight § € R is
defined by

e = sup(r(p)? + 12l me 5,
peEM
The Banach space Cy* is defined by the set of functions u such that ||u]| che <

co. In the above definition, we use the coordinates x € B} centered at p with
d(o,p) = r in the definition of the asymptotically conicalness.
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6 Forth order elliptic linear operators

To prove Theorem 1.4, we study the linearization of the scalar curvature
operator. For a smooth function ¢ on X \ D, set w, := wy + tv/—109¢.
Recall that S(w;) = g/’ R, ;5. Thus, the linearization of the scalar curvature
operator is defined by

d

La(@) = | S@)

= =A% w— 90" Ry
= _A(?JO(P - Ri’j%,}-

Set M := X \ D. The following operator plays an important role in this
paper.

Definition 6.1. The operator D,, is defined by

Dy : CF*(M,C) — Cy (M, Q"M @ THM)
p = IV

Here O is the (0,1)-part of the Levi-Civita connection and V' is the
1,0)-gradient with respect to wg. We call D* D,, the Lichnerowicz operator
g wo 0
and we have

Lemma 6.2. The Lichnerowicz operator D}, D,,, satisfies
D% Duyp = AL + R 5+ (VH0%, VOIS (W) g - (6.1)
Thus, we have
Lyy = =D} Duy + (V% VS (wp) )y

The idea of proving Theorem 1.4 follows from Arezzo-Pacard [3] and [4]
(see also [20]). Consider the following expansion :

S(wo + vV =1999) = S(wo) + Luy () + Qi (9).
To solve the following equation ;
S(wo + V=199¢) =0,
we will find a following fixed point :
¢ = —Lg, (S(wo) + Qu(9))-
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When we prove Theorem 1.4, we assume that L, is invertible. Therefore we
need to prove that the operator

N(9) = =L, (S(wo) + Quy () (6.2)

is a contraction on some Banach space.
In particular, we mainly use the weighted Banach spaces C’gl’jl(X \ D)

and C3*(X \ D). From the definition of the weighted Banach space and local
formulae of these operators, we easily have

Lemma 6.3. Following three operators
Ly, Di Dy A2, 1 C3°%(X \ D) = CJ(X \ D)
are bounded.

First, we study the square of the Laplacian operator Aio. Define a barrier
function p on X \ D by

S ;
. i = ~$p/n(n-1).
p exp<2n<n_1>) low|

Note that for 0 > 0, p satisfies

Aup™’ = tr,,v/—100exp it
2n(n —1)

_ L'Sbtrw()(exp(%)(\/_aat—i— (6SD>\/_8t/\8t>)

= —_53[) p~ 02ty (exp <—n(7§i 1) ) <\/_88t+ 2n(n — o )\/_815/\8t>>

_ 0 sy (20280 S0 N
) 2n(n — 1) n(n — )

B —0Sp s, —(6+2)Sp Sp _
— mp 5 (n—i—ter( (= 1) exp (n(n—l)t> \/—_1825/\375))

_(SgD —5—2 n— 6 + 2
on(n —1)" 2

Here we have used the following inequality :

exp (% ) V=10t A Ot.

A

Sp
n(n—1)

v

Wo
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From Lemma 4.2, we have known that the volume growth of wy is given by
Vol,, (B(zg,7)) = O(r*™).

In addition, we have known that ||Ric(wp)||w, = O(r™2) as r — co. From [14,
Theorem 1.2], we have

Lemma 6.4. Sety :=n/(n—1). Then the following Sobolev inequality holds,
i.e., there exists a constant C' > 0 such that

1/~
(/ |v|%3) <[ ok
X\D X\D

for any compactly supported smooth function v on X \ D.

Then, we can apply the Moser’s iteration to obtain the C9-estimate. Fol-
lowing [5, p,178], we have

Lemma 6.5. If2 < § < 2n, the Laplacian A, : C’(I;’_O‘Q(X \D) — Of—Q’Q(X\
D) is isomorphic.

Recall that the standard theorem on Banach spaces (see [24, p.77]).

Theorem 6.6. Let X and Y be Banach spaces. Assume that L : X — Y
is a bounded and isomorphic linear operator. Then, the inverse L' is also
bounded.

Thus, the inverse of the Laplacian A;()l is bounded. In addition, recall the
definition of Fredholm operators (see [11, Chapter 1, §1.4]):

Definition 6.7. We say that a bounded linear operator L : X — Y be-
tween Banach spaces X and ) is a Fredholm operator if the dim(KerL) and
dim(CokerL) are finite and ImZ is a closed linear subspace of ). For such an
operator L, we define an indez of L by

ind(L) := dim(KerL) — dim(CokerL).
Thus, immediately we obtain

Lemma 6.8. If2 < § < 2n, the Laplacian A, : Cy%(X \ D) — CF2*(X'\
D) is a Fredholm operator whose index ind(A,) is zero. Moreover, there
exists a bounded inverse A} which is also a Fredholm operator whose index
18 zero.

Next, we study the Lichnerowicz operator D}, D,
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Lemma 6.9. Assume that 6 > 4 and there is no nonzero holomorphic vector
field on X which vanishes on D. Then, the Lichnerowicz operator

D}, Duy : C24(X \ D) = C5*(X \ D)
1S injective.

Proof. Assume that ¢ € C3* (X \ D) satisfies D}, D.y,¢ = 0. Integrating by
parts, we have

0= [ 6D, Do = / Doy 8Pl
X\D X\D

Since dV'0¢ = D, ¢ = 0, V¢ is a holomorphic vector field on X \ D. By
writing locally wy = V—lginZi Adz?, the (1,0)-gradient of ¢ can be written

as
ij99 0

077 0zt

So, all coefficients gij(%ﬁ/ 0%’ are holomorphic. Moreover, the definition of
¢ and the asymptotically conicalness imply differentials of ¢ and factors
g" decay near D. Thus, V5%¢ can be extended holomorphically to X and
vanishes on D. The hypothesis implies that ¢ is constant. Since ¢ decays
near D, we have ¢ = 0 and conclude that D}, D, is injective. ]

V% =g

Recall the following fundamental fact (see [11, Chapter 1, §1.4]).

Theorem 6.10. Let L : X — Y be a bounded linear operator between Banach
spaces X and Y. Then, L is Fredholm if and only if there exists a bounded
linear operator H : Y — X such that operators [y — Ho L and [y — Lo H
are compact. Moreover, H is also Fredholm and satisfies

ind(L) = —ind(H).
Then, we can show the following.

Lemma 6.11. If4 < < 2n, the Lichnerowicz operator D}, Dy, : CP (X \
D) — Cy (X \ D) is a Fredholm operator whose index ind(D} D, ) is

ZEro.

Proof. Recall the equation

Dy Dy = A2 ¢+ RV + (V00, VOIS (wp) )
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Since (A2 )71 : Cf (X \ D) — Cy%(X \ D) is bounded, it is continuous.
Consider the linear operator

I

2 \—1 *
CZ;;D;L(X\D) o (AUJO) ° DwODwo-

From the equation above, we obtain
(Teke onymy = (A2,)7 0 DLy Duy ) 6 = (AZ,) 7 (RF96, 5+ (V06 VO S(wp)))

for any ¢ € C’:;f;. Since ¢ € C’?fﬁl(X \ D), the Arzela-Ascoli theorem implies
that the operator

6 = B76,5+ (VH00, VS (wo) oy
is compact. The fact that (A2 )~ is continuous implies that I ke (x\D) ~
-4
(AZ)"! oDy D, is also compact. Similarly, we obtain the compactness of

the operator

]cj;*“va(X\D)

From Theorem 6.10, we have finished the proof. Il

- DZODUJO © (ALQU())_I'

Then, Lemma 6.9 and Lemma 6.11 imply that

Proposition 6.12. If 4 < § < 2n and there is no nonzero holomorphic
vector field on X which vanishes on D, the Lichnerowicz operator Dy, D, :

CP (X \ D) = Cy (X \ D) is isomorphic and has a bounded inverse.
Thus, there exists K > 0 such that
10D, D) ey < K
In the next section, we study the operator Ly, = =D Doug+(V'%, V1S (wp))wy-

Remark 6.13. We can show that if the Cy*-norm of S(wp) is sufficiently
small, there exists the bounded inverse of L,,, satisfying

HL‘Zochg,a_)Cg,_aA‘ < K1

for some K > 0 (Condition 1.2).
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7 Proof of Theorem 1.4

This section also follows from Arezzo-Pacard [3], [4] (see also [20]). Since we
assume that X
0<Sp<n(n—1),

we can choose a weight d so that
§ € (4,min{2n,2 + 2n(n —1)/Sp}) (7.1)

Note that if p is cscK, Theorem 1.1 implies that S(wy) = O(r~?). In ad-
dition, from Lemma 4.1, we can choose d sufficiently close to min{2n,2 +
2n(n —1)/Sp} so that a function

¢D;, Dy (7.2)

is integrable for ¢ € C’gfi with respect to the volume form wj. Hereafter, we
fix a weight § satisfying (7.1) and (7.2).

Remark 7.1. If (D, Lp) = (P"', (1)), the equality above holds, i.e., Sp =
n(n —1).

