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Chapter 1

Introduction

In this thesis, we aim at improving structure-preserving schemes for problems un-
der boundary conditions, including time derivatives, which are called dynamic bound-
ary conditions. Thus, we have worked on the design and the analysis of structure-
preserving schemes for the Allen–Cahn equation and the Cahn–Hilliard equation, clas-
sified as parabolic partial differential ones. For each target problem, we have designed
appropriate structure-preserving schemes and have obtained the theoretical results, i.e.,
the L∞-boundedness, the solvability, and the error estimate of the schemes. We have es-
pecially obtained the result of improving the spatial accuracy of the structure-preserving
schemes for the problems under dynamic boundary conditions.

Recently, initial-boundary-value problems of partial differential equations with dy-
namic boundary conditions are actively studied mainly by the European research team
[9, 12–21, 33–35, 39, 42, 46–49, 54, 55, 58]. It is often difficult to solve complicated partial
differential equations describing nonlinear phenomena analytically. Thus, the numerical
analysis, which solves them numerically, is important. In the numerical analysis for par-
tial differential equations, we discretize the equations, which are continuous systems, and
replace them with discrete systems based on discrete approximations (henceforth called
schemes), which are then solved. Although numerical computations for partial differen-
tial equations are not simple, structure-preserving numerical methods are expected to
be effective for difficult problems to solve numerically, such as the Cahn–Hilliard equa-
tion [8], which describes phase separation phenomena. Throughout this thesis, structure-
preserving means that the scheme inherits the conservative property such as mass con-
servation or the dissipative property such as energy dissipation. In fact, Furihata and
Matsuo have designed a structure-preserving scheme for the above equation with the
Neumann boundary condition using the discrete variational derivative method (DVDM),
the structure-preserving numerical method developed by Furihata and Matsuo, and the
scheme has realized the fast and stable computation [29–31]. We remark that the his-
tory of numerical computation of problems with dynamic boundary conditions is short
and that, in particular, there are almost no results of structure-preserving schemes for
the problems with dynamic boundary conditions. Actually, in [28], Fukao, Yoshikawa,
and Wada proposed a structure-preserving scheme based on DVDM for the following
one-dimensional Cahn–Hilliard equation:

{

∂tu = ∂2
xp in (0, L)× (0,∞),

p = −γ∂2
xu+ F ′(u) in (0, L)× (0,∞),

under the dynamic boundary condition and the Neumann boundary condition:
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{

∂tu(0, t) = ∂xu(x, t)|x=0 , ∂tu(L, t) = − ∂xu(x, t)|x=L in (0,∞),

∂xp(x, t)|x=0 = ∂xp(x, t)|x=L = 0 in (0,∞).

Their proposed scheme inherits mass conservation law and energy dissipation law from
the original problem. However, they use a forward difference as an approximation of an
outward normal derivative on the boundary, and as a result, the scheme is only first-order
accurate in space. Thus, we aim to improve structure-preserving schemes for the prob-
lems with dynamic boundary conditions and start with the Allen–Cahn equation [1] that
is easier to handle than the Cahn–Hilliard equation. First, to understand the idea of de-
signing a structure-preserving scheme by DVDM, we have designed a structure-preserving
scheme for the Allen–Cahn equation with a non-local term proposed by Rubinstein and
Sternberg [56] under the Neumann boundary condition. Next, based on the above idea of
designing the structure-preserving scheme, by improving the discretization of energy and a
summation-by-parts formula, which are important in DVDM, we have designed structure-
preserving schemes for the Allen–Cahn equation and the Cahn–Hilliard equation under
dynamic boundary conditions, which approximate the boundary conditions by a standard
central difference. Moreover, we have obtained the desired results to improve the spatial
accuracy by approximating the boundary conditions with the central difference.

The rest of this thesis proceeds as follows. In Chapter 2, we introduce the basic
notations, known facts, commonly used formulas. In Chapters 3–5, we propose structure-
preserving schemes for the target problems and obtain the theoretical results, i.e., the
L∞-boundedness, the solvability, and the error estimate for each of the proposed schemes.

In Chapter 3, we study a non-local Allen–Cahn equation [56]. Our proposed scheme
inherits the mass conservation and the energy dissipation from the original equation.
Furthermore, regarding the error estimate, we did not find any previous studies that
gave rigorous proof of this, and related previous studies have only confirmed numerically
[41, 43, 69]. On the other hand, we have rigorously proved that our scheme is second-
order accurate in space and time, respectively. The contents of this chapter have been
published under the title “A stable and structure-preserving scheme for a non-local Allen–
Cahn equation” on pages 1245–1281 of volume 35, number 3 of the journal “Japan Journal
of Industrial and Applied Mathematics,” DOI: 10.1007/s13160-018-0326-8 [51].

In Chapter 4, we study the Allen–Cahn equation with a dynamic boundary condi-
tion. By modifying the discretization of energy and the summation-by-parts formula,
which are important in DVDM, we design a structure-preserving scheme for the prob-
lem and use a central difference as an approximation of an outward normal derivative
on the boundary. In the previous results [29, 31], to show the solvability of the discrete
variational derivative scheme, Furihata imposed the assumption that we need to take a
sufficiently small time mesh size depending on the space mesh size. Whereas, in our
study, we show it under only the smallness assumption of the time mesh size without any
space mesh size restriction by using the energy method [28, 67, 68]. Besides, we prove
that our scheme is second-order accurate in space and time, respectively. The results
in this chapter are based on joint research with Daisuke Furihata. Moreover, the con-
tents of this chapter have been published under the title “A structure-preserving scheme
for the Allen–Cahn equation with a dynamic boundary condition” on pages 4927–4960
of volume 40, number 8 of the journal “Discrete and Continuous Dynamical Systems,”
DOI: 10.3934/dcds.2020206 [52]. This is a pre-copy-editing, author-produced PDF of an
article accepted for publication in “Discrete and Continuous Dynamical Systems” fol-
lowing peer review. The definitive publisher-authenticated version “M. Okumura and
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D. Furihata, A structure-preserving scheme for the Allen–Cahn equation with a dynamic
boundary condition, Discrete Contin. Dyn. Syst., 40 (2020), 4927–4960” is available online
at: https://www.aimsciences.org/journal/1078-0947/2020/40/8.

In Chapter 5, we study the Cahn–Hilliard equation with a dynamic boundary condi-
tion. Similarly to the way of designing the scheme for the Allen–Cahn equation with a
dynamic boundary condition, we also design a structure-preserving one, which approxi-
mates an outward normal derivative on the boundary by a central difference for the target
problem. Although we need to show the regularity of some matrix in the proof of the
solvability, Fukao et al. did not even touch it in [28]. In contrast, we show the regu-
larity of the matrix using the fact that we can decompose a quintuple diagonal matrix
that constitutes the matrix into a product of two triple diagonal matrices. Moreover, we
show that our proposed scheme is second-order accurate in space, although the previous
structure-preserving one by Fukao et al. is first-order accurate [28]. This chapter con-
tains the results of the preprint [53]. Moreover, the contents of this chapter have been
published under the title “A second-order accurate structure-preserving scheme for the
Cahn–Hilliard equation with a dynamic boundary condition” on pages 355–392 of vol-
ume 21, number 2 of the journal “Communications on Pure and Applied Analysis,” DOI:
10.3934/cpaa.2021181. Also, this is a pre-copy-editing, author-produced PDF of an article
accepted for publication in “Communications on Pure and Applied Analysis” following
peer review. The definitive publisher-authenticated version “M. Okumura T. Fukao, D.
Furihata, and S. Yoshikawa, A second-order accurate structure-preserving scheme for the
Cahn–Hilliard equation with a dynamic boundary condition, Commun. Pure Appl. Anal.,
21 (2022), 355–392” is available online at: https://www.aimsciences.org/journal/1534-
0392/2022/21/2. Additionally, the results in this chapter are based on joint research with
Takeshi Fukao, Daisuke Furihata, and Shuji Yoshikawa.

In the last chapter (Chapter 6), we provide a summary of the results obtained in this
thesis.
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Chapter 2

Preliminaries

In this thesis, we consider problems in the case of one-dimensional space. That is, we
consider the domain [0, L], where L > 0 be the length of the one-dimensional material.
We fix a natural number K. Let ∆x be a space mesh size, i.e., ∆x := L/K, and let ∆t
be a time mesh size. Firstly, we define basic operators to be used from now on.

Definition 2.1 (Shift operators). We define shift operators s+k , s
−
k concerning subscript

k by
s+k fk := fk+1, s−k fk := fk−1

for all {fk}K+s
k=−s ∈ R

K+1+2s, where s ∈ N ∪ {0}.

Definition 2.2 (Average operators). We define average operators µ+
k , µ−

k concerning
subscript k by

µ+
k fk :=

fk + fk+1

2
, µ−

k fk :=
fk + fk−1

2

for all {fk}K+s
k=−s ∈ R

K+1+2s, where s ∈ N ∪ {0}.

Definition 2.3 (Difference operators). Let us define the difference operators δ+k , δ
−
k , δ

⟨1⟩
k ,

and δ
⟨2⟩
k concerning subscript k by

δ+k fk :=
fk+1 − fk

∆x
, δ−k fk :=

fk − fk−1

∆x
,

δ
⟨1⟩
k fk :=

fk+1 − fk−1

2∆x
, δ

⟨2⟩
k fk :=

fk+1 − 2fk + fk−1

(∆x)2

for all {fk}K+s
k=−s ∈ R

K+1+2s, where s ∈ N∪{0}. Similarly, we define the difference operator
δ+n corresponding superscript (n) by

δ+n f
(n) :=

f (n+1) − f (n)

∆t
.

Definition 2.4 (Summation operator). As a discretization of the integral, we define the
summation operator

∑K
k=0

′′: RK+1+2s → R by

K
∑

k=0

′′fk :=
1

2
f0 +

K−1
∑

k=1

fk +
1

2
fK for all {fk}K+s

k=−s ∈ R
K+1+2s, where s ∈ N ∪ {0}.

4



For later use, we next define the difference quotient.

Definition 2.5 (Difference quotient). Let Ω be a domain in R. For a function F ∈ C1(Ω)
and ξ, η ∈ Ω, we define the difference quotient dF/d(ξ, η) of F at (ξ, η) by

dF

d(ξ, η)
:=







F (ξ)− F (η)

ξ − η
(ξ 6= η),

F ′(η) (ξ = η).

Definition 2.6. Let Ω be a domain in R. For a function F ∈ C2(Ω), let us define F̄ ′′:
Ω4 → R by

F̄ ′′(ξ, ξ̃; η, η̃) :=



















1

ξ − ξ̃

{(

dF

d(ξ, η)
+

dF

d(ξ, η̃)

)

−
(

dF

d(ξ̃, η)
+

dF

d(ξ̃, η̃)

)}

, (ξ 6= ξ̃),

∂ξ

(

dF

d(ξ, η)
+

dF

d(ξ, η̃)

)∣

∣

∣

∣

ξ=ξ̃

, (ξ = ξ̃)

for all (ξ, ξ̃, η, η̃) ∈ Ω4.

We also define the discrete Lebesgue norm, the discrete Dirichlet semi-norm, and the
discrete Sobolev norm.

Definition 2.7 (Discrete norms). We define the discrete L∞-norm ‖·‖L∞
d
and the discrete

L2-norm ‖ · ‖L2
d
by

‖f‖L∞
d
:= max

0≤k≤K
|fk|, ‖f‖L2

d
:=

√

√

√

√

K
∑

k=0

′′|fk|2∆x

for all f = {fk}Kk=0 ∈ R
K+1. Furthermore, for all f = {fk}Kk=0 ∈ R

K+1, we define the
discrete Dirichlet semi-norm ‖Df‖ of f by

‖Df‖ :=

√

√

√

√

K−1
∑

k=0

|δ+k fk|2∆x,

where Df is denoted by Df := {δ+k fk}K−1
k=0 ∈ R

K . Also, define the discrete Sobolev norm
‖ · ‖H̃1

d
by

‖f‖H̃1
d
:=
√

‖f‖2
L2
d
+ ‖Df‖2 for all {fk}Kk=0 ∈ R

K+1.

Moreover, we describe propositions we will frequently use later.

Proposition 2.1. The following equality holds:

1

2

(

K−1
∑

k=0

fk∆x+
K
∑

k=1

fk∆x

)

=
K
∑

k=0

′′fk∆x for all {fk}Kk=0 ∈ R
K+1.

Proof. For all {fk}Kk=0 ∈ R
K+1, we have from the direct calculation that

1

2

(

K−1
∑

k=0

fk∆x+
K
∑

k=1

fk∆x

)

=
1

2
f0∆x+

K−1
∑

k=1

fk∆x+
1

2
fK∆x =

K
∑

k=0

′′fk∆x.

5



Since proofs of the following lemmas can be found in [31], we omit them.

Proposition 2.2 (Summation of a difference [31, Propositon 3.1]). Let us denote fK −f0
by [fk]

K
0 . The following fundamental formula holds:

K
∑

k=0

′′δ
⟨2⟩
k fk∆x =

[

δ
⟨1⟩
k fk

]K

0
for all {fk}K+1

k=−1 ∈ R
K+3.

Proposition 2.3 (Second-order summation by parts formula [31, Propositon 3.3]). The
following summation by parts formula holds:

K
∑

k=0

′′
(

δ+k fk
) (

δ+k gk
)

+
(

δ−k fk
) (

δ−k gk
)

2
∆x = −

K
∑

k=0

′′
(

δ
⟨2⟩
k fk

)

gk∆x

+

[

(

δ+k fk
) (

µ+
k gk
)

+
(

δ−k fk
) (

µ−
k gk
)

2

]K

0

for all {fk}K+1
k=−1, {gk}K+1

k=−1 ∈ R
K+3.

Proposition 2.4 (Second-order summation by parts formulas). The following summation
by parts formulas hold:

K−1
∑

k=0

(δ+k fk)(δ
+
k gk)∆x = −

K−1
∑

k=0

(δ
⟨2⟩
k fk)gk∆x+ [(δ−k fk)gk]

K
0 , (2.1)

K
∑

k=1

(δ−k fk)(δ
−
k gk)∆x = −

K
∑

k=1

(δ
⟨2⟩
k fk)gk∆x+ [(δ+k fk)gk]

K
0 , (2.2)

for all {fk}K+1
k=−1, {gk}K+1

k=−1 ∈ R
K+3.

Remark 2.1. The left-hand side of (2.1) and the left-hand side of (2.2) appear to be
different, but they are the same. In fact, by direct calculation, we can see that

K
∑

k=1

(

δ−k fk
) (

δ−k gk
)

∆x =
K
∑

k=1

(

δ+k fk−1

) (

δ+k gk−1

)

∆x =
K−1
∑

k=0

(

δ+k fk
) (

δ+k gk
)

∆x. (2.3)

Proof. For all {fk}K+1
k=−1, {gk}K+1

k=−1 ∈ R
K+3, we obtain from the direct calculation that

K−1
∑

k=0

(δ+k fk)(δ
+
k gk)∆x =

K−1
∑

k=0

fk+1 − fk
∆x

gk+1 − gk
∆x

∆x

=
K−1
∑

k=0

fk+1 − fk
(∆x)2

gk+1∆x−
K−1
∑

k=0

fk+1 − fk
(∆x)2

gk∆x

=
K
∑

k=1

fk − fk−1

(∆x)2
gk∆x−

K−1
∑

k=0

fk+1 − fk
(∆x)2

gk∆x

= −
K−1
∑

k=0

fk+1 − 2fk + fk−1

(∆x)2
gk∆x+

fK − fK−1

∆x
gK − f0 − f−1

∆x
g0

= −
K−1
∑

k=0

(δ
⟨2⟩
k fk)gk∆x+ (δ−k fk

∣

∣

k=K
)gK − (δ−k fk

∣

∣

k=0
)g0

= −
K−1
∑

k=0

(δ
⟨2⟩
k fk)gk∆x+ [(δ−k fk)gk]

K
0 .
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In the same way as the above calculation, we have

K
∑

k=1

(δ−k fk)(δ
−
k gk)∆x =

K
∑

k=1

fk − fk−1

∆x

gk − gk−1

∆x
∆x

=
K
∑

k=1

fk − fk−1

(∆x)2
gk∆x−

K
∑

k=1

fk − fk−1

(∆x)2
gk−1∆x

=
K
∑

k=1

fk − fk−1

(∆x)2
gk∆x−

K−1
∑

k=0

fk+1 − fk
(∆x)2

gk∆x

= −
K
∑

k=1

fk+1 − 2fk + fk−1

(∆x)2
gk∆x+

fK+1 − fK
∆x

gK − f1 − f0
∆x

g0

= −
K
∑

k=1

(δ
⟨2⟩
k fk)gk∆x+ (δ+k fk

∣

∣

k=K
)gK − (δ+k fk

∣

∣

k=0
)g0

= −
K
∑

k=1

(δ
⟨2⟩
k fk)gk∆x+ [(δ+k fk)gk]

K
0 .

These complete the proof.

Corollary 2.1 (Second-order summation by parts formula). The summation by parts
formula holds as follows:

K−1
∑

k=0

(

δ+k fk
) (

δ+k gk
)

∆x = −
K
∑

k=0

′′
(

δ
⟨2⟩
k fk

)

gk∆x+
[(

δ
⟨1⟩
k fk

)

gk

]K

0

for all {fk}K+1
k=−1, {gk}K+1

k=−1 ∈ R
K+3.

Proof. For all {fk}K+1
k=−1, {gk}K+1

k=−1 ∈ R
K+3, summing (2.1) and (2.2) and dividing by 2,

we have

1

2

{

K−1
∑

k=0

(

δ+k fk
) (

δ+k gk
)

∆x+
K
∑

k=1

(

δ−k fk
) (

δ−k gk
)

∆x

}

= −1

2

{

K−1
∑

k=0

(

δ
⟨2⟩
k fk

)

gk∆x+
K
∑

k=1

(

δ
⟨2⟩
k fk

)

gk∆x

}

+
1

2

{

[(

δ−k fk
)

gk
]K

0
+
[(

δ+k fk
)

gk
]K

0

}

.

(2.4)

By (2.3), we transform the left-hand side of (2.4) as follows:

1

2

{

K−1
∑

k=0

(

δ+k fk
) (

δ+k gk
)

∆x+
K
∑

k=1

(

δ−k fk
) (

δ−k gk
)

∆x

}

=
K−1
∑

k=0

(

δ+k fk
) (

δ+k gk
)

∆x.

Next, by Proposition 2.1, we transform the right-hand side of (2.4) as follows:
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− 1

2

{

K−1
∑

k=0

(

δ
⟨2⟩
k fk

)

gk∆x+
K
∑

k=1

(

δ
⟨2⟩
k fk

)

gk∆x

}

+
1

2

{

[(

δ−k fk
)

gk
]K

0
+
[(

δ+k fk
)

gk
]K

0

}

= −
K
∑

k=0

′′
(

δ
⟨2⟩
k fk

)

gk∆x+

[{(

δ+k + δ−k
2

)

fk

}

gk

]K

0

= −
K
∑

k=0

′′
(

δ
⟨2⟩
k fk

)

gk∆x+
[(

δ
⟨1⟩
k fk

)

gk

]K

0
.

From the above, we obtain

K−1
∑

k=0

(

δ+k fk
) (

δ+k gk
)

∆x = −
K
∑

k=0

′′
(

δ
⟨2⟩
k fk

)

gk∆x+
[(

δ
⟨1⟩
k fk

)

gk

]K

0
.

This completes the proof.

Proposition 2.5 (Discrete Sobolev inequality [67, Proposition 2.2]). We define a constant
C̃L as follows:

C̃L :=

√√
1 + 4L2 + 1

2L
.

Then, the following inequality holds:

‖f‖L∞
d
≤ C̃L ‖f‖H̃1

d
for all {fk}Kk=0 ∈ R

K+1. (2.5)

Proof. We can obtain (2.5) from the proof by Yoshikawa [67].

Proposition 2.6 (Discrete Poincaré–Wirtinger inequality [31, Lemma 3.3]). For all f =
{fk}Kk=0 ∈ R

K+1, the following inequality holds:

∣

∣

∣

∣

∣

fl −
1

L

K
∑

k=0

′′fk∆x

∣

∣

∣

∣

∣

2

≤ L ‖Df‖2 (l = 0, . . . , K). (2.6)

Proof. We can obtain the discrete Poincaré–Wirtinger inequality (2.6) from the proof by
Furihata and Matsuo [31].

Let Ω be a domain in R. We give several lemmas necessary for the proof of the
existence and uniqueness of the solution. Since proofs of the following lemmas can be
found in [67], we omit them.

Lemma 2.1 ( [67, Lemma 2.4]). If F ∈ C2(Ω), then F̄ ′′ ∈ C(Ω4). Moreover, we have

∣

∣

∣F̄ ′′(ξ, ξ̃; η, η̃)
∣

∣

∣ ≤ sup
η,η̃∈Ω

sup
ξ∈Ω

∣

∣

∣

∣

∂ξ

(

dF

d(ξ, η)
+

dF

d(ξ, η̃)

)∣

∣

∣

∣

≤ sup
ξ∈Ω

|F ′′(ξ)|

for all (ξ, ξ̃, η, η̃) ∈ Ω4.

Lemma 2.2 ( [67, Proposition 2.5]). Assume that F ∈ C2(Ω). For any ξ, ξ̃, η, η̃ ∈ Ω,
we have

dF

d(ξ, η)
− dF

d(ξ̃, η̃)
=

1

2
F̄ ′′(ξ, ξ̃; η, η̃)(ξ − ξ̃) +

1

2
F̄ ′′(η, η̃; ξ, ξ̃)(η − η̃).
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Lemma 2.3 ( [67, Lemma 2.3]). The following inequality holds:

‖D(fg)‖ ≤ ‖f‖L∞
d
‖Dg‖+ ‖g‖L∞

d
‖Df‖

for all f = {fk}Kk=0, g = {gk}Kk=0 ∈ R
K+1, where fg = {fkgk}Kk=0 ∈ R

K+1.

The following lemma follows from the same argument as Lemma 2.6 in [67].

Lemma 2.4 ( [28, Lemma 3.3 (2)]). Assume that F ∈ C3(Ω). For any f1 = {f1,k}Kk=0,
f2 = {f2,k}Kk=0, f3 = {f3,k}Kk=0, f4 = {f4,k}Kk=0 ∈ R

K+1, all the elements of which are in
Ω, we have

∥

∥DF̄ ′′(f1,f2;f3,f4)
∥

∥ ≤ 1

6
sup
ξ∈Ω

|F ′′′(ξ)| (2 ‖Df1‖+2 ‖Df2‖+‖Df3‖+‖Df4‖) .
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Chapter 3

A non-local Allen–Cahn equation

In this chapter, as mentioned in Chapter 1, to understand the idea of the discrete vari-
ational derivative method (DVDM) [29], we design a structure-preserving finite difference
scheme for a non-local Allen–Cahn equation that describes a process of phase separation
in a binary mixture based on DVDM. Our proposed scheme inherits characteristic prop-
erties, mass conservation, and energy dissipation from the original equation. Besides, we
show the stability, the existence, and the uniqueness of the solution to the scheme. We
also prove the error estimate for the scheme. Computation examples demonstrate the
effectiveness of the proposed scheme.

§1 Introduction

Allen and Cahn introduced the Allen–Cahn equation as a model for antiphase domain
coarsening in a binary alloy [1]. It has been applied to various problems, for example,
phase transition [1, 10], image analysis [4, 23,44], and motion by mean curvature [2, 3, 24,
26,38,40,50]. Let L > 0 be the length of the one-dimensional material. In this chapter, we
study the following initial-boundary value problem for a non-local Allen–Cahn equation
introduced by Rubinstein and Sternberg [56]:















∂tu = ∂2
xu+

2u

ε2
(1− u2) + λε in (0, L)× (0,∞),

λε = − 1

L

∫ L

0

2u

ε2
(1− u2)dx in (0,∞),

(3.1)

under the Neumann boundary conditions:

∂xu(x, t)|x=0 = ∂xu(x, t)|x=L = 0 for all t > 0. (3.2)

The unknown function u: [0, L] × [0,∞) → R is an order parameter, which is the con-
centration of one of two components in a binary mixture. The parameter 0 < ε ≪ 1 is
related to the thickness of the interface layer, which can develop in parts of the solution
with a steep gradient.

Rubinstein and Sternberg introduced the equation (3.1) as a model for a process of
phase separation in a binary mixture that conserves the total mass of two species [56].
They introduced the non-local term λε, which is a Lagrange multiplier, to ensure mass
conservation (3.6). Here, we remark that the classical Allen–Cahn equation, in which
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the non-local term λε in (3.1) is absent, does not have mass conservation. Bronsard
and Stoth proved that the equation (3.1) converges, as ε → 0, to the volume-preserving
mean curvature flow in a radial symmetry case [7]. Golovaty obtained a similar result
to [7] for the Allen–Cahn equation with a different non-local term [36]. Chen et al. [11]
obtained the convergence in the general case. Moreover, the equation (3.1) has been
studied analytically and numerically [5, 6, 22, 59, 62, 69]. However, compared with the
number of studies of the classical Allen–Cahn equation, there are not many numerical
results of the non-local Allen–Chan equation.

Brassel and Bretin [6] concluded that the following another non-local Allen–Cahn
equation:































∂tu = ∂2
xu+

2u

ε2
(1− u2) +

1

ε2
λ̃ε(1− u2) in (0, L)× (0,∞),

λ̃ε =

−
∫ L

0

2u(1− u2)dx

∫ L

0

(1− u2)dx

in (0,∞),
(3.3)

has better volume-preserving properties than (3.1) in the sense that an error of the con-
servation of the volume is small. However, as Takasao [60] mentioned, (3.3) does not
have the dissipative property (3.7) of energy J . Kim et al. [41] proposed a practically
unconditionally stable scheme for (3.3), and yet they did not give the proof of the sta-
bility and the error estimate for the scheme. Zhai et al. [69] compared three methods
to approximate (3.3), including the Crank–Nicolson (CN) finite difference method, the
finite difference operator splitting (OS) method, and the Fourier spectral operator split-
ting (FSOS) method. They checked that the convergence rates of the CN scheme and the
OS scheme approach second as the mesh size becomes small and that the FSOS scheme
is second-order accurate in time through numerical computations. Nevertheless, Lee [43]
commented that their proposed schemes are not second-order accurate in time and/or do
not satisfy mass conservation. In addition, Lee [43] discretized (3.3) by a Fourier spectral
method in space and first-, second-, third-order implicit-explicit Runge–Kutta schemes
in time. Although he checked the convergence of the schemes, the convergence rate, and
that the schemes are first-, second-, third-order accurate in time respectively, through
numerical computations, he did not give the proof of them.

Thus, we propose a structure-preserving scheme for (3.1) based on DVDM. Our pro-
posed scheme inherits two characteristic properties, mass conservation (3.6), and energy
dissipation (3.7), from the original equation, whereas the DVDM scheme inherits just one
property in general. Furthermore, we prove that the solution of the scheme converges to
the one of the target equation in the sense of discrete L2-norm and that the convergence
rate is O((∆x)2+(∆t)2). Moreover, we prove the stability of the scheme, the existence and
the uniqueness of the solution of the scheme. Also, based on this study, we expect that
we can design a structure-preserving scheme for another non-local Allen–Cahn equation,
such as (3.3) by using DVDM. Here, we remark that there are not that many results of
the application of DVDM to partial differential equations (PDEs) with a non-local term
to the best of our knowledge.

