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Abstract
In [7], Yasushi Mizusawa gives computations which lead to @Ppresentation
of the Galois group of the maximal unramified pro-2-extensa the cyclotomic
Z,-extension over some imaginary quadratic fields, with lowvariants. We show
that these methods can be applied to some maximal tamelyiedrpro-2-extensions,
depending on the quadratic imaginary field, and the conditibramification.

Introduction

In [7], Mizusawa considers the following problem: given aragimary quadratic num-
ber fieldk, andk,, its cyclotomic Z,-extension, can we compute a pro-2-presentation
of the Galois group of the maximal unramified pro-2-extensover k,,? Results of
Ferrero ([1]) and Kida ([4]) give the maximal abelian quati®f these groups, that is,
the Galois group of the maximal unramified abelian pro-2esion ofk.,. It is com-
puted as an lwasawa module. Using these results, commgatfosome other Iwasawa
modules, and group-theoretical results such as Propositi® below, Mizusawa is able
to find the wanted presentation in some non-trivial (i.e.-abelian) cases with low
A-invariant (namelyi € {1, 2}). One ingredient in his computations is that lwasawa
modules ovelk,, that he considers have non-trivial torsion part. Accordiog-errero
and Kida'’s results, it can occur only if the prime 2 ramifiestlie extensiork/Q.

We show in this paper that Mizusawa’s method can be applied &b far the
Galois group of maximalS-ramified pro-2-extension ovek,,, where S is the set of
primes ink,, over a finite set of odd prime numbers @ (hence, we consider the
Galois group of a tamely ramified extension). The main reisuthe following:

Theorem 1. Let p and g be two prime numbers respectively congrueri amd
3 modulo 8, and put S= {q}. Let k be the imaginary quadratic fiel@(,/—p), and
G = Gal(L¥(kx)/kx) the Galois group of the maximal S-ramified @aextension of
ks. ThengG has rank2, its abelianization is isomorphic t@,® Z /27 as aZ,-module
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922 L. SALLE

and admits as a presentation

(a b [a, bja®),

where [a, b] denotes the commutator&~tab. The same holds if we assume=p
3 mod 8and gq= 5 mod 8

The first section of our paper is devoted to fixing notationd aecalling useful
known results. In the second section we extend results ofefeerand Kida to find
S-ramified Iwasawa modul&Xs(k.,) over the cyclotomicZ,-extension of an imaginary
quadratic fieldk. The description depends on tlgeramified lwasawa module ové,,,
the cyclotomicZ,-extension ofQ. We are not able to give the general description of
that module, but we exhibit a few infinite families of se$sfor which it is trivial or
cyclic of small order. A fact to be noticed is thais(k,,) can have non-trivial torsion
part even if 2 does not ramify ik/Q. Using Mizusawa’s method we finally prove
Theorem 1 in Section 3. Note that it is about Galois groupss&habelianizations are
Z, ® Z/2Z, hence withAa = 1. We do not consider cases with= 2. We will also
quickly restrict ourselves to the cake# Q(i), since dealing with roots of unity would
require special arguments.

As an application of this result, we compute Galois groupthefmaximalS-ramified
pro-2-extension over the layeks of the cyclotomicZ,-extension ok, the so-calleds-ray
2-class field tower (Theorems 3.8 and 3.11). These resultshesir proofs are again in-
spired by Mizusawa’s paper: see Proposition 4.3 in [7].

We mention that numerous computations have been done usindfree) system
PARI/GP: visitht t p: // pari . mat h. u- bor deaux. fr/.

1. Preliminaries.

1.1. Notations. Let SandD be two finite sets of odd prime numbers@ We

will mainly consider the imaginary quadratic fiekd= Q(‘/— ]_[pieD pi ) and various

extensions of it. For each number field, we denote byS(K) the set of places K
which are above places i8. When no confusion is possible, we will onig.

For any placev in K, let £ be the pro-2-completion of the multiplicative group of
the residue class field df at the placev (i.e., the 2-Sylow, since it is a cyclic group).

The notationC¢(K), or simply C¢, stands for the ideal class group in the number
field K, andCt,, for the ray class group associated to the modulds All the class
groups that we consider are taken in the ordinary sense wh&dns that archimedean
places do not complexify in the corresponding class fielemsions.

Let M be a modulus whose support is includedS{K) for someK. In particular,
if Mo =1]],csp,, and if M is such thatM, | M, then the 2-Sylow of the ray class
groups are such thahy = Apy, (See Proposition 1.2 below). In such a situation, we
omit the modulus and denote bfs that 2-Sylow. WhenS is empty, we omit the
subscript; in particularA is the 2-Sylow ofC¢.
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Ds denotes the subgroup ohs generated by the places above 2; in particular
D c A (no confusion with the discriminant of the quadratic numbield seems pos-
sible). ThenAjg is the quotient groupAs/Ds (it corresponds via class field theory to
the maximal 2-splitS-ramified abelian 2-extension).

Following [9], Section 7.3, we writ@, for the n-th layer of the cyclotomiZ,-
extension ofQ, and K,, its compositum with any number field. Taking inverse limits
of various class groups according to norm maps fiomto K, for m > n, we obtain the
so-called Iwasawa modules. For instanedK.,) = I(@ A(Kp), X' (K) = I(m A(Kp),
Xs(Ks) = I(@ As(Kp) and Xg(K) = I(@ A5(Kn), I(@ D(Kn) and(ll_ng(Kn). Note
that in general the Iwasawa module depends on the first ldydredZ ,-extension we
consider, and not only oK .,. However, in our examples, they will be independent, and
thus our notation will fit.

The notationE stands for the group of (global) unit§, for the subgroup of
units which are congruent to 1 modulet. Similarly, E’ denotes the group of 2-units
and E/,, the subgroup of 2-units which are congruent to 1 modMo Then we define
E=E®zZ, and& = E'®z Z,. Since the seb contains only finite non-2-places, we
can define€s as Exq ®z Z, for any modulusM built on S and divisible by[],.sp,
(see Proposition 1.2 below). The same holds &¢r

Let T be either the empty set or the set of places above 2. WeTuas a super-
script for unit groups and class groups: for instagde AL denote eithes and As,
or £ and Ag, according whethefl is the empty set or the set of places above 2.

1.2. Some known results. Let us recall without proof some classical results which
will be used several times. First, we state a well-knownltésam Iwasawa theory, which
is a special case of Nakayama'’s lemma (see for example [2prEim 1).