We will show that the operator N : C5% (X \ D) — C3®(X \ D) defined
in (6.2) has a fixed point under Condition 1.2 and Condition 1.3. First, we
have

Lemma 7.2. There exists ¢y > 0 depending only on wy such that if ||¢| |C§,§ x\p) <

co, we have R
||LUJ¢, - LWOHC?;DZ—)C(?’Q S K/2

and wg = wo + V—100¢ is positive.

Proof. Note that
95 =9 =9, (9—90)97" (7.3)

for ¢ such that wy = wy + V—100¢ is positive.
Locally, we can write as

2 IRV
LW¢77Z) = _Awd)w - Rwi 1,5° (74)

For instance, we have
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(2 + 1)22(g5 g5 — g% ")), 5 41l oo

i.J kil i.g -kl
< 102+ D)9 95" — 979" coal ¥l e (x\ )

07/ kil 1 i~ 1,7\ Skl
= I+ 1)"%(g57 (95" — ¢"") + (g5 — "7)9" | coall¥ll e (x\py-

Note that gé;j = O(r=2) as r — oo, if ¢ is sufficiently small. Thus, if cg
is sufficiently small, the equation (7.3) implies that the term above can be
made small arbitrarily. Applying the same argument to remainders in (7.4),
we can use the asymptotically conicalness to obtain the desired result.  [J

To show that the operator N : C;l’_a4 — q;‘f; is a contraction, we need
the following lemma :

Lemma 7.3. Assume that
H¢||C§’_O‘4’ WHC;‘& < ¢p.

Then, we have

1
IV (@) = NW)llgre < S 116 = vl cae .

Proof. Since the operator N is defined by N (@) := —L_!(S(wo) + Quy(9)),
we have

N (@) = N(¥) = =L (Quy(¢) — Quy (V).

The mean value theorem implies that there exists x = t¢ + (1 — t)y for
t € [0, 1] such that

DQwo,X(qb - ¢) = QWO (¢) - QWO (,lvb))

and the direct computation implies that

DQuyx = Lo, — Ly

We know that ||¢||Cf§“ < ||gz5||ch,7a4 < ¢p. Using Lemma 7.2, we finish the
proof. O]

The following Proposition implies that the existence of a complete scalar-
flat Kahler metric.
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Proposition 7.4. Set
U= {6€ I8l o, <o}

If Condition 1.2 and Condition 1.3 hold, the operator N is a contraction on
U and N(U) CU.

Proof. By the condition ||¢| |C;1,_oz4 < ¢y, Lemma 7.2 and Lemma 7.3 obviously

imply that H¢’|Cf§ < ¢y, NV is a contraction on Y. Immediately, we have
IV@llgse. < IND) = NO)ll g + [INO) |

From the previous lemma, we obtain:

1

560.

IV(6) = N (Ol s, <
The hypothesis in this proposition implies that

Co.-

IN(O)]|gaa < K7HIS(wo)lleoe <

N | —

Thus, N (¢) € U. O

Proor OoF THEOREM 1.4. If Condition 1.2 and Condition 1.3 hold,
Proposition 7.4 implies that there is a unique ¢o := lim;_,oo N(¢) for any
¢ € U C CFF satisfying ¢oe = N(¢w). Therefore, wy + v/—100¢s is a
complete scalar-flat Kéhler metric on X \ D.

O
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8 Plurisubharmonic functions with small scalar
curvature

To prove Theorem 1.6, we prepare Kahler potentials, i.e., strictly plurisub-
harmonic functions, whose scalar curvature is under control.

8.1 Kahler potential near D

In this subsection, we consider a Kahler potential near D and study the
scalar curvature of it. Recall that

t = log lop| (8.1)

and Ox = /=190t = /=190 log ||op||™2 on X \ D. Set

o(t) = % exp (%t) : (8.2)

b n(n—1

Following [5], we can define a complete Kéhler metric by

o= vT900() = " ey (Lt)

D n(n —1)
on X \ D. Recall the asymptotic behavior of the scalar curvature of wy.

Lemma 8.1. The scalar curvature S(wg) can be estimated as follows :
S(wo) = O (llop|[*/"0)

as op — 0.

Remark 8.2. Moreover, from Theorem 1.1, if 0p is cscK, we have the fol-
lowing strong result :

S(u)()) — O (|’0D||2+2S'D/n(n71))

as op — 0.
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8.2 Kahler potential near F

In this subsection, we construct a Kahler metric on X whose scalar curvature
is small near the smooth hypersurface F € |Kx'® L%|. Here, I, m are positive
integers such that the line bundle K ® L% is very ample. For a fixed Her-
mitian metric on Ky' ® L', set b := log H0F| |72, Since the holomorphic line
bundle K;(l ® L% is very ample, we may assume that /—190b is a Kihler
metric on X. For parameters v > 0 and 3 € Z~, define a function by

o= [ (55) @ 59

for some fixed by € R. Note that G?(b) is defined smoothly outside F and
limy,_.o, G?(b) = +o00 for any v > 0.

Lemma 8.3. For Z > 3 > 1, 7 := /=100G?(Bb) defines a Kihler metric
on X.

Proof. In fact,

950 _ T B S
V100G (3h) = 5\/—1@[(65b+v) b

_ (;)w (W_ 00+ —5——v/=1 abAab)

e P+
Note that the last term

Gﬁb

e \/ 10b A Ob

is defined smoothly on X from the assumption that Z > g > 1. Since v/ —100b
is a Kahler metric on X, we finish the proof. O]

Next, the scalar curvature of 42 is given by
Lemma 8.4. For 3 > 3, we obtain
S(v)) = S(V=109G;(5b)) = O((|lor[[** +v)"?)
as ||op|| = 0.

Proof. This lemma follows from the similar way in the computation of the
scalar curvature of wy. In fact, since

1
e P 4w

_ " . n/B e—Bb ) _
(V=100G;(Bb))" = B ( ) <1+m||8b||>(\/—_1866) :
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we have

io(vV/Z109G° — Ric(v/—109b) — /=199 e e
Ric(v/—1900G?(pb)) = Ric(v/—190b) — /—100 log <1 + B(e +0) ||0b]| )
2 (ﬁ\/—_laéeﬂb ; ﬁ\/—_lﬁeﬁb Aaeﬁb) |

Note that second and last terms above are zero on F'. Thus, when we con-
sider the scalar curvature S(v7), it is enough to see the term 1/(e #® +
v)1/P\/=100b and the Ricci form Ric(v/—199b). Therefore the desired result
is obtained. O

Remark 8.5. If the value of the function e~ = ||op|[* is compatible with
v, i.e., ||or||?? = v, we have the following estimate of S(v/—100G2(3b)) :

S(vV/=100G2(Bb)) = O(1).

However, we will consider the case that ||oz||?? ~ v* for sufficiently large k €
N which will be specified later. Namely, it suffices to consider a sufficiently
small neighborhood of F' defined by the inequality ||op||** < v* and Lemma
8.4 holds on this region.

8.3 Ricci-flat Kahler metric away from D U F

In this subsection, we study an incomplete Ricci-flat Kahler metric away
from the support of the divisor D + F'. Recall the setting in Theorem 1.6.
Let [ > n and m be positive integers such that there exists a holomorphic
section op € HY(Ky' ® L'}) which defines a smooth hypersurface F' C X,
i.e., (op)o = F. It follows from the hypothesis of the average value Sp of the
scalar curvature that divisors D and F' intersect to each other. Set

E=0pRaop™.

Note that & is a meromorphic section of K)}l . Then, define a singular and
degenerate volume form V' by

V= VA

From the construction above, V' has finite volume on X and its curvature
form, i.e., the Ricci form, is zero on the complement of DU F'. For the Kéahler
metric fx on X, write

V= fon
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for some non-negative function f on X with the normalized condition

/XV:/XW:/X&;;.

We know that f is smooth away from DU F'. From the result due to Yau [23,
Theorem 7], recall the solvability of a meromorphic complex Monge-Ampere
equation :

Theorem 8.6. Let L and Lo be holomorphic line bundles over a com-
pact Kdahler manifold (X,0x). Let s1 and sy be nonzero holomorphic sec-
tions of Ly and Lo, respectively. Let F' be a smooth function on X such that
Sy 1512|5272 exp(F)0% = Vol(X), where ky > 0 and ky > 0. Suppose that
fX |s9| 722 < 00 for n = dim X. Then, we can solve the following equation

(Ox +V/—100p)" = |s1|*1 |55 722 exp(F)0%
so that ¢ 1s smooth outside divisors of s; and sy with supy ¢ < +00.
Then, we can solve the following complex Monge-Ampeére equation
(Ox + V=100)" = f0% = &/ NG, (8:4)

with ¢ € C°(X \ DU F). Thus, we obtain a Ricci-flat Kéhler metric fx +
v—100¢ on the complement of D U F. For this solution ¢, we obtain the
following a priori estimate due to Kotodziej [16] (see also [13]):

Theorem 8.7. If f is in LP(0%) for some p > 1, we have
Oscxp < C

for some C' > 0 depending only on 0x and || f||».

