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Abstract

Small Cover is am -dimensional manifold endowed witZ’aaction whose or-
bit space is a simple convex polytoge . It is known that a sroadler overP is
characterized by a coloring o  which satisfies a certain itimmd In this paper
we shall investigate the topology of small covers by the ©Gotp theory in com-
binatorics. We shall first give an orientability conditionrfa small cover. In case
n = 3, an orientable small cover corresponds to a four coloregtppé. The four
color theorem implies the existence of orientable smallecawer every simple con-
vex 3-polytope. Moreover we shall show the existence of nonnvaiele small cover
over every simple conveg-polytope, except th&-simplex.

0. Introduction

“Small Cover” was introduced and studied by Davis and Jakiaszcz in [5]. It is
a real version of “Quasitoric manifold,” i.e., an -dimensa manifold endowed with
an action of the grouZj whose orbit space is am -dimensional simple convex poly-
tope. A typical example is provided by the natural actionZgf on the real projec-
tive spaceRP" whose orbit space is am -simplex. LBt beman -dimensionallsimp
convex polytope. Here® isimpleif the number of codimension-one faces (which are
called ‘facet$) meeting at each vertex is , equivalently, the dual of itsitary
complexo (P ) is an#f — 1)-dimensional simplicial sphere. In thaper we shall han-
dle a convex polytope in the category of combinatorics. Weotke the set of facets of
P (or the set of vertices oKp ) byF. Associated to a small covew  ovér , there
exists a function. F — Z% called a “characteristic function” oM . A basic result
in [5] is that small covers oveP are classified by their chemastic functions (cf. [5,
Proposition 1.8]). The characteristic function is a (faceloring of P (or a vertex-
coloring of Kp ), which satisfies a “linearly independent cdiwdi’ (see §1). Coloring
convexn -polytopes have been studied actively in combiiegoie shall investigate
the topological properties of small covers through the ot theory in combinatorics
specially whemnn = 3.

The notion of small cover can be generalized to the case wiherdase space is
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more general than a simple convex polytope. /An -dimensioi@ manifold P with
corners such that the dual complé&x is a simplicial decontiposof 3(P), is called

a simple polyhedral complexor a coloring ofP which satisfies the linearly indepen-
dent condition, we can construct an -dimensional manifoith & }-action over?P in

a similar way. We call it a small cover over a simple polyhédm@mplex P .

In this paper we give a criterion when a small cover over a Emgon-
vex polytope is orientable (Theorem 1.7). In case =3, thiseon implies that
an orientable three-dimensional small cover corresponds #-colored simple con-
vex 3-polytope. Therefore the existence of an orientablallsoover over every sim-
ple convex 3-polytope is equivalent to the four color theorgorollary 1.8). Next we
shall discuss the colorability of a 3-polytope making abmwee for the linearly inde-
pendent condition, and prove existence of non-orientaflallscover over every simple
convex 3-polytope, except the 3-simplex (Theorem 2.3). preof of Theorem 2.3 is
given in a way similar to the proof of classical five color them by Kempe. More-
over we shall discuss the existence of non-orientable sooattr over 4-colorable sim-
ple polyhedral handlebody with a positive genus (Theoreh). 3.

1. The orientability of small covers

At first we shall recall the definition and basic results of Brnwavers in [5]
or [3]. An n-dimensional convex polytope sEmpleif the number of codimension-one
faces (which are callethcety meeting at each vertex is . Equivalently, is simple if
the dual of its boundary complex is a simplicial decompositof (z — 1)-dimensional
sphere. We denote the simplicial complex dualRo Ky . In trapgr we shall
handle polytopes in the category of combinatorics and wtded that two polytopes
are identical if they are combinatorially equivalent. Téfere a considerable structure
of a polytopeP is only its face structure, i.e., the dual c@rpKp. The natural ac-
tion of Z5 on R" is called thestandard representatioand its orbit space i&}.

Derinimion 1.1, A manifold M endowed with the action of the grouf§ is
a small coverover ann -dimensional simple convex polytoge if its orbit apas
homeomorpic toP and is locally isomorphic to the standardesgntation, i.e.,
there exists an automorphisth  @f;, such that for any pointt € M , there exists
stable neighborhood¥ ¢ M of an@ C R"” and 6 -equivariant homeomorphism

[V =W (f(gv) =0(2)f (V).