Lemma 1.1. Let K/K be the cyclotomiZ ,-extension of the number field K.
Assume that all primes above p in K are totally ramified ip, K. Let S be a finite
set of finite primes in Kwhich are not above p. Take T to be either the empty set or
the set of places above p in k.

If AL(Kn) = AL(Kn+1) for some layer K, then XL (K) = AL(Kp).

Assume moreover that there is only one prime above p in K. ThEK) is
trivial if and only if AL(K) is trivial.

The following statement is a pro-2-completion of Theorerd ih Part | of [3]. It
will be used to computés-ramified Iwasawa modules from unramified ones.

Proposition 1.2. Let K be a number field. Let T be either the empty set or the
set of places abov@. We recall thatt; denotes the pr@completion of the multi-
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plicative group of the residue class field of K at the placeThen there is an ex-
act sequence

1 ET(K)/ELK) — [T & — ker(AL(K) — AT(K)) — 1.
veS(K)

It yields the following equality

p(M)

#AL(K) = #AT(K)—2" )
® [ET(K) : £5(K)]

where ¢ denotes the2-part of the generalized Euler functipand M is any modulus

whose support is S and divisible byl = HveS(K)pv.

Now we recall (a form of) the so-called genus formula whichegisome informa-
tion on the class group in a field depending on the class group of a subfi&ld on
ramification inL/K and on norms of units (see for instance [3], Part IV, Theordt@is
and 4.4 for the related exact sequence, and the beginningatios 4 for a sample
of references).

Proposition 1.3. Let L/K be a cyclic extension of number fields of degfeand
denote byA the Galois groupGal(L/K). Assume that K is disjoint from the S-ray
2-class field of K. Take T to be either the empty set or the setamfep above2.
Then we have

[Lgsor & [Ler &ty

T(L)A — #ATL
#AS(L)™ = #AS(K) STy - eT (k) N N

where N7.) denotes the image by the norm map of the idele group,and where
e, and f, denote respectively the ramification index and the inerggrde of the place
vin L/K.

We will mainly use this formula in conjunction with the folling well-known
lemma:

Lemma 1.4. With the notations ofProposition 1.3assume moreover that{AK)
is trivial. Then the quantitylog,(#AL(L)*) equals the number of generators of (4 ).

Proof. Note that the non-trivial element of A acts by inversion omAL(L). In-
deed, for eachs, a°*! can be seen as an element &AE(K), which is trivial by as-
sumption. Soa*! is in the same class as some principal ideal. The generattillis
congruent to 1 moduld(L), hencea®*? is trivial as well in AL(L). It implies that
the A-invariants of the groupAS(L) are exactly its elements of order lower than 2,
and the result follows. L]
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Now we give a version of Hasse’s theorem on units in CM-extarssi(see [9],
Theorem 4.12) for units and 2-units in layers of the cycla@,-extension of an im-
aginary quadratic field:

Lemma 1.5. Let k= Q(+/—d) be an imaginary quadratic fieJdvith d # 1 odd.
Then the quotient groug(k,)/E(By) is trivial. Moreover if 2 does not split in KQ,
the groups oR-units £'(By) and £'(k,) are equal. If2 splits in k/Q, the quotient group
E'(kn)/E (By) is infinite cyclic.

If k = Q(i), then the quotient groug(k,)/£(B,) is cyclic of order2"+!, generated
by a primitive2"*2-th root of unity and the quotient groug’(k,)/£’(B,) is isomorphic
to the direct product of(k,)/E(B,) by a group of order2.

Proof. See the proof of Theorem 5 in [1] if 2 ramifieskiQ (the case where 2
is inert is essentially the same), and the proof of Theorerh 2 gplits.

For the case of)(i) see for example Theorem 2 in [1] for the first assertion. The
second one follows easily. O

The following lemma is an easy generalisation of a clasdiael (see [9], The-
orem 10.3 for instance) on capitulation in a CM-extension:

Lemma 1.6. Let K be a CM-field whose maximal real subfield we denote by
K*. Whenever S contains at least one finite place of, Kot lying above2, the (ca-
pitulation) kernel of the natural map &K*) — Ag(K) is trivial. If S is empty then
this capitulation kernel has ordet or 2.

Moreover if no place above? splits in K/K*, then the same holds forgfK*) —
Ag(K).

Proof. The proof is as in th&empty case in [9]. LetM be any modulus built
on S divisible by at least one non-2-place 8K ™). We defineW,,(K) as the set of
roots of unity inK equivalent to 1 mod\, and Wp(K) as the subset of roots of unity
of the form ou/u whereu is a unit in K, and o denotes the non-trivial element of
Gal(K/K ™). Let us consider the map

kerCl(K™) — Cl(K)) = Wa(K)/Wo(K),

defined as follows: given an ideal of K*, prime to S, which capitulates irC¢s(K),
the image of this ideal isa /o, whereaOx = (@), with « = 1 mod M. SinceSis a
set of places inK*, the congruencea = 1 modM holds as well. We deduce that
oca/a =1 modM. We can check that this element is indeed a root of unity, &ad t
this map is injective, as in th&empty case.

Then we notice thatVp(K) containsW,(K)?, and that if S contains one finite
placev lying above an odd prime, the only roots of unity which can be equivalent
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to 1 modulov are thep"-th for n > 0, so thatW((K) C up~, and the square map is
an isomorphism in this group. Then the target of the previoag is trivial. Hence, for
each sufficiently large modulusa, the natural map fron€ (K *) is into Cl,(K),
so the same holds fa?¢s(K*) — Cls(K), and for the 2-Sylow.

The same proof holds when dealing wifki(K*) — Ag(K): the only point to be
modified is that in the definition of

kerCea(K™) — CLM(K)) = Wi (K)/Wo(K),

the idealaOy is to be written asd)p wherep is an ideal above 2. Under the assump-
tion that no place above 2 splits iK/K ™, the idealp is invariant underr, and so is
aOk, henceowa/a is a unit, and a root of unity as in [9] Theorem 10.3. The end of
the proof is the same. ]

2. Computation of lwasawa modules

The main result of this section is the following:

Theorem 2.1. Let k= Q(~/—d) be an imaginary quadratic fieJdvith d an odd
integer. Let D be the set of prime numbers which divideand let S be a set of odd
prime numbers inQ. For any odd prime number ,pet 2 be the largest2-power
dividing o — 1. Take T= 0 or T = Ply(k).