8.4  Gluing plurisubharmonic functions

In this subsection, following [8, Chapter I], we consider gluing Kéahler poten-
tials, i.e., plurisubharmonic functions, obtained in previous subsections. Let
p € C*(R,R) be a nonnegative function with support in [—1, 1] such that

Je p(h)dh =1 and [ hp(h)dh = 0.

Lemma 8.8 (the regularized maximum). For arbitrary n = (m,...,n,) €
(0, +00)P, the function

My (tr, .. ty) = | max{t; + hi, .ty + b} [ 057" p(hy/ny)dhs...dhy,

Ry 1<j<p

called the reqularized mazimum possesses the following properties :
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a) M,(t1,...,t,) is non decreasing in all variables, smooth and conver on R ;
b) max{t,...,t,} < M,(t1,...,t,) <max{t; +m,....t, +1,};

c) My(t1, .o ty) = My, g (1 oo b o t) if £ 41 < maxg {te —ni} ;
d) M,(t1+a,...t,+a) =M/ (t,...,t,) +a;

e) if uy,...,u, are plurisubharmonic and satisfy H(u;).(&) > ~.(§) where
Z 7, 1s a continuous hermitian form on TM, then u = M, (uy, ..., up)
is a plurisubharmonic and satisfies Hu,(§) > 7,(§).

Remark 8.9. Lemma 8.8 is a key in the proof of Richberg theorem (see
[8, p.43]). In our case, we have already prepared three plurisubharmonic
functions and must compute the Ricci form of the glued Kahler metric later.
Therefore, we need the explicit formula of the glued function.

In addition, we obtain
Lemma 8.10. There exists a constant C > 0 such that
BICInY _ o
20| < Cnintaa, 20} T v

a;#0

for any multi index o = (ay); with 1 < || < 4.

Recall that the Kahler potential of wy is given by

For x € (0,1), set
G2 (b) :== GP(Bb) + KkO(L). (8.5)

This constant x will be specified later. For this Kahler potential, we have

Lemma 8.11. For the complete Kihler metric /—100G?(b) on X \ D, we
have

scveTapiGim = { girel L e D (5.6)

Proof. First, we study the behavior of the scalar curvature near D. Since
op] 225/ (V=108(C4 (1))
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is a smooth volume form on X, the Ricci form of v/—109(G? (b)) given by

n—1

— V=100 log|lop| 25/ (V=109(GE b)) )

Ric(v—=109(G° (b)) = - (i + 1) 0x

is defined smoothly on X. Recall that
\/—185(Gf(b)) = kwo + 7.

As wy is of asymptotically conical geometry, we have the desired result near
D. Similarly, the volume form

(loel* + o) (V=100(G5 1))

is smooth near F'\ (D N F'). Then, the following identity

Ric(v—=109(G% (b)) = % <%¢—_1356—5b + ﬁ\/—_lae—ﬁb /\56‘51;)

— VTo0log(lor [ + )7 (VI108(G))”

implies the desired result near F'. O

In summary, we have prepared the three strictly plurisubharmonic func-
tions O(t) = (n(n—1)/Sp) exp((Sp/n(n—1))t), GZ(b) = GE(Bb) + kO(1), t +
¢ = log||op||~? + ¢ whose scalar curvature is under control. From Lemma
8.8, we immediately have

Proposition 8.12. For parameters c,v,n and € (0,1), a function defined
by
Mo = My (O1), GE(0). 1 + 0+ )

is a strictly plurisubharmonic function on X \ (D U F). Here, the functions
above are defined in (8.1), (8.2), (8.3), (8.4) and (8.5).

Remark 8.13. From a priori estimate due to Kolodziej [16], the solution ¢
is bounded on X. Thus, by taking ¢ > 0 sufficiently large, ¢ can be ignored
when we consider the value of M., ,.
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By taking a sufficiently large ¢ > 0, we have

O(t) near D and away from F,
Mo, =14 G2(b) near F' and away from D, (8.7)
t+¢+c away from F and D.

Set
ey = V/—100M (@(t), GO(b), t+ o+ c) .

The reason why we consider the second Kahler potential which contains
the term kO(t) is that we want to make w,,, , complete on X'\ D. The function
M., is defined on X \ (DU F'). On the other hand, Lemma 8.3 implies that
Wewy is defined on X \ D since the Kéhler metric 77 is a smooth Kéhler
metric on X. From (8.7), we know that the scalar curvature of w.,, is small
on three regions above (in particular, away from D and F', S(we,,,) = 0 since
t + ¢ + c is a Kéhler potential whose Ricci form is zero).

The explicit formula of w., , is written as

OM¢on OMewy, 5 OMewn o=
cv = > bl e _188 t

+ [000) 9GIb) o +y) || G | [900) BGHb) Bt+e) ]

Thus, when we compute the scalar curvature of we, ,, higher order derivatives
of ¢ arise in the components of the Ricci tensor of w,, . So, we must study
the behavior of higher order derivatives of ¢ near D U F'.
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9 Proof of Theorem 1.5

In this section, we prove Theorem 1.5. Firstly, we use the C*-estimate due
to Paun [18] (see also [9], [13, p.366, Theorem 14.3]) for the solution ¢ of the
complex Monge-Ampere equation (8.4) in the previous section to obtain the
estimate of the ellipticity. i.e., the maximal ratio of the maximal eigenvalue
to the minimal eigenvalue, of the Kéhler metric 6y 4+ v/—190¢. Secondly, we
study how the C?“-estimate of ¢ depends on the ellipticity of Ox + /=190
on a fixed relatively compact domain in X \ (D U F'). Finally, we estimate
the higher order derivatives of ¢ by using the Schauder estimate.

9.1 The (C*-estimate

To study the behavior of the higher order derivatives of ¢, the elliptic opera-
tor defined by the Kihler metric 8x 4 /—190¢ plays an important role. To
obtain the ellipticity of x + /=190y, we use the C?-estimate due to Paun
[18] (see also [9], [13, p.366, Theorem 14.3]).

Theorem 9.1. Let dV be a smooth volume form. Assume that ¢ € PSH(X,0x)
satisfies

(Ox + v —100p)" = e¥+V-aV

with / o'y = 0. Here, ¢, ,1_ are quasi-plurisubharmonic functions on X.

Assum)fz that we are given C' > 0 and p > 1 such that

(i) vV=100¢ > —COx and supx 4 < C.

(ii) vV—100¢_ > —COx and ||e ¥-||» < C.

Then there exists A > 0 depending only on 0x, p and C such that
0 < 0x ++v—100p < Ae V0.

Set 1, :=log||op||*™" and ¢_ := log ||o||*/!. Then, Theorem 9.1 implies
the following inequality

0 < Ox +vV—180p < Al|op|| " 0x. (9.1)
Recall that the singular and degenerate volume form
(Ox +V—=100p)" = ' AEVL E=op@ oy (9:2)

vanishes along D with order 2m /[ and has a pole along F of order 2/I. So, we
obtain the behavior of the product of the eigenvalues of the Kahler metric
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Ox + \/—19&0. From (9.1) and (9.2), we can estimate the eigenvalues of
O0x++v—100p. Namely, the maximal eigenvalue A and the minimal eigenvalue
A of the Kéhler metric 0x + v/ —100¢ are estimated as follows :

A=O(lor|I”"), A7t =O(]lopl|*"").

In the next subsection, to consider the third and the forth order derivatives,
we recall the C%“-estimate of .

9.2 The C*‘“estimate

This subsection follows from [13, Chapter 14]. In this subsection, we study
the relation between the ellipticity of fx + /=190y and the C*‘-estimate
of . This subsection is the core of the proof of Theorem 1.5 because the
estimate of the higher order derivatives of the solution ¢ are obtained by the
C?<-estimate and the Schauder estimate.

Let H be the set of n x n Hermitian matrices. The set of positive matrices
is denoted by H, := {A € H|A > 0}. In addition, for 0 < A < A < oo, let
S(A, A) be the subset of H whose eigenvalues lie in the interval [, A]. First,
we recall the following result from linear algebra (see [10, p.454, Lemma
17.13], [13, p.372, Lemma 14.10]):

Lemma 9.2. We can find unit vectors (1, ..., y € C" and 0 < A\, < A, < o0,
depending only on n, \ and A, such that every A € S(\,A) can be written as

N
A= Z Bl ® G, e, a;; = Z Bkaiij»
k=1 k

where By € [Ai, Ai]. The vectors (i, ...,y € C™ can be chosen so that they
contain a given orthonormal basis of C".