Let my: My — P andmy: M, — P be two small covers oveP An equivalence
over P is an automorphism® oF%, together with ad -equivariant homeomorphism
f: M1 — M, which covers the identity o

ExavpLE 1.2. The groupZ, acts onS! by a reflection, and its orbit space is
an interval I . Taking then -fold product, we haveZg action on ann -dimensional
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torus 7" =S1 x ... x S1, which is a small cover over the -cubé

ExampLe 1.3. We have a usual} action on the real projective spadeP” as
follows:

(g1, -, 8n) - [x0, X1, .., xa] = [x0, 81X1, - - ., 8nXn].

This is a small cover over the -simplex”

Let 7: M — P be a small cover over an -dimensional simple convex -poly
tope P . For a faceF ofP , the isotropy group ate 7 ~(int F) is independent of
the choice ofx , denoted bg» . In particular, ¥ is a facéty is akrane sub-
group, hence, it is determined by a generataF € 25. In this way we obtain a func-
tion A: F — Z3 where F is the set of facets oP . This function is call¢ide char-
acteristic functionof M. If F"~* is a codimensiork face oP theR EN---NF;
where F; 's are the facets which contain |, aG¢ is the rank- suipggenerated
by A(Fy1), ..., A(Fy). Therefore the characteristic function satisfies thewang condi-
tion.

(x) If Fi,..., F, are the facets meeting at a vertex Bf , ther)(..., A(F,)
are linearly independent vectors @f.

In particular, the characteristic function 7 — Z is a (face-)coloring ofP (or
a vertex-coloring of the dual grapk, ). We often callaitlinearly independent col-
oring of P (or Kp). Conversely a coloring oP satisfying the linearlydependent
condition ¢ ) determines a small covd P,(. ) ovBr whose chariatite function
is the givenx . The construction a## P(A ) is as follows. For eaclnpp € P,
let F(p) be the unique face oP which contaips in its relativeeridr. We define
an equivalence relation oR x Z} as follows:

(1) (p.8)~ (g.h) & p=q. g 'he Grp)

where G r(p) is the subgroup generated byFif, ..., A(Fx) such thatF p ) =Fin---N
Fy (F; € F). Then the quotient spaceP (x Z3)/ ~ is M (P, A).

Theorem 1.4 ([5, Proposition 1.8]). Let M be a small cover oveP such that
its characteristic function is\: 7 — Z%. ThenM is equivalent td/(P, A). In other
words the small cover is determined up to equivalence oRer by ityaciteristic
function.

ExampLe 1.5. In casen = 2,P is a polygon and a characteristic function is
a function » :F — Z32 which satisfies the linearly independent condition ( ). Let
{e1, 2} be a basis onE. Since any pair ofey, ez, e1+e,} is linearly independent.  is
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just a 3-coloring ofP . If ¢, ) ) is a -gon colored by three coloreqp. two colors)

then M (P, ») is the non-orientable surfade{ RD? (resp. the orientable surface with
genus k — 2) 2) endowed with a certain action@ wheremR P? is the connected

sum ofm copies oRP? (cf. [5, Example 1.20]).

RemARk 1.6. When ann -dimensional simple convex polytope sis -calore
(s = n), we understand that the image of the coloring function ibaais forZs,
and define the quotient space P,(. ) 2 & Z3)/ ~ where the equivalence relation
~ is given in a way similar to (1). It is called themanifold defined by the coloring
A" in [7]. When s =n, Z (P, A) coincides with the small covee P(1 ), and isled
the “pullback from the linear modélin [5]. In the special cases = = 3, pullbacks
from the linear model were studied by Izmestiev in detail§7h

Next we shall discuss the orientability condition of a snadler.

Theorem 1.7. For a basis{es, ..., e,} of Z5, a homomorphisme: 25 — Z, =
{0, 1} is defined bye(e;) =1 (¢ = 1...,n) A small coverM(P, 1) is orientable if
and only if there exists a basig, ..., e,} of Z; such that the image ofx  ifl}.