Then thei-invariant of the lwasawa module gka) is:

A& (Ka) = #(SU D)(Boo) + A5 (Boo) — 1 — 36,

whereé$ € {—1, 0, 1, 3. More preciselyif k = Q(i) and S# @ thens§ =0 (§ = -1
if S=0), and if k# Q(i), and T = @ or 2 does not split in kQ, thens = 0. In
the remaining cas€2 splits in k/Q and T = Ply(k)) we only shows € {1, 2} (6 =1
in the S-empty cajeWe recall that the number of places &, above an odd prime
number pe SU D is 273,

Moreover the Z-torsion part of X, (ky) can be computed as

Torz, X (Ks) = Torz, X&(B.),

in the following casesk # Q(i) and (2 is inert in k/Q, or 2 splits in k/Q with T = @,
or 2 ramifies in KQ with T = Ply(k)).

Proof. We first recall the result of Ferrero and Kida (see [bpdrems 4, 5, 6
and [4]), about theS-empty case:
)‘T(koo) = #D(Bx) — 182,

with §; = —1 if k = Q(i), with §, = 1 if T = Ply(k), and 2 splits ink/Q, and with
8, = 0 in the remaining cases.
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We taken sufficiently large so that places i8(B,) are either split or ramified in
kn/B,. We apply Proposition 1.2 for the field®, and k,, and we find the following
exact commutative diagram:

1 1 1
: |
1 ET(Bn) H > AI(B) ———— 1
gs (Bn) veS(By)
Tl l $2
1 ET (kn) 1_[ ({3;()1#»51‘ — ker(A'g(kn) N AT (kn)) N 1
ES (kn) ve(B,)
ET (kn) ¢1 l X\, M
Wé‘g(kn) - UEIS_G[Bn)(Ev) — COker¢1 = COker¢)2 —1
| l
1 1 1

The injectivity of ¢, comes from Lemma 1.6. The injectivity @f; follows from the
snake lemma. Here are some comments on the notations. Tke Tetmust be re-
placed by or by the empty set. The quantidy is O or 1 according whether the place
v ramifies or splits ink,/B,. The dependence on has been omitted from the (pro-
2-completions of) residue class fields, and frgm and ¢,. The vertical map in the
middle is a diagonal embedding at the plaeesvhich split in k,/B,. The group in
first row, third column is obtained from the general formukehich involves a kernel)
because of the triviality ofA(By).
Taking projective limit with respect to the norm maps, we ffirdt:

1— XI(Bao) — ker(XI (k) — X" (k) — lim cokerg, — 1.

Then we see that there is an isomorphisnZgfmodules:

: ! #(S—D)(B~
I(m l_[ (E:)& ~ ZZ( )¢ )_
veS(Bn)

Now, we compute(lrrfT(kn)/(ST(]Bn)Sg(kn)). It is free as a sul#,-module of a free
Zo-module. Ifk # Q(i), and T = @ or 2 does not split ink/Q, these groups are
trivial by Lemma 1.5, hence the projective limit is trivialf T = Ply(k) and 2 splits
in k/Q, the quotient grout’(k,)/E'(By) is infinite cyclic by the same lemma, hence
the quotient grou’(kn)/ (£’ (Bn)E4(kn)) is cyclic of rank at most 1, and the projective
limit is either trivial or isomorphic taz,.

We now focus on the cade= Q(i). The quantities, of the diagram are all equal
to 1 in this case. First, i = @, according to Lemma 1.5, the grod{{B,(i))/E(Bn)



928 L. SALLE

is cyclic generated by a primitive"®2-th root of unity ¢,. We claim that the groups
EBn(1))/(EBr)Es(Bn(i))) are non-trivial fom large enough (still assumirgnon-empty).
Assume the contrary. Then, we can write, for eacht, = €es, with € € £(B,) and
€s € Es(Bn(i)). Taken such that places iis are split inB,(i)/B,, and choose a place
v in §(By), and places; andv, above it inB,(i). Hence, in the residue class fielblg
andb,, of By(i) atv; andv,, we obtaini, = €. Buté is already in the residue class field
b, of B, atv. Thanks to the equalities, = b,, = b,,, it follows that¢, is the same in
b,, and inb,, which is impossible. Therefore, the claim implies that thejgctive limit
Lim EMBn(i))/(E(BR)Es(Bn(i))) is isomorphic taZ, by Z,-freeness.

Again for k = Q(i), take nowT to be the set of places above 2. The quotient
group &'(Bn(i))/E'(By) is the direct product of the cyclic grouf(Bn(i))/E(B,) with
Z/27 according to Lemma 1.5. Hence, the quotient grét®,(i))/(E'(Bn)Es(Bn(i)))
has at most two generators. As above, we can prove the naaiityi of ¢, in this
quotient. Taking projective limit and using the argumentZpffreeness, we conclude
that the projective Iimit(erE’(]Bn(i )/ (E'Br)ESBn(i))) is isomorphic toZ,.

Thus we find an exact sequence Zf-modules:

81 #(S-D)(B) i
1-7Z3} - Z, — Lm cokerg, — 1,

with §; € {0, 1. More precisely, ifk # Q(i) and (T = @ or 2 does not split irk/Q)
then§; = 0, and ifk = Q(i) with S# ¢ then§; =1 (and if S= @, thens; = 0).
Using this in the first exact sequence, we find:

Ag(Koo) = AT (ko) + A5 (Boo) + #(S— D)(Boo) — 61.

The assertion about-invariants follows from this formula and the results of fego
and Kida that we have recalled.

Now we turn our attention to the torsion part. Whenever= 0 the projective
limit Iim cokerg; is free as aZ,-module. Hence the first exact sequence splits into a
direct sum ofZ,-modules:

ker(Xg(ke) = X' (kx)) = Xg(Bw) @ lim cokerps.