Remark 9.3. In the proof of Lemma 9.2, they use the following covering

Uiy Cn2) = {Z BrGr®C | 0< By < QA}
k

of the compact subset S(A\/2,A) (see [10, p.454, Lemma 17.13], [13, p.372,
Lemma 14.10]). Here, (1, ...,(,2 € C™ are unit vectors such that the matri-
ces ( ® (, span ‘H over R. Thus, it follows from the form of the covering
U((i, ..., ¢y2) that the number N in Lemma 9.2 is depending only on the di-
mension n. In particular, N is independent of the ellipticity of 6x ++/—100.
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Take local holomoriphic coordinates (2°)7, = (2%,22%, ..., 2" %, wp,wp)

such that {wrp = 0} = F and {wp = 0} = D. On this coordinate chart, we
can write ¢ = a + log |wp| ™2 for some smooth plurisubharmonic function a.
Since Ox + v/ —100¢ = /—100(a + ¢) on this coordinate chart, it is enough
to consider the following complex Monge-Ampere equation
det(uij) =f
on an open subset Q € C" \ (D U F) by setting
u=a-+ep. (9.3)

It follows from our construction that we may assume that the function f is
a form of
f _ |wF|f2/l|wD‘2m/l‘

Fix an unit vector ¢ € C". Differentiating the equation logdet(u,5) = log f,
we have

U’]ugc” (logf)“—i—u”ukju“]ugkl (logf)

Here we have used the standard Einstein convention and the notation (uﬁ) =

((,5)") 1. Set -
atl = fu”
Then, for any 7, we can compute as follows :
i ' 1ok k,l 1ok
(am)j’ = f;u’ — fuu ’ju ki = Ju™uz g lu — fu'u ’Juj,kj = 0.

Thus, we obtain

(a' ’jug Ci ) = (ai’j)jug,z,i + ai’jugf,i,j > f(log f)q,Z =

Note that u ; is a subsolution of the equation Lv = 0, where Lv := }, -(a"/ "Uz)
and our construction implies that the operator L is uniformly elliptic on the

domain € in the real sense. Then, we have the following estimate (see [10,
Theorem 8.18]).

Lemma 9.4. The weak Harnack inequality

—2n
r supu,z —u,7) < Cy(supu,z —supu, z),
/T(BM (g~ Ueg) H(BM S )

holds. Here, By, := B(zg,4r) C Q with d(zy, Q) > 4r. Moreover, in our case,
we have the following estimate of the constant C'y in Harnack inequality :

Cir = O(A/N).
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Proof. Tt suffices to show the estimate of the constant C'y. In our case, we
will only consider the behavior of ¢ in the neighborhood of D U F' and the
C?-estimate of ¢ implies that

ug = O(lor|I™") = O(A)

= O(llop| ") = 0

as |lop|| = 0 and ||op|| — 0. Thus, the weak Harnack inequality implies
that the lemma follows. O

Remark 9.5. From the proof of [10, Theorem 8.18], we know that the opti-
mal Harnack constant Cp is estimated by

Cy = oY

H — n )
where (), depends only on n.

For any z,y € By, we obtain

a"(y)ui5(x) = fy)u ()uz(e) = @)U (y) " ().
Here, we set U := (u, ;). Clearly, Clij(?/)“i,}(y) = nf(y). Since det(f(y)"/"U(y)™") =

1, we have
a(yuz(x) = fly) " e(f(y) U (y) " U ()
> nf(y) " det(U(x)) /"
)= fa)hm.

Here, we have used the following lemma (see [13, Lemma 5.8]) :

= n

Lemma 9.6. For any A € H,, we have
1
(det A)Y™ = —inf{tr(AB)|B € H,det B = 1}.
n

Therefore, for any z,y € By, and € € (0,1), we have

a () (u;5(y) — ui3(2) < nfly) —nfly) =" fla)"
nf) () = )
< C(€)slz —yl,

where

C(e)y := nsup(flfl/") Héle,g(fl/”)
Q
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and Hol, o denotes an e-Holder constant. In this case, the following estimates

Holea(f'") = O(low|| 2/ [lop|["/"') (9-4)
Slép(fl”/”) = O(|lop|[72= 0™ jop|Prin=b/e) (9.5)

implies that we have

C(e)a = O(|low|| 7>~ [lop| ™). (9.6)
Remark 9.7. In [13, p.375], they used the Lipscitz constant of f. But in our
case, it is enough to use the Holder constant of f for sufficiently small e.

Set A, A > 0 so that the eigenvalues of (a’(y)) lie in the interval [\, A].
Then, Lemma 9.2 implies that we can find unit vectors (i, ...,y € C" such
that for any z,y € €,

a (y) (u;5(y) — Zﬁ’f u)(ug, g, (v) = ug, g, (2)),

where B (y) € [A\, Ai] and A, A, > 0.
Thus, we have

Zﬂk ng Ck (y) — ng,fk(x)) < C(€)alr —yl

Set
My, = sgp Ue, Zr My = lélrf U, 20

r

and

r)i=> (Mg, — my,).

k=1
To obtain the Holder condition

n(r) < Cré

for some 0 < € < 1, we need the following lemma from [10, p.201, Lemma
8.23] :

Lemma 9.8. Letn and o be non-decreasing functions defined on the interval
(0, Ro] such that there exist T, € (0,1) satisfying

n(rr) < an(r) +o(r)
for all r € (0, Ry]. Then, for any u € (0,1), we have

1 /R (1—p)(log a/ log 7) U(Rl—uRu)
n(R) < Ro) +

l—«
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So, it suffices to show that
n(r) < dn(dr) +Cre, 0<r <ro,

where §,¢ € (0,1) and ry > 0.
For fixed k, Harnack inequality before implies that

T_Zn Z(Ml,47" o uCuZZ) - Z T_Qn/ (MZAT - uClel)

Br 14k 12k "
< Z Cu(My a4 — M)
1£k
< Y Culn(dr) —n(r))
1£k

= (N=1Cu(n(4r) —n(r)).

For x € By, and y € B,, we have

Br(w) (e, 2, () — gz, (x)) < Cle)ae =yl + > By (ug g, (r) — gz, (1)
I£k

< 5C(e)yr + A Z(Mmr - ucz@@))'
I#k

Thus, for all y € B,., we have

1
U, Z, (y) — Mpar < )\— (50(6)47’6 + A, Z(Ml,élr — Uy, (y))) :

* £k

Therefore,

—2n —2n 1 €
r? /B (uCkzk (y) - mk,47") < r 2 \/]'3 )\_* (50(6)4T + A Z(MZAT - ugl,zl(y»
A

I£k
5C(€)4 * -2 >

< ¢ "

- A* " + A>o< B l#k (Ml v ucz Cl)
5C (e A,

< >\( Ve (N =1)Cr(n(dr) —n(r))
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Using Harnack inequality again, we have

My ar — Mpyr = 12" /BT (ngf Uz, —Ug ) T /Br(uck,ck(y) — M ar)
< O — M)+ S 4 22N 1) Cpla(ar) — ()
< (CH + ﬁ—:(N - 1)CH) n(4r)
- (CH + ﬁ—:(N = 1)OH> n(r) + Si(f)‘*rf.

Summing over k, we have

ndr) < N (CH + %(N - l)C’H) n(4r)

*

A, 5C
—N (OH + )\—(N — 1)0}[) 77(7’) + N )\(6>4 €
Thus, we obtain
N(CH+§—;(N—1)CH) —1 5C(
n(r) < n(4r) > r9.7)

+
N (oH + A (N — 1>cH) Cy +5=(N = 1)Cy

Since we can take arbitrary A*N < A and A* > A, we may assume that
AN = X and A* = A. Thus, we have

Lemma 9.9. By taking e < 2/, there ezists 0 < € < € with

fulleze =0 ((3) ).

Proof. In order to show this lemma, we apply Lemma 9.8 to the inequality
(9.7). Set
N (Cy+3(N—-1)Cq) -1

N (Cy+2(N-1)Cx)
where this is the coefficient of n(4r) in (9.7). Then, we have the following
estimates :

Q=

1 1

—=0(1), —— =0((A/N)Chg).

~ = 0(1), —— = O((A/N)C)
Here, we have used the fact that the number N depends only on the dimen-
sion n (Remark 9.3). Define a non-decreasing function o by

5C(6)4

— A €
o(r): P %(N — 1)OHT
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Here, this is the second term in the right hand side of the inequality (9.7).
Recall the estimate (9.6)

Cle)a = O(l[owl| " [|op| /)

and Lemma 9.4. The assumption that ¢ < 2/l implies that we have the

following
50(5)4

A = 0(1).
Cu+2(N—-1)Cq M)
Lemma 9.8 implies that we have

(1—p)(log o/ log(1/4)) l—p
1 H
n(r) < - <L) L ol )
(6] To

for any p € (0,1). Take o € (0,1) so that

(1 — u)(log a/ log(1/4)) > pe.

Thus, we have
n(r) < O((A/N)Cr)o(ry "r")

Set € := e < e. From the interior Holder estimate for solutions of Poisson’s
equation [10, Theorem 4.6], we finish the proof. O [

Recall the relation (9.3) between u and . Lemma 9.4 implies

Proposition 9.10. For the domain Q@ € X \ (D U F), we have

—om Y
lelleze@y = O ((llonlI > lowll=2)?)

as op,or — 0.