In this chapter, as mentioned previously, we design a finite difference scheme for (3.1)
based on DVDM so that the scheme inherits the conservative and dissipative properties
such as (3.6) and (3.7) from the original equation (3.1) in a discrete sense. Here, let us
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define the “local energy” G and the “global energy” J , which characterize the equation
above (3.1):

G(u, ∂xu) :=
|∂xu|2
2

+
1

ε2
(1− u2)2

2
, (3.4)

J(u) :=

∫ L

0

G(u, ∂xu)dx. (3.5)

Then, the equation (3.1) has the following properties:

d

dt

∫ L

0

udx = 0, (3.6)

d

dt
J(u) ≤ 0. (3.7)

DVDM is a numerical method for designing numerical schemes for PDEs with conserva-
tive and dissipative properties such as (3.6) and (3.7), and the DVDM schemes inherit
conservative/dissipative property from the original PDEs in a discrete sense. From the
perspective of numerical computation, the properties often lead us to stable computation.
Hence, if the designed schemes retain the properties in a discrete sense, they are expected
to be stable.

Also, the following property holds for global energy J :

d

dt
J(u) =

∫ L

0

δG

δu
∂tudx (3.8)

under the boundary conditions (3.2). The notation δG/δu is the (first) variational deriva-
tive of G concerning u. From the integration by parts and the boundary conditions (3.2),
we can show

d

dt
J(u) =

∫ L

0

{

−∂2
xu− 2

ε2
u(1− u2)

}

∂tudx.

Therefore, we have
δG

δu
= −∂2

xu− 2

ε2
u(1− u2) (3.9)

from (3.8). We can rewrite (3.1) as follows by using (3.9):

∂tu = −δG

δu
+ λε in (0, L)× (0,∞). (3.10)

Furthermore, we obtain

λε=− 1

L

∫ L

0

{

−δG

δu
− ∂2

xu

}

dx=
1

L

{∫ L

0

δG

δu
dx+ [∂xu]

L
0

}

=
1

L

∫ L

0

δG

δu
dx in (0,∞), (3.11)

by the boundary conditions (3.2). Namely, we can rewrite (3.1) as














∂tu = −δG

δu
+ λε in (0, L)× (0,∞),

λε =
1

L

∫ L

0

δG

δu
dx in (0,∞).

(3.12)
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Therefore, we can apply DVDM and can easily prove the conservative property (3.6) and
the dissipative property (3.7). In fact, it holds that

d

dt

∫ L

0

udx =

∫ L

0

(

−δG

δu
+ λε

)

dx = −
∫ L

0

δG

δu
dx+ λε

∫ L

0

dx

= −
∫ L

0

δG

δu
dx+

1

L

∫ L

0

δG

δu
dx · L = 0,

where we have used (3.10) in the first equality, and (3.11) in the third equality. Moreover,
from (3.8), (3.10), and mass conservation (3.6), we can show

d

dt
J(u) =

∫ L

0

δG

δu
∂tudx =

∫ L

0

(−∂tu+ λε) ∂tudx = −
∫ L

0

(∂tu)
2dx+ λε

∫ L

0

∂tudx

= −
∫ L

0

(∂tu)
2dx ≤ 0.

The rest of this chapter proceeds as follows. In section 2, we propose a finite differ-
ence scheme for (3.12), whose solution satisfies the discrete versions of the conservation
property (3.6) and the dissipative property (3.7). In section 3, we prove that the solution
of the proposed scheme satisfies the global boundedness. In section 4, we prove that the
scheme has a unique solution under a specific condition. In section 5, we prove the error
estimate for the scheme. In section 6, we show that the numerical examples demonstrate
the effectiveness of the scheme.

§2 Proposed scheme

In this section, we propose a scheme for (3.12) and show that it has two properties
corresponding to (3.6) and (3.7).

We define U
(n)
k (k = −1, 0, 1, . . . , K,K + 1, n = 0, 1, . . .) to be the approximation to

u(x, t) at location x = k∆x and time t = n∆t, where ∆x is a space mesh size, i.e.,
∆x := L/K and ∆t is a time mesh size. They are also written in vector as

U (n) := (U
(n)
−1 , U

(n)
0 , . . . , U

(n)
K , U

(n)
K+1)

⊤ or U (n) := (U
(n)
0 , U

(n)
1 , . . . , U

(n)
K−1, U

(n)
K )⊤.

The superscript (n) is omitted when no confusion occurs. Guess the meaning of U from
the context.

Remark 3.1. U
(n)
−1 and U

(n)
K+1 are the artificial quantities and determined by the imposed

discrete boundary condition.

The concrete form of the proposed scheme for (3.12) is, for n = 0, 1, . . .,



















U
(n+1)
k −U

(n)
k

∆t
=− δGd

δ(U (n+1),U (n))k
+λε

d

(

U (n+1),U (n)
)

(k=0, . . . ,K),

λε
d

(

U (n+1),U (n)
)

=
1

L

K
∑

k=0

′′ δGd

δ (U (n+1),U (n))k
∆x,

(3.13)
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where

δGd

δ(U ,V )k
=−δ

⟨2⟩
k

(

Uk+Vk

2

)

− 2

ε2

(

Uk+Vk

2

)(

1−U2
k+V 2

k

2

)

(k = 0, . . . , K). (3.14)

The discrete boundary conditions are

δ
⟨1⟩
k U

(n)
k = 0 (k = 0, K, n = 0, 1, . . .). (3.15)

Note that these discrete boundary conditions (3.15) mean that

U
(n)
−1 = U

(n)
1 , U

(n)
K+1 = U

(n)
K−1 (n = 0, 1, . . .).

Let us define a discrete local energy Gd: R
K+3 → R

K+1 by

Gd,k(U ) :=
1

2

(δ+k Uk)
2 + (δ−k Uk)

2

2
+

(1− U2
k )

2

2ε2
(k = 0, . . . , K). (3.16)

From Proposition 2.3 (second-order summation by parts formula), the relation between
Gd of (3.16) and δGd/δ(·, ·) of (3.14) is given by

K
∑

k=0

′′Gd,k (U )∆x−
K
∑

k=0

′′Gd,k (V )∆x

=
K
∑

k=0

′′ δGd

δ(U ,V )k
(Uk−Vk)∆x+









δ+k

(

Uk+Vk

2

)

µ+
k (Uk−Vk) + δ−k

(

Uk+Vk

2

)

µ−
k (Uk−Vk)

2









K

0

.

Hence, we have

K
∑

k=0

′′Gd,k

(

U (n+1)
)

∆x−
K
∑

k=0

′′Gd,k

(

U (n)
)

∆x

=
K
∑

k=0

′′ δGd

δ(U (n+1),U (n))k

(

U
(n+1)
k − U

(n)
k

)

∆x

+
1

4

[

δ+k

(

U
(n+1)
k +U

(n)
k

)

µ+
k

(

U
(n+1)
k −U

(n)
k

)

+ δ−k

(

U
(n+1)
k +U

(n)
k

)

µ−
k

(

U
(n+1)
k −U

(n)
k

)]K

0

for n = 0, 1, . . .. Here, we show the following equality:

[

δ+k

(

U
(n+1)
k + U

(n)
k

)

µ+
k

(

U
(n+1)
k − U

(n)
k

)

+δ−k

(

U
(n+1)
k + U

(n)
k

)

µ−
k

(

U
(n+1)
k − U

(n)
k

)]K

0
= 0 (n = 0, 1, . . .). (3.17)

Since it holds from the discrete boundary conditions (3.15) that

(

δ+k + δ−k
2

)

U
(n)
k = δ

⟨1⟩
k U

(n)
k = 0 (n = 0, 1, . . .),

14



we have δ+k U
(n)
k = −δ−k U

(n)
k (n = 0, 1, . . .). Namely, δ+k (U

(n+1)
k + U

(n)
k ) = −δ−k (U

(n+1)
k +

U
(n)
k ) (n = 0, 1, . . .). Furthermore, we obtain

(

µ+
k − µ−

k

∆x

)

U
(n)
k = δ

⟨1⟩
k U

(n)
k = 0 (n = 0, 1, . . .),

since it holds that

µ+
k − µ−

k

∆x
=

1 + s+k − (1− s−k )

2∆x
=

s+k − s−k
2∆x

= δ
⟨1⟩
k .

That is µ+
k U

(n)
k = µ−

k U
(n)
k , i.e., µ+

k (U
(n+1)
k + U

(n)
k ) = µ−

k (U
(n+1)
k + U

(n)
k ) (n = 0, 1, . . .).

Hence, (3.17) holds. Therefore, we have

K
∑

k=0

′′Gd,k

(

U (n+1)
)

∆x−
K
∑

k=0

′′Gd,k

(

U (n)
)

∆x =
K
∑

k=0

′′ δGd

δ(U (n+1),U (n))k

(

U
(n+1)
k − U

(n)
k

)

∆x

for n = 0, 1, . . .. The proposed scheme (3.13) has properties corresponding to (3.6) and
(3.7), i.e.,

Theorem 3.1. The solution of the scheme (3.13) under the discrete boundary conditions
(3.15) satisfies the following equality and inequality:

K
∑

k=0

′′U
(n)
k ∆x =

K
∑

k=0

′′U
(0)
k ∆x (n = 0, 1, . . .), (3.18)

Jd(U
(n+1)) ≤ Jd(U

(n)) (n = 0, 1, . . .), (3.19)

where

Jd
(

U (n)
)

:=
K
∑

k=0

′′Gd,k

(

U (n)
)

∆x (n = 0, 1, . . .).

We call (3.18) the discrete mass conservation and (3.19) the discrete energy dissipation.

Proof. First, we can show the discrete mass conservation (3.18) from (3.13) as follows:

1

∆t

{

K
∑

k=0

′′U
(n+1)
k ∆x−

K
∑

k=0

′′U
(n)
k ∆x

}

=
K
∑

k=0

′′
{

− δGd

δ (U (n+1),U (n))k
+ λε

d

(

U (n+1),U (n)
)

}

∆x

= −
K
∑

k=0

′′ δGd

δ (U (n+1),U (n))k
∆x+ λε

d

(

U (n+1),U (n)
)

K
∑

k=0

′′∆x

= −
K
∑

k=0

′′ δGd

δ (U (n+1),U (n))k
∆x+

1

L

K
∑

k=0

′′ δGd

δ (U (n+1),U (n))k
∆x · L = 0 (n = 0, 1, . . .).

Next, the discrete energy dissipation (3.19) can be shown as follows:

15



Jd(U
(n+1))−Jd(U

(n))

∆t
=

1

∆t

K
∑

k=0

′′ {Gd,k

(

U (n+1)
)

−Gd,k

(

U (n)
)}

∆x

=
K
∑

k=0

′′ δGd

δ (U (n+1),U (n))k

U
(n+1)
k − U

(n)
k

∆t
∆x

=
K
∑

k=0

′′

{

−U
(n+1)
k − U

(n)
k

∆t
+ λε

d

(

U (n+1),U (n)
)

}

U
(n+1)
k − U

(n)
k

∆t
∆x

= −
K
∑

k=0

′′

(

U
(n+1)
k −U

(n)
k

∆t

)2

∆x+λε
d

(

U (n+1),U (n)
)

K
∑

k=0

′′

(

U
(n+1)
k −U

(n)
k

∆t

)

∆x

= −
K
∑

k=0

′′

(

U
(n+1)
k − U

(n)
k

∆t

)2

∆x ≤ 0 (n = 0, 1, . . .),

where we have used (3.18) in the fifth equality.

§3 Stability of the proposed scheme

In this section, we show that, if the proposed scheme has a solution, then the discrete
L∞-norm of the solution is bounded.

Lemma 3.1. The solution of the scheme (3.13) under the discrete boundary conditions
(3.15) satisfies the following inequality:

∥

∥U (n)
∥

∥

2

H̃1
d

≤ 1

min

{

2

ε2
,
1

2

}

{

K
∑

k=0

′′Gd,k

(

U (0)
)

∆x+
4

ε2
L

}

(n = 0, 1, . . .). (3.20)

Proof. From the discrete energy dissipation (3.19) and the following inequality:

−rY 2 +
1

2
rY 4 ≥ 2rY 2 − 9

2
r for all Y ∈ R, r > 0,

we can show that
K
∑

k=0

′′Gd,k

(

U (0)
)

∆x ≥
K
∑

k=0

′′Gd,k

(

U (n)
)

∆x

=
K
∑

k=0

′′











1

2ε2
− 1

ε2

(

U
(n)
k

)2

+
1

2ε2

(

U
(n)
k

)4

+
1

2

(

δ+k U
(n)
k

)2

+
(

δ−k U
(n)
k

)2

2











∆x

≥
K
∑

k=0

′′











1

2ε2
+

2

ε2

(

U
(n)
k

)2

− 9

2ε2
+

1

2

(

δ+k U
(n)
k

)2

+
(

δ−k U
(n)
k

)2

2











∆x

≥ min

{

2

ε2
,
1

2

} K
∑

k=0

′′











(

U
(n)
k

)2

+

(

δ+k U
(n)
k

)2

+
(

δ−k U
(n)
k

)2

2











∆x+

(

1

2ε2
− 9

2ε2

)

L

= min

{

2

ε2
,
1

2

}

∥

∥U (n)
∥

∥

2

H̃1
d

− 4

ε2
L (n = 0, 1, . . .).
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In the above calculation, we have also used the following equality:

K
∑

k=0

′′

(

δ+k U
(n)
k

)2

+
(

δ−k U
(n)
k

)2

2
∆x =

K−1
∑

k=0

(

δ+k U
(n)
k

)2

∆x. (3.21)

In fact, we obtain the above equality (3.21) by using discrete boundary conditions (3.15).
Therefore, (3.20) holds.

Applying Proposition 2.5 (Sobolev type inequality) to (3.20), we can obtain the following
inequality:

Theorem 3.2. The solution of the scheme (3.13) under the discrete boundary conditions
(3.15) satisfies

∥

∥U (n)
∥

∥

L∞
d

≤ C̃L









1

min

{

2

ε2
,
1

2

}

{

K
∑

k=0

′′Gd,k

(

U (0)
)

∆x+
4

ε2
L

}









1
2

(n = 0, 1, . . .).

§4 Existence and uniqueness of the solution to the

proposed scheme

In this section, we prove that, through the fixed-point theorem for a contraction map-
ping, the proposed scheme (3.13) has a unique solution under a specific condition on ∆t
and ∆x.

To prove the existence and uniqueness of the solution to the proposed scheme, we
rewrite the scheme (3.13) as follows:

U
(n+1)
k − U

(n)
k

∆t

= δ
⟨2⟩
k

(

U
(n+1)
k + U

(n)
k

2

)

+
1

ε2

(

U
(n+1)
k + U

(n)
k

)











1−

(

U
(n+1)
k

)2

+
(

U
(n)
k

)2

2











− 1

L

K
∑

k=0

′′






δ
⟨2⟩
k

(

U
(n+1)
k +U

(n)
k

2

)

+
1

ε2

(

U
(n+1)
k +U

(n)
k

)











1−

(

U
(n+1)
k

)2

+
(

U
(n)
k

)2

2
















∆x

= δ
⟨2⟩
k

(

U
(n+1)
k + U

(n)
k

2

)

+
1

ε2

(

U
(n+1)
k + U

(n)
k

)











1−

(

U
(n+1)
k

)2

+
(

U
(n)
k

)2

2











− 1

L

[

δ
⟨1⟩
k

(

U
(n+1)
k +U

(n)
k

2

)]K

0

− 1

L

K
∑

k=0

′′







1

ε2

(

U
(n+1)
k +U

(n)
k

)











1−

(

U
(n+1)
k

)2

+
(

U
(n)
k

)2

2
















∆x
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= δ
⟨2⟩
k

(

U
(n+1)
k +U

(n)
k

2

)

+
1

ε2

(

U
(n+1)
k +U

(n)
k

)

− 1

2ε2

(

U
(n+1)
k +U

(n)
k

)

{

(

U
(n+1)
k

)2

+
(

U
(n)
k

)2
}

− 1

L

K
∑

k=0

′′
[

1

ε2

(

U
(n+1)
k +U

(n)
k

)

− 1

2ε2

(

U
(n+1)
k +U

(n)
k

)

{

(

U
(n+1)
k

)2

+
(

U
(n)
k

)2
}]

∆x,

by using Proposition 2.2 (summation of differences) and the discrete boundary conditions
(3.15). Namely, we obtain

1

∆t
U

(n+1)
k − 1

2
δ
⟨2⟩
k U

(n+1)
k =

1

∆t
U

(n)
k +

1

2
δ
⟨2⟩
k U

(n)
k +

1

ε2
U

(n+1)
k +

1

ε2
U

(n)
k +

{

FU (n)U (n+1)
}

k

− 1

Lε2

K
∑

k=0

′′U
(n+1)
k ∆x− 1

Lε2

K
∑

k=0

′′U
(n)
k ∆x− 1

L

K
∑

k=0

′′{FU (n)U (n+1)
}

k
∆x,

where the mapping FU (n) : RK+1 → R
K+1 is defined by

{FU (n)V }k := − 1

2ε2

(

Vk + U
(n)
k

)

{

(Vk)
2 +

(

U
(n)
k

)2
}

(k = 0, . . . , K),

for all V = {Vk}Kk=0 ∈ R
K+1. That is, we have

(

1

∆t
− 1

2
δ
⟨2⟩
k

)

U
(n+1)
k =

(

1

∆t
+

1

ε2
+
1

2
δ
⟨2⟩
k

)

U
(n)
k − 1

Lε2

K
∑

k=0

′′U
(n)
k ∆x+

1

ε2

(

U
(n+1)
k − 1

L

K
∑

k=0

′′U
(n+1)
k ∆x

)

+
{

FU (n)U (n+1)
}

k
− 1

L

K
∑

k=0

′′ {FU (n)U (n+1)
}

k
∆x. (3.22)

In connection with the scheme (3.22), we define a mapping TU (n) : RK+1 → R
K+1 by using

the following equation:
(

1

∆t
− 1

2
δ
⟨2⟩
k

)

{TU (n)V }k

=

(

1

∆t
+

1

ε2
+

1

2
δ
⟨2⟩
k

)

U
(n)
k − 1

Lε2

K
∑

k=0

′′U
(n)
k ∆x+

1

ε2

(

Vk −
1

L

K
∑

k=0

′′Vk∆x

)

+ {FU (n)V }k −
1

L

K
∑

k=0

′′ {FU (n)V }k ∆x (k = 0, . . . , K),

for all V = {Vk}Kk=0 ∈ R
K+1. Here, the operator in the equation above is defined under

the discrete boundary conditions (3.15), i.e., {TU (n)V }−1 = {TU (n)V }1, {TU (n)V }K+1 =

{TU (n)V }K−1, U
(n)
−1 = U

(n)
1 , and U

(n)
K+1 = U

(n)
K−1. If the mapping TU (n) has a fixed-point V ∗,

then V ∗ is the solution U (n+1) of the proposed scheme (3.13) under the discrete boundary
conditions (3.15). The matrix expression of TU (n) is given by
(

1

∆t
I − 1

2
D2

)

TU (n)V =

{(

1

∆t
+

1

ε2

)

I +
1

2
D2

}

U (n) − 1

Lε2
SU (n)

+
1

ε2

(

I − 1

L
S

)

V +

(

I − 1

L
S

)

FU (n)V for all V ∈ R
K+1,
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where I is the (K+1)-dimensional identity matrix, further, S, andD2 are (K+1)×(K+1)
matrices and defined by

S := ∆x





























1

2
1 · · · 1

1

2
1

2
1 · · · 1

1

2
...

... · · · ...
...

1

2
1 · · · 1

1

2
1

2
1 · · · 1

1

2





























, D2 :=
1

(∆x)2















−2 2 0
1 −2 1

. . . . . . . . .

1 −2 1
0 2 −2















.

The following lemma implies that the mapping TU (n) is well-defined for all U (n) ∈ R
K+1.

Lemma 3.2. The (K + 1)× (K + 1) matrix (1/∆t)I − (1/2)D2 is nonsingular.

Proof. Eigenvalues of D2 are

λk :=
2

(∆x)2

{

cos

(

k

K
π

)

− 1

}

(k = 0, . . . , K), (3.23)

and the eigenvector xk corresponding to the eigenvalue λk is

xk =

(

cos

(

0 · k
K

π

)

, cos

(

1 · k
K

π

)

, . . . , cos

(

K · k
K

π

))⊤
(k = 0, . . . , K). (3.24)

Since it holds that D2xk = λkxk (k = 0, . . . , K), we have

(

1

∆t
I − 1

2
D2

)

xk =
1

∆t
xk−

1

2
D2xk =

1

∆t
xk−

1

2
λkxk =

(

1

∆t
− 1

2
λk

)

xk (k = 0, . . . , K).

Thus, eigenvalues of (1/∆t)I − (1/2)D2 are

1

∆t
− 1

2
λk =

1

∆t
+

1

∆x2

{

1− cos

(

k

K
π

)}

≥ 1

∆t
> 0 (k = 0, . . . , K).

The positiveness of the eigenvalues implies the nonsingularity of (1/∆t)I − (1/2)D2.

Next, we prove the existence and uniqueness of the solution for the proposed scheme
by the fixed-point theorem for a contraction mapping.

Theorem 3.3. If ∆t satisfies

∆t <
Lε2∆x

(

L+
√

(K+1)(2K−1)∆x
) min

{

1

9(∆x+65R2
d)
,

1

4 (∆x+209R2
d)

}

, (3.25)

then the mapping TU (n) has a unique fixed-point in the closed ball B, where

Rd :=
∥

∥U (n)
∥

∥

L2
d

, B :=
{

v ∈ R
K+1; ‖v‖L2

d
≤ 8Rd

}

,
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Proof. By the fixed-point theorem for a contraction mapping, it suffices to show that
TU (n) is a contraction mapping on B.

First, we prove that TU (n)B ⊆ B. By Lemma 3.2, we have

TU (n)V =

(

1

∆t
I − 1

2
D2

)−1{(
1

∆t
+

1

ε2

)

I +
1

2
D2

}

U (n)

+

(

1

∆t
I− 1

2
D2

)−1{

− 1

Lε2
SU (n)+

(

I− 1

L
S

)(

1

ε2
V +FU (n)V

)}

for all V ∈ B.

We diagonalize the matrix D2 as follows:

D2 = XΛX−1,

where X and Λ are (K + 1)× (K + 1) matrices defined by

X := (x0,x1, . . . ,xK), Λ := diag(λ0, λ1, . . . , λK),

with xk given by (3.24) and λk given by (3.23). Since it holds that I = XX−1 = XIX−1,
we have

1

∆t
I − 1

2
D2 =

1

∆t
XIX−1 − 1

2
XΛX−1 = X

(

1

∆t
I − 1

2
Λ

)

X−1. (3.26)

Similarly, we obtain
(

1

∆t
+

1

ε2

)

I +
1

2
D2 = X

{(

1

∆t
+

1

ε2

)

I +
1

2
Λ

}

X−1.

It holds from (3.26) that

(

1

∆t
I − 1

2
D2

)−1

=
(

X−1
)−1
(

X

(

1

∆t
I − 1

2
Λ

))−1

=X

(

1

∆t
I − 1

2
Λ

)−1

X−1.

Then, the matrix expression of TU (n) is given by

TU (n)V = X

(

1

∆t
I − 1

2
Λ

)−1{(
1

∆t
+

1

ε2

)

I +
1

2
Λ

}

X−1U (n)

+X

(

1

∆t
I− 1

2
Λ

)−1

X−1

{

− 1

Lε2
SU (n)+

(

I− 1

L
S

)(

1

ε2
V +FU (n)V

)}

for all V ∈B.

(3.27)

Here, we denote a matrix norm ‖ · ‖L2
d
by

‖A‖L2
d
:= sup

x ̸=0

‖Ax‖L2
d

‖x‖L2
d

for all (K + 1)× (K + 1) matrix A.

By using the following estimates:

‖diag(d0, d1, . . . , dK−1, dK)‖L2
d
= max

0≤k≤K
|dk|,

max
0≤k≤K

∣

∣

∣

∣

∣

∣

∣

1
1

∆t
− 1

2
λk

∣

∣

∣

∣

∣

∣

∣

= ∆t, (3.28)
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max
0≤k≤K

∣

∣

∣

∣

∣

∣

∣

1

∆t
+

1

ε2
+

1

2
λk

1

∆t
− 1

2
λk

∣

∣

∣

∣

∣

∣

∣

≤ 1 +
1

ε2
∆t, (3.29)

‖S‖L2
d
≤
√

(K + 1)(2K − 1)∆x, (3.30)
∥

∥

∥

∥

I − 1

L
S

∥

∥

∥

∥

L2
d

≤ 1 +
1

L

√

(K + 1)(2K − 1)∆x, (3.31)

‖X‖L2
d
≤ 2

√
K, (3.32)

‖X−1‖L2
d
≤ 2√

K
, (3.33)

‖FU (n)V ‖L2
d
≤ 585

ε2∆x
R3

d, (3.34)

we obtain

‖TU (n)V ‖L2
d

≤ ‖X‖L2
d

∥

∥

∥

∥

∥

(

1

∆t
I − 1

2
Λ

)−1{(
1

∆t
+

1

ε2

)

I +
1

2
Λ

}

∥

∥

∥

∥

∥

L2
d

∥

∥X−1
∥

∥

L2
d

∥

∥U (n)
∥

∥

L2
d

+ ‖X‖L2
d

∥

∥

∥

∥

∥

(

1

∆t
I − 1

2
Λ

)−1
∥

∥

∥

∥

∥

L2
d

∥

∥X−1
∥

∥

L2
d

×
{

1

Lε2
‖S‖L2

d

∥

∥U (n)
∥

∥

L2
d

+

∥

∥

∥

∥

I − 1

L
S

∥

∥

∥

∥

L2
d

(

1

ε2
‖V ‖L2

d
+ ‖FU (n)V ‖L2

d

)

}

≤ 4

(

1 +
∆t

ε2

)

∥

∥U (n)
∥

∥

L2
d

+ 4∆t

{

1

Lε2

√

(K + 1)(2K − 1)∆x
∥

∥U (n)
∥

∥

L2
d

+

(

1 +
1

L

√

(K + 1)(2K − 1)∆x

)(

1

ε2
‖V ‖L2

d
+ ‖FU (n)V ‖L2

d

)}

≤ 4

(

1 +
∆t

ε2

)

Rd + 4∆t

{

1

Lε2

√

(K + 1)(2K − 1)∆x ·Rd

+

(

1 +
1

L

√

(K + 1)(2K − 1)∆x

)(

8

ε2
Rd +

585

ε2∆x
R3

d

)}

= 4

[(

1 +
∆t

ε2

)

+
∆t

ε2

{

1

L

√

(K + 1)(2K − 1)∆x

+

(

1 +
1

L

√

(K + 1)(2K − 1)∆x

)(

8 +
585

∆x
R2

d

)}]

Rd

= 4

[

1 +
∆t

ε2

{

1 +
1

L

√

(K + 1)(2K − 1)∆x

+

(

1 +
1

L

√

(K + 1)(2K − 1)∆x

)(

8 +
585

∆x
R2

d

)}]

Rd

= 4

[

1+
9∆t

ε2

(

1+
65

∆x
R2

d

)(

1+
1

L

√

(K+1)(2K−1)∆x

)]

Rd for all V ∈ B. (3.35)

Actually, we show how to obtain the above estimates (3.28)–(3.34). First, we obtain
(3.28), since λk ≤ 0 (k = 0, . . . , K), and λ0 = 0. In addition, by using (3.28), the
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estimate (3.29) holds. Next, we show the evaluation of the matrix norm (3.30). From the
definition of the matrix S, we have

S⊤S=(∆x)2



























K + 1

4

K + 1

2
· · · K + 1

2

K + 1

4
K + 1

2
K + 1 · · · K + 1

K + 1

2
...