Proof. Let us calculate the -dimensional integral homologyup H, M ;Z) of
a small coverM =M P, A ). The combinatorial structure Bf  defines tna& cel-
lular decomposition of\f =# x Z5)/~. We denote by €, 9, ) the chain complex
associated with this cellular decomposition. In particuld, and C,_; are the free
abelian groups generated 4y} x Z5 = {(P,g) | ¢ € Z3} and (F x Z})/~ =
{[F.g]l | F € F, g e Z}}, respectively, where the equivalence classfofx Z} is
defined by the equivalence relatiofr,(g¢ ~) F,& F( k+ ). We give an degon on
a facetF; such thad { ) 1 +--- + Fy where f = #. Under these notations if
X = dezg ng(P,g) € C, (ng € Z) is ann -cycle ofM then

f
w(X)=| Y ng ) (Fg)|= Y (g +mumpulFi gl =0.

geZ} i=1 [Fi.gle(FxZ3)/~

ThereforeX € keb, if and only ifi; =-n;)+, for any facetF andg € Z5. The lat-
ter is equivalent tor, =+ L) ).+, )+ fOr any facetss;,, ..., F;, and g € Z3.
Suppose that there is no basis & such thatex = 1. It means that for each set of
facets Fj,, ..., F;, such thate; =i f;, ) (1= j < n ) is a basis Y, there exists
a facetF such thatr { ) =0, i.ep F( )&, +---+e; wherek is an even number.
Thenng = ( Un,, vte; 4y = Magp)eg = —ng that isn, = 0 for anyg € Zj. Thus
H,(M;Z) = kerd, =0, andM is non-orientable. On the other hand, wheretlegists

a basis ofZ} such thater = 1, for anyg € Z%, the parity ofk =k g ) does not depend
on the choice off;; ’s such that x F()+---+A(F;,). In fact, if A(F;)+---+A(F;,) =
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MFj) + -+ A(F;) thenex F,) + -+ + er(F,) = er(Fj) + - +€er(F}), therefore
k =1 mod 2. ThenH, Y Z) = kerd, = Z is generated byx :dezg(—l)"(&')(P, 2),
and M is orientable. O

We call a linearly independent coloring which satisfies thierdgability condition
in Theorem 1.7an orientable coloringof P (or Kp). In casen =2, it is easy to see
that an orientable coloring of a polygon is just a 2-colorofgP (see Example 1.5). In
casen = 3, a three-dimensional small cowérP, X ) is orientabknd only if there
exists a basiqa, 8, y} OZ‘Z’ such that the image of is contained fa, 8, v, +
B +y}. Since each triple of«, 8,y, ¢ B ¥} is linearly independent, the deable
coloring of a 3-polytopeP s just a 4-coloring ¢f . By the fowlar theorem ([1]),
we obtain the following corollary (in fact, the corollary Ibes is equivalent to the four
color rheorem).

Corollary 1.8. There exists an orientable small cover over every simpleveon
3-polytope.

Remark 1.9. Although there exists a small cover over every threeedisional
simple convex polytope, for each integer> 4, there exists: aimensional sim-
ple convex polytopeQ which admits no small cover (cf. [5, Naraple 1.22]). In
fact, a cyclic polytopeC; defined as the convex hullkof n +1 poiotsa curve
y() = (7% ...,t") is a simplicial polytope such that the one-skeleton @jf is
a complete graph when > 4 (see [213]). Let Q7 be the simple polytope dual
to C¢. Since the chromatic number ¢ff 4s , the polyto@g admits mallscover
wheneverk > 2 .

2. Existence of non-orientable small covers

We call a linearly independent coloring which does not $atihe orientability
condition in Theorem 1.& non-orientable coloringIn this section we shall discuss
the existence of a non-orientable coloring over a simple/tppe in casen = 3. We
shall recall and use some notions of 3-polytopes and thehgttagory. For further de-
tails see [2] or [6].

For a simple convex 3-polytop® , we sg} the numberkof -cothdaeets
of P. Then the numbers of facets, edges and vertice® of fare ), px, f1 =
Y i-3kpi/2 and fo = 3", 5 kpi/3, respectively. Since the Euler numbgr — f1+ f
of 3(P) is two, we obtain immediately the following formula.

Lemma 2.1. For any simple conve8-polytope P,

2) 3ps+2pa+tps =12+ (k- 6)ps.
k=7
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o B : : o B

Fig. 1.