9.3 The third and the forth order estimates

In this subsection, we prove Theorem 1.5. This subsection also follows from
[13, Chapter 14]. To consider higher order estimates, we recall the Schauder
estimate with respect to the elliptic linear operator defined by the Kahler
metric Ox + v/—100¢. Note that the complex Monge-Ampere operator de-
fined by F(D?u) = det(u, ;) is elliptic if the 2n x 2n real symmetric matrix
(OF/0uy,,,) is positive. Here, u,, is the element of the real Hessian of u, i.e.,
D*u = (u,,). From [6] (see also [13, Exercise 14.8]), we have
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Lemma 9.11. We have
4>\max<uz‘3)

where Apin (0F /0y ) and Amax(OF/0uy, 4) denote minimal and mazimal eigen-
value of the matriz (OF/0uyq))p.q Tespectively.

det(ui’j)

)\min(aF/auP’q) = - m7
min\ %3 5

) /\rnax (aF/aup,q)

Then, we can estimate the ellipticity in the real sense. We can apply the
standard elliptic theory to our equation

F(DQU) = f = ]wF]_Q/l\wDIQm/Z.
For a fixed vector ( € C™ and sufficiently small A > 0, we define functions by

£+ h¢) — u(x)
h

u'(z) = u

and

apyl(z) = /0 a(?jq (tD*u(z + h¢) + (1 — t)D*u(x))dt.

Thus, we have the following :

@ 0) = 5 [ GEED U+ hO)+ (1= OD*ula))it = f(a).

From the definition of a}?, we obtain
lahllcos < Cllullgzt = O((A/A)*D)

for sufficiently small A > 0.
The Schauder estimate implies

Proposition 9.12. There exists Cs > 0 such that
[lu"{lc2e < Cs (Il f* [0 + [[u"[]oo)
for any h > 0.

Therefore, we can obtain the estimate of derivatives of the solution ¢ in
the desired direction by taking a suitable vector ¢ and h — 0. The constant
Cs in Proposition 9.12 also depends on the maximal ratio of the eigenval-
ues A/\ and the dimension n. By examining the proof of [10, Lemma 6.1
and Theorem 6.2], there is a positive constant s(n) depending only on the
dimension n such that

Cs = O((A/A)*™).

As h — 0, we have the following third order estimates of ¢ :
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Proposition 9.13. For any multi-index o = (v, ..., o) satisfying >, o; =
2, we have

0
‘_aa ‘ (CS|wD’74m/l|wF|flf4/l) :
’awD 8a _ (C«S|wD|—1—4m/l|wF|—4/l) ’

as |wpl, |lwg| — 0.

From the discussion above, we can prove Theorem 1.5.

Proof of Theorem 1.5 Let a}? be a differential of a}? in some direction.
From the definition of a}?, we know that

n—2
C2:€"

|lay |lcoe < Claf|caefull

Thus, by differentiating the equation ay?(z)ul (x) = f"(z), Schauder
estimate implies again the following inequality:

[i"llc2e < Cs(([f" = @R up gllooe + [[d|co).

Thus, we finish the proof pf Theorem 1.5 by taking a suitable vector ¢ and
h — 0. OJ

Remark 9.14. By examining the proof of [10, Lemma 6.1 and Theorem 6.2]
and the discussion above, we can find that
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10 Proof of Theorem 1.6

In this section, we prove Theorem 1.6. To compute the scalar curvature of
the Kéhler metric w,,, ,, we have to consider the inverse matrix (Lemma 4.4).
Since we assume that the divisor D + F' is simple normal crossing, we can
choose block matrices in suitable directions in local holomorphic coordinates
defining hypersurfaces D and F'. To prove Theorem 1.6, we consider the case
that the parameter n = (11, 72,73) depends on ¢ > 0. More precisely, we set
n; := a;c for i = 1,2 for a; € (0,1) and 73 a fixed positive real number. We
use many parameters, i.e., ¢, v, 8, k, 1, a;. When we want to make the scalar
curvature S(weq,,) small, we take sufficiently large ¢ and sufficiently small v.
On the other hand, we don’t make other parameters f3, s, a; close to oo, 0
or 1. Namely, the parameters 3, k, a; are bounded in this sense. Settings of
these bounded parameters will be given later.

Proof of Theorem 1.6. Take a relatively compact domain Y € X\ (DUF).
Recall that the function G?(3b) is defined by

5 Bb 1 1/8
b) := dy.
G, (6b) /bo (ey+v> y

Immediately, we have GZ(b) < Be® and G?(8b) — Beb as v — 0. So, we can
find a sufficiently large number ¢y = ¢o(Y') > 0 so that

Y e {t+ o+ co > max{@(t),éf(b)}} € X\ (DUF)

for any v > 0. Here, G (b) = GP(3b) + kO(t). For simplicity, we write ¢ + ¢
by the same symbol .

Recall that the property d) of the regularized maximum in Lemma 8.8.
If the following inequality

max{t; +1;} <t — 1

holds for some k, we have M, (t) = ;. For instance, in our case, if we consider
the region defined by the following inequality

max{éf(ﬂb) +no,t+ @+ c+mn}t < O(t) —n,

we have M., , = O(t). Note that this region is contained in a sufficiently
small neighborhood of D. In this case, we don’t have to estimate the scalar
curvature S(wey,y) since S(wep,) = S(wp) on this region and the estimate
of S(wp) have been obtained in Lemma 8.1 before. Similarly, if the value
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of M., , corresponds to one of the other variables G(b),t 4 ¢ + ¢, Lemma
8.11 and the Ricci-flatness of the Kéhler metric v/—199(t + ¢) implies that
S(We,p,y) is under control on such regions. Thus, it suffices for us to study the
S(We,w,ny) on the other regions defined by the inequalities

te o < max{t; —n;},
Jj#k
it —t;] < m+n;,
for 7,7 # k and

[ty —ta] < m1+ 1,
[ta —ts] < 12+ ms,
|t1 — t3’ < m + n3.

So we have to study S(wew,) on four regions defined by the inequalities
above.
Directly, we have

Wewn = V—lggzdz' NdZ
OM¢o oM,

oM, _
_ w8 OMevn /554
Gt 0T Tar, U TR t+e)
t

+ [00) aGHb) ot+¢) ]| i [ [ B 8GIb) Bt+ye) ]

It follows from the convexity of M, that the last term is semi-positive. When
we compute the scalar curvature of w., ,, the difficulty comes from terms
dO(t) A 9O(t) and OGP (b) A DG (b). For these terms, since functions ¢ and b
are defined by Hermitian norms of holomorphic sections, it suffices to focus on
derivatives in normal directions of smooth hypersurfaces D and F' by taking
suitable local trivializations of line bundles Lx and Ky' ® L% respectively.
The reason why scalar curvatures of two Kihler metrics wy,v? are under
control near these hypersurfaces D, F' is that Ricci curvatures are bounded
and Kahler metrics grow asymptotically near these hypersurfaces. Thus, it
suffices for us to focus on derivatives of ¢ and M,, arising in Ricci tensors. The
higher order derivatives of ¢ are estimated in the previous section (Theorem
1.5). In addition, the definition of a parameter n = (1;) = (a1¢, azc,n3) and
Lemma 8.10 imply that the higher order derivatives in the first or the second
variable of M, are estimated by some negative power of ¢ > 0. To estimate
S(We,v,n) on each region, we divide the proof of Theorem 1.6 into the following
four claims.
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Claim 1. On the region defined by

(t+e+c)+n < max{O(t) —n,Go(b) —nl,
0() —GEB)| < m +m,

we can make the scalar curvature S(we,) small arbitrarily by taking a suffi-
ciently large c.

Proof. On this region, we can write as

8Mc,v,17 8Mc,v,17 8
wc,v,n — 8151 ) + 8152 <IYU + KJWO)

+ [0 aGib) ]| Sk | [ Do) acim) ]

v

To prove this claim, we need the following lemma.

Lemma 10.1. Take a point p € D N F and local holomorphic coordinates
(24, ..., 2" 2 wp,wp) centered at p satisfying D = {wp = 0} and F = {wp =
0}. By taking suitable local trivializations of Lx and K)_(l ® L%, we may

assume that if (2, ..., 2" 2, wp,wp) = (0, ...,0, wp, wp), we have

(’U)F’Qﬁ + ’0)72/’8|U}F|72)dwp A\ dwF
+ O |wF|_1|wD|(|wF|25 + U)_2/6)(de A dwy 4 dwg A dwp)
+ O((Jwg|®® +v)"P|wp|?)dwp A dwp.