Moreover by [1], Theorems 4, 6, if 2 does not ramify kiQ, the lwasawa module
XT (k) is Zo-free, wheneveT = @ or T = Pl(k), and the same holds if 2 ramifies
in k/Q with T = Pl(k). In those cases we find an isomorphismZzfmodules:

X&(Kso) = XT (ko) ® XL (Boo) ® lim coker;.
The assertion on torsion parts in the c&sg Q(i) follows. ]

The group(li_mDs(kn) needs to be known, in particular when 2 ramifieskifQ.
From now on, we exclude the special cdse- Q(i), which demands some other con-
siderations.
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Proposition 2.2. Assume that S and D are non-empty. TH(iﬂn Ds(By) is iso-
morphic toZ,/2°Z, for some integer cand
— If 2is inert in k/Q, then I(@ Ds(kn) ~ Z5/2°Z>.
— If 2 ramifies in KQ, then I(@ Ds(Kn) =~ Zo/2t17Z,.
— If 2 splits in k/Q, then I(@ Ds(kn) ~ Zo & Z2/2°Z5.

Proof. First note that eacbs(B,) is cyclic, generated by the unique ideal above
2 in By. Hence,ﬂnDS(]Bn) is procyclic. Moreover, Gaf,,/Q) acts trivially on this
subgroup ofXs(Bs), then, if (IiLnDS(IBn) were infinite, we would find a quotient of
(Xs(Boo))cal®../@) iSomorphic toZ,, and that would contradict the fact th@ has no
Z3-extensions. Hence there exists some integsuch that(imDs(IBn) >~ Z/2Z.

If 2 does not split ink/Q, thenDs(ky) is cyclic for eachn, generated by the unique
ideal above 2 irk,. If 2 is inert, we obtainDg(B,) = Ds(kn) (using Lemma 1.6), while,
if 2 is ramified, the ideal above 2 is not principal (see [1]mea 10), and, for each,
the map of Lemma 1.6 induces an exact sequence:

1— Ds(B,) — Ds(ky) — Z/2Z — 1.

Taking the projective limit, we obtain the result in thessea

If 2 splits ink/Q, thenDg(k,) admitsD(k,) as a quotient group. Sinc(e_liﬁn(kn) ~
Z, (see [1], Theorem 6), it follows th%t_lirDs(kn) admitsZ, as a quotient group, hence
a direct summand. Moreover, eads(k,) is generated by the two ideatg, and q;,
above 2 ink,. Taking n sufficiently large, so that norm frorr(1_|irﬁs(]Bm) to Dg(By)
is an isomorphism, those ideals are linked kyqf)> = 1 in As(k,), where 2 is the
order of the ideal above 2 ids(B,). Hence, for eac, the groupDs(k,) is a quo-
tient group ofZ & Z/2°Z. Taking inverse limit, we obtain tha:t_lirbs(kn) is isomorphic
to some quotient oz, @ Z/2°Z. Taking the inverse limit in Lemma 1.6, the group
I(im Ds(Bn) = Z/2°Z is a subgroup of(ian(kn), and Proposition 2.2 follows. [

Corollary 2.3. Assume that S is such thats(B..) is trivial and that2 ramifies
in k/Q, with k# Q(i). Then

Xs(kso) =~ Z5° @ Tor,
with:

As=—-1+ Z 2673,
peSUD(Q)

and where the torsion parfor is a cyclic 2-group of order twice that of(im Ds(Bn)
(which is given inProposition 2.5)
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Proof. According to the proof of Theorem 2.1, we find an isgosbim:
s(keo) = X'(ks) & lim cokergpy,

and we see in particular thatg(k.,) must beZ,-free. Hence the torsion part ofs(ks)
must be isomorphic to that O(f_”lﬂs(kn) hence to(imDS(kn) itself according to Prop-

osition 2.2. ]

We are not able to comput¥s(B.,) in general. We will restrict ourselves to char-
acterize the case wheKg(B..) is trivial in the following Proposition 2.4. Note that
much more general results of this kind have been obtainethusummer theory (see
[3], V, Theorem 2.4), from which our proposition can be destlicHowever, we prefer
to give an elementary proof in our situation.

Proposition 2.4. Let S denote a finite set of odd prime number®irand the set
of places above it in eacB,. The groups A(B,) are trivial if and only if S satisfies
one of the following conditions
— S is empty.

— S consists of a single element with p# 1 mod 8
— S consists of two elements, p, such that p=7 mod 8and p = 3, 5 mod 8or
p. =3 mod 8and p =5 mod 8

Proof. According to Lemma 1.1, we only have to give a charazgon of the
cases when the groupg(Q) is trivial. We use Proposition 1.2. In this case, Euler
function for the modulusM, (using notations of the proposition) satisfies:

20(Mo) = [ [ 29 = 2>eesle,

peS

where %» denotes the greatest power of 2 dividipg- 1. We then look at the quotient
group £'/&g which is seen as the subgroup generated by 2 -ahdin ]_[pesk?, (we
recall thatty is the pro-2-completion of the multiplicative grodgy, hence is a cyclic
2-group). In eactt;, —1 is in the subgroup generated by 2 if and only if 2 is non-
trivial. Denote its order by, = 2%. In the product of théf,'s, —1 is in the subgroup
generated by 2 if and only if ath,’s are equal and non-trivial. Let= 0 if this occurs,
andé = 1 if not, and takee = 22 the maximum of the,’s (hencea is the maximum

of the ay's). Then, the order of 2 irf’/&g is e, and the groupt’/Eg, generated by 2
and —1, has order & = 2°*2, Hence, we have:

#A(Q) = 2Xmstomal,
It yields #A5(Q) = 1 if and only if } .k, = a + 6. For eachp € S, the integer

op = 2% divides ¢, hencea, < kp. One easily checks that the only cases where this
equality can hold are (recall that we do not consider the &se0):
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1. S={p}, kp = ap and (this is automatic in this casé)= 0.

2. S={p},kp=ap,+1ands =1

3. S={pwn P2}, § =1=Kkp, andkp, = a = ap, (making a convention on the nu-
merotation of the two primes).

For the first case to hold, it is necessary and sufficient thet 2ot a square irFp,

and we find thatp = 3, 5 mod 8 are convenient for it. To study the second case, first
note that the inequality, < k, implies that 2 is a square if,, so thatp = 1, 7 mod

8. If p=7mod8, thenk, =1, a, = 0 andé = 1, so that the required equality
holds, whereas ifo = 1 mod 8, we havek, > 3 and since eithea, or § is trivial, the
conditions cannot be fulfilled.