The lemma implies a well-known fact that each simple convepolytope has
a facet which has less than six edges.

We introduce an operationblow ug for a vertex of a simple 3-polytop® (see
Fig. 1). We cut around a vertex @@ and create a new triangaleetfthere. The re-
verse operation of the blow up is called bldw down’ Notice that for any simple
convex polytope except the 3-simplex, two triangular fagatist not adjoin each other.
Therefore except for the 3-simplex, the blow down for angrgular facet is possible.
For the dual simplicial compleX, , a blow up is operated for sifiplex of K, and
a blow down is operated for a vertex é&f»  with degree three,aetbgely. The blow
up can be done keeping the linearly independence. In factcameassigne 4
to the new triangle where 8 and are the colors assigned te ttamets adjacent
to the triangle. The blow up operation correspondghe equivariant connected sum
of RP? at the fixed point of small covers corresponding to the ve(soe [5, 1.11]).
When P is endowed with a linearly independent coloring, thesbtlown for a trian-
gular facet can not be done keeping the linearly indeperedeRmom the above fact
we obtain the following lemma immediately.

Lemma 2.2. If a convex polytopeP has a non-orientable coloring then each
polytope obtained by blowing up  has also a non-orientableroay.

Theorem 2.3. There exists a non-orientable small cover over every simple
vex 3-polytope except the3-simplex.

Proof. Let P be a simple convex polytope but not the 3-simpl@perating
the blow downs for triangular facets d¢f  over agaih, can badfi@med to a poly-
tope P’ which does not have a triangular facet or is the triaargplism. In the lat-
ter case although the triangular prism can be transformetthiea3-simplex further by
the blow down, we stop the operation because the 3-simplexdspted from this the-
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v \ y

M \ o+p+y

Fig. 2.

orem. By Lemma 2.2, a non-orientable coloring®f leads ta tfiaP. Therefore we
can assume thaP does not have a triangular faceP or  is thegtlr prism. We
assume the four color theorem, and shall prove that somesfaxfe4-colored poly-
tope can be repainted making allowance for the linearly pedelent condition and
construct a non-orientable coloring. Here we assume khat colisred by four colors
{a, B,y,a+ B +y} for some basida, 8, v} 022. (When P is colored by only three
colors, we can repaint a facet and assume that is 4-coloredcéssary.) The case
that P has a quadrilateral facet is immediate. In fact, theldring around a quadri-
lateral facetFF must be the following situation: a center qilaigral F is colored
by « and two facets adjacent t&6  are colored py and the rest twetdaadja-
cent to F are colored by one colgr or two colops amd B+ y + , respayti
(see Fig. 2). In both cases we can repaint the center quiadaleby « +8 instead
of @, and produce the non-orientable coloring. In particutae triangular prism has
a non-orientable coloring because it has a quadrilatecadtfa

Suppose thatP has no triangle and quadrilateral. By Lemma 2.inust have
a pentagonal facef’ . We can assume that the 4-coloring aréunsl in the fol-
lowing situation: the center pentagan is colored dy and tijacent five facets
Fi,...,Fsare 3-colored by y B y and B ¢ , respectively (see Fig. 3). Here
we shall repaint some facets ¢f and construct a non-orintedoring in a way
similar to the proof of the classical Five Color Theorem bynife using the “Kempe
chain” (cf. [8] or [6]). First we consider thdwa, 8} -chain contaig the pentagon
F, i.e., the connected component of facets coloredeby Bor ,lwhkmntainsf . If
the {«, B} -chain has no elementary cycle containiig then we diitidey the edge
F N F3 into two chains, and the one side which contaifiscan be repainted by »
andpg +y instead oft an@g , respectively. If the, 8} -chain has an eltang cycle
containing F  thenF, and F, belong to a different component ¢, « g+ 4 -chain
respectively, because of the Jordan curve theorem. Theréie one side of them can
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Fig. 3.

be repainted byy 4 an@g # instead of and g+ y+ , respectively. I bot

cases the repainted polytope is five or six-colored and the cworing also satisfies

the linearly independent condition. Therefore we obtairoa-arientable coloring ofP .
]