00(t) NDO(t) =  O(lwp|*lwp| 2" Ndwp A dor
+ O(|wp||wp| = *2/" D) (dwp A dWF + dwp A dWB)
+ O(lwp| 452/ D) dwp, A dwp,
dGL(8b) NOGL(Bb) = O(
(
(

From the definition of this region, we obtain

Weon =
911 J1n—2 Jn—1 Nz

Gn—21 " YGn-2n—2 In—2n—1 In—2m

Gt o Gneramz (wel® +0)Plop|™ Jwp]Hwp|(Jwp]? + v) 720
9ni o Gnamz we|HMwpl(lwp* 4+ v) 2P |wp| 2~ 45p/n(n=1) 1
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In particular, coefficients g; 7 for 1 <4, 7 < n—2 come from Kahler metrics

wp and 2. Thus,

911 J1n—2

)

= O(|wp| /"D 4 (jup | + 0) /7).
9n—21 " Yn-2n-—23

For other blocks, we similarly have

Nn-1 gim A
- = O(jwp| 52/ 4 (o +0)77),

In—2n—1 YIn—2n

From Lemma 4.4, we have

r gl,T gl,n—2 gl,ﬁ gl,ﬁ
91,3 — gn—2j gn72,m gn—Q,ﬁ gn;Z,ﬁ
gn—lj o gn_Lm C(’U)FP'B + ,0)2/6|wF|2 C‘UJD|3+4§D/"("_1)|U)F|
i gn,T . gn,m Cle|3+4.§'D/n(nfl)|wF| C|wD|2+4.§'D/n(n71) |

as wp, wg — 0. Since metric tensors ¢*7 with 4, j # n—1, n come from Kahler
metrics wy and 77 whose scalar curvature have been already known. Thus, it
is enough to study the case that : = n—1,n and j = n—1,n. Recall that the
components of the Ricci tensor are defined by R, ; 1= —¢P90%g,4/02' 07 +

gk@gpj(agkj/azi)(agp@/ﬁij). So, the Ricci form Ric(w,,y,) is written as

[ R -+ Ry Ry ;7= Rin
R, 571 R, 9n= ZRn_z,nfé ) 1 Ry 27 ) )
R, 11 Ry 7= < *(|wp* +v) 2 Plwp| ¢ Plwp|wp|(jwpl*® 4 v) /P
| R.1 R, ¢ Plwp|wp|(jwp|* 4 v) =P ¢ Bwp| - 45p/nn=l)

as wp,wr — 0 and the other components of the Ricci tensor Ri,j for1 <i<

n — 2 are under control.
By taking the trace, we obtain the following:

S(Wewn) = O(c™?).
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Remark 10.2. On the region in the previous claim, there are the terms
90(t) A 9O(t) and OGS (Bb) A OGP (Bb) in the complete Kihler metric we.,,,.
Thus, (X \ D, wew,) is not of asymptotically conical geometry and we can’t
use the analysis in Section 6 with respect to this Kahler metric w,, ,. This
problem will be solved in the next section.

We proceed to the estimate of S(w,,,) on another region.
Claim 2. Consider the region defined by
Go(b)+m < max{O(t) —m, (t+ ¢+ ¢) — 13},
O() —(t+e+o) < m+ns
Take parameters n, k so that
(1—rK)e+rmg —m=(1—Kk+kay —az)c=0 (10.1)

for any ¢ > 0. Then, we can make the scalar curvature S(w.,) small arbi-
trarily by taking a sufficiently large c.

Proof. On this region, since
Meyy = My (O(1),t + ¢ +¢)

from Lemma 8.8, we have

aMcv aMcv 1 AaA
wcvn — 5 777w0_|_ ,U,T _1aa<t+()0)
T oty Ots

+ [000) du+e) ]| G | [900) e+ )"

From the hypothesis of this claim, we have

GJ(Bb) < (t+¢+c)+ns—rO() —n,
< (I=r)t+o+c)+rlm+mn3)+ns—m
= (1=r)(t+¢)+ (1+K)ns.

By taking a small v > 0 and a suitable by in the definition of the function
GP(Bb), we may assume that

Bb < GJ(Bb).

From a priori estimate due to Kolodziej [16] again, ¢ is bounded on X. So,
on this region, we have the following inequality:

lop||72/079 < Cllopl| ™
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for some constant C' > 0 depending only on the C%-norm of ¢. By taking
k close to 1 which depends on m,l and a = a(n) in Theorem 1.5, we may
assume that

loe|[ 272" < Clop|| 72"

Thus, on this region, the growth of derivatives of ¢ can be controlled by
the Kéhler metric wy. Take a point in D \ (D N F') and local holomorphic
coordinates (2")"; = (2%, ..., 2" 1 wp) satisfying D = {wp = 0}. Then, we

have

fe’ — —2am/l1
if1<4,7<n—1and
82
o -0 —2—2am/1 .
‘awDaw—D SO‘ (Feol )

Similarly, we have
Lemma 10.3. By taking a suitable local holomorphic trivialization of Lx,

we may assume that if (z',...,2" 1 wp) = (0, ...,0,wp), we have

00(t) ADO(t) = O(lwp| > *50/"=Ndwp, A dwp.

Recall the hypothesis

am __Sp

2l n(n-—1)
So, Theorem 1.5 implies that the growth of the Kahler metric w.,, is greater
then the growth of the higher order derivatives of ¢. Thus, Lemma 4.4 show
that higher order derivatives including 9*p/0w?0w? are controlled by taking
the trace with respect to wg,,. Therefore, we can ignore derivatives of ¢
arising in the components of the Ricci tensor and we have

S(Wewm) = O(c™?).

We proceed to the estimate of S(w,,,,) the following region.

Claim 3. Consider the region defined by

Ot)+m < max{éf(b) — 1o, (t+ ¢ +¢) —ns},
GI(b) = (t+p+0) < m+mns.
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By choosing sufficiently small number v > 0 so that

(lor|* +0)*? < {og||*"
holds on this region, we can make the scalar curvature S(w.,) small arbitrar-
ily by taking a sufficiently large c.

Proof. The reason why we can find a sufficiently small number v > 0 satis-
fying the statement in this claim is that min{||og||} on this region increase
as v — 0 and 4am/l < 4. In order to prove this Claim, we need the following
lemma.

Lemma 10.4. By taking a suitable local trivialization of K)}l ® L%, we may
assume that if (21, ..., 2" "2 wp, z,) = (0, ...,0,wr,0), we have

0Gy(Bb) A OGL(B0) = O((lwel* +v) > lwe|)dwr A dwF.

Thus, we can prove this claim by using the same way in the previous
claim. 0

The remained case is the following claim.
Claim 4. On the region defined by
O(t) = GI ) < i+,

IGE(b) — (t+p+0)| < m+mns,
O() = (t+p+c)| < m+mns,

we can make the scalar curvature S(wey.n) small arbitrarily by taking a suf-
ficiently large c.

Proof. On this region, we can show that S(we,,) = O(c™?) similarly. Thus,

we have finished proving Theorem 1.6.
O
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11 Proof of Theorem 1.7

In this section, we prove Theorem 1.7. We construct the complete Kahler
metric wp = We,y,; whose scalar curvature is arbitrarily small on X \ D in
previous sections. For § € Z+q, take a holomorphic section oy € H O(K;(l ®
L?w ). We may assume that D + Fj is simple normal crossing, where Fj is
a smooth hypersurface defined by oy. Let (0;); € HY(KY' @ L't™) be an
orthonormal basis with respect to the L? inner product. Take a sufficiently
small number 7 € R. Write h(l,m, §) := dim H*(Ky' @ LZ*"). For s =
(si); € DMEmA) = L2 = () € CMmA)|z| < 1}, define a meromorphic
section of the line bundle K5’ ®@ L% by

h(l,m,B)
os:= (oo + T Z 8i07) ® 055.

=1

Note that by taking a sufficiently small 7, we may assume that o, # 0 for any
s € DMbmB) Tn addition,os — 00®05B for any s € DMEmB) a5 1+ — 0. Let F
be a smooth hypersurface defined by divey = F; — 8D. Since oy contained in
o is not multiplied by 7, the variation of 7 affects the choice of F; if 7 # 0.

By applying Theorem 1.6, we obtain a complete Ké&hler metric wp, with
small scalar curvature for a meromorphic section oy ® o™ of K)_(l. In fact,
for a smooth function on X \ (D U F,) defined by b, := log||o,|| 72, we can
obtain a Kihler metric v/—199G?(8bs) on X. Directly, we have

1 b

1/p . B
V—180G5(8b,) = ( > <5\/—18565 + e_‘zbsﬁ\/—wbs A abs) .

e Pbs v

This metric does not grow near D. When we glued plurisubharmonic func-
tions in previous sections, we considered the Kihler potential xO(¢)+G?(b;).
In addition, we have limy,_,_, v/—1090G?(Bb,) > —o0. So, we can construct
a complete Kahler metric wp, with small scalar curvature by using the regu-
larized maximum A, in Lemma 8.8 to glue three plurisubharmonic functions
O(t), G(b),t + ¢ +c.

As has been pointed out previously in Remark 10.2, (X \ D, wp,) is not of
asymptotically conical geometry for any s € D8 To solve this problem,
consider an average metric W defined by

w=w(c,u,n,T) = / wr,dp(s).
Dh(,m,8)

Here, j is the Lebesgue probability measure on D"&™#) and ¢, v,n are pa-
rameters in the definition of wp in Theorem 1.6. Recall that n = (91,12, 13)
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and 11,172 = O(c),n3 = O(1). To prove that (X \ D,w) is of asymptotically
conical geometry, it is enough to prove the following lemma :

Lemma 11.1. For the Kdhler metric w defined above, we have
w —wy = O(|lop|[*")
as op — 0.