We end the proof by the last case. Firstly, the conditign= a,, implies that 2 is
not a square irF,,, hence thatp; = 3, 5 mod 8. Secondly, the conditidg, = 1 reads
as p, = 3,7 mod 8. As seen above, [, = 7 mod 8, thera,, = 0, hences = 1. Thus,
in all the cases withp; = 3, 5 mod 8 andp, = 7 mod 8 the conditions are fulfilled.
We then focus on the casg, = 3 mod 8 (for whicha,, = 1). If p1 = 5 mod 8 then
ap, = 2 # ap, ands = 1, so that the conditions are fulfilled, whereaspif= 3 mod 8,
thenap, = ap, = 1 and the conditions are not fulfilled. O

Now, we compute the whole groups(B,), assuming thas is such thatXg(B.)
is trivial.

Proposition 2.5. If S consists of only one place, mnd p= 3, 7 mod 8then
As(Bp) is trivial for each n. If p= 5 mod 8,then Ag(B,) is cyclic of order2 for
each n. If S consists of two places and p which are respectively congruent ®
and 7 modulo 8 then Ag(B,) is cyclic of order2 for each n while, if p; and p are
respectively congruent t8 and 5 or 5 and 7 modulo 8, then it is cyclic of order4.

Proof. First note that since the groull(By) is trivial for eachn under the as-
sumptions onS, and since there is only one place above 2Bin then the group
As(B,) = Ds(B,) is cyclic for eachn. To compute its cardinality, we consider the for-
mula from Proposition 1.2. SincB is non-empty, the unit-1 cannot be inE((Q), so
[E(@) : £5(Q)] = 2. The cardinality of,¢p(My) is easily computed for each s&twe
consider, and the result of the proposition follows foe= 0. In particular, if S= {p}
with p= 3,7 mod 8, thenAg(Q) is trivial, and so are thé\s(By)’s for all n, according
to Lemma 1.1.

For the remaining cases, we will show thahgfB;) = #As(Q), in order to apply
Lemma 1.1. The computations are therefore done in the fiygr laf the cyclotomic
Z,-extension ofQ, namelyB; = Q(+/2). We apply Proposition 1.2 in that field. As-
sume first thatS = {p}, with p = 5 mod 8. We find (M) = 8. The groupE(B;)
is generated by-1 and 1— +/2, and the quotient group b((B1) can be seen as a
subgroup of the multiplicative group of the fielt}.. The greatest 2-power dividing the

order of this latter group is 8. It suffices to show that ¥/2 admits a square root but
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not a fourth root in this group: it follows that the greatesiver of 2 dividing its order
is 4, so that the quotient grou(B)/E((B,) is generated by 4 +/2, and the 2-part
of its order is 4, hence that the order AE(B,) is 2, which concludes the proof accord-
ing to Lemma 1.1. The square root of-1v/2 in Fpz is —1/v/1+1 + (VI +1/2)V/2,
wherei is the primitive fourth root of unity inlF, such that 2 has odd order (ensur-
ing that the square root of +i exists inFp, because (¥ i)? = 2i). A square root
a+b+v2 (witha, be Fp) of that element would be such that:

1
JIFT
V141

5

a? 4 2b% = —

2ab =

These equations lead to:

N b2 +1—|—i
21 +i 32

The discriminant of the underlying quadratic equation ig2§{(1 —i)/2)>. Since 2 is
not a square irfF,, there is no solution to the above equationFiy and we are done.

Now, assume tha§(Q) contains two primeg; and p,. The following table gives
the values of the quantities that appear in the formula/Ag(B:), in the three cases
for the congruence op; and p, modulo 8. The proposition follows from the cardinal-
ities of the groups in the first and in the last columns, andnfieemma 1.1. The two
columns in the middle give the 2-part of the quotient groupthef units by the units
which are congruent to 1 modulo, respectively, the primesvalp; and the primes
above p,. Proofs for the values in this table are to be found below:

b* =0.

p1, P> mod 8 | »p(M)  E/Epy E/Ep £/Es
3,5 64  7/8Z Z/4Z Z/8Z & Z/2Z
3,7 32  Z/8Z Z/2ZLSLJ/2L T/SZ&L/2Z
5, 7 32 Z/AL ZJ2LSLJ2L L)AL & L/2Z

The values in the three first columns in the table are compagedollows: the first
column is simply given by decomposition rules#/Q; the cardinality of the groups

in the second and third columns are consequences of thesviduad for As(B;) when
S(Q) contains only one prime. Whenever the group is cyclic, ines from the fact
that it can be seen as a subgroup of the multiplicative grdupome finite field (as
above in the caseSt= 1 and p = 1 mod 8); in that case, it is generated by the class of
1—+/2. The last two entries in the third columpy(= 7 mod 8) are deduced from the
fact that the group is seen as a subgrougFpfx ¥y, whose 2-part iZ/2Z x Z/2Z.

In each case, the grouf/Ex¢ admits bothE/E, and £/&,, as a quotient group. It
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is generated by + +/2 and—1. Now, the order of 1- /2 is easily checked to be
respectively 8, 8 and 4 in the three cases correspondingetohtiee lines in the table.
Then the groups in the two last entries of the fourth columa @educed from the
non-cyclicity in the third column. For the remaining entifirgt line, fourth column),
it only needs to be noticed thatl cannot be in the subgroup generated by /2
because no odd power of ﬂﬁ)zk, for any k, can be congruent te-1 modulo both
p1 and p,, since the groups in the second and third columns of the fitrst do not
have the same order. O

Corollary 2.6. The cases with S and D non-empgnd disjoinf with trivial
X5(Boo), and As(ks) = 1, are:
— D= {p} with p=3 mod 8and S= {q} with g =3 mod 8 In this case %(ky) >~
Zo.
— D= {p} with p=5mod 8and S= {q} with g= 3 mod 8 In this case %¥(k) >~
Zo, ®Z)27.
— D= {p} with p=3 mod 8and S= {q} with g=5 mod 8 In this case %(k) >~
Z, ®Z)27.
— D= {p} with p=5mod 8and S= {q} with g =5 mod 8 In this case %(k) >~
Z,®Z/AL.

Proof. The triviality of Xg(Bo,) implies thatXs(B) has trivial Z,-rank according
to Proposition 2.5. Then the formula of Theorem 2.1 becorfasT = @:

As(kx) = #(SU D)(Boc) — 1.