... · · · ...
...

K + 1

2
K + 1 · · · K + 1

K + 1

2
K + 1

4

K + 1

2
· · · K + 1

2

K + 1

4



























=
K+1

4
(∆x)2















1 2 · · · 2 1
2 4 · · · 4 2
...

... · · · ...
...

2 4 · · · 4 2
1 2 · · · 2 1















.

Let us define a (K + 1)× (K + 1) matrix P by

P :=















1 2 · · · 2 1
2 4 · · · 4 2
...

... · · · ...
...

2 4 · · · 4 2
1 2 · · · 2 1















.

Namely, it holds that

S⊤S =
K + 1

4
(∆x)2P.

Let µ be an eigenvalue of P . Then, the characteristic polynomial of P is

det(P − µI) = (−1)K−1µK(µ− 4K + 2).

Thus, we obtain the eigenvalues µ = 0, 4K − 2. Therefore, the largest eigenvalue of S⊤S
is

K + 1

4
(∆x)2 · (4K − 2) =

(K + 1)(2K − 1)

2
(∆x)2

from K ≥ 1. Hence, we have

‖S‖L2
d
≤

√
2‖S‖2 =

√
2 ·
√

(K + 1)(2− 1)

2
(∆x)2 =

√

(K + 1)(2K − 1)∆x

using the following inequality:

‖A‖L2
d
≤

√
2 ‖A‖2 for all (K + 1)× (K + 1) matrix A, (3.36)

where ‖ · ‖2 is the matrix 2-norm induced by the euclidean vector norm. Moreover, by
using the estimate (3.30) and the triangle inequality, we obtain the inequality (3.31).
Next, we show the estimates (3.32) and (3.33). Let us define a diagonal matrix Q of order
K + 1 by

Q :=















1√
2

0

1
. . .

1
0 1√

2















.
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Also, let Z be a square matrix of order K + 1 as

Z :=

√

2

K
QXQ.

Then, Z is an orthogonal matrix, i.e., Z−1 = Z⊤. In fact, let Z = (z0, . . . , zK), then

zk =















1√
K

yk, (k = 0, K),
√

2

K
yk, (k = 1, . . . , K − 1),

where

yk :=































1√
2
cos

(

k

K
π · 0

)

cos

(

k

K
π · 1

)

...

cos

(

k

K
π · (K − 1)

)

1√
2
cos

(

k

K
π ·K

)































(k = 0, . . . , K).

For all m,n ∈ Z such that 0 ≤ m,n ≤ K, it holds that

y⊤
m · yn =

K
∑

k=0

′′cos
(m

K
π · k

)

cos
( n

K
π · k

)

=















K, (m = n = 0,m = n = K),
1

2
K, (1 ≤ m = n ≤ K − 1),

0 (m 6= n).

That is, {zk}Kk=0 is an orthonormal basis of RK+1. Thus, Z is an orthogonal matrix.
Hence, it holds from Z⊤Z = Z−1Z = I that ‖Z‖2 = 1. Also, we have ‖Q−1‖2 =

√
2.

Therefore, by using the inequality (3.36), we obtain

‖X‖L2
d
≤

√
2‖X‖2 =

√
2 ·
√

K

2

∥

∥Q−1ZQ−1
∥

∥

2
≤ 2

√
K.

Similarly, from ‖Z⊤‖2 = 1 and ‖Q‖2 = 1, we have

‖X−1‖L2
d
≤

√
2‖X−1‖2 =

√
2 ·
√

2

K

∥

∥QZ⊤Q
∥

∥

2
≤ 2√

K
.

Finally, we show the evaluation of the nonlinear term (3.34). By using the following
inequality:

K
∑

k=0

′′akbk∆x ≤ 2

∆x

K
∑

k=0

′′ak∆x

K
∑

k=0

′′bk∆x

for all {ak}Kk=0, {bk}Kk=0 such that ak, bk ≥ 0 (k = 0, . . . , K), we have
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‖FU (n)V ‖2L2
d
=

(

1

2ε2

)2 K
∑

k=0

′′
(

Vk + U
(n)
k

)2
{

V 2
k +

(

U
(n)
k

)2
}2

∆x

≤
(

1

2ε2

)2
2

∆x

K
∑

k=0

′′
(

Vk + U
(n)
k

)2

∆x
K
∑

k=0

′′
{

V 2
k +

(

U
(n)
k

)2
}2

∆x

≤
(

1

2ε2

)2(
2

∆x

)2 K
∑

k=0

′′
{

V 2
k +

(

U
(n)
k

)2
}

∆x

K
∑

k=0

′′
{

V 2
k +

(

U
(n)
k

)2
}

∆x

×
K
∑

k=0

′′
{

V 2
k + 2VkU

(n)
k +

(

U
(n)
k

)2
}

∆x

=

(

1

2ε2

)2(
2

∆x

)2
(

‖V ‖2L2
d
+
∥

∥U (n)
∥

∥

2

L2
d

)2
(

‖V ‖2L2
d
+
∥

∥U (n)
∥

∥

2

L2
d

+2
K
∑

k=0

′′VkU
(n)
k ∆x

)

for all V ∈ B. Moreover, by using Schwarz inequality, we obtain

∣

∣

∣

∣

∣

K
∑

k=0

′′VkU
(n)
k ∆x

∣

∣

∣

∣

∣

≤

√

√

√

√

K
∑

k=0

′′V 2
k ∆x

√

√

√

√

K
∑

k=0

′′
(

U
(n)
k

)2

∆x = ‖V ‖L2
d

∥

∥U (n)
∥

∥

L2
d

for all V ∈ B.

Hence, we have the following estimate:

‖FU (n)V ‖2L2
d
≤
(

1

2ε2

)2(
2

∆x

)2
(

‖V ‖2L2
d
+
∥

∥U (n)
∥

∥

2

L2
d

)2(

‖V ‖2L2
d
+
∥

∥U (n)
∥

∥

2

L2
d

+2‖V ‖L2
d

∥

∥U (n)
∥

∥

L2
d

)

≤
(

1

2ε2

)2(
2

∆x

)2
{

(8Rd)
2 +R2

d

}2 {
(8Rd)

2 +R2
d + 2 · 8Rd ·Rd

}

=

(

1

2ε2

)2(
2

∆x

)2

652 · 81 ·R6
d.

Therefore, we obtain the estimate (3.34). From the assumption (3.25) on ∆t, the following
inequality holds:

∆t <
Lε2∆x

9 (∆x+ 65R2
d)
(

L+
√

(K + 1)(2K − 1)∆x
)

=
ε2

9

(

1 +
65

∆x
R2

d

){

1 +
1

L

√

(K + 1)(2K − 1)∆x

} .

Hence, we have

1 +
9∆t

ε2

(

1 +
65

∆x
R2

d

){

1 +
1

L

√

(K + 1)(2K − 1)∆x

}

< 2. (3.37)

From (3.35) and (3.37), we see that ‖TU (n)V ‖L2
d
≤ 8Rd, i.e., TU (n)V ∈ B. Hence, TU (n)B ⊆

B.
Next, we prove that TU (n) is contractive. Using (3.27), (3.28), (3.31), (3.32), (3.33),

and the following estimate:
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‖FU (n)V − FU (n)V ′‖L2
d
≤ 209R2

d

ε2∆x
‖V − V ′‖L2

d
for all V ,V ′ ∈ B, (3.38)

we can show that

‖TU (n)V − TU (n)V ′‖L2
d

≤ ‖X‖L2
d

∥

∥

∥

∥

∥

(

1

∆t
I− 1

2
Λ

)−1
∥

∥

∥

∥

∥

L2
d

∥

∥X−1
∥

∥

L2
d

∥

∥

∥

∥

I− 1

L
S

∥

∥

∥

∥

L2
d

(

1

ε2
‖V −V ′‖L2

d
+‖FU (n)V −FU (n)V ′‖L2

d

)

≤ 4∆t

(

1+
1

L

√

(K+1)(2K−1)∆x

)(

1

ε2
‖V −V ′‖L2

d
+‖FU (n)V −FU (n)V ′‖L2

d

)

≤ 4∆t

ε2

(

1 +
209R2

d

∆x

)(

1 +
1

L

√

(K + 1)(2K − 1)∆x

)

‖V − V ′‖L2
d

for all V ,V ′ ∈ B.

(3.39)

Actually, we show the estimate (3.38). For all V ,V ′ ∈ B, we have

‖FU (n)V −FU (n)V ′‖2L2
d

=

(

1

2ε2

)2 K
∑

k=0

′′
{

V 3
k + Vk

(

U
(n)
k

)2

+ V 2
k U

(n)
k +

(

U
(n)
k

)3

− (V ′
k)

3 − V ′
k

(

U
(n)
k

)2

− (V ′
k)

2
U

(n)
k −

(

U
(n)
k

)3
}2

∆x

=

(

1

2ε2

)2 K
∑

k=0

′′
[

{

V 3
k − (V ′

k)
3
}

+ (Vk − V ′
k)
(

U
(n)
k

)2

+
{

V 2
k − (V ′

k)
2
}

U
(n)
k

]2

∆x

=

(

1

2ε2

)2 K
∑

k=0

′′
{

V 2
k + VkV

′
k + (V ′

k)
2
+
(

U
(n)
k

)2

+(Vk + V ′
k)U

(n)
k

}2

(Vk − V ′
k)

2
∆x. (3.40)

Moreover, it holds that

max
0≤k≤K

|Vk| ≤
√

2

∆x

√

√

√

√

K
∑

k=0

′′V 2
k ∆x =

√

2

∆x
‖V ‖L2

d
≤
√

2

∆x
· 8Rd for all V ∈ B. (3.41)

Similarly, we obtain

max
0≤k≤K

∣

∣

∣
U

(n)
k

∣

∣

∣
≤
√

2

∆x
Rd. (3.42)

Therefore, it follows from (3.40), (3.41), and (3.42) that

‖FU (n)V −FU (n)V ′‖2L2
d
≤
(

1

2ε2

)2 K
∑

k=0

′′
{

2

∆x
· 64R2

d +
2

∆x
· 64R2

d +
2

∆x
· 64R2

d +
2

∆x
R2

d

+

(

√

2

∆x
· 8Rd +

√

2

∆x
· 8Rd

)

√

2

∆x
Rd

}2

(Vk − V ′
k)

2
∆x

=

(

1

2ε2

)2 K
∑

k=0

′′
{

2

∆x
· 192R2

d +
2

∆x
R2

d +
2

∆x
· 16R2

d

}2

(Vk−V ′
k)

2
∆x

=

(

209R2
d

ε2∆x

)2

‖V − V ′‖2L2
d

for all V ,V ′ ∈ B.
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Hence, the estimate (3.38) holds. From the assumption (3.25) on ∆t, the following in-
equality holds:

∆t <
Lε2∆x

4 (∆x+ 209R2
d)
(

L+
√

(K + 1)(2K − 1)∆x
)

=
ε2

4

(

1 +
209R2

d

∆x

)(

1 +
1

L

√

(K + 1)(2K − 1)∆x

) .

Thus, it holds that

0 ≤ 4∆t

ε2

(

1 +
209R2

d

∆x

)(

1 +
1

L

√

(K + 1)(2K − 1)∆x

)

< 1. (3.43)

Therefore, from (3.39) and (3.43), TU (n) is contractive. This completes the proof.

§5 Error estimate for the proposed scheme

In this section, we show an error estimate of the numerical solution of the proposed
scheme. Fix a natural number N ∈ N. We compute U (n) up to n = N by our proposed
scheme (3.13)–(3.15) and estimate the error between it and the solution to the problem
(3.2), (3.9), and (3.12) up to T = N∆t. We define the error by

e
(n)
k := U

(n)
k − u(k∆x, n∆t). (k = −1, 0, . . . , K,K + 1, n = 0, 1, . . . , N),

where u is the solution of the target equation (3.12). We define an extension of u by

u(x, t) :=

{

u(−x, t) (−∆x ≤ x < 0),

u(2L− x, t) (L < x ≤ L+∆x),
(3.44)

for all t ∈ [0, T ]. In what follows, we use the following special time-difference and time-
averaging operators:

δ⟨1⟩n f (n) :=
f (n+ 1

2
) − f (n− 1

2
)

∆t
, s⟨1⟩n f (n) :=

f (n+ 1
2
) + f (n− 1

2
)

2
.

Moreover, for simplicity, we use the following expression ũ
(n)
k := ũ(k∆x, n∆t) from now

on. Also, ∂xf(a) means ∂xf(x)|x=a.

Lemma 3.3. For n = 0, 1, . . . , N − 1, the error e(n) satisfies

1

∆t

(

∥

∥e(n+1)
∥

∥

2

L2
d

−
∥

∥e(n)
∥

∥

2

L2
d

)

≤ 1

2

(

∥

∥e(n+1)
∥

∥

2

L2
d

+
∥

∥e(n)
∥

∥

2

L2
d

)

+
∥

∥

∥
ξ
(n+ 1

2
)

1

∥

∥

∥

2

L2
d

+
∥

∥

∥
ξ
(n+ 1

2
)

2

∥

∥

∥

2

L2
d

+ 4
∥

∥

∥
φ̃(U (n+1),U (n))− φ(n+ 1

2
)
∥

∥

∥

2

L2
d

+ 4L
{

λε
d(U

(n+1),U (n))− λε,(n+ 1
2
)
}2

.
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where

λε,(n+ 1
2
) := λε

((

n+
1

2

)

∆t

)

= − 1

L

∫ L

0

2

ε2
(u− u3)dx

∣

∣

∣

∣

t=(n+ 1
2
)∆t

,

φ̃(fk, gk) :=
2

ε2

{

fk + gk
2

− (fk)
3 + (fk)

2gk + fk(gk)
2 + (gk)

3

4

}

(k = 0, 1, . . . , K),

φ
(n+ 1

2
)

k :=
2

ε2

{

u
(n+ 1

2
)

k −
(

u
(n+ 1

2
)

k

)3
}

(k = 0, 1, . . . , K),

ξ
(n+ 1

2
)

1,k := 2(∂t − δ⟨1⟩n )u
(n+ 1

2
)

k (k = 0, 1, . . . , K),

ξ
(n+ 1

2
)

2,k := 2(δ
⟨2⟩
k s⟨1⟩n − ∂2

x)u
(n+ 1

2
)

k (k = 0, 1, . . . , K).

Proof. For n = 0, 1, . . . , N − 1 and k = 0, 1, . . . , K, subtracting the following proposed
scheme:

δ⟨1⟩n U
(n+ 1

2
)

k = δ
⟨2⟩
k s⟨1⟩n U

(n+ 1
2
)

k + φ̃(U
(n+1)
k , U

(n)
k ) + λε

d(U
(n+1),U (n))

from the following original equation:

∂tu
(n+ 1

2
)

k = ∂2
xu

(n+ 1
2
)

k + φ
(n+ 1

2
)

k + λε,(n+ 1
2
)

at t = (n+ 1/2)∆t and x = k∆x, we obtain

δ⟨1⟩n e
(n+ 1

2
)

k = δ
⟨2⟩
k s⟨1⟩n e

(n+ 1
2
)

k +
1

2
ξ
(n+ 1

2
)

1,k +
1

2
ξ
(n+ 1

2
)

2,k

+
(

φ̃(U
(n+1)
k , U

(n)
k )− φ

(n+ 1
2
)

k

)

+
(

λε
d(U

(n+1),U (n))− λε,(n+ 1
2
)
)

. (3.45)

Hence, we obtain the following equality from (3.45):

1

∆t

K
∑

k=0

′′
{

(

e
(n+1)
k

)2

−
(

e
(n)
k

)2
}

∆x =
K
∑

k=0

′′
(

δ⟨1⟩n e
(n+ 1

2
)

k

)(

s⟨1⟩n e
(n+ 1

2
)

k

)

∆x

=
K
∑

k=0

′′
(

δ
⟨2⟩
k s⟨1⟩n e

(n+ 1
2
)

k

)(

s⟨1⟩n e
(n+ 1

2
)

k

)

∆x+
K
∑

k=0

′′
(

s⟨1⟩n e
(n+ 1

2
)

k

)

×
{

1

2
ξ
(n+ 1

2
)

1,k +
1

2
ξ
(n+ 1

2
)

2,k +
(

φ̃(U
(n+1)
k , U

(n)
k )−φ

(n+ 1
2
)

k

)

+
(

λε
d(U

(n+1),U (n))−λε,(n+ 1
2
)
)

}

∆x.

Here, from the discrete boundary conditions (3.15) and the definition of the extension

(3.44), we have δ
⟨1⟩
k s

⟨1⟩
m e

(n+ 1
2
)

k = 0 (k = 0, K). Therefore, from Proposition 2.3 (second-
order summation by parts formula), we obtain the following inequality:

K
∑

k=0

′′
(

δ
⟨2⟩
k s⟨1⟩n e

(n+ 1
2
)

k

)(

s⟨1⟩n e
(n+ 1

2
)

k

)

∆x

=
[(

δ
⟨1⟩
k s⟨1⟩n e

(n+ 1
2
)

k

)(

s
⟨1⟩
k s⟨1⟩n e

(n+ 1
2
)

k

)]K

0
− 1

2

K
∑

k=0

′′
{

(

δ+k s
⟨1⟩
n e

(n+ 1
2
)

k

)2

+
(

δ−k s
⟨1⟩
n e

(n+ 1
2
)

k

)2
}

∆x

≤ 0.
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From the above, we obtain the following inequality:

1

∆t

K
∑

k=0

′′
{

(

e
(n+1)
k

)2

−
(

e
(n)
k

)2
}

∆x

≤
K
∑

k=0

′′
(

s⟨1⟩n e
(n+ 1

2
)

k

)

×
{

1

2
ξ
(n+ 1

2
)

1,k +
1

2
ξ
(n+ 1

2
)

2,k +
(

φ̃(U
(n+1)
k , U

(n)
k )− φ

(n+ 1
2
)

k

)

+
(

λε
d(U

(n+1),U (n))− λε,(n+ 1
2
)
)

}

∆x

≤ 1

2

K
∑

k=0

′′
(

s⟨1⟩n e
(n+ 1

2
)

k

)2

∆x

+
1

2

K
∑

k=0

′′
{

1

2
ξ
(n+ 1

2
)

1,k +
1

2
ξ
(n+ 1

2
)

2,k +
(

φ̃(U
(n+1)
k , U

(n)
k )−φ

(n+ 1
2
)

k

)

+
(

λε
d(U

(n+1),U (n))−λε,(n+ 1
2
)
)

}2

∆x

≤ 1

4

K
∑

k=0

′′
{

(

e
(n+1)
k

)2

+
(

e
(n)
k

)2
}

∆x+ 2
K
∑

k=0

′′
{

1

4

(

ξ
(n+ 1

2
)

1,k

)2

+
1

4

(

ξ
(n+ 1

2
)

2,k

)2

+
(

φ̃(U
(n+1)
k , U

(n)
k )− φ

(n+ 1
2
)

k

)2

+
(

λε
d(U

(n+1),U (n))− λε,(n+ 1
2
)
)2
}

∆x

=
1

4

K
∑

k=0

′′
(

e
(n+1)
k

)2

∆x+
1

4

K
∑

k=0

′′
(

e
(n)
k

)2

∆x+
1

2

K
∑

k=0

′′
(

ξ
(n+ 1

2
)

1,k

)2

∆x+
1

2

K
∑

k=0

′′
(

ξ
(n+ 1

2
)

2,k

)2

∆x

+ 2
K
∑

k=0

′′
(

φ̃(U
(n+1)
k , U

(n)
k )− φ

(n+ 1
2
)

k

)2

∆x+ 2L
(

λε
d(U

(n+1),U (n))− λε,(n+ 1
2
)
)2

.

In the second inequality, we have used the inequality ab ≤ (1/2)(a2 + b2) for all a, b ∈ R.
In the third inequality, we have used the following inequality:

(

n
∑

i=1

ai

)2

≤ n
n
∑

i=1

a2i for all a1, . . . , an ∈ R. (3.46)

This completes the proof.

Lemma 3.4. The following inequality holds:

{

λε
d(U

(n+1),U (n))− λε,(n+ 1
2
)
}2

≤ 2

L

∥

∥

∥φ̃(U (n+1),U (n))− φ(n+ 1
2
)
∥

∥

∥

2

L2
d

+
C2

1

8ε4
(∆x)4, (3.47)

where C1 is a constant defined by

C1 := sup
0≤x≤L
0≤t≤T

∣

∣∂2
x(u− u3)

∣

∣ .

Proof. By using the inequality (3.46), we have
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{

λε
d(U

(n+1),U (n))− λε,(n+ 1
2
)
}2

=

{

− 1

L

K
∑

k=0

′′φ̃(U
(n+1)
k , U

(n)
k )∆x+

1

L

∫ L

0

2

ε2
(u− u3)dx

∣

∣

∣

∣

t=(n+ 1
2
)∆t

}2

=
1

L2

[{

K
∑

k=0

′′
(

φ̃(U
(n+1)
k , U

(n)
k )− φ

(n+ 1
2
)

k

)

∆x

}

+

{

K
∑

k=0

′′φ
(n+ 1

2
)

k ∆x−
∫ L

0

2

ε2
(u− u3)dx

∣

∣

∣

∣

t=(n+ 1
2
)∆t

}]2

≤ 2

L2

{

K
∑

k=0

′′
(

φ̃(U
(n+1)
k , U

(n)
k )− φ

(n+ 1
2
)

k

)

∆x

}2

+
2

L2

{

K
∑

k=0

′′φ
(n+ 1

2
)

k ∆x−
∫ L

0

2

ε2
(u− u3)dx

∣

∣

∣

∣

t=(n+ 1
2
)∆t

}2

. (3.48)

Using (3.46), we have
(

K
∑

k=0

′′fk∆x

)2

=

{

1

2
(f0 + fK)∆x+

K−1
∑

k=1

fk∆x

}2

≤ K

{

1

4
(f0 + fK)

2(∆x)2 +
K−1
∑

k=1

f 2
k (∆x)2

}

≤ K∆x

{

1

2
(f 2

0 + f 2
K)∆x+

K−1
∑

k=1

f 2
k∆x

}

= L

K
∑

k=0

′′f 2
k∆x for all {fk}Kk=0 ∈ R

K+1.

By using this inequality, we obtain

2

L2

{

K
∑

k=0

′′
(

φ̃(U
(n+1)
k , U

(n)
k )− φ

(n+ 1
2
)

k

)

∆x

}2

≤ 2

L

∥

∥

∥
φ̃(U (n+1),U (n))− φ(n+ 1

2
)
∥

∥

∥

2

L2
d

. (3.49)

Let us define

Φ(n+ 1
2
)(x) := u

(

x,

(

n+
1

2

)

∆t

)

−
{

u

(

x,

(

n+
1

2

)

∆t

)}3

for all x ∈ [0, L].

Since u(·, t) ∈ C2([0, L]) for any fixed t ∈ [0, T ], it holds that Φ(n+ 1
2
) ∈ C2([0, L]). There-

fore, from the Euler–Maclaurin summation formula, we have
∣

∣

∣

∣

∣

K
∑

k=0

′′φ
(n+ 1

2
)

k ∆x−
∫ L

0

2

ε2
(u− u3)dx

∣

∣

∣

∣

t=(n+ 1
2
)∆t

∣

∣

∣

∣

∣

=
2

ε2

∣

∣

∣

∣

∣

K
∑

k=0

′′Φ(n+ 1
2
)(k∆x)∆x−

∫ L

0

Φ(n+ 1
2
)(x)dx

∣

∣

∣

∣

∣

≤ 2

ε2
· 1
8
(∆x)2

∫ L

0

∣

∣

∣∂2
xΦ

(n+ 1
2
)(x)

∣

∣

∣ dx

=
1

4ε2
(∆x)2

∫ L

0

∣

∣

∣∂2
x(u− u3)

∣

∣

t=(n+ 1
2
)∆t

∣

∣

∣ dx

≤ C1L

4ε2
(∆x)2.
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Thus, we obtain

2

L2

{

K
∑

k=0

′′φ
(n+ 1

2
)

k ∆x−
∫ L

0

2

ε2
(u− u3)dx

∣

∣

∣

∣

t=(n+ 1
2
)∆t

}2

≤ 2

L2
· C

2
1L

2

16ε4
(∆x)4=

C2
1

8ε4
(∆x)4. (3.50)

From (3.48)–(3.50), we have (3.47).

Lemma 3.5. The following inequality holds:
∥

∥

∥
φ̃(U (n+1),U (n))− φ(n+ 1

2
)
∥

∥

∥

2

L2
d

≤ 4

ε4
(

1 + 3C2
2

)2
(

∥

∥e(n+1)
∥

∥

2

L2
d

+
∥

∥e(n)
∥

∥

2

L2
d

)

+
1

12

∥

∥

∥ξ
(n+ 1

2
)

3

∥

∥

∥

2

L2
d

+
1

12

∥

∥

∥ξ
(n+ 1

2
)

4

∥

∥

∥

2

L2
d

,

where C2, ξ3, and ξ4 are defined by

C2 := max
0≤l≤N

{

max
0≤k≤K

∣

∣

∣
U

(l)
k

∣

∣

∣
, sup
x∈[0,L]

|u(x, l∆t)|
}

,

ξ
(n+ 1

2
)

3,k :=
2
√
3

ε2
C2(u

(n+1)
k − u

(n)
k )2 (k = 0, 1, . . . , K),

ξ
(n+ 1

2
)

4,k :=
8
√
3

ε2
(

1 + 3C2
2

)

{

(s⟨1⟩n − 1)u
(n+ 1

2
)

k

}

(k = 0, 1, . . . , K).

Remark 3.2. Note that C2 is finite since the proposed scheme is numerically stable, and
the solution u satisfies u(·, t) ∈ C0([0, L]) for any fixed t ∈ [0, T ].

Proof. We denote

φ̃(U (n+1),U (n))− φ(n+ 1
2
) =

4
∑

i=1

Ii,

where Ii = {Ii,k}Kk=0 with

I1,k := φ̃(U
(n+1)
k , U

(n)
k )− φ̃(u

(n+1)
k , U

(n)
k ),

I2,k := φ̃(u
(n+1)
k , U

(n)
k )− φ̃(u

(n+1)
k , u

(n)
k ),

I3,k := φ̃(u
(n+1)
k , u

(n)
k )− 2

ε2

{

s⟨1⟩n u
(n+ 1

2
)

k −
(

s⟨1⟩n u
(n+ 1

2
)

k

)3
}

,

I4,k :=
2

ε2

{

s⟨1⟩n u
(n+ 1

2
)

k −
(

s⟨1⟩n u
(n+ 1

2
)

k

)3
}

− φ
(n+ 1

2
)

k .