Proof. The region where (X \ D, wp,) is not of asymptotically conical geom-
etry is defined by

O(t) = G (bs)| < m + 1 (11.1)

(cf Remark 10.2). For sufficiently large b, > 0, we have v=1/88b, ~ GZ(b;).
Here, b, := log ||os|| 2. From the following inequality

v Bbs 2 GI(Bb:) > (1= K)O(H) —m — 2

obtained by (11.1), we have
losll? < exp (=2 /B)((1 = Wl op| 725720 — iy =)

Take a point p € X \ D near D. Assume that o;(p) = 0 for § € DMmA),
Then, an element s € D*E™8) satisfying the inequality above has to satisfy

h(lm.B)
|| Z (si — 8:)oi(p) @ op(p)~"||?

i=1

< exp (=@ /B)((1 = W)llooll 0D — g — ). (112

By considering a suitable unitary transformation v = (u; ;) € U(h(l,m, 3)),
we can write as Z?ﬁim’ﬁ)(si —35))oi(p) = (ZZ?’:T”B) u; j(s; — 8;))a(p) for some
holomorphic section & € HY(K' @ L't™) such that &(p) # 0 and have

2 A
iamp exp (=07 /B)((1 = w250/ iy — 1))

ui,j(si - 51) < = —
2 7|6 ® o’ ()2

ij=1

(11.3)
Then, we have the following estimate

/ 00(t) A FO(t)du(s) = exp (O (—lop|| 250/ )
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Next, we consider the term
[ 26265 nBG2 (B0t
which appears in @. From the inequality (11.1), we have

v VBBb, =~ GB(Bby) < (1 — K)O(t) +n1 + 1.

Thus, the following inequality

loull™® < exp (02 /B)((1 — W)loplI 2520~ 4 gy + 7))

holds. Thus, we can estimate as follows

/ OGS (Bb,) A DG (Bb,)d(s)
< oxp (2075 + m)/B) /75 @ 0|1 (11.4)

By the definition of @, we obtain
@~ (1= exp (= llopll 25/ ) wy + O(| o)

near D. OJ

Proof of Theorem 1.7. Lemma 11.1 implies that the complete Kahler
manifold (X \ D,w) is of asymptotically conical geometry. Thus, we will
prove that the scalar curvature can be made small arbitrarily. To show this,
we take parameters ¢, v, 7 and an integer 3 so that

v'Pe=kloge, 2 =v, >0 (11.5)

for a sufficiently large k£ € N specified later.

Firstly, from the construction of @, weight norms of S(w) away from DUFE,
can be made small arbitrarily by taking sufficiently small 7. To show this,
we study a function f : 7 — ©"/wg . Note that this function is smooth and
f(0) =1 and wg, is Ricci-flat away from D U Fy. So, we have S(w) = O(7)
away from D U Fy,.

Secondly, we study S(@w) near Fy and away from D. We can write as

w o= / (V-180M.,,,) dp,
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where

8Mcv a]\4cv ¥a)
Moy = ——20(8 + kwo) + —20/—100(t + )
Ots Ot

+ (0G50 o) ]| Gl | (0G0, At+e) "

On this region, we consider a sufficiently small neighborhood of F{, by taking
a sufficiently large parameter c. So, it is enough to consider the region defined
by the following inequality

Gy (bs) + KO(t) — 12 > max{O(t) + n1,t + ¢ + ¢+ 3}
In addition, since we are considering the region away from D, by taking a
sufficiently large parameter ¢, the inequality above can be rewritten as follows
G2 (bs) + KO(t) — (t+ ¢ +¢) > 1y + 13- (11.6)
So, we have

h(l,m,B)
| ) sil? <exp (—(VP/B)(E+ o+ ¢ — kO(L) + 12 +113)) /77 = O(* ).

Recall Remark 8.5 and the relation of the parameters c, v :
cw'’? = kloge.
So, the inequality above (11.6) implies that

2 < /8,

HUFS

Thus, we don’t have to consider the case that S(wr) = O(1) and we have
w= /vfd,u(s) + kw = v VP =100b + Kuw. (11.7)

by taking a sufficiently large c. Since the Ricci form of /—199(G?(Bby) +
kO(t)) is bounded near Fy and away from D, we can conclude that S(w) =
O(v/5).

Thirdly, we study S(@) near D. Write

W= wy+ V—190.
By taking the trace with respect to the background metric wy, we have

Ay = try,w —n.
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To estimate B
S(w) = S(wo + V—100¢),
we study the right hand side in the equation above. Recall the construction of

the complete Kahler metric wg,. The bounded region where plurisubharmonic
functions ©(t),t 4+ ¢ + ¢ are glued is defined by following inequalities:

Go(bs) +nm2 < max{O(t) —m, (t+¢+c)—n},
O) —(t+p+c)| < m+ns.

In addition, wg, is written as

 OM, OMeyn —
Wr, = 8t1 wo + 8t3 vV 183(75 + 90)

+ [000) At+¢) ]| G | [F0@) At+e) ]
Recall that n; + 13 = O(c). So, the inequality
O@F) —(t+e+c)| < m+ns

and Lemma 8.10 imply the following equivalence between complete Kahler
metrics:

aMc,v,n
oty

on the region above. Next, we consider the region contained in the other
region defined by

v 0By = GL(Bbs) > (1= K)O(t) — m1 — 1.

W < wp, < 2wy

In order to estimate tr,,,w — n, it is enough to estimate the following terms

0_1/8@(t) A 9O (t)du(s), c_l/GGf(ﬁbs) A OGP (Bby)du(s).
Since ¢ < O(t) on this region, the first term can be estimated as follows

¢l 75/ exp (=021 = R)l[op| |22 8) 716 @ 0|

—  O(A(=Rk/B-n(n=1B/5p+8 (155 )F)

for parameters 72 = v, cv'/# = klogc. From the estimate (11.4), the second
term can be estimated as follows

/ OGP (8bs) A DGS (Bbs)dps)

exp (202 (1 +m2)/8) /716 @ 0|
< O(C—1+2(a1+a2)k/,3+ﬁ—n(n_1)/3/*§D).

IN
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Recall the relation between parameters (10.1) :
1—k+kra —ay=0.

Since the choice of a; € (0, 1) is independent of 3, k, we can choose sufficiently
small a; and x which is sufficiently close to 1. Thus, we can make the following
terms :

L~ (1= R)/B —n(n—1)3/Sp+5
—142(a1 +a)k/B+ 6 —n(n—1)5/Sp

negative by taking sufficiently large 5 and k. Thus, we can estimate A, ¢ =
try,w — n near D. From the equivalence (11.7), we obtain the following esti-
mate near Fy and away from D :

tr,@ —n = O(v™#).
For any weight € € (4,2n), we have the following inequality
A, Cp 2 < —Cp~c < A, v/ < Cp~© < —A,,Cpt?

on X \ D for some constants C,C > 0 depending only on ¢ and n. Here

p = ||lop||752/"=1) is the barrier function defined before (see [5]). Thus, the
maximum principle tells us that there is the following C?_,-estimate of 1 :

lllos , < Cu2. (113)
Recall the linearization of the scalar curvature operator
S@) = S(wo) + Ly (¢) + Quo (V). (11.9)
In addition, the term @, (%) can be written as
Quo (V) = (Luygssy=1089 = Li) ()
for some s € [0, 1] (see [20] or the proof of Lemma 7.3 in this paper). Choose
€>0+2.

In this case, we can consider that ¢ < ©(t) & r2.
Recall the interior Schauder estimate :

[9]lgte < Clwo)([ltrwe@ — nllczea + [[¥]lco_,)-
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Here, C'(wp) is a positive constant depending only on wy. The previous es-
timate (11.8) implies that [[1)]|oee = O(v~/%). Then, the equality (11.9)
implies that the norm of scalar curvature of weight ¢ is estimated from above
by c¢®=9/2+1(log c)~'. In these settings of parameters, we show finally that
the scalar curvature on the region defined by

t+ @+ c—n3 > max{O(t) +n, G2 (b,) + 12}

can be estimated in the sense of weighted norms. It follows from the first
discussion that S(@) = O(7) on the region above. Then, we have

S@)=0(r) =0 (c " (klogc)’?).

Recall that ©(¢) ~ r? ~ ¢ on this region. So, we can estimate the C*®-norm
of the function S(@)(r? +1)%2 ~ S(w)c?/? in the definition of the weighted
norm (Definition 5.2) on this region. More precisely, the choice of 3 :

£ >0

implies that we can estimate the J-weighted norm of the scalar curvature
S(w) on the region above. Therefore, from the discussion above, we can
conclude that the weight norm of S(w,,,) can be made small arbitrarily
by taking a sufficiently large parameter ¢ (equivalently, sufficiently small
parameters v, 7). In addition, from the linearization of scalar curvatures, the
scalar curvature S(w) decays just like S(wp). Thus, we finish the proof of
Theorem 1.7. 0J

Remark 11.2. If 0p is cscK, Theorem 1.1 implies that we have
S(@) = O(||op|[2T250/m(n=1)) = O (p~2-2n(n=1)/5D)
near D.

Remark 11.3. Recall that we choose a parameter v > 0 so that the inequal-
ity (||ox||?? +v)?# < ||og|[**™/! holds on the region defined by

Ot)+m < max{GI(b) —ns, (t+ ¢ +c)—ns},
IGO(b) — (t+o+0)] < M+

Note that G?(Bb) ~ Bv~'/Pb for sufficiently large b > 0. The choice of
parameters cv’/? = klogc in the previous theorem implies that we have
l|lor||7%® ~ v*. Therefore, we can choose a suitable parameter v > 0 so that
(|lor]?® 4+ v)¥8 < ||op||**™/! without contradiction.
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12 Proof of Theorem 1.8

After this, all weighted Banach spaces Cp'* = CF*(X \ D) are defined by
the fixed Kahler metric wy. In Theorem 1.8, we assume that

0<3Sp <n(n—1),
we choose a weight 0 so that
8 <& < min{2n,2+2n(n —1)/Sp} (12.1)

and a function

¢D; Dy
is integrable for ¢ € Cglfi with respect to the volume form @". In addition,
we may assume that the integer a(n) in Theorem 1.6 satisfies

12/a(n) < § — 8 < min{2n — 8,2n(n — 1)/Sp — 6}.