3. Coloring simple polyhedral handlebodies

Let P be ann -dimensional nice manifold with corners. We say thas a simple
polyhedral complexf its dual complexK, is a simplicial decomposition &fP ( ). This
condition implies that any intersection of two faces is aefa€ P. We can characterize
a simple polyhedral complex by a pair of a manifakd  and a sicigdl decomposi-
tion K of 3(P). In fact a simplicial decompositiok  df P( ) deterrasthe polyhe-
dral structure ofP as follows. For each simplexe K , et deno geometric
realization of the poseK., #fr € K |o <t} . We say that iscadimensiorik
faceof P if o is a (k — 1)-simplex of K . Then its dual compleX, is clearly sam
ask .

We call a facet-coloring of? (or a vertex-coloring &fp ) sim@ycoloring of P
(or Kp). We denote byF the set of facets oP (or the set of verticesiof ). A func-
tion . F — Z5 is called a linearly independent coloring &f (& )Jif satisfie
for P the condition ¢ ) in§1. We putM @, 1) = x Z5)/ ~, where the equivalence
relation~ is defined as (1) ifl. We have aZ3-action on anm -dimensional manifold
M(P, )) with the orbit spaceP . Conversely an -dimensional madiftd endowed
with a locally standard}-action whose orbit space is homeomorphicRo  determines
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a characteristic function F — Z5. ThenM is equivalent ta/ K, » ) if the restric-
tion on 7 —(int P) of the projectionr :M — P is a trivial covering. We will sayah
M(P, 1) is asmall coverover P. (Warning: In [5], for eachn— 1)-dimensional simpli-
cial complexK , the simple polyhedral complé is the conekon henlM Pk, 1)
can be defined in a similar way, however, it is not always a folthiand therefore it
is called a Z3-spacé in [5].)

When P is an orientable simple polyhedral complex, the oaieifity condition of
M(P, 1) is same as the condition in Theorem 1.7. Therefore we manergdize the
notion of (hony orientable coloringof P (or Kp) to this case. Henceforth, we talke
as a simple polyhedral handlebody with gengs> 0, i.e., a bhondly P together
with a simplicial decompositiorK» of the orientable closedfate X, with genug .
In this case, the formula (2) in Lemma 2.1 is generalized to

©) > (k- 6)pi = 126 — 1)

k>3

where p; is the number of -cornered facetsf  (or verticek of sghdegree is
k). In the rest of this section we shall prove the followingdtem.

Theorem 3.1. Let P be a4-colorable simple polyhedral handlebody with genus
g > 0 (equivalently there exists an orientable small cover ovg). If P has suffi-
ciently many facets then there also exists a non-orientabiall cover overP .

Assume thatP is colored by four colofe, 8,7, a0 B 4 for some basis
{a, B, y} of Zg. We shall repaint some facets & and construct a non-obéntol-
oring. By the same reason as in the proof of Theorem 2.3, wheras ahquadrilateral
facet, the construction of non-orientable coloring is incimae.

Next we consider two operationsdlbw dowri and “blow ug introduced in §2
(see Fig. 1). We can define these operations for a simple pdtgh handlebody  (or
a simplicial decomposition of an orientable surfake ) in milsir way. The blow
up can be always done for any vertex Bf  together with a liyegmdlependent col-
oring. Notice that for any simple polyhedral handlebodyhwé positive genus, two
triangular facets must not adjoin each other. Thereforeblber down can be always
done for any triangular facet o . Operating the blow down tigangular facets of
P one after another, we can redu®e to a simple polyhedral eomp! which has
no triangular facet. As we have already seen in Lemma 2.2,naorientable coloring
on P’ can be extended oA . In the course of this process if a datzdal facet ap-
pears, we can also construct a non-orientable coloring of e.adsume that a quadri-
lateral facet does not appear during the reduction fidm P'to ene®lly if we oper-
ate blow up for a vertex of a triangular facet then a quadnitdtfacet will be created.
By the above assumptio® must be obtained by blow up for aiguertices of P’
(but not for new vertices born by blow up). Therefore the nembf facets ofP is
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at most the sum of numbers of facets and verticeof . Consdyutis sufficient

to prove Theorem 3.1 in the case that does not have a quadailair a triangle.
In fact if the following proposition holds for any simple pbledral handlebody which
has more thanv facets but not a quadrilateral and a triangle Theorem 3.1 holds
for any simple polyhedral handlebody which has more than M + cetlawhereM is
the maximum of numbers of vertices of simple polyhedral tethabies which do not
have more thanV facets and a quadrilateral and a triangle.