By direct calculation, we can see that

I1,k =
2

ε2











U
(n+1)
k + U

(n)
k

2
−

(

U
(n+1)
k

)3

+
(

U
(n+1)
k

)2

U
(n)
k + U

(n+1)
k

(

U
(n)
k

)2

+
(

U
(n)
k

)3

4











− 2

ε2











u
(n+1)
k + U

(n)
k

2
−

(

u
(n+1)
k

)3

+
(

u
(n+1)
k

)2

U
(n)
k + u

(n+1)
k

(

U
(n)
k

)2

+
(

U
(n)
k

)3

4











=
1

ε2

(

U
(n+1)
k − u

(n+1)
k

)

− 1

2ε2

[

(

U
(n+1)
k

)3

−
(

u
(n+1)
k

)3

+

{

(

U
(n+1)
k

)2

−
(

u
(n+1)
k

)2
}

U
(n)
k +

(

U
(n+1)
k −u

(n+1)
k

)(

U
(n)
k

)2
]

=
1

ε2
e
(n+1)
k

[

1− 1

2

{

(

U
(n+1)
k

)2

+U
(n+1)
k u

(n+1)
k +

(

u
(n+1)
k

)2

+U
(n+1)
k U

(n)
k +u

(n+1)
k U

(n)
k +

(

U
(n)
k

)2
}]
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for k = 0, 1, . . . , K. Namely, we have

|I1,k| ≤
1

ε2

∣

∣

∣
e
(n+1)
k

∣

∣

∣

{

1 +
1

2

(

∣

∣

∣
U

(n+1)
k

∣

∣

∣

2

+
∣

∣

∣
U

(n+1)
k

∣

∣

∣

∣

∣

∣
u
(n+1)
k

∣

∣

∣
+
∣

∣

∣
u
(n+1)
k

∣

∣

∣

2

+
∣

∣

∣
U

(n+1)
k

∣

∣

∣

∣

∣

∣
U

(n)
k

∣

∣

∣
+
∣

∣

∣u
(n+1)
k

∣

∣

∣

∣

∣

∣
U

(n)
k

∣

∣

∣+
∣

∣

∣
U

(n)
k

∣

∣

∣

2
)}

≤ 1

ε2

∣

∣

∣
e
(n+1)
k

∣

∣

∣

(

1 +
1

2
· 6C2

2

)

=
1

ε2
(

1 + 3C2
2

)

∣

∣

∣
e
(n+1)
k

∣

∣

∣
(k = 0, 1, . . . , K).

In the same manner, we obtain

|I2,k| ≤
1

ε2
(

1 + 3C2
2

)

∣

∣

∣e
(n)
k

∣

∣

∣ (k = 0, 1, . . . , K). (3.51)

Furthermore, it holds from the direct calculation that

I4,k =
2

ε2

{

s⟨1⟩n u
(n+ 1

2
)

k −
(

s⟨1⟩n u
(n+ 1

2
)

k

)3
}

− 2

ε2

{

u
(n+ 1

2
)

k −
(

u
(n+ 1

2
)

k

)3
}

=
2

ε2

{

s⟨1⟩n u
(n+ 1

2
)

k − u
(n+ 1

2
)

k −
(

s⟨1⟩n u
(n+ 1

2
)

k

)3

+
(

u
(n+ 1

2
)

k

)3
}

=
2

ε2

(

s⟨1⟩n u
(n+ 1

2
)

k − u
(n+ 1

2
)

k

)

[

1−
{

(

s⟨1⟩n u
(n+ 1

2
)

k

)2

+
(

s⟨1⟩n u
(n+ 1

2
)

k

)

u
(n+ 1

2
)

k +
(

u
(n+ 1

2
)

k

)2
}]

for k = 0, 1, . . . , K. That is, we have

|I4,k| ≤
2

ε2

∣

∣

∣
(s⟨1⟩n − 1)u

(n+ 1
2
)

k

∣

∣

∣

(

1 +
∣

∣

∣s⟨1⟩n u
(n+ 1

2
)

k

∣

∣

∣

2

+
∣

∣

∣s⟨1⟩n u
(n+ 1

2
)

k

∣

∣

∣

∣

∣

∣
u
(n+ 1

2
)

k

∣

∣

∣
+
∣

∣

∣u
(n+ 1

2
)

k

∣

∣

∣

2
)

=
2

ε2

∣

∣

∣
(s⟨1⟩n − 1)u

(n+ 1
2
)

k

∣

∣

∣



1 +

∣

∣

∣

∣

∣

u
(n+1)
k + u

(n)
k

2

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

u
(n+1)
k + u

(n)
k

2

∣

∣

∣

∣

∣

∣

∣

∣
u
(n+ 1

2
)

k

∣

∣

∣
+
∣

∣

∣
u
(n+ 1

2
)

k

∣

∣

∣

2





≤ 2

ε2

∣

∣

∣(s⟨1⟩n − 1)u
(n+ 1

2
)

k

∣

∣

∣

×






1 +

∣

∣

∣u
(n+1)
k

∣

∣

∣

2

+
∣

∣

∣
u
(n)
k

∣

∣

∣

2

2
+

∣

∣

∣
u
(n+1)
k

∣

∣

∣

∣

∣

∣
u
(n+ 1

2
)

k

∣

∣

∣
+
∣

∣

∣u
(n)
k

∣

∣

∣

∣

∣

∣
u
(n+ 1

2
)

k

∣

∣

∣

2
+
∣

∣

∣
u
(n+ 1

2
)

k

∣

∣

∣

2







≤ 2

ε2

∣

∣

∣
(s⟨1⟩n − 1)u

(n+ 1
2
)

k

∣

∣

∣

(

1 +
C2

2 + C2
2

2
+

C2
2 + C2

2

2
+ C2

2

)

=
2

ε2
(

1 + 3C2
2

)

∣

∣

∣(s⟨1⟩n − 1)u
(n+ 1

2
)

k

∣

∣

∣ (k = 0, 1, . . . , K).

By using the following equality:

a3 + a2b+ ab2 + b3

2
− (a+ b)3

4
=

(a+ b)(a− b)2

4
for all a, b ∈ R,
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we obtain
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Thus, we get
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From the above estimates, we obtain
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This completes the proof.

Lemma 3.6. The following inequality holds:
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∥

∥e(n+1)
∥

∥

2

L2
d

≤
∥

∥e(n)
∥

∥

2

L2
d

+∆t

{(

4
∑

i=1

∥

∥

∥
ξ
(n+ 1

2
)

i

∥

∥

∥

2

L2
d

)

+
C2

1L

2ε4
(∆x)4

}

,

where C3 is a constant defined by C3 := 1 + (96/ε4)(1 + 3C2
2)

2.
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Proof. From Lemma 3.3, Lemma 3.4, and Lemma 3.5, we have
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Hence, we obtain the following inequality:
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This completes the proof.

Theorem 3.4. Assume that the target equation (3.12) has a solution u satisfying u ∈
C4([0, L]× [0, T ]). If ∆t satisfies the condition (3.25) and ∆t < 1/(2C3), then there exists
a constant C4 such that

{

K
∑

k=0

′′
(

U
(n)
k − u(k∆x, n∆t)

)2

∆x

}
1
2

≤ C4

√
LTeC3T ((∆x)2 + (∆t)2) (n = 1, . . . , N).

Remark 3.3. This theorem means that the solution of the scheme (3.13) converges to
the solution of the target equation (3.12) in the sense of discrete L2-norm and that the
convergence rate is O((∆x)2 + (∆t)2).

Proof. From the regularity assumption of the solution u, applying the Taylor theorem
to u, we have
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where t1, t2, t3, t4 ∈ [n∆t, (n+1)∆t] and x1, x2 ∈ [(k−1)∆x, (k+1)∆x] for n = 0, . . . , N−1
and k = 0, . . . , K. From these results, we obtain

4
∑

i=1

∥

∥

∥ξ
(n+ 1

2
)

i

∥

∥

∥

2

L2
d

+
C2

1L

2ε4
(∆x)4 ≤ 5C̃2

4L((∆x)2 + (∆t)2)2 (n = 0, 1, . . . , N − 1), (3.52)
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where C̃4 is defined by
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We remark that C̃4 is finite from the regularity assumption of the solution u. Let us
define a constant C4 by C4 :=

√
5C̃4. From the assumption ∆t < 1/(2C3), we have
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Hence, by using Lemma 3.6, (3.52), and (3.53), we obtain
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Therefore, by using this inequality iteratively, we have
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This completes the proof.

§6 Computation examples

In this section, we demonstrate through numerical computations that the proposed
scheme is stable and that the numerical solution of the proposed scheme is efficient.

34



Moreover, we compare the proposed scheme with the Crank–Nicolson (CN) scheme. The
concrete form of the CN scheme for (3.12) is, for n = 0, 1, . . .,

U
(n+1)
k −U

(n)
k

∆t
=δ

⟨2⟩
k

(

U
(n+1)
k +U

(n)
k

2

)

+F̃
(

U
(n+1)
k , U

(n)
k

)

− 1

L

K
∑

k=0

′′F̃
(

U
(n+1)
k , U

(n)
k

)

∆x (k=0,. . ., K),

where

F̃
(

U
(n+1)
k , U

(n)
k

)

:=
2

ε2







(

U
(n+1)
k +U

(n)
k

2

)

−











(

U
(n+1)
k

)3

+
(

U
(n)
k

)3

2
















.

We perform all our numerical computations by using Julia language.

6.1 Numerical solutions

The left figures show the numerical solution obtained by the proposed scheme. The
right ones show that obtained by the CN scheme.

Figure 3.1: Numerical solutions to (3.1) (ε = 0.02) obtained by the proposed scheme and
the CN scheme with ∆x = 1/100 and ∆t = 1/5000

Figure 3.2: Numerical solutions to (3.1) (ε = 0.02) obtained by the proposed scheme and
the CN scheme with ∆x = 1/200 and ∆t = 1/5000
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• Case 1.
Fig. 3.1 shows numerical results for ε = 0.02 obtained by DVDM and the CN method

with ∆x = 1/100 and ∆t = 1/5000. The initial data in Fig. 3.1 is

u(x, 0) = 0.26 + 0.07 cos(8πx) + 0.41 sin

(

11

2
πx

)

+ 0.24 cos(7πx). (3.54)

The solution by the proposed scheme arrives at the steady-state around at t = 1.5, whereas
the one by the CN scheme is stable around at t = 4, namely, a little late time. In order
to analyze the difference in these results, we refine the space mesh size.
• Case 2.

In Fig. 3.2, we take ∆x by half, i.e., ∆x = 1/200. The result of the CN scheme
improves. Both solutions arrive at the steady-state around at t = 1.5. Furthermore,
when we take a smaller space mesh size, both solutions also arrive at the steady-state
around at t = 1.5. Hence, we expect that the solution by the proposed scheme is more
reliable than that by the CN scheme when the space mesh size is coarse.

When we change the initial data into another one, the results are also different from
each other. We remark that the direction of the time evolution is reverse to the previous
one.

Figure 3.3: Numerical solutions to (3.1) (ε = 0.03) obtained by the proposed scheme and
the CN scheme with ∆x = 1/100 and ∆t = 1/1000

Figure 3.4: Numerical solutions to (3.1) (ε = 0.03) obtained by the proposed scheme and
the CN scheme with ∆x = 1/100 and ∆t = 1/2000
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• Case 3.
Fig. 3.3 shows numerical results for ε = 0.03 obtained by DVDM and the CN method

with ∆x = 1/100 and ∆t = 1/1000. The initial data in Fig. 3.3 is

u(x, 0) = 0.01 + 0.3 cos(4πx) + 0.08 sin

(

13

2
πx

)

(cos(4πx)− 1) + 0.11 cos(18πx). (3.55)

Both solutions arrive at the steady-state around at t = 80. However, the steady-state of
the solution by the CN scheme is different from that by the proposed scheme. As with
previous numerical examples, in order to analyze the difference in these results, we refine
the time mesh size.
• Case 4.

In Fig. 3.4, we take ∆t by half, i.e., ∆t = 1/2000. The result of the CN scheme
improves. The steady-state of the solution by the CN scheme coincides with that by
the proposed scheme. In addition, when we take a smaller time mesh size, the steady-
state of the solution by the CN scheme also coincides with that by the proposed scheme.
Therefore, we also expect that the solution by the proposed scheme is more reliable than
that by the CN scheme when the time mesh size is coarse.

6.2 Conservative property

Next, we confirm the conservative property. The left figures show the result obtained
by the proposed scheme. The right ones show that obtained by the CN scheme.
• Case 1.

Fig. 3.5 shows the following discrepancies:

K
∑

k=0

′′U
(n)
k ∆x−

K
∑

k=0

′′U
(0)
k ∆x (n = 0, 1, . . .).

in Fig. 3.1. Theoretically, this value should be conserved. These graphs show that the
mass is conserved numerically.

Figure 3.5: The difference between the mass of the numerical solution in Fig. 3.1 and one
of the initial data (3.54)

• Case 3.
Fig. 3.6 shows the discrepancies in Fig. 3.3. These graphs also show that the mass is

conserved numerically.
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Figure 3.6: The difference between the mass of the numerical solution in Fig. 3.3 and one
of the initial data (3.55)

6.3 Dissipative property

Lastly, we confirm the dissipative property of energy. The left figures show the result
obtained by the proposed scheme. The right ones show that obtained by the CN scheme.

Figure 3.7: The discrete global energy of the numerical solution in Fig. 3.1: The time
axis is on the log-scale

Figure 3.8: The discrete global energy of the numerical solution in Fig. 3.3: The time
axis is on the log-scale
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• Case 1.
Fig. 3.7 shows the discrete global energies:

Jd(U
(n)) =

K
∑

k=0

′′Gd,k(U
(n))∆x (n = 0, 1, . . .)

in Fig. 3.1. Theoretically, this value should decrease. These graphs show that the decrease
in global energy is preserved numerically.
• Case 3.

Fig. 3.8 shows the discrete global energies in Fig. 3.3. In analogy with Case 1, these
graphs show that the decrease in global energy is preserved numerically.

From the above, we can obtain the expected results. Additionally, the results of our
scheme are better than that of the CN scheme when the mesh size is coarse.
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Chapter 4

The Allen–Cahn equation with a
dynamic boundary condition

In this chapter, as mentioned in Chapter 1, following the idea of DVDM [29] as under-
stood in Chapter 3, by modifying the discretization of energy from the conventional ones
and using the suitable summation-by-parts formula, we propose a structure-preserving
finite difference scheme for the Allen–Cahn equation with a dynamic boundary condition.
Modifying the conventional manner and using the appropriate summation-by-parts for-
mula, we can use a central difference operator as an approximation of an outward normal
derivative on the boundary condition in the scheme. Besides, we show the stability, the
existence, and the uniqueness of the solution for the proposed scheme. Also, we give
the error estimate for the scheme. Computation examples demonstrate the effectiveness
of the proposed scheme. Besides, through computation examples, we confirm that the
long-time behavior of the solution under a dynamic boundary condition may differ from
the long-time behavior of the solution under the Neumann boundary condition.

§1 Introduction

Let L > 0 be the length of the one-dimensional material. In this chapter, we study
the following Allen–Cahn equation [1]:

∂tu = ∂2
xu− F ′(u) in (0, L)× (0,∞) (4.1)

under the following dynamic boundary condition:

∂tu(0, t) = ∂xu(x, t)|x=0 − F ′(u(0, t)) in (0,∞), (4.2)

∂tu(L, t) = − ∂xu(x, t)|x=L − F ′(u(L, t)) in (0,∞). (4.3)

The unknown function u: [0, L] × [0,∞) → R is the order parameter, representing the
concentration of one of two components in a binary mixture. Moreover, F : R → R is the
potential, and F ′ is its derivative. For example, F can be a double-well potential, i.e.,
F (s) = (1/4)(s2 − 1)2 for all s ∈ R. In this chapter, we assume that the potential F is in
C4(R) and satisfies the following properties:

F ′(0) = 0, F (s) ≥ µs2 − c for all s ∈ R, (4.4)
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where µ is a positive constant, and c is a non-negative constant. Let us define the “local
energy” G and the “global energy” J , which characterize the equation (4.1) by

G(u, ∂xu) :=
|∂xu|2
2

+ F (u), J(u) :=

∫ L

0

G(u, ∂xu)dx.

We remark that the above words “local energy” and “global energy” are ones for space,
not for time, and that these “local” and “global” are different from ones of the words
“local existence” and “global existence,” which appear later. Then, the solution of the
equation (4.1) satisfies the following inequality:

d

dt
{J(u(t)) + F (u(0, t)) + F (u(L, t))} ≤ 0 (4.5)

under the boundary conditions (4.2) and (4.3).
From a mathematical perspective, the above problem (4.1)–(4.3) with an initial value

has been studied in [9, 17, 21, 33, 45, 58]. Here, we remark that the original problem
was considered in the two-dimensional or three-dimensional case, where the boundary
condition (4.2) and (4.3) includes the Laplace–Beltrami operator, which plays the role of
diffusion on the boundary. Calatroni and Colli proved the existence and the uniqueness of
the solution of the problem (4.1)–(4.3) with an initial value, where the Laplace–Beltrami
operator disappears on the boundary [9].

From a numerical point of view, there is a lot of study of a structure-preserving scheme
for the Allen–Cahn equation with classical (non-dynamical) boundary conditions, for ex-
ample, Dirichlet or Neumann boundary conditions (see, for instance, [26,29,37,57]). Also,
the results of a structure-preserving scheme for a non-local Allen–Cahn equation with Neu-
mann or periodic boundary conditions can be found in [43,51, 63, 69]. In [67], Yoshikawa
mentioned that the merit of the structure-preserving scheme is that we automatically
obtain the stability of numerical solutions. He also mentioned that the advantage of the
structure-preserving scheme is that various strategies for the continuous case, such as
the energy method, can be applied to the scheme similarly. Actually, Yoshikawa and
co-authors applied the energy method to show the existence and the uniqueness of the
solution and the error estimate for the scheme (see [28, 65–68]).

Here, we remark that there are few results for the Allen–Cahn equation with dynamic
boundary conditions. These conditions are different from the more studied Neumann
boundary conditions, and such may give a different long-time behavior of the solution
(see Section 6 for an example). In [42], a numerical scheme for semilinear problems with
the dynamic boundary condition (4.2) and (4.3) has been considered in a finite element
approach, and the error estimate has been obtained. However, there are no results of a
structure-preserving scheme for the above problem (4.1)–(4.3) in a finite difference ap-
proach to the best of our knowledge. Meanwhile, there are some numerical studies of
the Cahn–Hilliard equation with different dynamic boundary conditions (see, for exam-
ple, [12,13] for the finite element method, [48,49] for the finite volume method, and [28] for
the finite difference method). In [28], Fukao, Yoshikawa, and Wada proposed structure-
preserving schemes for the Cahn–Hilliard equation with two different dynamic boundary
conditions in the one-dimensional case, respectively, based on DVDM. We remark that
they use a forward difference operator as an approximation of an outward normal deriva-
tive on the discrete boundary condition of the structure-preserving scheme.
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The rest of this chapter proceeds as follows. In section 2, we propose a structure-
preserving scheme for (4.1)–(4.3), whose solution satisfies the discrete version of the dis-
sipative property (4.5). In section 3, we prove that the solution of the proposed scheme
satisfies the global boundedness. In section 4, we prove that the scheme has a unique so-
lution under a specific condition. In section 5, we prove the error estimate for the scheme.
In section 6, we show that the computation examples demonstrate the effectiveness of the
scheme.

§2 Proposed scheme

In this section, we propose a scheme for (4.1)–(4.3) and show that it has a property
corresponding to (4.5).

2.1 Preparation

We define U
(n)
k (k = −1, 0, 1, . . . , K,K + 1, n = 0, 1, . . .) to be the approximation to

u(x, t) at location x = k∆x and time t = n∆t, where ∆x is a space mesh size, i.e.,
∆x := L/K, and ∆t is a time mesh size. They are also written in vector as U (n) :=

(U
(n)
−1 , U

(n)
0 , . . . , U

(n)
K , U

(n)
K+1)

⊤ or U (n) := (U
(n)
0 , U

(n)
1 , . . . , U

(n)
K−1, U

(n)
K )⊤. The superscript

(n) is omitted when no confusion occurs. Guess the meaning of U from the context. Let
us define two discrete local energies G±

d,k: R
K+3 → R

K+1 by

G+
d,k(U ) :=

(δ+k Uk)
2

2
+ F (Uk) (k = 0, . . . , K),

G−
d,k(U ) :=

(δ−k Uk)
2

2
+ F (Uk) (k = 0, . . . , K),

for all U ∈ R
K+3. Note that G±

d,k(U ) are elements of vectors G±
d (U ), respectively. Fur-

thermore, we define discrete global energy Jd: R
K+3 → R as follows:

Jd(U ) :=
1

2

{

K−1
∑

k=0

G+
d,k(U )∆x+

K
∑

k=1

G−
d,k(U )∆x

}

. (4.6)

From the idea of DVDM [29], we take a discrete variation to derive a structure-preserving
scheme for (4.1)–(4.3). That is, we calculate the difference Jd(U )− Jd(V ) for all U ,V ∈
R

K+3. Using Proposition 2.1, we have the following lemma.

Lemma 4.1. The definition (4.6) of Jd is rewritten as follows:

Jd(U ) =
K−1
∑

k=0

(

δ+k Uk

)2

2
∆x+

K
∑

k=0

′′F (Uk)∆x for all U ∈ R
K+3.
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Proof. It follows from the definitions of G±
d and Jd and Proposition 2.1 that

Jd(U ) =
1

2

[

K−1
∑

k=0

{

(

δ+k Uk

)2

2
+ F (Uk)

}

∆x+
K
∑

k=1

{

(

δ−k Uk

)2

2
+ F (Uk)

}

∆x

]

=
1

2

{

K−1
∑

k=0

(

δ+k Uk

)2

2
∆x+

K
∑

k=1

(

δ−k Uk

)2

2
∆x

}

+
1

2

(

K−1
∑

k=0

F (Uk)∆x+
K
∑

k=1

F (Uk)∆x

)

=
1

4

{

K−1
∑

k=0

(

δ+k Uk

)2
∆x+

K
∑

k=1

(

δ+k Uk−1

)2
∆x

}

+
K
∑

k=0

′′F (Uk)∆x

=
1

4

{

K−1
∑

k=0

(

δ+k Uk

)2
∆x+

K−1
∑

k=0

(

δ+k Uk

)2
∆x

}

+
K
∑

k=0

′′F (Uk)∆x

=
K−1
∑

k=0

γ

2

(

δ+k Uk

)2
∆x+

K
∑

k=0

′′F (Uk)∆x for all U ∈ R
K+3.

This completes the proof.

By using Lemma 4.1 and Corollary 2.1, we have the following lemma.

Lemma 4.2. The following equality holds:

Jd(U )− Jd(V ) =
K
∑

k=0

′′
{

−δ
⟨2⟩
k

(

Uk + Vk

2

)

+
dF

d(Uk, Vk)

}

(Uk − Vk)∆x

+

[{

δ
⟨1⟩
k

(

Uk + Vk

2

)}

(Uk − Vk)

]K

0

for all U ,V ∈ R
K+3. (4.7)

Remark 4.1. This equality (4.7) is essential for the discrete dissipation of energy (The-
orem 4.1).

Proof. For all U ,V ∈ R
K+3, by using Corollary 2.1, we have

K−1
∑

k=0

{

(δ+k Uk)
2

2
− (δ+k Vk)

2

2

}

∆x =
K−1
∑

k=0

{

δ+k

(

Uk + Vk

2

)}

δ+k (Uk − Vk)∆x

= −
K−1
∑

k=0

{

δ
⟨2⟩
k

(

Uk + Vk

2

)}

(Uk−Vk)∆x

+

[{

δ
⟨1⟩
k

(

Uk + Vk

2

)}

(Uk−Vk)

]K

0

.

Furthermore, it holds from the direct calculation that

F (Uk)− F (Vk) =
dF

d(Uk, Vk)
(Uk − Vk) (k = 0, . . . , K) (4.8)
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From the above, we obtain

Jd(U )− Jd(V )

=
K−1
∑

k=0

{γ

2
(δ+k Uk)

2 − γ

2
(δ+k Vk)

2
}

∆x+
K
∑

k=0

′′ {F (Uk)− F (Vk)}∆x

=
K
∑

k=0

′′
{

−γδ
⟨2⟩
k

(

Uk+Vk

2

)

+
dF

d(Uk, Vk)

}

(Uk − Vk)∆x+

[

γ

{

δ
⟨1⟩
k

(

Uk+Vk

2

)}

(Uk − Vk)

]K

0

.

This completes the proof.

2.2 Proposed scheme

The concrete form of our scheme for (4.1) with (4.2) and (4.3) is, for n = 0, 1, . . .,

U
(n+1)
k − U

(n)
k

∆t
= − δGd

δ (U (n+1),U (n))k
(k = 0, . . . , K), (4.9)

U
(n+1)
0 − U

(n)
0

∆t
= δ

⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)∣

∣

∣

∣

∣

k=0

− dF

d(U
(n+1)
0 , U

(n)
0 )

, (4.10)

U
(n+1)
K − U

(n)
K

∆t
= − δ

⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)∣

∣

∣

∣

∣

k=K

− dF

d(U
(n+1)
K , U

(n)
K )

, (4.11)

where

δGd

δ (U (n+1),U (n))k
= −δ

⟨2⟩
k

(

U
(n+1)
k + U

(n)
k

2

)

+
dF

d(U
(n+1)
k , U

(n)
k )

(k = 0, . . . , K). (4.12)

Then the proposed scheme (4.9)–(4.11) has the following property corresponding to (4.5),
i.e.,

Theorem 4.1. The solution to the scheme (4.9)–(4.11) satisfies

δ+n

{

Jd(U
(n)) + F (U

(n)
0 ) + F (U

(n)
K )
}

≤ 0 (n = 0, 1, . . .). (4.13)

Proof. From Lemma 4.2, we have

1

∆t

{

Jd(U
(n+1))− Jd(U

(n))
}

=
K
∑

k=0

′′ δGd

δ (U (n+1),U (n))k

U
(n+1)
k −U

(n)
k

∆t
∆x

+

[{

δ
⟨1⟩
k

(

U
(n+1)
k +U

(n)
k

2

)}

U
(n+1)
k −U

(n)
k

∆t

]K

0

(n = 0, 1, . . .).

(4.14)
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Using (4.8), (4.10), and (4.11), we calculate the boundary term on the right-hand side of
(4.14) as follows:

[{

δ
⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)}

U
(n+1)
k − U

(n)
k

∆t

]K

0

=

{

δ
⟨1⟩
k

(

U
(n+1)
k +U

(n)
k

2

)∣

∣

∣

∣

∣

k=K

}

U
(n+1)
K −U

(n)
K

∆t
−
{

δ
⟨1⟩
k

(

U
(n+1)
k +U

(n)
k

2

)∣

∣

∣

∣

∣

k=0

}

U
(n+1)
0 −U

(n)
0

∆t

= −(δ+n U
(n)
K )2 − dF

d(U
(n+1)
K , U

(n)
K )

δ+n U
(n)
K − (δ+n U

(n)
0 )2 − dF

d(U
(n+1)
0 , U

(n)
0 )

δ+n U
(n)
0

= −(δ+n U
(n)
0 )2 − (δ+n U

(n)
K )2 − δ+n F (U

(n)
0 )− δ+n F (U

(n)
K ). (4.15)

Applying (4.9) and (4.15) to (4.14), we obtain

δ+n

{

Jd(U
(n))+F (U

(n)
0 )+F (U

(n)
K )
}

=−
K
∑

k=0

′′
∣

∣

∣

∣

δGd

δ (U (n+1),U (n))k

∣

∣

∣

∣

2

∆x− |δ+n U
(n)
0 |2− |δ+n U

(n)
K |2.