12.1 Condition 1.2 and Condition 1.3

In this subsection, we show that Condition 1.2 and Condition 1.3 in Intro-
duction of this paper hold with respect to the complete Kahler metric @
obtained in the previous section.

In order to find the constant & in Condition 1.2, we use the resonance
theorem (see [24, p.69]).

Theorem 12.1 (the resonance theorem). Let {1, |a € A} be a family of
bounded linear operators defined on a Banach space X into a normed linear
space Y. Then, the boundedness of {||T,z|| | a € A} for each x € X implies
the boundedness of {||T.|| | a € A}.

Then, we obtain the following theorem which is the core of this paper :

Theorem 12.2. Take parameters c,v,T so that v'/Pc = kloge, 72 = v. As-
sume that there is no nonzero holomorphic vector field on X which vanishes
on D. Then, there exists an uniform constant K > 0 such that

1P5Dz¢l|gox = K[| e,

for any c¢,v,n,7 and ¢ € C3°,.
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Proof. We prove this theorem by using Theorem 12.1. So, for a fixed function
¢ € 5, it is enough to show that the quantity

|| ’Cg"_‘z
||D%Dw¢| |C§’°‘

has an upper bound depending only on ¢. We prove this by contradic-
tion. Assume that there exists a sequence (7,v,¢) — (0,0,00) such that
HD%Dgngcg,a — 0 for some ¢ € C;5°% with ||(Z§HC§,0¢4 = 1. By integration by
parts, we have

DD ¢" = / 1 Doow".
X\D X\D

Recall that D — D /=15 (1,v,¢) — (0,0.00). We show that

t+p) 88
/ DD — 0
X\D

as (1,v,¢) — (0,0,00). To see this, we study the volume of the subset
Ugepnmsn Fs. For p € X \ D close to Iy, we can find s € DAEmAY) guch
that o4(p) = 0. So, we have

loo@)II < llos(p)l| + 7] Zsiaz-(p)H <Cr.

On the other hand, @ < v~'/8/=190b, near Fy. Thus, we have

ot < O<T2’l}_n/5) = O(vl_”/ﬁ).
U, cph(t,m,p) Fs

It follows from the choice of v > 0 in this theorem that the desired conver-
gence above holds as (7,v,¢) — (0,0, c0) by taking sufficiently large 5. Then,
we obtain a holomorphic vector field

599 9

077 07

on X \ (DU Fp). Here, we write v/—190(t + ) = V—1g,5d2" NdZ’. Tt follows
from the definitions of ¢ and the CZ-estimate of g/ (Theorem 9.1) that
V10 can be extended to X. The decay condition of ¢ and the assumption
of holomorphic vector fields on X imply that ¢ = 0. This is contradiction

and the resonance theorem (Theorem 12.1) implies that the inverse operator
DD has an uniform bound. [

V% =g
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Recall the following relation

Ly = —DiDy + (V% V™ S(@))s.

Thus, Theorem 1.7 and Theorem 12.2 imply that Condition 1.2 holds with
respect to w.

Theorem 12.3. Take parameters so that v'/%c = klogc and 72 = v. Assume
that Op is cscK and DiDy : Cy° — Cy® is isomorphic. Then, we can
make the norm of the linear operator (V% V1 S(@W))y = Ly + DiDy small
arbitrarily so that Lz : C’;l’_a4 — C’g’a is isomorphic. Moreover, we can find a
constant K > 0 such that

| Ladllcoe = K|6]lgne
é 6—4

for any ¢, v, 7,0 € C5°,
We need the following modified lemma :

Lemma 12.4. Assume that n > 5 and
35p < n(n—1).

Then, for o > 8, there exists co > 0 independent of w such that if ||f| ’C§,a4(X\D) <
co, we have )
Lo, — Lw”cg*f‘ﬁcg’a < K/2

and Wy = w + +/ —100¢ is positive.

Proof. The proof of this lemma is similar to the proof of Lemma 7.2. For
¥ € C3°, the following inequality holds:

1(r? + 1)22(g5 g5 — g% ")) 5 41l oo

i,j kil i k1
< 102+ DY g5 — g g looal [l ot 3y

i3 kil 1 i,j 7Y k.l
= 102+ D2(g5 (g5 — ¢*) + (6 — g9)g"looal ]t -

In addition, we have the following equation:
95 =9 =9, (9= 989" (12.2)

for ¢ € C5° such that @, = @ + v/—19d¢ is positive.
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It is enough to study the region where M, , , = t+ ¢+ c. The C*-estimate
of the degenerate complex Monge-Ampere equation (Theorem 9.1) tells us
that - A

gi,j _ O(||O’D||_2m/l) _ O(TQW/an(n—l)/SD). (12‘3)

Since we have already known the explicit C%“-estimate of the solution of
the degenerate complex Monge-Ampere equation from Proposition 9.10, we

can estimate the C%*-norm of coefficients g%, gff;j . The hypothesis

a(n)m - Sp
21 n(n —1)

implies that 4 + 3 x 2m/l x n(n —1)/Sp — (6 —4) < 8+ 12/a(n) — § < 0.
So, the equation (12.2) and the estimate (12.3) implies that the term

i,/ ki 1 0,5 7,7 N
1+ 1)"2(g,7 (95" = g™ + (957 = 9"7)g™) | coe

is estimated form above by 2¢y. By taking a sufficiently small ¢y, we can make
the operator norm of Ly, — Lg small arbitrarily. Thus, we have the desired
result. O

Remark 12.5. The reason why we replace the hypothesis for weights of
Banach spaces in the above lemma comes from the C?-estimate of the solution
of the degenerate complex Monge-Ampere equation due to Paun [18] (see
Theorem 9.1 in this paper). From this, the positivity of @, holds. On the
other hand, we need to assume that § —4 > 4 to control the factor (r?+1)%2
So, the choice of a weight § implies that we need to assume that the dimension
n is greater than 4 and Sp/n(n — 1) is smaller than 1/3. In addition, since
we need to choose € > § 4+ 2 in the proof of Theorem 1.7, we need to assume
that n > 5.

Constants K and ¢y which appear in Theorem 12.3 and Lemma 12.4 re-
spectively, are uniform for parameters ¢, v, 7. Therefore, Theorem 1.7 implies
that Condition 1.3 holds with respect to w.

Theorem 12.6. For the complete Kahler metric W above, the inequality
15@lcgn < ok /2

holds by taking suitable parameters v, c, T.
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12.2 The fixed point theorem

Finally, we show that the existence of a complete scalar-flat Kahler metric
on X \ D. Recall that for the expansion of the scalar curvature

S(@+V-100¢) = S(@) + La(¢) + Qu(9),
we consider the following operator
N(@) = —L5'(S@) + Qz(9)) € €5,

for ¢ € C3% by following Arezzo-Pacard [3], [4] (see also [20]). Lemma 12.4
implies that N is the contraction map on the neighborhood of the origin of
C’;’_a4 for a suitable weight §. In Proposition 7.4, we assume that Condition
1.2 and Condition 1.3 hold. Namely, we assume that there exists a complete
Kahler metric wy whose scalar curvature is sufficiently small so that the oper-
ator L,,, has the uniformly bounded inverse. As we have seen, by constructing
the Kahler metric @, Theorem 12.3 and Theorem 12.6 imply that we don’t
have to assume that Condition 1.2 and Condition 1.3 hold. The following
Proposition implies the existence of a complete scalar-flat Kahler metric.

Proposition 12.7. Set
U = {qb € Oy 1llgan < co}.

If the assumption in Theorem 1.8 holds, the operator N is a contraction on
U and N(U) C U by taking suitable parameters c,v, T.

Proof. Immediately, we have
ING)lleae < IN(D) = N (O)ll g + IN(O) e

From Lemma 12.4 and the condition ||¢|| cie, < Co, the same argument in
—4
the proof of Lemma 7.3 implies that we obtain the following estimate :

V(@) = N(O)llcze, < 1] = Lz (Qu(dDllene,
< K_1||Lw+sﬁ85¢ = La| |c§fﬁc§’a | |¢HC§;"4
for some s € [0,1]. Lemma 12.4 implies that we have
1
IV(8) = NO)llose, < 5e0
Theorem 12.3 and Theorem 12.6 implies that we have

INOllete = 125 (S@)lgze < KIS@)l|ope <

Cop.-

N | —

Thus, N(¢) € U. O
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Proof of Theorem 1.8. From the discussion above, there exists a unique
Do = limy oo N(6) for any ¢ € U C C5°, satisfying ¢oo = N (¢no) under the
hypothesis in Theorem 1.8. Therefore, @++1/—100¢ is a complete scalar-flat
Kéhler metric on X \ D. O
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