Proposition 3.2. Let P be a 4-colorable simple polyhedral handlebody with
genusg > 0 such thatP does not have a quadrilateral or a triandeguivalently its
dual Kp is a simpicial decomposition of an orientable surfag ithvgenusg > 0
such thatKp, does not have a vertex with degree three or)fdtirP has sufficiently
many facets therP? has a non-orientable coloring.

For a subsetA of vertices of a simplicial compl& , we denotd Qythe sub-
graph of one-skeletork® generated byA (which is called thsection subgraph We
need the following lemma instead of the Jordan curve theorem

Lemma 3.3. Let K be a simplicial decomposition of the orientable closed s
face X, with genug > 0, and (A, B) be a division of vertices ok (A]] B = V(K))
such that the section subgraphy, I's are both connected and have no cycle of
length three. Wher2g + 1 edges are removed fromi, U T'g, eitherI'y orI'p is dis-
connected.

Proof. Becausdy, anflz have no cycle of length three, each desinap of
K intersects both of"y, and'z , i.e., all vertices and only one edge doelong to
'y UT'g. Therefore the number of 2-simplices &f and the number okesdg K
which do not belong td"y UT's coincide. ThusT'{UTs )EK( )=2 g2 where
x(G) is the Euler number of; . SincE, art are both one-dimensiomahected
subcomplices ofK , this means that the first Betti numbel'gfU I'; gs thus
the lemma follows. O

For a four-colored simple polyhedral handlebosly  (or a siomdl decomposition
Kp of a surfaceX, ), we consider a division of facefsinto two Kempe chains in
a way similar to the proof of Theorem 2.3, e.f, = A[| B where A (resp.B ) is
a set of vertices which are colored ly @6r (resp. aor B+ y + ). In tase
{a, B}-chain of P (resp{y,a 48 +} -chain) corresponds to the section sggr 4
(resp.T'p ) of Kp . We notice that there are three ways to divielénto two Kempe
chains, i.e.{o, B} [I{y,« ¥ ¥} {a, v} [1{B,¢ B ¥} ando,a f # LB, ¥} .If
an {«, B} -chain is disconnected then one of its connected compaaenbe repainted
by « +y andp +y instead oft an@ , respectively, and we obtain a n@Emable
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Fig. 4.

Fig. 5.

coloring of P. Assume that every chain is connected. Then efigkion of F into
two chains satisfies the condition in Lemma 3.3.

In order to divide a connected Kempe-chain into two comptneve introduce
a notion of acutable edgeof Kp (or P). An edge ofKp is called &utable edge
(of type ({@, B}, y)) when its star subcomplex of»  (i.e., the subcomplex gdedra
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Fig. 6.

by simplices which contain the edge) is three-colored, tlee both end vertices of
the edge are colored biy, 8} and others are colored by only one gol&imilarly
an edge ofP is called a cutable edge when the dual edge is alewdbe ofKp
(see Fig. 4). A cutable edge of typ&x(B},y ) is an edgdmfp} -chairhéfe ex-
ist cutable edges of a same typer,(8},y ) such that{@ang} -chain bectumies
disconnected when they are removed, then one of its corthecimponent can be re-
painted and we can construct a non-orientable coloring of or.a@xample, for a four-
coloring of P shown in Fig. 5{«, 8} -chain is the set of facéis ’s andn F, and
F,N F5 are cutable edges of the same type, B}, y ). Here a compafigntFzU Fu
of {«, B}-chain between two cutable edges can be repainted byy + gang in+
stead ofe and8 , respectively, and we can construct a nontakiencoloring of P .
We remark that the edgé& N F3 in Fig. 3 in the proof of Theorem 2.3 is a cutable
edge which divides connected chain into two components.nAthédias more than 2
cutable edges, there exists a divisigh= A[] B into two chains [4, s ) such that
'y UT'p has more than &4 cutable edges because there are three wapsde A
into two Kempe chains. Here there are at most two types ofbteitadges contained
in 'y (or I'p), respectively. Then either df 4, dry becomes to be directed
when cutable edges of a same type are removed because of L&m®Bmaherefore
P can be repainted as a non-orientable coloring wifen  has rhare 12 cutable
edges.