Thus, we must find all the cases wher&#(D)(B.,) = 2. Since we are only interested

in the cases wher& and D are non-empty, we see that each one must consist of a
single prime number congruent to 3 or 5 modulo 8. In the dase {p} with p =

3 mod 8, the structure 0Kg(ky,,) comes from Theorem 2.1 and Proposition 2.5. In the
caseD = {p} with p =5 mod 8, use Corollary 2.3 for the torsion part. O]

3. Computations of Galois groups

3.1. Presentation of Galois groups ovek,,. Let us recall our main theorem:

Theorem. Let p and q be two prime numbers respectively congruerk s;md
3 modulo 8, and put S= {q}. Let k be the imaginary quadratic fiel@(,/~p), and
G = Gal(LT(kx)/Kx) the Galois group of the maximal S-ramified Feextension of
k. ThenG has rank2 and admits as a presentation

(a, b |[a, b]a?).

The same holds if we assume=p3 mod 8and q= 5 mod 8
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The proof is almost the same in the two cases. According tol@oy 2.6, the
abelianization ofG is G2 = Xg(ks) ~ Z» @ Z/2Z. Moreover, theZ,-quotient of
Xs(kx) is X5(kso). In each case, we introduce the following extensions:

k=Q(/=p)

T

Q —K =Q(/=p9 — K =Q(/=p, /O

/

K* =Q(/a)

For eachn, the extensiorK, /k, is S-ramified and 2-split. Hence, the extensidn, /Ky

is the subextension dfy(k) fixed by the subgroup Rg(k.) of Xg(Ks) >~ Z,. Since
L's(kxo)/ks is procyclic, it is the maximab-ramified 2-split pro-2-extension &d. The
equality L'5(ks) = L's(Ks) follows, henceXg(Ky) >~ Z, as aZjy-module. Moreover,
we have the proposition:

Proposition 3.1. We have the equality Y(K,) = Lg(kx), and the S-ramified
Iwasawa module over K satisfies X%(K,) ~ Zg, where one direct summand isfK ).

Proof. The first assertion has already been proved. Con#igeexact sequences
for all n:

1 — Dg(Kn) = As(Kn) = Ag(Kn) — 1,
which give, by taking the projective limit:

1— I(m Ds(Kn) = Xs(Kao) = Xs(Koo) = 1.

Since X4(K«) is free as aZ,-module, there is an isomorphism:
~ U i
XS(Koo) — XS(Koo) 2] l(m DS(Kn)

It remains to show thaunDS(Kn) is infinite and procyclic.

First we focus on the casp = 5 mod 8 andg = 3 mod 8. Consider the exten-
sionk;,/B,. The prime 2 splits in this extension. Then, by the genus @dan{Propos-
ition 1.3), and Proposition 2.4, the growd(k;,) is trivial for eachn, henceXs(kl,) =
I(im Ds(k;,) holds. According to Propositions 2.2, 2.4 and 2.5, the gsoDg(k)) are
cyclic and their inverse limit is isomorphic t8,. Then, the compositunhs(k,) . Ko
is an infinite procyclicS-ramified pro-2-extension oK., and the two primes above 2
in K, do not split in that extension. It is linearly disjoint froing(Ko.)/Koo.
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Now, we apply Proposition 1.3 in the extensi#y /B,. The groupsAs(Bn) are
trivial in this special case, and the only ramified placeKifi /B, which is not inS is
the place above 2. Hence, using Lemma 1A4(K ") is trivial. Let us writep, ; and
pn» for the places above 2 i,. The productp, ip,, is trivial in Ag(K;), hence
in As(Ky) (the unique place inS(K) is unramified inK,/K;, so any S-principal
generator inK is still S-principal in Ky). It follows that the subgroups(K,) gen-
erated by the places above 2 is cyclic. Her(wc_em'gﬁKn) is procyclic, and it is infinite
because of the extensidng(k’,) . Koo/Kxo.

In the casep = 3 mod 8 andy = 5 mod 8, some of the arguments need to be slightly
adapted. The modulXs(kl,) is now isomorphic taZ, @ Z/2Z, according to Propos-
itions 2.2, 2.4 and 2.5. In order to exhibit an infinite prdiycS-ramified 2-extension
of K in which the primes above 2 do not split, one must replagé’.) . K, by the
compositum ofK, with the unique infinite procycli-ramified pro-2-extension df.
The triviality of Ag(K;) comes from the fact that the field" is the maximalS-ramified
2-extension of,. ]

Let us now state a group theoretical proposition, whosefpran be found in [7],
Section 3.2 (but the result is not explicitly stated there):

Proposition 3.2. Let G be a metabelian pra-group, whose abelianization &
is isomorphic to GpZ/2Z, with C ~ Z,. Denote by H the subgroup of G of ind2x
such that HG, ~ 2C®Z/2Z. If H has rank2, then G is metacyclic. More precisely
there is a short exact sequence

1-N—-G—-C-—1,
where N is a procyclic subgroup of H such that/N ~ 2C.

In our setting, the field extensions associated to thesepgroull be as follows
(here L(SZ)(koo) denotes the maximal metabelian subextensioh ${k.) over ky,, and
we will prove the equalityl_(sz)(koo) = LT (kx)):

LO(kso) = L2 (Kso)

L s(kKx)

7./27

L's(ke)

2C~27;

CZZZ

We want to apply Proposition 3.2 6 = GaI(L(SZ)(kOO)/koo), which is the maximal met-
abelian quotient of = Gal(L ¥ (Kx)/Kx)- We recall that there is an isomorphigai® =
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G2 ~ 7, @ 7/2Z, according to Corollary 2.6. Then, taked = GaI(L(SZ)(koo)/Koo),

its abelianization is Gal(s(Ks)/Ks) Which has rank 2 according to Proposition 3.1.
Hence, the assumptions of Proposition 3.2 are satisified Lég?(koo) is a procyclic
pro-2-extension ofLg(ky). Since Ls(Ky) is itself an infinite procyclic extension of
L's(k~) (Proposition 3.1), we deduce the equallty(K..) = L? (k). Finally, since
L(Sz)(koo)/Ls(koo) is procyclic, we deduce that it is the maxing&Famified pro-2-extension
of ks, and thatg = G.

The groupg is a pro-2-group of rank 2 whose abelianizationXg(k-) >~ Z, &
Z/27. Let us denote by, b € G a system of representatives of generatorsXgfks,),
such thatb € Xs(ks) generates the summant(k-,) ~ Z,, anda generates the sum-
mand Z/2Z. By restriction, the elemerlb can be seen as a generator of the Galois
group GalK/ks) for eachn, so it acts on the ideal, ; by sending it onp, , (these
are the two ideals above 2 K, according to the notations of Proposition 3.1). These
ideals are each other inverses Ag(K,), and generat®s(K,), so b acts by inversion
on Dg(K,). Taking the projective limit, we find that acts by inversion ora. In the
group G the following relation is satisfied:

[a, bla? = 1.