Therefore, the inequality (4.13) holds.

§3 Stability of the proposed scheme

In this section, we show that, if the proposed scheme has a solution, then it satisfies the
global boundedness. For the proof of the global boundedness of the numerical solution,
we use the following lemma.

Lemma 4.3. The solution to the scheme (4.9)–(4.11) satisfies the following inequality.
For n = 0, 1, . . ., it holds that

∥

∥U (n)
∥

∥

2

H̃1
d

+
∣

∣

∣U
(n)
0

∣

∣

∣

2

+
∣

∣

∣U
(n)
K

∣

∣

∣

2

≤ 1

min

{

1

2
, µ

}

{

Jd(U
(0)) + F (U

(0)
0 ) + F (U

(0)
K ) + c(L+ 2)

}

.

(4.16)

Proof. From the discrete dissipative property (Theorem 4.1) and the assumption (4.4)
for the potential F , we can show

Jd(U
(0)) + F (U

(0)
0 ) + F (U

(0)
K )

≥ Jd(U
(n)) + F (U

(n)
0 ) + F (U

(n)
K )

=
K−1
∑

k=0

∣

∣

∣
δ+k U

(n)
k

∣

∣

∣

2

2
∆x+

K
∑

k=0

′′F (U
(n)
k )∆x+ F (U

(n)
0 ) + F (U

(n)
K )

≥ 1

2

K−1
∑

k=0

∣

∣

∣
δ+k U

(n)
k

∣

∣

∣

2

∆x+
K
∑

k=0

′′
{

µ(U
(n)
k )2 − c

}

∆x+ µ(U
(n)
0 )2 − c+ µ(U

(n)
K )2 − c

≥ min

{

1

2
, µ

}{

∥

∥U (n)
∥

∥

2

H̃1
d

+
∣

∣

∣
U

(n)
0

∣

∣

∣

2

+
∣

∣

∣
U

(n)
K

∣

∣

∣

2
}

− c(L+ 2) (n = 0, 1, . . .).

Therefore, the inequality (4.16) holds.
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Applying Proposition 2.5 (Discrete Sobolev inequality) to (4.16), we can obtain the fol-
lowing global boundedness.

Theorem 4.2 (Global boundedness). The solution of the scheme (4.9) under the discrete
boundary conditions (4.10) and (4.11) satisfies the following inequality:

∥

∥U (n)
∥

∥

L∞
d

≤ C̃L









1

min

{

1

2
, µ

}

{

Jd(U
(0))+F (U

(0)
0 )+F (U

(0)
K )+c(L+2)

}









1
2

(n=0, 1, . . .).

§4 Existence and uniqueness of the solution to the

proposed scheme

In this section, using the energy method in [28, 65–68], we prove that the proposed
scheme (4.9)–(4.11) has a unique solution under a specific condition on ∆t.

Theorem 4.3 (Local existence and uniqueness). Let

R(ρ) := max

{

5 max
|ξ|≤2ρ

|F ′′(ξ)|2 , 1
2
max
|ξ|≤2ρ

|F ′′(ξ)|2 + 25

18
ρ2 max

|ξ|≤2ρ
|F ′′′(ξ)|2

}

for all ρ ≥ 0. For any given U (n) = {U (n)
k }K+1

k=−1 ∈ R
K+3, if ∆t satisfies

(∆t)2R

(

C̃L

√

‖U (n)‖2H̃1
d
+
∣

∣

∣
U

(n)
0

∣

∣

∣

2

+
∣

∣

∣
U

(n)
K

∣

∣

∣

2
)

< 1, (4.17)

then there exists a unique solution {U (n+1)
k }K+1

k=−1 ∈ R
K+3 satisfying (4.9)–(4.11).

Proof. For any given U (n) = {U (n)
k }K+1

k=−1 ∈ R
K+3, we define the mapping Ψ: {Uk}Kk=0 7→

{Ũk}K+1
k=−1 by

Ũk − U
(n)
k

∆t
= δ

⟨2⟩
k

(

Ũk + U
(n)
k

2

)

− dF

d(Uk, U
(n)
k )

(k = 0, . . . , K), (4.18)

Ũ0 − U
(n)
0

∆t
= δ

⟨1⟩
k

(

Ũk + U
(n)
k

2

)∣

∣

∣

∣

∣

k=0

− dF

d(U0, U
(n)
0 )

, (4.19)

ŨK − U
(n)
K

∆t
= − δ

⟨1⟩
k

(

Ũk + U
(n)
k

2

)∣

∣

∣

∣

∣

k=K

− dF

d(UK , U
(n)
K )

. (4.20)

Firstly, we show that the mapping Ψ is well-defined. Let α := ∆t/(4∆x) and β :=
∆t/(2(∆x)2). For the purpose, we give the following matrix expression of Ψ:

AŨ = f(U ,U (n)). (4.21)
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Here the (K + 3)× (K + 3) matrix A is defined by

A :=



















α 1 −α
−β 1 + 2β −β

−β 1 + 2β −β
. . . . . . . . .

−β 1 + 2β −β
−β 1 + 2β −β
−α 1 α



















.

If the matrix A is nonsingular, then the mapping Ψ is well-defined. We show that A is
nonsingular. We calculate the determinant of A as follows:

detA =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

α 1 −α
−β 1 + 2β −β

−β 1 + 2β −β
. . . . . . . . .

−β 1 + 2β −β
−β 1 + 2β −β
−α 1 α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

α 1 0
−β 1 + 2β −2β

−β 1 + 2β −β
. . . . . . . . .

−β 1 + 2β −β
−β 1 + 2β −β
−α 1 α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(adding the first column to
the third column)

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

α 0 0

−β 1+

(

2+
1

α

)

β −2β

−β 1+2β −β
. . . . . . . . .

−β 1+2β −β
−β 1+2β −β
−α 1 α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(adding to the second column
−(1/α) times the first column)

=α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1+

(

2+
1

α

)

β −2β

−β 1 + 2β −β
. . . . . . . . .

−β 1 + 2β −β
−β 1 + 2β −β
−α 1 α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(expanding by the first row)

=α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1+

(

2+
1

α

)

β −2β

−β 1 + 2β −β
. . . . . . . . .

−β 1 + 2β −β
−2β 1 + 2β −β
0 1 α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(adding the (K + 2)th col-
umn to the Kth column)
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=α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1+

(

2 +
1

α

)

β −2β

−β 1+2β −β
. . . . . . . . .

−β 1+2β −β

−2β 1+

(

2 +
1

α

)

β −β

0 0 α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(adding to the (K + 1)th
column −(1/α) times the
(K + 2)th column)

=α2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1+

(

2+
1

α

)

β −2β

−β 1+2β −β
. . . . . . . . .

−β 1+2β −β

−2β 1+

(

2+
1

α

)

β

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(expanding by the (K + 2)th
row).

Here, we define (K + 1)× (K + 1) matrix B by

B :=































1 +

(

2 +
1

α

)

β −2β

−β 1 + 2β −β
−β 1 + 2β −β

. . . . . . . . .

−β 1 + 2β −β
−β 1 + 2β −β

−2β 1 +

(

2 +
1

α

)

β































.

Namely, detA = α2 detB. Since α and β is positive, we have
∣

∣

∣

∣

1 +

(

2 +
1

α

)

β

∣

∣

∣

∣

> | − 2β|, |1 + 2β| > | − β|+ | − β|.

Hence, B is a strictly diagonally dominant matrix. Since a strictly diagonally dominant
matrix is nonsingular, B is nonsingular, i.e., detB 6= 0. Therefore, we obtain

detA = α2 detB 6= 0.

That is, A is nonsingular.
Next, we prove the existence and uniqueness of the solution to the proposed scheme

by the fixed-point theorem for a contraction mapping. From the definition of Ψ (4.19)
and (4.20), Ũ−1 and ŨK+1 can be explicitly written as

Ũ−1 = −U
(n)
−1 + Ũ1 + U

(n)
1 − 4∆x

∆t
(Ũ0 − U

(n)
0 )− 4∆x

dF

d(Ũ0, U
(n)
0 )

,

ŨK+1 = ŨK−1 + U
(n)
K−1 − U

(n)
K+1 −

4∆x

∆t
(ŨK − U

(n)
K )− 4∆x

dF

d(ŨK , U
(n)
K )

.
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Hence, it is sufficient to show the existence of a (K+1)-dimensional vector U that satisfies
Ũk = Uk (k = 0, . . . , K). Here, we define the mapping Φ: RK+1 → R

K+1 by

Φ(U ) := {Ũk}Kk=0 = {Ψk(U )}Kk=0 for all U ∈ R
K+1,

where Ψk(U ) is the kth element of Ψ(U ). Also, let X := {f ∈ R
K+1; ‖f‖2X ≤ 4M2},

where M := ‖U (n)‖X and ‖f‖X :=
√

‖f‖2
H̃1

d

+ |f0|2 + |fK |2 for all f ∈ R
K+1. We show

that the mapping Φ is a contraction mapping on X. If Φ is a contraction mapping, Φ has a
unique fixed-point V ∗ in the closed ball X from the fixed-point theorem for a contraction
mapping. This V ∗ is the solution U (n+1) to the scheme (4.9)–(4.11). Firstly, we show
Φ(X) ⊂ X. For any fixed U ∈ X, we have

1
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(
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∥

∥
Ũ

∥

∥

∥

2

L2
d

−
∥

∥U (n)
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∥
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d

)

=
K
∑

k=0

′′ Ũk − U
(n)
k

∆t

Ũk + U
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k

2
∆x

=
K
∑

k=0
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{

δ
⟨2⟩
k

(

Ũk + U
(n)
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2

)}

Ũk + U
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2
∆x−

K
∑

k=0

′′ dF

d(Uk, U
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k )
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(n)
k

2
∆x

= −
∥

∥

∥

∥

∥

D

(

Ũ+U (n)

2

)∥

∥

∥

∥

∥

2

+

[{

δ
⟨1⟩
k

(

Ũk+U
(n)
k

2

)}

Ũk+U
(n)
k

2

]K

0

−
K
∑

k=0

′′ dF

d(Uk, U
(n)
k )

Ũk+U
(n)
k

2
∆x

≤ −
|ŨK |2−

∣

∣

∣
U

(n)
K

∣

∣

∣

2

2∆t
− dF

d(UK , U
(n)
K )

ŨK+U
(n)
K

2
−
|Ũ0|2−

∣

∣

∣
U
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∣

∣
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− dF
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Ũ0+U
(n)
0

2

−
K
∑

k=0

′′ dF

d(Uk, U
(n)
k )

Ũk + U
(n)
k

2
∆x

from Corollary 2.1 (Summation by parts formula), (4.18)–(4.20). Moreover, using the
Young inequality: ab ≤ (ε/2)a2 + (1/(2ε))b2 and the following inequality: (a + b)2 ≤
2(a2 + b2), we obtain
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∥
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∥

∥
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|Ũ0|2−
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∣
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∣
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∣
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+
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∣

∣

∣

∣
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∣
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∥Ũ

∥

∥

∥

2

L2
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+
∥
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∥

2

L2
d

4∆t
+
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2




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∥
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∥
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∥

∥

∥
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∣

∣
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∣
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∣

∣

∣
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∣
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∣

∣
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= − 1

4∆t

(

|Ũ0|2 + |ŨK |2
)

+
3

4∆t

{

∣

∣

∣U
(n)
0

∣

∣

∣

2
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∣

∣

∣U
(n)
K

∣

∣

∣

2
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1
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∥

∥

∥Ũ
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∥
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∥
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∥

∥

∥
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∣

∣

∣
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∣
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∣

∣

∣

∣
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∣

∣

∣

2






. (4.22)

Therefore, multiplying both sides of (4.22) by 4∆t, we get

∥

∥

∥
Ũ
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∥

∥

2
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+|Ũ0|2+|ŨK |2 ≤ 3
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∥
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∥

2
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+
∣

∣

∣
U
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∣

∣

∣
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∣

∣

∣
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∣

∣

2
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∥

∥

∥

2

L2
d

+

∣

∣

∣

∣

∣

dF

d(U0, U
(n)
0 )

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣
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∣

∣

∣
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
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(4.23)

Next, using Corollary 2.1 (Summation by parts formula), we have

1

2∆t
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∥
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∥
DŨ

∥

∥

∥

2
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∥
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∥

∥

2
)

=
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δ+k
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(n)
k
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)}
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δ
⟨2⟩
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k

2

)}
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(n)
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2
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(n)
k

∆t

]K

0

. (4.24)

From (4.18), Corollary 2.1 (Summation by parts formula), the Young inequality, and the
following inequality: (a + b)2 ≤ 2(a2 + b2), we estimate the first term on the right-hand
side of (4.24) as follows:

−
K
∑

k=0

′′

{

δ
⟨2⟩
k
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Ũk + U
(n)
k

2
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2
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



1
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2
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DŨ
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∥

∥

∥
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.
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Hence, we obtain
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2∆t
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∥
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∥
DŨ

∥

∥

∥

2

−
∥
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∥

2
)

≤ 1
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DŨ
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∥
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∥

∥

∥

∥
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∥

∥

2

+

[{
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(n)
k

2
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Ũk−U
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k

∆t
+
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)]K

0

.

Furthermore, we see from (4.19) and (4.20) that
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δ
⟨1⟩
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(

Ũk + U
(n)
k

2

)}(

Ũk − U
(n)
k

∆t
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0
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⟨1⟩
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Ũk + U
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∣
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2
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∣

∣

∣

∣
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≤ 0.

Namely, we have

∥

∥

∥
DŨ

∥

∥

∥

2
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∥DU (n)
∥

∥

2
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∥
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∥

∥

∥

2

. (4.25)

Combining (4.23) and (4.25), we obtain

∥

∥

∥Ũ

∥

∥

∥

2

X
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2

X
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∥
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∥

2

X
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All that is left to show that the right-hand side of (4.26) is no more than 4M2. Using
Lemma 2.2 and the assumption (4.4) for F , we get the following equality:

dF
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k )
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(n)
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− dF

d(0, 0)
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k

for k = 0, . . . , K. Moreover, from Proposition 2.5 and definitions of X and M , the
following inequalities hold:

∥
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∥

∥
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d
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∥

∥U (n)
∥

∥
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Therefore, we obtain
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(k = 0, . . . , K). (4.27)
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Thus, the following inequality holds:
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From Lemma 2.2, we also have
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for k = 0, . . . , K − 1. Hence, it follows from the same argument as (4.27) and (4.28) that
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Therefore, using (4.27)–(4.29), we obtain the following estimate:
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Thus, from (4.26), (4.30), and the assumption (4.17), we conclude that
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∥Ũ

∥

∥

∥

2

X
≤ 3M2 + 5(∆t)2 max

|ξ|≤2C̃LM
|F ′′(ξ)|2 M2 ≤

{

3 + (∆t)2R
(

C̃LM
)}
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Namely, it holds that Φ(U ) = {Ũk}Kk=0 ∈ X.
Next, we show that Φ is contractive. For any fixedU1,U2 ∈ X, the vector {Ũi,k}K+1

k=−1 =

{Ψk(Ui)}K+1
k=−1 satisfies (4.18)–(4.20) (i = 1, 2) from the definition of Ψ. Subtracting these

relations, we obtain
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From (4.31), we have
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Using Corollary 2.1 (Summation by parts formula), (4.32), and (4.33), we estimate the
first term on the right-hand side of (4.34) as follows:
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Ũ1,k − Ũ2,k
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Hence, using the Young inequality, we obtain
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(

dF

d(U1,0, U
(n)
0 )

− dF

d(U2,0, U
(n)
0 )

)

(Ũ1,0 − Ũ2,0)

− (Ũ1,K−Ũ2,K)
2

∆t
−
(

dF

d(U1,K , U
(n)
K )

− dF

d(U2,K , U
(n)
K )

)

(Ũ1,K−Ũ2,K)

−
K
∑

k=0

′′

(

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)

(Ũ1,k − Ũ2,k)∆x

≤ −(Ũ1,0 − Ũ2,0)
2

2∆t
+

∆t

2

∣

∣

∣

∣

∣

dF

d(U1,0, U
(n)
0 )

− dF

d(U2,0, U
(n)
0 )

∣

∣

∣

∣

∣

2

− (Ũ1,K − Ũ2,K)
2

2∆t
+

∆t

2

∣

∣

∣

∣

∣

dF

d(U1,K , U
(n)
K )

− dF

d(U2,K , U
(n)
K )

∣

∣

∣

∣

∣

2

+
1

2∆t

∥

∥

∥
Ũ1 − Ũ2

∥

∥

∥

2

L2
d

+
∆t

2

∥

∥

∥

∥

dF

d(U1,U (n))
− dF

d(U2,U (n))

∥

∥

∥

∥

2

L2
d

. (4.35)

Therefore, multiplying both sides of (4.35) by 2∆t, we get
∥

∥

∥Ũ1 − Ũ2

∥

∥

∥

2

L2
d

+ (Ũ1,0 − Ũ2,0)
2 + (Ũ1,K − Ũ2,K)

2

≤ (∆t)2

{

∥

∥

∥

∥

dF

d(U1,U (n))
− dF

d(U2,U (n))

∥

∥

∥

∥

2

L2
d

+

∣

∣

∣

∣

∣

dF

d(U1,0, U
(n)
0 )

− dF

d(U2,0, U
(n)
0 )

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

dF

d(U1,K , U
(n)
K )

− dF

d(U2,K , U
(n)
K )

∣

∣

∣

∣

∣

2






. (4.36)

Next, from Corollary 2.1 (Summation by parts formula), we have

1

∆t

∥

∥

∥
D(Ũ1 − Ũ2)

∥

∥

∥

2

= −
K
∑

k=0

′′
{

δ
⟨2⟩
k (Ũ1,k − Ũ2,k)

} Ũ1,k − Ũ2,k

∆t
∆x

+

[

{

δ
⟨1⟩
k (Ũ1,k − Ũ2,k)

} Ũ1,k − Ũ2,k

∆t

]K

0

. (4.37)
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Using (4.31), Corollary 2.1 (Summation by parts formula), and the Young inequality, we
estimate the first term on the right-hand side of (4.37) as follows:

−
K
∑

k=0

′′
{

δ
⟨2⟩
k (Ũ1,k − Ũ2,k)

} Ũ1,k − Ũ2,k

∆t
∆x

≤
K
∑

k=0

′′
{

δ
⟨2⟩
k (Ũ1,k − Ũ2,k)

}

(

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)

∆x

≤ −
K−1
∑

k=0

{

δ+k (Ũ1,k − Ũ2,k)
}

{

δ+k

(

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)}

∆x

+

[

{

δ
⟨1⟩
k (Ũ1,k − Ũ2,k)

}

(

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)]K

0

≤ 1

2∆t

∥

∥

∥
D(Ũ1 − Ũ2)

∥

∥

∥

2

+
∆t

2

∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

2

+

[

{

δ
⟨1⟩
k (Ũ1,k − Ũ2,k)

}

(

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)]K

0

.

Thus, from (4.32) and (4.33), we have

1

∆t

∥

∥

∥
D(Ũ1−Ũ2)

∥

∥

∥

2

≤ 1

2∆t

∥

∥

∥
D(Ũ1 − Ũ2)

∥

∥

∥

2

+
∆t

2

∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

2

+

[

{

δ
⟨1⟩
k (Ũ1,k−Ũ2,k)

}

{

Ũ1,k−Ũ2,k

∆t
+

(

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)}]K

0

=
1

2∆t

∥

∥

∥
D(Ũ1 − Ũ2)

∥

∥

∥

2

+
∆t

2

∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

2

− 1

2

{

δ
⟨1⟩
k (Ũ1,k − Ũ2,k)

∣

∣

∣

k=K

}2

− 1

2

{

δ
⟨1⟩
k (Ũ1,k − Ũ2,k)

∣

∣

∣

k=0

}2

≤ 1

2∆t

∥

∥

∥D(Ũ1 − Ũ2)
∥

∥

∥

2

+
∆t

2

∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

2

.

That is,
∥

∥

∥
D(Ũ1 − Ũ2)

∥

∥

∥

2

≤ (∆t)2
∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

2

. (4.38)

Therefore, using (4.36) and (4.38), we obtain

∥

∥

∥
Ũ1 − Ũ2

∥

∥

∥

2

X
≤ (∆t)2

∥

∥

∥

∥

dF

d(U1,U (n))
− dF

d(U2,U (n))

∥

∥

∥

∥

2

X

. (4.39)

Using Lemma 2.2, we get the following equality:

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

=
1

2
F̄ ′′(U1,k, U2,k;U

(n)
k , U

(n)
k )(U1,k − U2,k) (k = 0, . . . , K).

(4.40)
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Since it holds from Proposition 2.5 and the definition of X that

‖Ui‖L∞
d
≤ C̃L ‖Ui‖H̃1

d
≤ 2C̃LM (i = 1, 2),

by using Lemma 2.1, we get
∣

∣

∣F̄ ′′(U1,k, U2,k;U
(n)
k , U

(n)
k )
∣

∣

∣ ≤ max
|ξ|≤2C̃LM

|F ′′(ξ)| (k = 0, . . . , K). (4.41)

From (4.40) and (4.41), we obtain
∣

∣

∣

∣

∣

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

∣

∣

∣

∣

∣

2

≤ 1

4
max

|ξ|≤2C̃LM
|F ′′(ξ)|2 |U1,k−U2,k|2 (k = 0, . . . , K). (4.42)

Hence, the following inequality holds:
∥

∥

∥

∥

dF

d(U1,U (n))
− dF

d(U2,U (n))

∥

∥

∥

∥

2

L2
d

≤ 1

4
max

|ξ|≤2C̃LM
|F ′′(ξ)|2 ‖U1 −U2‖2L2

d
. (4.43)

Furthermore, using (4.40), (4.41), Proposition 2.5, Lemma 2.3, and Lemma 2.4, we have
∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

2

≤ 1

4

{

∥

∥F̄ ′′(U1,U2;U
(n),U (n))

∥

∥

L∞
d

‖D(U1 −U2)‖

+ ‖U1 −U2‖L∞
d

∥

∥DF̄ ′′(U1,U2;U
(n),U (n))

∥

∥

}2

≤ 1

2
max

|ξ|≤2C̃LM
|F ′′(ξ)|2 ‖D(U1 −U2)‖2 +

C̃2
L

2
‖U1 −U2‖2H̃1

d

∥

∥DF̄ ′′(U1,U2;U
(n),U (n))

∥

∥

2

≤ 1

2
max

|ξ|≤2C̃LM
|F ′′(ξ)|2 ‖D(U1 −U2)‖2

+
C̃2

L

18
max

|ξ|≤2C̃LM
|F ′′′(ξ)|2

(

‖DU1‖+ ‖DU2‖+
∥

∥DU (n)
∥

∥

)2 ‖U1 −U2‖2X

≤ 1

2
max

|ξ|≤2C̃LM
|F ′′(ξ)|2 ‖D(U1 −U2)‖2 +

25

18
C̃2

LM
2 max
|ξ|≤2C̃LM

|F ′′′(ξ)|2 ‖U1 −U2‖2X . (4.44)

Thus, from (4.42)–(4.44), we obtain
∥

∥

∥

∥

dF

d(U1,U (n))
− dF

d(U2,U (n))

∥

∥

∥

∥

2

X

≤
{

1

2
max

|ξ|≤2C̃LM
|F ′′(ξ)|2 + 25

18
C̃2

LM
2 max
|ξ|≤2C̃LM

|F ′′′(ξ)|2
}

× ‖U1 −U2‖2X . (4.45)

Applying (4.45) to (4.39), we conclude that

‖Φ(U1)− Φ(U2)‖2X =
∥

∥

∥
Ũ1 − Ũ2

∥

∥

∥

2

X
≤ (∆t)2R

(

C̃LM
)

‖U1 −U2‖2X .

Since it holds that from the assumption (4.17) on ∆t that

0 ≤ (∆t)2R
(

C̃LM
)

< 1,

the mapping Φ is contraction into X. This completes the proof.
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Theorem 4.4 (Global existence and uniqueness). Let C0 be the square root of the right-
hand side of (4.16), i.e.,

C0 :=









1

min

{

1

2
, µ

}

{

Jd(U
(0)) + F (U

(0)
0 ) + F (U

(0)
K ) + c(L+ 2)

}









1
2

.

If ∆t satisfies (∆t)2R(C̃LC0) < 1, then there exists a unique solution {U (n)
k }K+1

k=−1 (n ∈ N)
satisfying (4.9) with (4.10) and (4.11).

Proof. Since {‖U (0)‖2
H̃1

d

+ |U (0)
0 |2+ |U (0)

K |2}1/2 ≤ C0 from Lemma 4.3, there exists a unique

solution U (1) satisfying {‖U (1)‖2
H̃1

d

+ |U (1)
0 |2 + |U (1)

K |2}1/2 ≤ C0. Repeating the procedure,

we have completed the proof.

§5 Error estimate

In this section, we show an error estimate. We also use the energy method in [28,65–68].
Fix a natural number N ∈ N. We compute U (n) up to n = N by our proposed scheme
(4.9)–(4.11) and estimate the error between it and the solution to the problem (4.1)–(4.3)
up to T = N∆t. Let u be the solution to the problem (4.1)–(4.3) with an initial value
satisfying u ∈ C3([0, L]× [0, T ]). Then, we extend the solution u in [0, L]× [0, T ] to ũ in
(−∆x, L+∆x)× [0, T ] as follows:

ũ(x, t) :=























u(−x, t) + 2x∂xu(0, t) +
x3

3
∂3
xu(0, t), (−∆x ≤ x < 0),

u(x, t), (0 ≤ x ≤ L),

u(2L− x, t) + 2(x− L)∂xu(L, t) +
(x− L)3

3
∂3
xu(L, t), (L < x ≤ L+∆x)

for t ∈ [0, T ], where ∂xf(a) means ∂xf(x)|x=a. From the direct calculation, we can check
ũ ∈ C3((−L, 2L)× [0, T ]). Furthermore, we can also check that if u ∈ C4([0, L]× [0, T ]),
then ũ ∈ C4([−∆x, L+∆x]× [0, T ]). Moreover, we define the error by

e
(n)
k := U

(n)
k − ũ(k∆x, n∆t) (k = −1, 0, . . . , K,K + 1, n = 0, 1, . . . , N).

For the sake of simplicity, let us use the expression ũ
(n)
k := ũ(k∆x, n∆t) from now on.