Denote the number of facets &f with -cornerspyy . By assumpiip= ps = 0.
We notice that a facet with -corners has at least two cutatie®ifk is not a mul-
tiple of three. Therefore if

(4) Z pr > 12¢g

k#0 (mod 3)

then there exist more than 42 cutable edges #@nd can be mgahist a non-
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orientable coloring. If there exists a hexagonal facetfof chsthat the six facets
adjacent to it are all hexagonal, then the seven facets carefp&inted as a non-
orientable coloring as shown in Fig. 6 or they have at least twtable edges. This

is the case ifpg > Zk%kpk because & -cornered facét { = 6) adjacent to at most
k hexagonal facets. More generally, jit — Zk%kpk > 7(t — 1) thenP can be re-
painted as a non-orientable coloring or there exist more th&exagonal facets each
of which has at least two cutable edges. Therefore, if theveabpequality hold for
t=12¢ = 3 izoqmod 3Pk 18-

(5) p6>kak+7(12g— > pk—l)

k%6 k#0 (mod 3)

then P can be repainted as a non-orientable coloring.
Values of p;’'s, which do not satisfy the above inequlities (4)da(5), are
bounded. In fact, it follows from (3) and inequalities oppedo (4) and (5) that

Zpksz(kﬂ)pkw(lzg— > pk—l) from (5)
k

k76 k#£0 (mod 3)

=—ps+y (k—6)p+7 Y p+84—7
k>6 k=0 (mod 3)k> 9

=7 > p+96g— 19 from (3)
k=0 (mod 3)k> 9

7
<52 (k= 6)p +96 — 19

k=7

7
= §(p5+ 12¢ — 12) +9¢ — 19 from (3)
= gps + 1240 — 47

IA

7
3 Y p+124g — 47
k#£0 (mod 3)

< 152 — 47 from (4)

where (4) and (5§ are the inequalities opposite to (4) and (5), respectivEhere-
fore the proof of Theorem 3.1 is completed.

Remark 3.4. The 4-colorability of graphs embedded into an origletadurface
is an interesting problem. For example, we have the follgwaonjecture (cf. [4,
Conjecture 1.1]):every simplicial decomposition of an orientable surfacehsithat
all vertices have even degree and all non-contractible eychre sufficiently large
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is 4-colorable In case thatg = 1 and a graph satisfies a special conditioedcall
“6-regular,” the 4-colorability of toroidal 6-regular gra was studied in [4].

(1]

(2]
(3]

(4]
(5]

(6]
(7]

(8]

References

K. Appel and W. Haken:Every planner map is four colorahldllinois J. Math. 21 (1977),
429-490.

A. Brgndsted: Introduction to Convex Polytopes, SpendNew York 1983.

V.M. Buchstaber and T.E. PanoVporus actions and their applications in topology and combi-
natorics University Lecture Serie24, American Math. Soc. 2002.

K.L. Collins and J.P. HutchinsonFour-coloring six-regular graphs on the toru€CRM Pro-
ceedings and Lecture Note33 (1999) 21-34.

M. Davis and T. JanuszkiewicLZonvex polytopes, Coxeter orbifolds and torus actidbeke
Math. J.62 (1991), 417—451.

R. Diestel: Graph Theory, Springer, New York, 2nd ed. @00

1.V. Izmestiev: Three-dimensional manifolds defined by coloring a simplgtppe Math. Notes
69 (2001), 340-346.

A.B. Kempe: How to colour a map with four coloursNature 21 (26th February, 1880)
399-400.

Hisashi Nakayama

Research Institute of Systems
Planning, Inc.

23-23, Sakuragaoka-cho, Shibuya-ku
Tokyo 150-0031, Japan

e-mail: nakayama@isp.co.jp

Yasuzo Nishimura

Department of Mathematics
Osaka City University
Sugimoto-cho, Sumiyoshi-ku
Osaka 558-8585, Japan
e-mail: nyasuzo@hkg.odn.ne.jp