The following lemma will enable us to prove that this is thelyorelation of the
group G:

Lemma 3.3. LetG be a(pro-p-)group admitting as a system of generatorzand
assume that these generators satisfy the reldiéo]a? = 1. Then the derived groug»
is included in the closed subgroup generated by a. It is irtipalar (pro)cyclic.

Proof. By recursion on the minimal number of letters (amandp, a—* andb™?)
needed to writeu, it is easily shown that each element of the form‘au is in the
closed subgroup generated &y Therefore, this subgroup is normal. The derived group
G, is the smallest closed normal subgroupfcontaining B, b], and that element is
in the subgroup generated lay hence the lemma follows. [l

We are now in position to conclude the proof of Theorem 1. Letdenote by
F the free pro-2-group on two generatasand b, and R its subgroup generated by
[a, b]a?. Its abelianization is easily seen to be isomorphicZio® Z/2Z. There is a
surjection /R — G, and we deduce from it a commutative diagram:

1—— (F/R)2 F/R (F/R)*® ——1

|

1 92 g (G 1
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The third vertical arrow is a surjection, between two groigmmorphic toZ, & Z/2Z,

hence it is an isomorphism. It follows that the first vertieatow is also surjective.
According to Lemma 3.3, and previous results @nthe groups F/R), and G, are

both procyclic, hence the first vertical arrow is an isomaph It follows that the
map F/R — G is actually an isomorphism, which finishes the proof of Tleeorl.

Corollary 3.4. The cohomological dimension ¢f is 2. That of Gal(L ¥ (Kx)/K)
is 3.

Proof. These assertions are consequences of Propositiam [32 []

3.2. Presentations of Galois groups ovek,. Our aim here is to compute the
Galois groups of ray class field towers above ekgl{see Theorems 3.8 and 3.11 be-
low). The two casek = Q(,/—p) and S = {q} with respectivelyp = 5 mod 8 and
g =3 mod 8, andp = 3 mod 8 andy = 5 mod 8 are again only slightly different. First
we prove Theorem 3.8, assuming that Q(,/—p) and S= {q} with:

p=5mod8, g=3modS8, (ap)z—l.

We introduce the following notations:

Ko = k(i) F=Ki K
Ks = k(y/=0)
k=Q(,/=p) K1 = k({/Q)

Proposition 3.5. Assume that the Legendre symb{@l) is —1. Then the Galois
group Gal(LZ(k)/K) is isomorphic to the quaternionic grou@s.

Proof. First, we collect some lemmas:

Lemma 3.6. There are isomorphisms (KW ~ Z/2Z and As(k) ~ Z/2Z & Z/2Z.
The Hilbert 2-class field of k is K and its ray2-class field associated to the prime
g is F.

Proof. We know thatA(k) ~ D(k) ~ Z/2Z by Lemma 10 and Theorem 5 in [1]
and we obtainDg(k) ~ Z/2Z by Propositions 2.2, 2.4 and 2.5. Sinkg is an unrami-
fied 2-extension ok, it is the Hilbert 2-class field ok. Then we apply Proposition 1.2
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in k: sinceq splits ink, the value of,¢(M) is 4, and sinceE(k) is generated by-1,
which is not congruent to 1 moduld1, we deduce that As(k) = 4. SinceF is a
Sramified Z/2Z & Z/2Z-extension ofk, it is its g-ray 2-class field. ]

Lemma 3.7. The group A(Q(,/p)) is trivial, and the groups AK3) and As(K3)
are cyclic.

Proof. The first assertion follows easily from the genus fadamin the extension
Q(/P)/Q, sincep is the only ramified prime in this extension. Then we use theuge
formula (Proposition 1.3) irK,/Q(,/p):

8
A __
#As(K2)™ = 2. [Es(Q(yP) : Es(Q(yP) N Niyo(ym Tk,

where the 8 in the numerator comes from the 3 places (the @hoge 2 and the
two real places) which ramifiy in this extension. We use Psim 1.2 in Q(,/P).
The groupsA(Q(,/p)) and As(Q(,/p)) are trivial, andq is inert in Q(,/p)/Q, hence
2¢(M) = 8. We deduce that the quotient grodpEs(Q(,/P)) is cyclic of order 8.
Given €, —1) a system of generators &f, linear algebra shows that the subgroups
of £ which give such a quotient are those generated-b§ and (1, €%). The second
possibility has to be excluded sineel cannot lie in€s. Then&s is generated by-¢*.
This element cannot be a norm froky, sincee? is so and—1 is not. It follows that:

#Ag(K2)™ = 2,

and we conclude thaf\s(K;) is cyclic with Lemma 1.4.

Finally, the maximal 2-splitSramified (abelian) 2-extension d&f is a quadratic
extension according to Lemma 3.6. Sinkg has those properties, it is that exten-
sion. We deduce thaf(K3) is trivial. Hence Ag(K1) >~ Dg(Ky) is cyclic, according
to Proposition 3.1. O

It turns out from Lemma 3.6 that Gal§(k)/k) has its abelianization isomorphic
to 2/27Z & Z/2Z. A table of maximal subgroups of such 2-groups is given for in
stance in [6] (Table 1, see there also for references). Ounnh& 3.7 together with
this table ensures that the Galois group Ggl(k)/K) is either abelian or isomorphic
to the quaternionic group.