Also, the expression δ∗kfl means δ∗kfk|k=l, where the symbol ∗ denotes +, 〈1〉, or 〈2〉. Then,
the following lemma and theorem hold:

Lemma 4.4. Let u be the solution to the problem (4.1)–(4.3) with an initial value sat-
isfying u ∈ C3([0, L]× [0, T ]). Then, we obtain the following equations on the error:

e
(n+1)
k − e

(n)
k

∆t
= δ

⟨2⟩
k

(

e
(n+1)
k +e

(n)
k

2

)

−
(

dF

d(U
(n+1)
k , U

(n)
k )

− dF

d(u
(n+1)
k , u

(n)
k )

)

+ ξ
(n+ 1

2)
1,k + ξ

(n+ 1
2)

2,k + ξ
(n+ 1

2)
3,k (k = 0, . . . , K),

(4.46)
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e
(n+1)
0 −e

(n)
0

∆t
= δ

⟨1⟩
k

(

e
(n+1)
0 +e

(n)
0

2

)

−
(

dF

d(U
(n+1)
0 , U

(n)
0 )

− dF

d(u
(n+1)
0 , u

(n)
0 )

)

+ ξ
(n+ 1

2)
1,0 + ξ

(n+ 1
2)

3,0 + ξ
(n+ 1

2)
4,0 ,

(4.47)

e
(n+1)
K −e

(n)
K

∆t
= −δ

⟨1⟩
k

(

e
(n+1)
K +e

(n)
K

2

)

−
(

dF

d(U
(n+1)
K , U

(n)
K )

− dF

d(u
(n+1)
K , u

(n)
K )

)

+ ξ
(n+ 1

2)
1,K + ξ

(n+ 1
2)

3,K − ξ
(n+ 1

2)
4,K

(4.48)

for n = 0, 1, . . . , N − 1, where ξ1, ξ2, ξ3, and ξ4 are defined as follows:

ξ
(n+ 1

2)
1,k := ∂tu

(n+ 1
2)

k − u
(n+1)
k − u

(n)
k

∆t
(k = 0, . . . , K),

ξ
(n+ 1

2)
2,k := δ

⟨2⟩
k

(

ũ
(n+1)
k + ũ

(n)
k

2

)

− ∂2
xu

(n+ 1
2)

k (k = 0, . . . , K),

ξ
(n+ 1

2)
3,k := F ′(u

(n+ 1
2
)

k )− dF

d(u
(n+1)
k , u

(n)
k )

(k = 0, . . . , K),

ξ
(n+ 1

2)
4,k := δ

⟨1⟩
k

(

ũ
(n+1)
k + ũ

(n)
k

2

)

− ∂xu
(n+ 1

2)
k (k = 0, K).

Proof. For any fixed n = 0, 1, . . . , N −1, from the definition of e, (4.1), (4.9), and (4.12),
we have

e
(n+1)
k − e

(n)
k

∆t
=

U
(n+1)
k − U

(n)
k

∆t
− ∂tu

(n+ 1
2)

k + ∂tu
(n+ 1

2)
k − u

(n+1)
k − u

(n)
k

∆t

= δ
⟨2⟩
k

(

U
(n+1)
k +U

(n)
k

2

)

− dF

d(U
(n+1)
k , U

(n)
k )

−∂2
xu

(n+ 1
2)

k +F ′(u
(n+ 1

2
)

k )+ξ
(n+ 1

2)
1,k

= δ
⟨2⟩
k

(

U
(n+1)
k +U

(n)
k

2

)

−δ
⟨2⟩
k

(

u
(n+1)
k +u

(n)
k

2

)

+δ
⟨2⟩
k

(

u
(n+1)
k +u

(n)
k

2

)

−∂2
xu

(n+ 1
2)

k

− dF

d(U
(n+1)
k , U

(n)
k )

+
dF

d(u
(n+1)
k , u

(n)
k )

− dF

d(u
(n+1)
k , u

(n)
k )

+F ′(u
(n+ 1

2
)

k )+ξ
(n+ 1

2)
1,k

= δ
⟨2⟩
k

(

e
(n+1)
k +e

(n)
k

2

)

−
(

dF

d(U
(n+1)
k , U

(n)
k )

− dF

d(u
(n+1)
k , u

(n)
k )

)

+ ξ
(n+ 1

2)
1,k + ξ

(n+ 1
2)

2,k + ξ
(n+ 1

2)
3,k (k = 1, . . . , K − 1). (4.49)

We show that the above equality (4.49) holds at k = 0, K. We remark that the equation
(4.1) holds in the interior of the domain (0, L) only. Hence, we cannot apply the equation
(4.1) directly in the calculation of (4.49) on the boundary. Therefore, we consider points
slightly inside from the boundary of the domain, and we take the limit of them to show
that (4.49) holds at k = 0, K. For any ε ∈ (0, 1), let

e
(n)
0,ε := U

(n)
0 − u(ε∆x, n∆t), e

(n)
K,−ε := U

(n)
K − u((K − ε)∆x, n∆t) (n = 0, 1, . . . , N).
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Furthermore, for n = 0, 1, . . . , N − 1, let

ξ
(n+ 1

2)
1,ε := ∂tu

(n+ 1
2)

ε − u
(n+1)
ε − u

(n)
ε

∆t
, ξ

(n+ 1
2)

1,K−ε := ∂tu
(n+ 1

2)
K−ε − u

(n+1)
K−ε − u

(n)
K−ε

∆t
,

ξ
(n+ 1

2)
2,ε := δ

⟨2⟩
k

(

ũ
(n+1)
ε + ũ

(n)
ε

2

)

− ∂2
xu

(n+ 1
2)

ε , ξ
(n+ 1

2)
2,K−ε := δ

⟨2⟩
k

(

ũ
(n+1)
K−ε + ũ

(n)
K−ε

2

)

− ∂2
xu

(n+ 1
2)

K−ε ,

ξ
(n+ 1

2)
3,ε := F ′(u

(n+ 1
2
)

ε )− dF

d(u
(n+1)
ε , u

(n)
ε )

, ξ
(n+ 1

2)
3,K−ε := F ′(u

(n+ 1
2
)

K−ε )− dF

d(u
(n+1)
K−ε , u

(n)
K−ε)

.

In the same manner, as (4.49), we have

e
(n+1)
0,ε − e

(n)
0,ε

∆t
= δ

⟨2⟩
k

(

e
(n+1)
0,ε + e

(n)
0,ε

2

)

−
(

dF

d(U
(n+1)
0 , U

(n)
0 )

− dF

d(u
(n+1)
ε , u

(n)
ε )

)

+ ξ
(n+ 1

2)
1,ε + ξ

(n+ 1
2)

2,ε + ξ
(n+ 1

2)
3,ε ,

(4.50)

e
(n+1)
K,−ε − e

(n)
K,−ε
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(4.51)

From the smoothness assumption of u, letting ε tend to 0 in (4.50) and (4.51), we have
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Next, from (4.2) and (4.10), we obtain
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Similarly, from (4.3) and (4.11), we have
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Therefore, (4.46)–(4.48) holds.

Theorem 4.5. Assume that the problem (4.1)–(4.3) with an initial value has a smooth
solution u that satisfies u ∈ C3([0, L]× [0, T ]). Denote the bounds by
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0≤n≤N

{∥
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∥
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∥
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Also, let
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{

C2
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2
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Then, the following inequality holds:
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. (4.54)

Proof. For any fixed n = 0, 1, . . . , N − 1, using (4.46), we obtain
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(4.55)

From Corollary 2.1 (Summation by parts formula), we calculate the first term on the
right-hand side of (4.55) as follows:
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(4.56)
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From (4.47), (4.48), the Young inequality, and the inequality: (
∑n

i=1 ai)
2 ≤ n

∑n
i=1 a

2
i , we

estimate the boundary term on the right-hand side of (4.56) as follows:
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Similarly, we also estimate the second term on the right-hand side of (4.55) as follows:
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Therefore, we see from (4.55)–(4.58) that
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(4.59)

Next, using Corollary 2.1 (Summation by parts formula), we have
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Applying (4.46) and Corollary 2.1 (Summation by parts formula) to the first term on the
right-hand side of (4.60), we obtain
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(4.61)
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Using (4.61), the Young inequality, and the inequality: (
∑n

i=1 ai)
2 ≤ n

∑n
i=1 a

2
i , we get

−
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∑
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∥
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∥

∥
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∥
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∥

∥
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∥
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Thus, we have
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2∆t

(

∥

∥De(n+1)
∥

∥
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∥
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∥
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∥

∥

∥
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∥

∥
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∥
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k
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0

.

From (4.47), (4.48), and the Young inequality, we estimate the above boundary term as
follows:
[{

δ
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k

(

e
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k
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⟨1⟩
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⟨1⟩
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⟨1⟩
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⟨1⟩
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∣

∣

∣
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∣

∣
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∣
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∣

∣
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∣
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∣

∣
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∣
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∣

∣
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∣
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Namely, we have
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∥
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∥
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∥

∥
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∥

∥
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∥

∥

∥

2

+

∥

∥

∥
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∥
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∥
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∥

∥
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∥
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∣

∣
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∣

∣
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∣

∣
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∣

∣
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∣

∣

∣

∣

2

. (4.62)

Combining (4.59) and (4.62), we obtain
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∥
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∣
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∣
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∣
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∣
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∣
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∣

∣
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∥
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∣

∣

∣
e
(n+1)
0

∣

∣

∣

2

+
∣
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∣

∣

2
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+
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∥
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∣

∣
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∣
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∣

∣
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


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∥

∥

∥
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∥

∥
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∣

∣
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0 , U
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∣

∣
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∣

∣
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∣

∣

∣

∣

∣

2





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1
2). (4.63)

Multiplying both sides of (4.63) by 2∆t, we get
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∥
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∣
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∣
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∣

∣

∣
e
(n+1)
K

∣

∣

∣

2
}

≤ (1 + ∆t)

{

∥

∥e(n)
∥

∥
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∣
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∣
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∣
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



∥
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∥

∥
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∥

∥

∥
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∣

∣
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∣

∣
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∣

∣
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K )
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∣

∣

∣

∣

∣

2






+ 2∆tξ(n+
1
2). (4.64)

Next, it follows from Lemma 2.2 that

dF

d(U
(n+1)
k , U
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− dF

d(u
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(n)
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=
1

2
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U
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e
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k

+
1

2
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k , u
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e
(n)
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(4.65)

From the assumption (4.52), using Lemma 2.1, we have
∥

∥F̄ ′′(U (n+1),u(n+1);U (n),u(n)
)∥

∥

L∞
d

≤ CF,2,
∥
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)∥

∥
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d

≤ CF,2,

(4.66)
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where CF,i (i = 2, 3) is defined by

CF,i := max
|ξ|≤C2

∣

∣F (i)(ξ)
∣

∣ (i = 2, 3).

Hence, we obtain
∣

∣

∣

∣
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∣
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∣

∣

∣
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∣
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∣
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∣

∣

∣
e
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∣

∣

2
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Thus, we have
∥
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∥

∥
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∥

∥

2

L2
d

≤
C2

F,2

2

(

∥

∥e(n+1)
∥

∥

2

L2
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∥

2
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)
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Next, using (4.65) and Lemma 2.3, we obtain
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∥
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From the assumption (4.52), using Lemma 2.4, we get

∥

∥DF̄ ′′ (U (n+1),u(n+1);U (n),u(n)
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∥ ≤ CF,3

6
(2C1 + 2C1 + C1 + C1) = C1CF,3. (4.70)

Similarly, it holds that
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Therefore, applying (4.66), (4.70), and (4.71) to (4.69), we obtain
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Combining (4.68) and (4.72), we have
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Furthermore, using Proposition 2.5, we get the following estimate:
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Thus, we have
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Therefore, using (4.67) and (4.73), we obtain
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Applying (4.74) to (4.64), we obtain
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This completes the proof.

Corollary 4.1. Assume that the problem (4.1)–(4.3) with an initial value has a smooth
solution u that satisfies u ∈ C5([0, L] × [0, T ]). In the same manner, as Theorem 4.5,
denote the bounds by (4.52). If ∆t satisfies

∆t <
1

3(1 + CF )
, (4.75)

then there exists a constant C independent of k and m such that

∥

∥e(n)
∥

∥

L∞
d

≤ C
(

(∆x)2 + (∆t)2
)

(n = 1, . . . , N).

Proof. If 0 < ∆t ≤ 1/(3a) for all a > 0, then two following inequalities hold:

1 + a∆t

1− a∆t
≤ 1 + 3a∆t,

1

1− a∆t
≤ 3

2
. (4.76)

From (4.75), using Theorem 4.5 and (4.76), we obtain

∥

∥e(n+1)
∥

∥

2

H̃1
d

+
∣

∣

∣
e
(n+1)
0

∣

∣

∣

2

+
∣

∣

∣
e
(n+1)
K

∣

∣

∣

2

≤ {1 + 3(1 + CF )∆t}
{

∥

∥e(n)
∥

∥

2

H̃1
d

+
∣

∣

∣
e
(n)
0

∣

∣

∣

2

+
∣

∣

∣
e
(n)
K

∣

∣

∣

2
}

+ 3∆tξ(n+
1
2) (n = 0, 1, . . . , N − 1). (4.77)
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Let C3 := 1 + 3(1 + CF )∆t, and by using (4.77) repeatedly, we obtain

∥

∥e(n)
∥

∥

2

H̃1
d

+
∣

∣

∣e
(n)
0

∣

∣

∣

2

+
∣

∣

∣
e
(n)
K

∣

∣

∣

2

≤ C3

{

∥

∥e(n−1)
∥

∥

2

H̃1
d

+
∣

∣

∣
e
(n−1)
0

∣

∣

∣

2

+
∣

∣

∣e
(n−1)
K

∣

∣

∣

2
}

+ 3∆tξ(n−1+ 1
2)

≤ C2
3

{

∥

∥e(n−2)
∥

∥

2

H̃1
d

+
∣

∣

∣e
(n−2)
0

∣

∣

∣

2

+
∣

∣

∣e
(n−2)
K

∣

∣

∣

2
}

+ 3∆tC3ξ
(n−2+ 1

2) + 3∆tξ(n−1+ 1
2)

≤ · · ·

≤ Cn
3

{

∥

∥e(0)
∥

∥

2

H̃1
d

+
∣

∣

∣
e
(0)
0

∣

∣

∣

2

+
∣

∣

∣
e
(0)
K

∣

∣

∣

2
}

+ 3∆t

n
∑

j=1

Cj−1
3 ξ(n−j+ 1

2)

= 3∆t

n
∑

j=1

Cj−1
3 ξ(n−j+ 1

2) (n = 1, . . . , N),

where the last equality holds from e(0) = 0. Since it holds that 1 ≤ C3, using the following
inequality: 1 + x ≤ exp(x) for all x > 0, we get

Cj−1
3 ≤ CN

3 = {1 + 3(1 + CF )∆t}N ≤ exp

{

N · 3(1 + CF )
T

N

}

= exp {3(1 + CF )T}

for j = 1, . . . , N . Therefore, we obtain

∥

∥e(n)
∥

∥

2

H̃1
d

+
∣

∣

∣
e
(n)
0

∣

∣

∣

2

+
∣

∣

∣
e
(n)
K

∣

∣

∣

2

≤ 3∆t exp {3(1 + CF )T}
n
∑

j=1

ξ(n−j+ 1
2) (n = 1, . . . , N). (4.78)

Next, we estimate ξ. Let us define

Mi,j(v) := max

{∣

∣

∣

∣

∂i+jv

∂xi∂tj

∣

∣

∣

∣

; (x, t) ∈ [0, L]× [0, T ]

}

for all i, j ∈ Z.

Firstly, we consider ξ4. For any x ∈ [0, L], applying the Taylor theorem to ũ, there exists
θ1 ∈ (0, 1) such that

ũ(x, (n+ 1)∆t) + ũ(x, n∆t)

2

= ũ

(

x,

(

n+
1

2

)

∆t

)

+
(∆t)2

16

{

∂2
t ũ

(

x,

(

n+
1+θ1
2

)

∆t

)

+∂2
t ũ

(

x,

(

n+
1−θ1
2

)

∆t

)}

. (4.79)

Substituting k∆x (k = 0, K) into x in (4.79), we obtain

∣

∣

∣

∣

∣

δ
⟨1⟩
k

(

ũ
(n+1)
k + ũ

(n)
k

2

)

− ∂xu
(n+ 1

2)
k

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

δ
⟨1⟩
k ũ

(n+ 1
2)

k +
(∆t)2

16
δ
⟨1⟩
k

(

∂2
t ũ

(n+ 1+θ1
2 )

k +∂2
t ũ

(n+ 1−θ1
2 )

k

)

− ∂xu
(n+ 1

2)
k

∣

∣

∣

∣

≤
∣

∣

∣

∣

δ
⟨1⟩
k ũ

(n+ 1
2)

k − ∂xu
(n+ 1

2)
k

∣

∣

∣

∣

+
(∆t)2

16

(∣

∣

∣

∣

δ
⟨1⟩
k

(

∂2
t ũ

(n+ 1+θ1
2 )

k

)∣

∣

∣

∣

+

∣

∣

∣

∣

δ
⟨1⟩
k

(

∂2
t ũ

(n+ 1−θ1
2 )

k

)∣

∣

∣

∣

)

(k = 0, K).
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Here, we consider the case of k = 0. For any t ∈ [0, T ], from the definition of ũ, we have

ũ(−∆x, t) = u(∆x, t)− 2∆x∂xu(0, t)−
(∆x)3

3
∂3
xu(0, t). (4.80)

Hence, substituting (n+ 1/2)∆t into t in (4.80), we get

∣

∣

∣

∣

δ
⟨1⟩
k ũ

(n+ 1
2)

0 − ∂xu
(n+ 1

2)
0

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

ũ
(n+ 1

2)
1 − ũ

(n+ 1
2)

−1

2∆x
− ∂xu

(n+ 1
2)

0

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

u
(n+ 1

2)
1 −u

(n+ 1
2)

1 +2∆x∂xu
(n+ 1

2)
0 +

(∆x)3

3
∂3
xu

(n+ 1
2)

0

2∆x
− ∂xu

(n+ 1
2)

0

∣

∣

∣

∣

∣

∣

∣

≤ (∆x)2

6
M3,0(u).

Also, for any t ∈ [0, T ], using the definition of ũ again, the following equality holds:

∂2
t ũ(−∆x, t) = ∂2

t u(∆x, t)− 2∆x∂2
t ∂xu(0, t)−

(∆x)3

3
∂2
t ∂

3
xu(0, t). (4.81)

Hence, substituting (n+ (1± θ1)/2)∆t into t in (4.81), we obtain

δ
⟨1⟩
k

(

∂2
t ũ

(n+ 1±θ1
2 )

0

)

=
∂2
t ũ

(n+ 1±θ1
2 )

1 − ∂2
t ũ

(n+ 1±θ1
2 )

−1

2∆x
= ∂2

t ∂xu
(n+ 1±θ1

2 )
0 +

(∆x)2

6
∂2
t ∂

3
xu

(n+ 1±θ1
2 )

0 .

Therefore, we get

∣

∣

∣

∣

δ
⟨1⟩
k

(

∂2
t ũ

(n+ 1±θ1
2 )

0

)∣

∣

∣

∣

≤ M1,2(u) +
(∆x)2

6
M3,2(u).

Hence, we conclude that

∣

∣

∣

∣

∣

δ
⟨1⟩
k

(

ũ
(n+1)
k + ũ

(n)
k

2

)

− ∂xu
(n+ 1

2)
k

∣

∣

∣

∣

∣

≤ (∆x)2

6
M3,0(u) +

(∆t)2

8
M1,2(u) +

(∆t)2(∆x)2

48
M3,2(u)

for k = 0. In the same manner, the above equality holds in the case of k = K, too. From
the assumption (4.75) for ∆t and the following inequality: 1 + CF ≥ 1, we get

∆t <
1

3(1 + CF )
≤ 1

3
< 1. (4.82)

Thus, we obtain the following estimate:

∣

∣

∣

∣

ξ
(n+ 1

2)
4,k

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

δ
⟨1⟩
k

(

ũ
(n+1)
k + ũ

(n)
k

2

)

− ∂xu
(n+ 1

2)
k

∣

∣

∣

∣

∣

≤ (∆x)2
(

1

6
M3,0(u) +

1

48
M3,2(u)

)

+
(∆t)2

8
M1,2(u) (k = 0, K).
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Next, we consider ξ2. Substituting k∆x (k = 0, . . . , K) into x in (4.79), we obtain

δ
⟨2⟩
k

(

ũ
(n+1)
k +ũ

(n)
k

2

)

−∂2
xu

(n+ 1
2)

k

= δ
⟨2⟩
k ũ

(n+ 1
2)

k −∂2
xu

(n+ 1
2)

k +
(∆t)2

16

{

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1+θ1
2 )

k

)

+δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1−θ1
2 )

k

)}

(k = 0, . . . , K).

(4.83)

For any t ∈ [0, T ] and k = 0, . . . , K, applying the Taylor theorem to ũ, there exists
θ2 ∈ (0, 1) such that

ũ((k + 1)∆x, t)− 2ũ(k∆x, t) + ũ((k − 1)∆x, t)

(∆x)2
− ∂2

xũ(k∆x, t)

=
(∆x)2

24

{

∂4
xũ((k + θ2)∆x, t) + ∂4

xũ((k − θ2)∆x, t)
}

. (4.84)

It holds from the definition of ũ that ∂4
xũ(x, t) = ∂4

xu(−x, t) for all x ∈ [−∆x, 0). Hence, we
have ∂4

xũ(−θ2∆x, t) = ∂4
xu(θ2∆x, t). Similarly, we obtain ∂4

xũ((K + θ2)∆x, t) = ∂4
xũ((K −

θ2)∆x, t). Namely, substituting (n+ 1/2)∆t into t in (4.84), we get

δ
⟨2⟩
k ũ

(n+ 1
2)

k − ∂2
xu

(n+ 1
2)

k =



























(∆x)2

12
∂4
xu

(n+ 1
2)

θ2
, (k = 0),

(∆x)4

24

(

∂4
xu

(n+ 1
2)

k+θ2
+ ∂4

xu
(m+ 1

2)
k−θ2

)

, (k = 1, . . . , K − 1),

(∆x)2

12
∂4
xu

(n+ 1
2)

K−θ2
, (k = K).

Hence, we conclude that

∣

∣

∣

∣

δ
⟨2⟩
k ũ

(n+ 1
2)

k − ∂2
xu

(n+ 1
2)

k

∣

∣

∣

∣

≤ (∆x)2

12
M4,0(u) (k = 0, . . . , K).

In the same manner, as described above, we have

∣

∣

∣

∣

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1±θ1
2 )

k

)∣

∣

∣

∣

≤ M2,2(u) + ∆xM3,2(u) (k = 0, . . . , K). (4.85)

In fact, for any t ∈ [0, T ] and k = 0, . . . , K, applying the Taylor theorem to ∂2
t ũ, there

exists θ3 ∈ (0, 1) such that

∂2
t ũ((k + 1)∆x, t)− 2∂2

t ũ(k∆x, t) + ∂2
t ũ((k − 1)∆x, t)

(∆x)2

=
1

2

{

∂2
x∂

2
t ũ((k + θ3)∆x, t) + ∂2

x∂
2
t ũ((k − θ3)∆x, t)

}

. (4.86)

It holds from the definition of ũ that ∂2
x∂

2
t ũ(x, t) = ∂2

x∂
2
t u(−x, t) + 2x∂2

t ∂
3
xu(0, t) for all

x ∈ [−∆x, 0). Hence, we have

∂2
x∂

2
t ũ(−θ3∆x, t) = ∂2

x∂
2
t u(θ3∆x, t)− 2θ3∆x∂2

t ∂
3
xu(0, t).
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In the same manner, we obtain

∂2
x∂

2
t ũ((K + θ3)∆x, t) = ∂2

x∂
2
t u((K − θ3)∆x, t) + 2θ3∆x∂2

t ∂
3
xu(K∆x, t).

Namely, substituting (n+ (1± θ1)/2)∆t into t in (4.86), we get

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1±θ1
2 )

k

)

=



























∂2
x∂

2
t u

(n+ 1±θ1
2 )

θ3
− θ3∆x∂2

t ∂
3
xu

(n+ 1±θ1
2 )

0 , (k = 0),

1

2

(

∂2
x∂

2
t u

(n+ 1±θ1
2 )

k+θ3
+∂2

x∂
2
t u

(n+ 1±θ1
2 )

k−θ3

)

, (k = 1, . . . , K − 1),

∂2
x∂

2
t u

(n+ 1±θ1
2 )

K−θ3
+ θ3∆x∂2

t ∂
3
xu

(n+ 1±θ1
2 )

K , (k = K).

Therefore, we conclude that

∣

∣

∣

∣

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1±θ1
2 )

k

)∣

∣

∣

∣

≤ M2,2(u) ≤ M2,2(u) + ∆xM3,2(u) (k = 1, . . . , K − 1),

∣

∣

∣

∣

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1±θ1
2 )

k

)∣

∣

∣

∣

≤ M2,2(u) + ∆xM3,2(u) (k = 0, K).

Thus, we have (4.85). Hence, using the Young inequality and the following inequality:
(∆t)4 < (∆t)2 obtained by (4.82), we obtain

∣

∣

∣

∣

ξ
(n+ 1

2)
2,k

∣

∣

∣

∣

≤
∣

∣

∣

∣

δ
⟨2⟩
k ũ

(n+ 1
2)

k − ∂2
xu

(n+ 1
2)

k

∣

∣

∣

∣

+
(∆t)2

16

{∣

∣

∣

∣

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1+θ1
2 )

k

)∣

∣

∣

∣

+

∣

∣

∣

∣

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1−θ1
2 )

k

)∣

∣

∣

∣

}

≤ (∆x)2

12
M4,0(u) +

(∆t)2

8
M2,2(u) +

∆x(∆t)2

8
M3,2(u)

≤ (∆x)2

12
M4,0(u) +

(∆t)2

8
M2,2(u) +

(∆x)2

16
M3,2(u) +

(∆t)4

16
M3,2(u)

≤ (∆x)2
(

1

12
M4,0(u) +

1

16
M3,2(u)

)

+ (∆t)2
(

1

8
M2,2(u) +

1

16
M3,2(u)

)

.

Similarly, we see from the Taylor theorem that

∣

∣

∣

∣

ξ
(n+ 1

2)
1,k

∣

∣

∣

∣

≤ CM0,3(u)(∆t)2 (k = 0, . . . , K),

∣

∣

∣

∣

ξ
(n+ 1

2)
3,k

∣

∣

∣

∣

≤ C
{

CF,2M0,2(u) + CF,3 (M0,1(u))
2} (∆t)2 (k = 0, . . . , K).

As a remark, throughout this proof, we need the reader to keep in mind that the meaning
of C changes from line to line, whereas C always denotes those constants. From the
regularity assumption of the solution u and the potential F , we see that CF,i (i = 2, 3)
and Mi,j(u) (i, j ∈ Z, 0 ≤ i+ j ≤ 5) are bounded. Thus, we obtain following estimates:

∣

∣

∣

∣

ξ
(n+ 1

2)
i,k

∣

∣

∣

∣

≤ C4((∆x)2 + (∆t)2) (k = 0, . . . , K, i = 1, 2, 3), (4.87)

∣

∣

∣

∣

ξ
(n+ 1

2)
4,k

∣

∣

∣

∣

≤ C4((∆x)2 + (∆t)2) (k = 0, K), (4.88)
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where C4 is a constant. In the same manner, we obtain
∣

∣

∣

∣

δ+k ξ
(n+ 1

2)
i,k

∣

∣

∣

∣

≤ C4((∆x)2 + (∆t)2) (k = 0, . . . , K − 1, i = 1, 2, 3). (4.89)

Therefore, using (4.87) and (4.89), we have
∥

∥

∥

∥

ξ
(n+ 1

2)
i

∥

∥

∥

∥

2

H̃1
d

=
K
∑

k=0

′′
∣

∣

∣

∣

ξ
(n+ 1

2)
i,k

∣

∣

∣

∣

2

∆x+
K−1
∑

k=0

∣

∣

∣

∣

δ+k ξ
(n+ 1

2)
i,k

∣

∣

∣

∣

2

∆x ≤ 2C2
4L((∆x)2+(∆t)2)2 (i = 1, 2, 3).

(4.90)
From the above estimates (4.87), (4.88), and (4.90), we have

ξ(n+
1
2) ≤ 3 · 2C2

4(L+ 1)((∆x)2 + (∆t)2)2 + 2 · 2C2
4((∆x)2 + (∆t)2)2

≤ 10C2
4(L+ 1)((∆x)2 + (∆t)2)2 (n = 0, 1, . . . , N − 1).

Therefore, from (4.78), we obtain

∥

∥e(n)
∥

∥

2

H̃1
d

+
∣

∣

∣e
(n)
0

∣

∣

∣

2

+
∣

∣

∣e
(n)
K

∣

∣

∣

2

≤ 3∆t[exp{3(1 + CF )T}]·10C2
4(L+ 1)((∆x)2 + (∆t)2)2

n
∑

j=1

1

≤ 30C2
4(L+ 1)[exp{3(1 + CF )T}]((∆x)2 + (∆t)2)2 · T

N
·N

= 30C2
4(L+ 1)T [exp{3(1 + CF )T}]((∆x)2 + (∆t)2)2

for n = 1, . . . , N . That is,
√

‖e(n)‖2H̃1
d
+
∣

∣

∣
e
(n)
0

∣

∣

∣

2

+
∣

∣

∣e
(n)
K

∣

∣

∣

2

≤ C4

√

30(L+ 1)T

[

exp

{

3

2
(1 + CF )T

}]

((∆x)2 + (∆t)2).

Here, let us define a constant C by

C := C̃LC4

√

30(L+ 1)T

[

exp

{

3

2
(1 + CF )T

}]

.

Hence, we conclude from Proposition 2.5 that
∥

∥e(n)
∥

∥

L∞
d

≤ C̃L

∥

∥e(n)
∥

∥

H̃1
d

≤ C((∆x)2 + (∆t)2) (n = 1, . . . , N).

This completes the proof.

§6 Computational examples

In this section, we demonstrate through computation examples that the numerical
solution of the proposed scheme is efficient and that the scheme inherits the dissipative
property from the original problem in a discrete sense. We consider the following dynamic
boundary condition:

{

εex∂tu(0, t) = ∂xu(x, t)|x=0 − F ′(u(0, t)),

εex∂tu(L, t) = − ∂xu(x, t)|x=L − F ′(u(L, t)), in (0, T ],
(4.91)

where εex is a positive constant. We choose K = 100 and fix L = 1 so that ∆x = 1/100.
On the other hand, we choose T and ∆t depending on the situation. We fix the parameter
εex = 10. Also, we consider the nonlinear function F (s) = (γ/4)(s2 − 1)2, where we fix
the parameter γ = 100.
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6.1 Computation example 1

As the initial value, we consider

u(x, 0) = a0 + a1 cos(5πx) + a2 sin(8πx) + a3 cos(2πx),

where we choose a0 = 0.02, a1 = −0.05, a2 = −0.008, and a3 = 0.01. Also, we choose
N = 6000 and fix T = 0.6 so that ∆t = 1/10000. Figure 4.1 shows the time development
of the solution to (4.1) with (4.91) obtained from our scheme. Figure 4.2 shows the time

development of Jd(U
(n))+F (U

(n)
0 )+F (U

(n)
K ). We call Jd(U

(n))+F (U
(n)
0 )+F (U

(n)
K ) “total

energy” from now on. This graph shows that the energy decreases numerically.

Figure 4.1: Numerical solution of (4.1) with
(4.91) obtained by our scheme

Figure 4.2: Time development of total en-
ergy

6.2 Computation example 2

As the initial value, we choose

u(x, 0) = exp{−500(x− 0.5)2}.

Also, we choose N = 700 and fix T = 0.7 so that ∆t = 1/1000. Figure 4.3 shows the time
development of the solution to (4.1) with (4.91) obtained from our scheme. Figure 4.4
shows the time development of total energy. This graph shows that the energy decreases
numerically.

Figure 4.3: Numerical solution of (4.1) with
(4.91) obtained by our scheme

Figure 4.4: Time development of total en-
ergy

As stated in the Introduction, our study for the dynamic boundary condition dif-
fers from previous studies for non-dynamical boundary conditions such as the Neumann
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boundary condition. Since there is a term of the time derivative on the boundary in (4.1)
with (4.91), it is natural that the long-time behavior of the solution may differ from that
to (4.1) with the Neumann boundary condition. In order to assure that the difference
occurs, we present the numerical examples of our structure-preserving scheme for (4.1)
with the Neumann boundary condition (see next subsection for details).

6.3 Computation example 3 (Numerical results for the Neu-
mann boundary condition)

In order to verify that the difference in the long-time behavior of the solution occurs,
we present the numerical examples for (4.1) with the following inhomogeneous Neumann
boundary condition:

{

∂xu(x, t)|x=0 − F ′(u(0, t)) = 0,

− ∂xu(x, t)|x=L − F ′(u(L, t)) = 0, in (0, T ],
(4.92)

in the same setting as Subsections 6.1 and 6.2. We remark that the solution to (4.1)
with (4.92) also satisfies the dissipative property (4.5). Since there are no results of
the numerical computation in the same setting as the previous subsections in previous
studies, we carry out the numerical computation by the following structure-preserving
scheme. The concrete form of our structure-preserving scheme for (4.1) with (4.92) is as
follows: for n = 0, 1, . . .,

U
(n+1)
k − U

(n)
k

∆t
= δ

⟨2⟩
k

(

U
(n+1)
k + U

(n)
k

2

)

− dF

d(U
(n+1)
k , U

(n)
k )

(k = 0, . . . , K),

δ
⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)∣

∣

∣

∣

∣

k=0

− dF

d(U
(n+1)
0 , U

(n)
0 )

= 0,

− δ
⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)∣

∣

∣

∣

∣

k=K

− dF

d(U
(n+1)
K , U

(n)
K )

= 0.

Figure 4.5 shows the time development of the solution to (4.1) with (4.92) obtained from
our scheme. Figure 4.6 shows the time development of total energy. This graph also
shows that the energy decreases numerically.

Figure 4.5: Numerical solution of (4.1) with
(4.92) obtained by our scheme

Figure 4.6: Time development of total en-
ergy
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6.4 Computation example 4 (Numerical results for the Neu-
mann boundary condition)

The setting is the same as Computation example 2. Figure 4.7 shows the time devel-
opment of the solution to (4.1) with (4.92) from our scheme. Figure 4.8 shows the time
development of total energy. This graph also shows that the energy decreases numerically.

Figure 4.7: Numerical solution of (4.1) with
(4.92) obtained by our scheme

Figure 4.8: Time development of total en-
ergy

As can be seen from Figure 4.1, Figure 4.3, Figure 4.5, and Figure 4.7, the solution
to (4.1) with (4.92) arrives at a different state from that to (4.1) with (4.91). Thus, the
results assure that the difference in the long-time behavior of the solution occurs.
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Chapter 5

The Cahn–Hilliard equation with a
dynamic boundary condition

In this chapter, as mentioned in Chapter 1, similarly to designing a structure-preserving
scheme for the Allen–Cahn equation with a dynamic boundary condition in Chapter 4, we
propose a new structure-preserving finite difference scheme for the Cahn–Hilliard equa-
tion with a dynamic boundary condition based on DVDM [29]. As in the case of the
Allen–Cahn equation, by modifying the discretization of energy and using an appropriate
summation-by-parts formula, we can use a central difference operator as an approximation
of an outward normal derivative on the discrete boundary condition of the scheme. In ad-
dition, we show that our proposed scheme is second-order accurate in space, although the
previous structure-preserving scheme proposed by Fukao–Yoshikawa–Wada [28] is first-
order accurate in space. Also, we show the stability, the existence, and the uniqueness
of the solution for our proposed scheme. Computation examples demonstrate the effec-
tiveness of our proposed scheme. Especially through computation examples, we confirm
that the solution obtained by our proposed scheme is more reliable than that by the
Fukao–Yoshikawa–Wada scheme when the space mesh size is coarse.

§1 Introduction

Let L > 0 be the length of the one-dimensional material. In this chapter, we study
the following Cahn–Hilliard equation [8]:

{

∂tu = ∂2
xp in (0, L)× (0,∞), (5.1)

p = −γ∂2
xu+ F ′(u) in (0, L)× (0,∞), (5.2)

under the dynamic boundary condition and the homogeneous Neumann boundary condi-
tion:







∂tu(0, t) = ∂xu(x, t)|x=0 in (0,∞), (5.3)

∂tu(L, t) = − ∂xu(x, t)|x=L in (0,∞), (5.4)

∂xp(x, t)|x=0 = ∂xp(x, t)|x=L = 0 in (0,∞). (5.5)

The unknown functions u: [0, L] × [0,∞) → R and p: [0, L] × [0,∞) → R are the order
parameter and the chemical potential, respectively. Moreover, γ is a positive constant.
Furthermore, F : R → R is a potential, and F ′ is its derivative. For example, F can be a
double-well potential, i.e.,
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F (s) =
q

4
s4 − r

2
s2 for all s ∈ R,

where q and r are positive constants. Throughout this chapter, we assume that the
potential F is bounded from below. Let us define the “local energy” G and the “global
energy” J , which characterize the equations (5.1)–(5.2), as follows:

G(u, ∂xu) :=
γ

2
|∂xu|2 + F (u), (5.6)

J(u) :=

∫ L

0

G(u, ∂xu)dx. (5.7)

Also, let us define the “mass” M as follows:

M(u) :=

∫ L

0

udx. (5.8)

Then, the solution of the equations (5.1)–(5.2) satisfies the following properties:

d

dt
M(u(t)) = 0, (5.9)

d

dt
J(u(t)) = −γ|∂tu(0, t)|2 − γ|∂tu(L, t)|2 −

∫ L

0

|∂xp(x, t)|2dx ≤ 0, (5.10)

under boundary conditions (5.3)–(5.5). In this chapter, we design a structure-preserving
finite difference scheme for (5.1)–(5.5) based on DVDM. As mentioned in Chapter 4,
in [67, 68], Yoshikawa has mentioned that the merits of the structure-preserving scheme
are that we often obtain the stability of numerical solutions automatically and that various
strategies for the continuous case, such as the energy method, can be applied to the scheme
similarly. Actually, Yoshikawa and co-authors have applied the energy method to show
the existence and the uniqueness of the solution and the error estimate for the numerical
scheme (see [28, 65–68]).

From a mathematical perspective, the problem (5.1)–(5.5) with initial conditions has
been studied in [14–16, 18–20, 32, 34, 35, 46, 47, 54, 55, 64]. First, in the case of F (s) =
(q/4)s4−(r/2)s2, Racke and Zheng [55] have proved the global existence and uniqueness of
the solution to the problem, and Prüss et al. [54] have obtained the result on the maximal
Lp-regularity and proved the existence of a global attractor. Also, Wu and Zheng [64] and
Chill et al. [15] have proved the convergence of the solution of the problem to equilibrium
as time goes to infinity. Moreover, various results of the existence, the uniqueness, and the
regularity of the solution, the existence of a global attractor, the convergence to steady
states, and the optimal control have been obtained under more general assumptions on
the nonlinearities in [14, 16, 18–20, 34, 35, 46, 47]. Especially, Gal [32] has compared the
problem under other dynamic boundary conditions with that under our target dynamic
boundary conditions. Here, we remark that in these papers, the problem is considered
in the multi-dimensional case, where the boundary conditions (5.3) and (5.4) include the
Laplace–Beltrami operator, which plays the role of diffusion on the boundary.

From a numerical point of view, there are some numerical studies of the Cahn–Hilliard
equation with dynamic boundary conditions (see, for example, [12–14, 28, 39, 48, 49]).
In [12, 39], Cherfils et al. and Israel et al. have considered the finite element space semi-
discretizations of the problem in the two-dimensional or three-dimensional case and proved
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the error estimate. Moreover, the results of the unconditional stability of fully discrete
schemes based on the backward Euler scheme for the time discretization, and the conver-
gence of the solution to a steady-state have been obtained. See also [14] for other numerical
results. Besides, Cherfils and Petcu have obtained the results of the problem with other
dynamic boundary conditions by a finite element approach [13]. In addition, Nabet has
performed an interesting analysis of the problem in the two-dimensional case using the
finite-volume method and proved the convergence of the numerical solution [48]. She
also has given the error estimate in [49]. More specifically, she has proved the first-order
convergence in the sense of the H1-norms. In [28], Fukao et al. have already proposed a
structure-preserving scheme for (5.1)–(5.5) based on DVDM in the one-dimensional case.
We remark that they use a forward difference operator as an approximation of an out-
ward normal derivative on the discrete boundary condition of their scheme and that their
scheme is first-order accurate in space. In DVDM, it is essential how to discretize the
energy which characterizes the equation. Modifying the conventional manner and using
an appropriate summation-by-parts formula, we can use a central difference operator as
an approximation of an outward normal derivative on the boundary. Moreover, we show
that our proposed scheme is second-order in space.

The rest of this chapter proceeds as follows. In Section 2, we propose a structure-
preserving scheme for (5.1)–(5.5), whose solution satisfies the discrete version of the con-
servative property (5.9) and the dissipative property (5.10). In Section 3, we prove that
the solution of the proposed scheme satisfies the global boundedness. In Section 4, we
prove that the scheme has a unique solution under a specific condition. In Section 5,
we prove the error estimate for the scheme. In Section 6, we show that computation
examples demonstrate the effectiveness of the scheme. We also mention the suggestion
on comparison of long-time behaviors between the dynamic boundary condition and the
Neumann boundary one.

§2 Proposed scheme

In this section, we propose a structure-preserving scheme for (5.1)–(5.5) and show that
it has two properties corresponding to (5.9) and (5.10).

2.1 Preparation

Let K be a natural number. We define U
(n)
k (k = −1, 0, 1, . . . , K,K + 1, n = 0, 1, . . .)

to be the approximation to u(x, t) at location x = k∆x and time t = n∆t, where ∆x
is a space mesh size, i.e., ∆x := L/K, and ∆t is a time mesh size. They are also

written in vector as U (n) := (U
(n)
0 , . . . , U

(n)
K )⊤ or U (n) := (U

(n)
−1 , U

(n)
0 , . . . , U

(n)
K , U

(n)
K+1)

⊤.
The superscript (n) is omitted when no confusion occurs. Guess the meaning of U from
the context. Let us define two discrete local energies G±

d : R
K+3 → R

K+1 by

G+
d,k(U ) :=

γ

2
(δ+k Uk)

2 + F (Uk) (k = 0, . . . , K),

G−
d,k(U ) :=

γ

2
(δ−k Uk)

2 + F (Uk) (k = 0, . . . , K),
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for all U ∈ R
K+3. Note that G±

d,k(U ) are elements of vectors G±
d (U ), respectively. Fur-

thermore, we define discrete global energy Jd: R
K+3 → R as follows:

Jd(U ) :=
1

2

{

K−1
∑

k=0

G+
d,k(U )∆x+

K
∑

k=1

G−
d,k(U )∆x

}

. (5.11)

Also, we define a discrete mass Md: R
K+1+2s → R by

Md(U ) :=
K
∑

k=0

′′Uk∆x for all U ∈ R
K+1+2s, where s = 0, 1.

Remark 5.1. We remark that we construct a structure-preserving scheme for (5.1)–(5.5),
which we can use a central difference operator as an approximation of an outward normal
derivative on the boundary conditions by adopting the above discrete global energy Jd
and using another summation-by-parts formula (Corollary 2.1).

From the idea of DVDM [31], we take a discrete variation to derive a structure-
preserving scheme for (5.1)–(5.5). That is, we calculate the difference Jd(U )− Jd(V ) for
all U ,V ∈ R

K+3. For the purpose, we use the following lemmas. All the proofs can be
found in Lemma 4.1 and Lemma 4.2 and here omitted.

Lemma 5.1. The definition (4.6) of Jd is rewritten as follows:

Jd(U ) =
K−1
∑

k=0

γ

2

(

δ+k Uk

)2
∆x+

K
∑

k=0

′′F (Uk)∆x for all U ∈ R
K+3.

Lemma 5.2. The following equality holds:

Jd(U )− Jd(V ) =
K
∑

k=0

′′
{

−γδ
⟨2⟩
k

(

Uk + Vk

2

)

+
dF

d(Uk, Vk)

}

(Uk − Vk)∆x

+

[

γ

{

δ
⟨1⟩
k

(

Uk + Vk

2

)}

(Uk − Vk)

]K

0

for all U ,V ∈ R
K+3. (5.12)

Remark 5.2. This equality (5.12) is essential for the discrete energy dissipation (Theorem
5.1).

2.2 Proposed scheme

The concrete form of our scheme for (5.1)–(5.5) is, for n = 0, 1, . . .,

U
(n+1)
k − U

(n)
k

∆t
= δ

⟨2⟩
k P

(n)
k (k = 0, . . . , K), (5.13)

P
(n)
k = −γδ

⟨2⟩
k

(

U
(n+1)
k + U

(n)
k

2

)

+
dF

d(U
(n+1)
k , U

(n)
k )

(k = 0, . . . , K), (5.14)

U
(n+1)
0 − U

(n)
0

∆t
= δ

⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)∣

∣

∣

∣

∣

k=0

, (5.15)

U
(n+1)
K − U

(n)
K

∆t
= − δ

⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)∣

∣

∣

∣

∣

k=K

, (5.16)

δ
⟨1⟩
k P

(n)
k = 0 (k = 0, K). (5.17)
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Remark 5.3. In the previous result [28], Fukao et al. constructed another structure-
preserving scheme. They used a forward difference operator as an approximation of an
outward normal derivative on the boundary conditions. On the other hand, we have
constructed a structure-preserving scheme in which we used a central difference operator
as an approximation of an outward normal derivative. This is the difference with their
previous scheme.

Then, the proposed scheme (5.13)–(5.17) has the following property corresponding to
(5.10), i.e.,

Theorem 5.1. The solution to the scheme (5.13)–(5.17) satisfies

δ+n Jd(U
(n)) = −γ

∣

∣

∣
δ+n U

(n)
0

∣

∣

∣

2

− γ
∣

∣

∣
δ+n U

(n)
K

∣

∣

∣

2

−
K−1
∑

k=0

∣

∣

∣
δ+k P

(n)
k

∣

∣

∣

2

∆x ≤ 0 (n = 0, 1, . . .). (5.18)

Proof. Using Corollary 2.1, Lemma 5.2, (5.13)–(5.17), we have

δ+n Jd(U
(n)) =

Jd
(

U (n+1)
)

− Jd
(

U (n)
)

∆t

=
K
∑

k=0

′′

{

−γδ
⟨2⟩
k

(

U
(n+1)
k + U

(n)
k

2

)

+
dF

d(U
(n+1)
k , U

(n)
k )

}

U
(n+1)
k − U

(n)
k

∆t
∆x

+

[

γ

{

δ
⟨1⟩
k

(

U
(n+1)
k + U

(n)
k

2

)}

U
(n+1)
k − U

(n)
k

∆t

]K

0

=
K
∑

k=0

′′P
(n)
k

(

δ
⟨2⟩
k P

(n)
k

)

∆x− γ
∣

∣

∣δ+n U
(n)
0

∣

∣

∣

2

− γ
∣

∣

∣δ+n U
(n)
K

∣

∣

∣

2

=
[(

δ
⟨1⟩
k P

(n)
k

)

P
(n)
k

]K

0
−

K−1
∑

k=0

∣

∣

∣δ+k P
(n)
k

∣

∣

∣

2

∆x− γ
∣

∣

∣δ+n U
(n)
0

∣

∣

∣

2

− γ
∣

∣

∣δ+n U
(n)
K

∣

∣

∣

2

= −
K−1
∑

k=0

∣

∣

∣δ+k P
(n)
k

∣

∣

∣

2

∆x− γ
∣

∣

∣δ+n U
(n)
0

∣

∣

∣

2

− γ
∣

∣

∣δ+n U
(n)
K

∣

∣

∣

2

(n = 0, 1, . . .).

This completes the proof.

Furthermore, the proposed scheme (5.13)–(5.17) has the following property corresponding
to (5.9), i.e.,

Theorem 5.2. The solution to the scheme (5.13)–(5.17) satisfies the following equality:

δ+nMd(U
(n)) = 0 (n = 0, 1, . . .).

Proof. Using (5.13), (5.17), and Proposition 2.2, we obtain

δ+nMd(U
(n)) =

K
∑

k=0

′′U
(n+1)
k −U

(n)
k

∆t
∆x =

K
∑

k=0

′′δ
⟨2⟩
k P

(n)
k ∆x =

[

δ
⟨1⟩
k P

(n)
k

]K

0
= 0 (n = 0, 1, . . .).

This completes the proof.
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§3 Stability of the proposed scheme

In this section, we show that, if the proposed scheme has a solution, then it satisfies
the global boundedness.

For the proof of the global boundedness of the numerical solution, we use the following
lemma.

Lemma 5.3. The solution to the scheme (5.13)–(5.17) satisfies the following inequality:

∥

∥DU (n)
∥

∥ ≤
{

2

γ

(

Jd(U
(0)) + L

∣

∣

∣

∣

min

{

inf
ξ∈R

F (ξ), 0

}∣

∣

∣

∣

)} 1
2

(n = 0, 1, . . .). (5.19)

Proof. From the dissipative property (Theorem 5.1) and the assumption on the potential
F , we obtain

Jd(U
(0)) ≥ Jd(U

(n)) =
γ

2

K−1
∑

k=0

∣

∣

∣
δ+k U

(n)
k

∣

∣

∣

2

∆x+
K
∑

k=0

′′F
(

U
(n)
k

)

∆x

≥ γ

2

∥

∥DU (n)
∥

∥

2
+min

{

inf
ξ∈R

F (ξ), 0

} K
∑

k=0

′′∆x

=
γ

2

∥

∥DU (n)
∥

∥

2
+min

{

inf
ξ∈R

F (ξ), 0

}

L (n = 0, 1, . . .).

Namely, we have

γ

2

∥

∥DU (n)
∥

∥

2 ≤ Jd(U
(0))− Lmin

{

inf
ξ∈R

F (ξ), 0

}

≤ Jd(U
(0)) + L

∣

∣

∣

∣

min

{

inf
ξ∈R

F (ξ), 0

}∣

∣

∣

∣

(n = 0, 1, . . .).

Therefore, the inequality (5.19) holds.

From Lemma 5.3 and Proposition 2.6, we can obtain the following global boundedness:

Theorem 5.3 (Global boundedness). The solution to the scheme (5.13)–(5.17) satisfies
the following inequality:

∥

∥U (n)
∥

∥

L∞
d

≤ 1

L

∣

∣Md(U
(0))
∣

∣+

{

2L

γ

(

Jd(U
(0)) + L

∣

∣

∣

∣

min

{

inf
ξ∈R

F (ξ), 0

}∣

∣

∣

∣

)} 1
2

(n = 0, 1, . . .).

(5.20)

Proof. From Proposition 2.6 (Discrete Poincaré–Wirtinger inequality) and Theorem 5.2,
we have

∥

∥U (n)
∥

∥

L∞
d

≤ 1

L

∣

∣Md(U
(n))
∣

∣+ L
1
2

∥

∥DU (n)
∥

∥

=
1

L

∣

∣Md(U
(0))
∣

∣+ L
1
2

∥

∥DU (n)
∥

∥ (n = 0, 1, . . .). (5.21)

By applying Lemma 5.3 to (5.21), we can obtain (5.20).
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Remark 5.4. Theorem 5.3 means that our proposed scheme is numerically stable for any
time step n. We can obtain a more precise evaluation by evaluating errors of the discrete
quantities if the initial data is sufficiently smooth.

Lemma 5.4. If U
(0)
k = u0(k∆x) (k = 0, . . . , K) for a function u0 ∈ C3([0, L]), then there

exist constants CJ , CM > 0 independent of ∆x and ∆t such that

∣

∣Jd(U
(0))− J(u0)

∣

∣ ≤ CJ ,
∣

∣Md(U
(0))−M(u0)

∣

∣ ≤ CM .

Proof. From the triangle inequality, we see that

∣

∣Jd(U
(0))− J(u0)

∣

∣

=

∣

∣

∣

∣

∣

1

2

(

K−1
∑

k=0

G+
d,k(U

(0))∆x+
K
∑

k=1

G−
d,k(U

(0))∆x

)

−
∫ L

0

G(u0, ∂xu0)dx

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

1

2

(

K−1
∑

k=0

G+
d,k(U

(0))∆x+
K
∑

k=1

G−
d,k(U

(0))∆x

)

−
K
∑

k=0

′′G(u0(k∆x), ∂xu0(k∆x))∆x

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

K
∑

k=0

′′G(u0(k∆x), ∂xu0(k∆x))∆x−
∫ L

0

G(u0, ∂xu0)dx

∣

∣

∣

∣

∣

. (5.22)

Since G(u0, ∂xu0) ∈ C2([0, L]) from the assumption u0 ∈ C3([0, L]), by using the Euler–
Maclaurin summation formula and ∆x ≤ L, we estimate the second term on the right-
hand side of (5.22) as follows:

∣

∣

∣

∣

∣

K
∑

k=0

′′G(u0(k∆x), ∂xu0(k∆x))∆x−
∫ L

0

G(u0, ∂xu0)dx

∣

∣

∣

∣

∣

≤ (∆x)2

8

∫ L

0

∣

∣∂2
xG(u0, ∂xu0)

∣

∣ dx

≤ L2

8

∫ L

0

∣

∣∂2
xG(u0, ∂xu0)

∣

∣ dx.

(5.23)

Next, we estimate the first term on the right-hand side of (5.22). By using Proposition
2.1, we have

∣

∣

∣

∣

∣

1

2

(

K−1
∑

k=0

G+
d,k(U

(0))∆x+
K
∑

k=1

G−
d,k(U

(0))∆x

)

−
K
∑

k=0

′′G(u0(k∆x), ∂xu0(k∆x))∆x

∣

∣

∣

∣

∣

≤ 1

2

(

K−1
∑

k=0

∣

∣G+
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x))
∣

∣∆x

+
K
∑

k=1

∣

∣G−
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x))
∣

∣∆x

)

.

From the assumption U
(0)
k = u0(k∆x) (k = 0, . . . , K), we obtain

G+
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x)) =
γ

2

(

∣

∣δ+k u0(k∆x)
∣

∣

2 − |∂xu0(k∆x)|2
)
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for k = 0, . . . , K − 1. Similarly, we have

G−
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x)) =
γ

2

(

∣

∣δ−k u0(k∆x)
∣

∣

2 − |∂xu0(k∆x)|2
)

for k = 1, . . . , K. For k = 0, . . . , K − 1, applying the Taylor theorem to u0, there exists
ζ1 ∈ (0, 1) such that

u0((k + 1)∆x)− u0(k∆x)

∆x
= ∂xu0(k∆x) +

∆x

2
∂2
xu0((k + ζ1)∆x).

Similarly, for 1, . . . , K, there exists ζ2 ∈ (0, 1) such that

u0(k∆x)− u0((k − 1)∆x)

∆x
= ∂xu0(k∆x)− ∆x

2
∂2
xu0((k − ζ2)∆x).

Hence, we have

G+
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x))

=
γ

2

{

∆x∂xu0(k∆x)∂2
xu0((k + ζ1)∆x)+

(∆x)2

4

(

∂2
xu0((k + ζ1)∆x)

)2
}

(k=0, . . . , K−1),

G−
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x))

= −γ

2

{

∆x∂xu0(k∆x)∂2
xu0((k − ζ2)∆x)− (∆x)2

4

(

∂2
xu0((k − ζ2)∆x)

)2
}

(k=1, . . . , K).