To conclude the proof, we will show that the ideal abgvi k does notS-capitulate
in K1, using Theorem 1 in [5] (whose adaptation to the case of ragsclield towers is
immediate). That ideal ik is generated by/—p. Denoting byq; andgq, the prime ideals
aboveq in k, there is a rational integersuch that,/—p =r modq, and,/—p = —r mod
qp. It follows that no odd power of /~p can be congruent to 1 modutp The ideal
generated by/—p admits another generator, namely/—p, and the same holds for this
generator. Thus, that ideal is not trivial Ag(k).
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We claim that the 2-part oE(K,)/EA(K1) has order 2 as well, hence is still gener-
ated by—1. Thus the same argument holdsKn. Let us conclude the proof of Propos-
ition 3.5 by proving the claimK1/Q(.,/q) is aC M-extension, hence, by Theorem 4.12
in [9], the index [E(K1) : E(Q(,/T))] is 1 or 2. Moreover, this index can not be 2 be-
cause the extension is ramified in the place abpyédence is not of the fornK; =
Q(/P)(€) with € a unit. It follows thatE(K;) = E(Q(,/0)), hencef(K,)/Es(K1) =
£(Q(/9))/Es(Q(/T)). Applying the exact sequence of Proposition 1.2Q(,/q), we
find a monomorphism frong(Q(,/7))/Es(Q(,/T)) to HveS(Q(\/a)) ¢, and this group is
isomorphic toZ/2Z in our case. Henc&(K1)/Es(K1) >~ Z/2Z and we are done. []

Theorem 3.8. Under the assumptions oProposition 3.5,for each n> 0, the
group G, = Gal(Lg (k.)/kn) admits as a presentation

(a, b | az[a, b], a2n+2’ azn+1b72n+1w”),

where w, is some power o2. Moreovey wo = 1, and if the constant term g of the
lwasawa polynomial of ¥k..) satisfies G = 2 mod 8,then w, = 1 for all n.

Proof. Recall that the group Galf(kw)/k~) admits as a presentatiofa, b |
a’[a, b]). Each groupg, can be viewed as a quotient group of the former, according to
the isomorphisnG, >~ Gal(L % (kn) . ks /Kx). Moreover, Fy, is contained inLZ (k) . ks
(this follows from the proof of Proposition 3.5), and it isetHixed field of the sub-
group of G generated bya? and b?. This field admits three quadratic extensions, fixed
respectively by(a®, b?), (a2, b*) and (a* a?b?), and their Galois group ovét,, are re-
spectively dihedral, abelian and quaternionic of order BusTwe have the presentation:

Go ~ (a, b | a’[a, b], a*, a%b?).
Now, denote byH = Xs(Ki1.) the abelian subgroup of generated bya and b?,

whose fixed field isK; . It admits an Iwasawa module structure. There is an exact
sequence:

1— (a) > H = Xg(keo) = Gal(K1,00/keo) — 1.

Denote byP(T) the Iwasawa polynomial of the Iwasawa modXg(k.). It has degree
one, hence it can be writteh + Cy for someC,.

Lemma 3.9. Co=2mod 4

Proof. It is completely analogous to Lemma 4.4 in [7]. On thee dvand, the
Iwasawa moduleXg(k.) is isomorphic toA/P(T)A, and on the other hand its quo-
tient by T is isomorphic to Ag(k) (by Lemma 13.15 in [9], since there is only one
prime above 2 irk). The latter is isomorphic t&/2Z, hence there is an isomorphism
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A/(T, P(T)A ~ z/27, and it proves that the constant coeffici€ of P is congru-
ent to 2 modulo 4. O

There is a trivial action of some generatore I on the ideal above 2 in each layer
K1 of the cyclotomic extension oK;. Taking the limit, it yields a trivial action on
a, hence the subgroufa) of H can be made isomorphic ta/T A, by the canonical
identification betweery and T — 1. Then, sinceT } P(T) according to Lemma 3.9,
the exact sequence involving and Xg(k.) gives a pseudo-isomorphism, with triv-
ial kernel:

H ~ A/T P(T)A.

Through this map, the elemeatcan be identified withP(T), andb? with T, since it
generates the image ¢ in X5(ke) ~ A/P(T)A.

It is a classical fact of lwasawa theory (see [9], Lemma 1Bibat the groups
Gal(Ls(K100)/Ls(K1in) . kx) can be computed as(T)Yo, with:

Q+7)¥ -1
T
Yo = Gal(L s(K100)/Ls(K1,0) - kes) = (a*, a%b?).

vn(T) =

The polynomialv,(T) admits the expansion"2+ 2"-1(2" — 1)T + o(T), with o(T) a
polynomial such thaff? | o(T), for eachn > 1. Then, there are relations:

va(T) = X P(T) + yo T mod T P(T),

where x, = 2" 1u and y, = 2"v,, With u = 2/Cq € Z35 (according to the previous
lemma), andv, = 2" — 1 — u. Using those notations, a direct computation yields:

Un(T)Yo — <a4XnCO, aZXnCOb—ynCD> — (a2n+2, a2n+1b_2n+1wn),

where wy, is the greatest 2-power dividing,. The last assertion follows from, =
2"—1—u. ]

Now we turn our attention to Theorem 3.11. We take row Q(./—p) and S =
{q} with:

p=5mod8, g=3modS§, (Ep):_l'

We recall thatk = k(,/q). There is no analogous to the fiel#s and K3 here, and
the Proposition 3.5 must be replaced by:
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Lemma 3.10. Under the assumptions above. The maximal S-ram#iegtension
of k is a cyclic extension of degrekwhich contains K. The primes abo have
inertia degree2 in this extension.

Proof. It follows from Theorem 2.1, and Propositions 2.2 &6l that the groups
D(k) and A'(k) are trivial. Hence, the group\(k) is trivial as well. By the same prop-
ositions, the grouDs(k) is cyclic of order 2.

By Proposition 1.2, the groups(k) is then cyclic, as a quotient group Efves(k) t,,
provided thatS(k) contains only one place, and this is true in the two casemk to
the assumptior(ap) = —1 in the first case). The same proposition gives the cardjnali
of As(k), which turns to be 4. L]

The field LY (K) . kw is thus a cyclic extension of degree 4 lof, and it contains
K- The latter admits three distinct quadratic extensiondgchviare fixed respectively
by (a, b%), (a2, b?) and (a2 ab?). The first is 2-split ovelk,,, the second one is not
cyclic over that field. Hence we find:

Yo = Gal(Ls(Kao)/LE(K) . Kee) = (a2, ab?).
By the same computation as before, we have,rfor 1:
Gal(Ls(Koo)/LS (Kn) - ko) = vn(T)Yo = (@2, @ %),

Lemma 3.9 also holds in this case, and the theorem follows.

Theorem 3.11. Assume that p= 3 mod 8and S= {q} with g = 5 mod 8 and
(ﬁp) = —1. For each n> 1, the groupG, = Gal(L¥(k,)/ks) admits as a presentation

(a,b|a?a, b], a2, a?'b 2",

where wy, is some power oR. Moreovey wy = 1, and if the constant term of the
lwasawa polynomial of Xk.) satisfies G = 2 mod 8,then w, = 1 for all n.
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