Therefore, from ∆x ≤ L and K∆x = L, we obtain

K−1
∑

k=0

∣

∣G+
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x))
∣

∣∆x

≤ γ

2

{

∆x
K−1
∑

k=0

∣

∣∂xu0(k∆x)∂2
xu0((k + ζ1)∆x)

∣

∣∆x+
(∆x)2

4

K−1
∑

k=0

∣

∣∂2
xu0((k + ζ1)∆x)

∣

∣

2
∆x

}

≤ γL2

2

(

A1A2 +
L

4
A2

2

)

,

where Ai := maxx∈[0,L] |∂i
xu0(x)| (i = 1, 2). Similarly, we have

K
∑

k=1

∣

∣G−
d,k(U

(0))−G(u0(k∆x), ∂xu0(k∆x))
∣

∣∆x ≤ γL2

2

(

A1A2 +
L

4
A2

2

)

.

Thus, we see that
∣

∣

∣

∣

∣

1

2

(

K−1
∑

k=0

G+
d,k(U

(0))∆x+
K
∑

k=1

G−
d,k(U

(0))∆x

)

−
K
∑

k=0

′′G(u0(k∆x), ∂xu0(k∆x))∆x

∣

∣

∣

∣

∣

≤ γL2

2

(

A1A2 +
L

4
A2

2

)

. (5.24)

From (5.22), (5.23), and (5.24), we conclude that

∣

∣Jd(U
(0))− J(u0)

∣

∣ ≤ L2

8

∫ L

0

∣

∣∂2
xG(u0, ∂xu0)

∣

∣ dx+
γL2

2

(

A1A2 +
L

4
A2

2

)

. (5.25)
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Also, from the Euler–Maclaurin summation formula, we obtain

∣

∣Md(U
(0))−M(u0)

∣

∣ =

∣

∣

∣

∣

∣

K
∑

k=0

′′u0(k∆x)∆x−
∫ L

0

u0dx

∣

∣

∣

∣

∣

≤ L2

8

∫ L

0

∣

∣∂2
xu0

∣

∣ dx. (5.26)

The right-hand sides of (5.25) and (5.26) are the desired constants CJ and CM , respec-
tively.

From Theorem 5.3 and Lemma 5.4, we have the following corollary:

Corollary 5.1. If U
(0)
k = u0(k∆x) (k = 0, . . . , K) for a function u0 ∈ C3([0, L]), then the

solution of the scheme (5.13)–(5.17) satisfies the following inequality:

∥

∥U (n)
∥

∥

L∞
d

≤ 1

L
(|M(u0)|+CM)+

{

2L

γ

(

J(u0)+CJ+L

∣

∣

∣

∣

min

{

inf
ξ∈R

F (ξ), 0

}∣

∣

∣

∣

)}1
2

(n=0, 1, . . .),

(5.27)
where

CJ := L2

{

1

8

∫ L

0

∣

∣∂2
xG(u0, ∂xu0)

∣

∣ dx+
γ

2

(

A1A2 +
L

4
A2

2

)}

,

Ai := max
x∈[0,L]

∣

∣∂i
xu0(x)

∣

∣ (i = 1, 2), CM :=
L2

8

∫ L

0

∣

∣∂2
xu0

∣

∣ dx.

§4 Existence and uniqueness of the solution to the

proposed scheme

In this section, using the energy method in [28,52,65–68], we prove that the proposed
scheme (5.13)–(5.17) has a unique solution under a specific condition on ∆t.

Theorem 5.4. Assume that the potential function F is in C3. For any given U (0) =
{U (0)

k }K+1
k=−1 ∈ R

K+3, let us define B0 and B̃0 by

B0 :=

{

2

γ

(

Jd(U
(0)) + L

∣

∣

∣

∣

min

{

inf
ξ∈R

F (ξ), 0

}∣

∣

∣

∣

)} 1
2

, B̃0 :=
1

L

∣

∣Md(U
(0))
∣

∣+ L
1
2B0.

If ∆t satisfies

max

{

3

2
max

|ξ|≤2B̃0

|F ′′(ξ)| , 1

2
max

|ξ|≤2B̃0

|F ′′(ξ)|+ 5L
1
2B0

6
max

|ξ|≤2B̃0

|F ′′′(ξ)|
}
√

∆t

2γ
< 1, (5.28)

then there exists a unique solution {U (n)
k }K+1

k=−1 ∈ R
K+3 (n = 1, 2, . . .) satisfying (5.13)–

(5.17).

Remark 5.5. The assumption (5.28) is independent of the space mesh size ∆x. Also, it
is one of the advantages of the numerical method we apply that the condition on ∆t can
be derived explicitly as above.

For the proof, we use the following lemmas. Since proofs of these lemmas can be found
in [61,70], we omit them.
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Lemma 5.5 ( [70, Theorem 2.8]). Let A and B be n × n complex matrices. Then, AB
and BA have the same eigenvalues, counting multiplicity.

In the following lemmas, we denote the Hermitian conjugate or adjoint of a n× n matrix
A by A∗.

Lemma 5.6 (Sylvester’s law of inertia [70, Theorem 8.3]). Let A and B be n×n Hermitian
matrices. Then, there exists a nonsingular n × n matrix S such that B = S∗AS if and
only if A and B have the same inertia, i.e.,

In(A) = In(B),

where the inertia In(A) of A is defined to be the ordered triple (i+(A), i−(A), i0(A)), that
is,

In(A) := (i+(A), i−(A), i0(A)),

and i+(A), i−(A), and i0(A) are the numbers of positive, negative, and zero eigenvalues
of A, respectively (including multiplicities).

Lemma 5.7 (Cholesky factorization [61, Theorem 23.1]). For any n×n Hermitian positive
definite matrix A, there exists a unique n× n upper-triangular matrix R whose diagonal
components are all positive such that

A = R∗R.

Using the above lemmas, we obtain the following lemma:

Lemma 5.8. Let A be an arbitrary n × n Hermitian positive semi-definite matrix and
let B be an arbitrary n× n Hermitian positive definite matrix. Then, the eigenvalues of
AB are all real and nonnegative.

Proof. Applying Lemma 5.7 to the Hermitian positive definite matrix B, there exists a
unique n× n upper-triangular matrix R such that

B = R∗R, rii > 0 (i = 1, . . . , n),

where rii (i = 1, . . . , n) are diagonal components of R. Hence, we have

AB = A(R∗R) = (AR∗)R. (5.29)

It holds from rii > 0 (i = 1, . . . , n) that detR∗ = r11 · · · rnn > 0. That is, R∗ is nonsingu-
lar. Therefore, using Lemma 5.6, we obtain

In(A) = In((R∗)∗AR∗) = In(RAR∗). (5.30)

Since (AR∗)R and R(AR∗) have the same eigenvalues from Lemma 5.5, by using (5.29)
and (5.30), we obtain

In(A) = In(RAR∗) = In((AR∗)R) = In(AB).

Since A is positive semi-definite, the eigenvalues of A are all real and nonnegative. Namely,
the eigenvalues of AB are all real and nonnegative, too.
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Proof of Theorem 5.4. We show the existence of a (K+3)-vectorU (n+1)={U (n+1)
k }K+1

k=−1

∈ R
K+3 for a given U (n) = {U (n)

k }K+1
k=−1 ∈ R

K+3 that satisfies (5.13)–(5.17). For the

purpose, we define the nonlinear mapping Ψ: {Uk}Kk=0 7→ {Ũk}K+1
k=−1 by

Ũk − U
(n)
k

∆t
= δ

⟨2⟩
k P̃

(n)
k (k = 0, . . . , K), (5.31)

P̃
(n)
k = −γδ

⟨2⟩
k

(

Ũk + U
(n)
k

2

)

+
dF

d(Uk, U
(n)
k )

(k = 0, . . . , K), (5.32)

Ũ0 − U
(n)
0

∆t
= δ

⟨1⟩
k

(

Ũk+U
(n)
k

2

)∣

∣

∣

∣

∣

k=0

, (5.33)

ŨK − U
(n)
K

∆t
= − δ

⟨1⟩
k

(

Ũk + U
(n)
k

2

)∣

∣

∣

∣

∣

k=K

, (5.34)

δ
⟨1⟩
k P̃

(n)
k = 0 (k = 0, K). (5.35)

Firstly, we show that the mapping Ψ is well-defined. For any fixed U = {Uk}Kk=0 ∈ R
K+1,

from (5.33) and (5.34), Ũ−1 and ŨK+1 can be explicitly written as

Ũ−1 = −U
(n)
−1 + Ũ1 + U

(n)
1 − 4∆x

∆t

(

Ũ0 − U
(n)
0

)

, (5.36)

ŨK+1 = −U
(n)
K+1 + ŨK−1 + U

(n)
K−1 −

4∆x

∆t

(

ŨK − U
(n)
K

)

. (5.37)

Thus, it is sufficient to show that Ũk (k = 0, . . . , K) can be explicitly written by given U

and U (n). Using (5.35)–(5.37), we eliminate terms at k = −1, K + 1 in (5.31) and (5.32).
Thus, we have

Ũ0 − U
(n)
0

∆t
=

2

(∆x)2

(

P̃
(n)
1 − P̃

(n)
0

)

, (5.38)

Ũk − U
(n)
k

∆t
= δ

⟨2⟩
k P̃

(n)
k (k = 1, . . . , K − 1), (5.39)

ŨK − U
(n)
K

∆t
=

2

(∆x)2

(

P̃
(n)
K−1 − P̃

(n)
K

)

, (5.40)

P̃
(n)
0 = − 2γ

(∆x)2

{(

Ũ1+U
(n)
1

2

)

−
(

Ũ0+U
(n)
0

2

)}

+
2γ

∆x∆t

(

Ũ0 − U
(n)
0

)

+
dF

d(U0, U
(n)
0 )

, (5.41)

P̃
(n)
k = −γδ

⟨2⟩
k

(

Ũk + U
(n)
k

2

)

+
dF

d(Uk, U
(n)
k )

(k = 1, . . . , K − 1), (5.42)

P̃
(n)
K = − 2γ

(∆x)2

{(

ŨK−1+U
(n)
K−1

2

)

−
(

ŨK+U
(n)
K

2

)}

+
2γ

∆x∆t

(

ŨK − U
(n)
K

)

+
dF

d(UK , U
(n)
K )

.

(5.43)

Here, we give the following matrix expression of Ψ:

AŨ = f(U ,U (n)).
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By using (5.41)–(5.43), we eliminate P̃
(n)
k in (5.38)–(5.40). Then, the (K + 1)× (K + 1)

matrix A is defined by

A := I + β









































6 +
2

α
−8 2

−4− 1

α
7 −4 1

1 −4 6 −4 1
1 −4 6 −4 1

. . . . . . . . . . . . . . .

1 −4 6 −4 1
1 −4 6 −4 1

1 −4 7 −4− 1

α

2 −8 6 +
2

α









































, (5.44)

where I is the (K + 1)-dimensional identity matrix. Besides, α and β are defined by
α := ∆t/(4∆x) and β := γ∆t/(2(∆x)4), respectively. If the matrix A is nonsingular, then
the mapping Ψ is well-defined. In fact, we show that A is nonsingular. For the purpose,
we show that the determinant of A is positive. Firstly, let us define the (K+1)× (K+1)
matrices D2 and D̃2 by

D2 :=















−2 2
1 −2 1

. . . . . . . . .

1 −2 1
2 −2















, D̃2 :=



















−2− 1

α
2

1 −2 1
. . . . . . . . .

1 −2 1

2 −2− 1

α



















.

Then, we obtain

D2D̃2 =









































6 +
2

α
−8 2

−4− 1

α
7 −4 1

1 −4 6 −4 1
1 −4 6 −4 1

. . . . . . . . . . . . . . .

1 −4 6 −4 1
1 −4 6 −4 1

1 −4 7 −4− 1

α

2 −8 6 +
2

α









































.

Namely, A = I + βD2D̃2. We remark that D2 and D̃2 are not symmetric. Accordingly,
following the procedure of the proof for Lemma 0.1.1 in [25], we show that D2 and D̃2

are similar to some symmetric tridiagonal matrices, respectively. Let us define b1 := 2,
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bi := 1 (i = 2, . . . , K), ci := 1 (i = 1, . . . , K − 1), and cK := 2. Then, D2 and D̃2 are
expressed as follows:

D2 =















−2 b1
c1 −2 b2

. . . . . . . . .

cK−1 −2 bK
cK −2















, D̃2 =



















−2− 1

α
b1

c1 −2 b2
. . . . . . . . .

cK−1 −2 bK

cK −2− 1

α



















.

Moreover, let v11 := 1 and vii :=
√

(b1b2 · · · bi−1)/(c1c2 · · · ci−1) (i = 2, . . . , K + 1). Then,
we have

vii =

√

2 · 1 · · · 1
1 · 1 · · · 1 =

√
2 (i = 2, . . . , K), vK+1K+1 =

√

2 · 1 · · · 1 · 1
1 · 1 · · · 1 · 2 = 1.

Furthermore, let us define the (K + 1)× (K + 1) matrix V by

V := diag
1≤i≤K+1

vii =















v11
v22

. . .

vKK

vK+1K+1















=















1 √
2

. . . √
2

1















.

Then, we have

V D2V
−1 =















1 √
2

. . . √
2

1





























−2 2
1 −2 1

. . . . . . . . .

1 −2 1
2 −2





























1
1√
2

. . .
1√
2

1















=













−2 2√
2 −2

√
2

√
2

. . . . . . . . .√
2 −2

√
2

√
2

2 −2

























1
1√
2

. . .
1√
2

1













=





















−2
√
2√

2 −2 1
1 −2 1

. . . . . . . . .
1 −2 1

1 −2
√
2√

2 −2





















.

Similarly, we obtain
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V D̃2V
−1 =



























−2− 1

α

√
2

√
2 −2 1

1 −2 1
. . . . . . . . .

1 −2 1
1 −2

√
2

√
2 −2− 1

α



























.

Here, let us define the (K + 1) × (K + 1) matrices X and Y by X := V D2V
−1 and

Y := V D̃2V
−1. Then, X and Y are (K +1)× (K +1) symmetric matrices. Furthermore,

it holds that XY = V D2V
−1V D̃2V

−1 = V D2D̃2V
−1. That is, D2D̃2 is similar to XY .

Hence, D2D̃2 and XY have the same eigenvalues. Moreover, −X is positive semi-definite,
and −Y is positive definite. Actually, for any non-zero vector x = (x1, x2, . . . , xK+1)

⊤ ∈
R

K+1, it holds that

(−Y )x =





























(

2 +
1

α

)

x1 −
√
2x2

−
√
2x1 + 2x2 − x3

−x2 + 2x3 − x4
...

−xK−2 + 2xK−1 − xK

−xK−1 + 2xK −
√
2xK+1

−
√
2xK +

(

2 +
1

α

)

xK+1





























.

Thus, we have

x⊤(−Y )x

=

(

2 +
1

α

)

x2
1 −

√
2x1x2 −

√
2x1x2 + 2x2

2 − x2x3 − x2x3 + 2x2
3 − · · ·

· · ·+2x2
K−1−xK−1xK−xK−1xK+2x2

K−
√
2xKxK+1−

√
2xKxK+1+

(

2+
1

α

)

x2
K+1

=
1

α
x2
1+2

(

x1−
√
2

2
x2

)2

+(x2−x3)
2+· · ·+(xK−1−xK)

2+2

(

xK+1−
√
2

2
xK

)2

+
1

α
x2
K+1 ≥ 0.

Suppose that x⊤(−Y )x = 0. Then, we get x1 = · · · = xK+1 = 0. This is contradictory to
x 6= 0. Namely, −Y is positive definite. Similarly, by direct calculation, we can see that
x⊤(−X)x ≥ 0 for any non-zero vector x = (x1, x2, . . . , xK+1)

⊤ ∈ R
K+1. That is, −X

is positive semi-definite. Therefore, from Lemma 5.8, eigenvalues of XY = (−X)(−Y )
are all real and nonnegative. Hence, eigenvalues of A are all positive from two facts that
eigenvalues of D2D̃2 are all real and nonnegative and that β is positive. From the above,
detA > 0, i.e., A is nonsingular.

Next, we prove the existence and uniqueness of the solution to the proposed scheme by
the fixed-point theorem for a contraction mapping. From (5.36) and (5.37), it is sufficient
to show the existence of a (K + 1)-dimensional vector U = {Uk}Kk=0 ∈ R

K+1 satisfying
Ũk = Uk (k = 0, . . . , K). For the purpose, we define the mapping Θ : RK+1 → R

K+1 by

Θ (V ) := V +
1

L
Md(U

(0))1 for all V ∈ R
K+1, (5.45)
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where 1 := (1, 1, . . . , 1)⊤ ∈ R
K+1. Then, its inverse mapping Θ−1 is written as

Θ−1 (V ) = V − 1

L
Md(U

(0))1 for all V ∈ R
K+1. (5.46)

Let us define the mapping Φ : RK+1 → R
K+1 by

Φ (V ) := Θ−1
(

{Ψk (Θ (V ))}Kk=0

)

for all V ∈ R
K+1, (5.47)

where Ψk (Θ (V )) is the kth element of the vector (Ψ ◦Θ)(V ) = Ψ(Θ(V )). Moreover, let

X0 :=
{

f ∈ R
K+1; ‖Df‖ ≤ 2B0, Md(f) = 0

}

.

We show that Φ is a contraction mapping on X0 under the assumption (5.28) for ∆t. If
Φ is a contraction mapping, Φ has a unique fixed-point V ∗ in the closed ball X0 from the
Banach fixed point theorem. That is, V ∗ satisfies Φ(V ∗) = V ∗. From (5.46) and (5.47),
we have

Φ(V ∗) = Θ−1
(

{Ψk (Θ (V ∗))}Kk=0

)

= {Ψk (Θ (V ∗))}Kk=0 −
1

L
Md(U

(0))1. (5.48)

Furthermore, from (5.45), we obtain

V ∗ = Θ(V ∗)− 1

L
Md(U

(0))1. (5.49)

Hence, it holds from (5.48) and (5.49) that {Ψk (Θ (V ∗))}Kk=0 = Θ(V ∗). Namely, Θ (V ∗)
is the solution U (n+1) to the scheme (5.13)–(5.17). Firstly, we show Φ(X0) ⊂ X0. For
the purpose, we check ‖D(Φ(V ))‖ ≤ 2B0 and Md(Φ(V )) = 0 for any fixed V ∈ X0. Let
U := Θ(V ). Then, from (5.45), we have

Uk = Vk +
1

L
Md(U

(0)) (k = 0, . . . , K). (5.50)

Hence, it holds that

δ+k Uk = δ+k

(

Vk +
1

L
Md(U

(0))

)

= δ+k Vk (k = 0, . . . , K − 1). (5.51)

Let us define Ũ := Ψ(U ) and Ṽ := Φ(V ) = Θ−1({Ũk}Kk=0). Then, from (5.46), we obtain

Ṽk = Ũk −
1

L
Md(U

(0)) (k = 0, . . . , K). (5.52)

Hence, we have

δ+k Ṽk = δ+k

(

Ũk −
1

L
Md(U

(0))

)

= δ+k Ũk (k = 0, . . . , K − 1). (5.53)

In addition, it follows from (5.31), (5.35), Proposition 2.2, and Theorem 5.2 that

Md(Ũ ) =
K
∑

k=0

′′Ũk∆x =
K
∑

k=0

′′U
(n)
k ∆x+∆t

K
∑

k=0

′′δ
⟨2⟩
k P̃

(n)
k ∆x = Md(U

(n)) + ∆t
[

δ
⟨1⟩
k P̃

(n)
k

]K

0

= Md(U
(0)).
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Thus, it holds from (5.52) and this inequality that

Md(Ṽ ) =
K
∑

k=0

′′Ṽk∆x =
K
∑

k=0

′′
(

Ũk −
1

L
Md(U

(0))

)

∆x = Md(Ũ )−Md(U
(0))

= Md(U
(0))−Md(U

(0))

= 0.

Therefore, all that is left is to show ‖DṼ ‖ ≤ 2B0. From Corollary 2.1 and (5.31)–(5.34),
we have

1

∆t

(

∥

∥

∥DŨ

∥

∥

∥

2

−
∥

∥DU (n)
∥

∥

2
)

= 2
K−1
∑

k=0

{

δ+k

(

Ũk + U
(n)
k

2

)}{

δ+k

(

Ũk − U
(n)
k

∆t

)}

∆x

= −2
K
∑

k=0

′′

{

δ
⟨2⟩
k

(

Ũk + U
(n)
k

2

)}

Ũk − U
(n)
k

∆t
∆x+ 2

[{

δ
⟨1⟩
k

(

Ũk + U
(n)
k

2

)}

Ũk − U
(n)
k

∆t

]K

0

= −2
K
∑

k=0

′′

{

−1

γ
P̃

(n)
k +

1

γ

dF

d(Uk, U
(n)
k )

}

(

δ
⟨2⟩
k P̃

(n)
k

)

∆x− 2

(

ŨK − U
(n)
K

∆t

)2

− 2

(

Ũ0 − U
(n)
0

∆t

)2

≤ 2

γ

K
∑

k=0

′′P̃
(n)
k

(

δ
⟨2⟩
k P̃

(n)
k

)

∆x− 2

γ

K
∑

k=0

′′ dF

d(Uk, U
(n)
k )

(

δ
⟨2⟩
k P̃

(n)
k

)

∆x.

Now, it holds from Corollary 2.1 and (5.35) that

2

γ

K
∑

k=0

′′P̃
(n)
k

(

δ
⟨2⟩
k P̃

(n)
k

)

∆x = −2

γ

K−1
∑

k=0

(

δ+k P̃
(n)
k

)2

∆x+
2

γ

[(

δ
⟨1⟩
k P̃

(n)
k

)

P̃
(n)
k

]K

0
= −2

γ

∥

∥

∥
DP̃ (n)

∥

∥

∥

2

.

Furthermore, from Corollary 2.1, (5.35), and the Young inequality: ab ≤ (ε/2)a2 +
(1/(2ε))b2 for all a, b ∈ R, and ε > 0, we obtain

−2

γ

K
∑

k=0

′′ dF

d(Uk, U
(n)
k )

(

δ
⟨2⟩
k P̃

(n)
k

)

∆x =
2

γ

K−1
∑

k=0

(

δ+k P̃
(n)
k

)

{

δ+k

(

dF

d(Uk, U
(n)
k )

)}

∆x

− 2

γ

[

(

δ
⟨1⟩
k P̃

(n)
k

) dF

d(Uk, U
(n)
k )

]K

0

≤ 2

γ

K−1
∑

k=0





(

δ+k P̃
(n)
k

)2

+
1

4

{

δ+k

(

dF

d(Uk, U
(n)
k )

)}2


∆x

=
2

γ

∥

∥

∥
DP̃ (n)

∥

∥

∥

2

+
1

2γ

∥

∥

∥

∥

D

(

dF

d (U ,U (n))

)∥

∥

∥

∥

2

.

From the above, we have

1

∆t

(

∥

∥

∥
DŨ

∥

∥

∥

2

−
∥

∥DU (n)
∥

∥

2
)

≤ 1

2γ

∥

∥

∥

∥

D

(

dF

d (U ,U (n))

)∥

∥

∥

∥

2

.
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Consequently, using the triangle inequality:
√
a2 + b2 ≤ |a|+ |b| for all a, b ∈ R, we get

∥

∥

∥
DŨ

∥

∥

∥
≤
∥

∥DU (n)
∥

∥+

√

∆t

2γ

∥

∥

∥

∥

D

(

dF

d (U ,U (n))

)∥

∥

∥

∥

. (5.54)

Thus, from (5.53) and (5.54), it is sufficient to show that the right-hand side of (5.54) is
not greater than 2B0. For k = 0, . . . , K − 1, using Lemma 2.2, we have

δ+k

(

dF

d(Uk, U
(n)
k )

)

=
1

2
F̄ ′′(Uk+1, Uk;U

(n)
k+1, U

(n)
k )δ+k Uk +

1

2
F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)δ

+
k U

(n)
k .

(5.55)
Hence, using (5.55) and the Minkowski inequality, we obtain

∥

∥

∥

∥

D

(

dF

d (U ,U (n))

)∥

∥

∥

∥

=

{

K−1
∑

k=0

∣

∣

∣

∣

1

2
F̄ ′′(Uk+1, Uk;U

(n)
k+1, U

(n)
k )δ+k Uk +

1

2
F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)δ

+
k U

(n)
k

∣

∣

∣

∣

2

∆x

}
1
2

≤
{

K−1
∑

k=0

∣

∣

∣

∣

1

2
F̄ ′′(Uk+1, Uk;U

(n)
k+1, U

(n)
k )δ+k Uk

∣

∣

∣

∣

2

∆x

}
1
2

+

{

K−1
∑

k=0

∣

∣

∣

∣

1

2
F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)δ

+
k U

(n)
k

∣

∣

∣

∣

2

∆x

}
1
2

≤ 1

2
max

0≤k≤K−1

∣

∣

∣
F̄ ′′(Uk+1, Uk;U

(n)
k+1, U

(n)
k )
∣

∣

∣
‖DU‖

+
1

2
max

0≤k≤K−1

∣

∣

∣
F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)

∣

∣

∣

∥

∥DU (n)
∥

∥ .

Next, we consider |F̄ ′′(Uk+1, Uk;U
(n)
k+1, U

(n)
k )| and |F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)|. It follows from

Proposition 2.6 that

‖U‖L∞
d
≤ 1

L
|Md(U )|+ L

1
2 ‖DU‖ .

We get Md(V ) = 0 from V ∈ X0. Hence, by (5.50), we have

Md(U ) =
K
∑

k=0

′′Uk∆x = Md(V ) +Md(U
(0)) = Md(U

(0)).

Since it holds from V ∈ X0 and (5.51) that ‖DU‖ = ‖DV ‖ ≤ 2B0, we obtain

‖U‖L∞
d
≤ 1

L
|Md(U )|+ 2L

1
2B0 =

1

L

∣

∣Md(U
(0))
∣

∣+ 2L
1
2B0 ≤ 2B̃0.

Also, using Theorem 5.3, we get ‖U (n)‖L∞
d
≤ B̃0. Therefore, from Lemma 2.1, we obtain

∣

∣

∣
F̄ ′′(Uk+1, Uk;U

(n)
k+1, U

(n)
k )
∣

∣

∣
≤ max

|ξ|≤2B̃0

|F ′′(ξ)| ,
∣

∣

∣
F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)

∣

∣

∣ ≤ max
|ξ|≤2B̃0

|F ′′(ξ)|
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for k = 0, . . . , K − 1. Hence, it holds that
∥

∥

∥

∥

D

(

dF

d(U ,U (n))

)∥

∥

∥

∥

≤ 1

2
max

|ξ|≤2B̃0

|F ′′(ξ)|
(

‖DU‖+ ‖DU (n)‖
)

. (5.56)

Consequently, using (5.54), (5.56), and Lemma 5.3, the following estimate holds:

∥

∥

∥
DŨ

∥

∥

∥
≤ ‖DU (n)‖+

√

∆t

2γ
· 1
2

max
|ξ|≤2B̃0

|F ′′(ξ)|
(

‖DU‖+ ‖DU (n)‖
)

≤ B0 +

3 max
|ξ|≤2B̃0

|F ′′(ξ)|

2

√

∆t

2γ
B0.

Now, from (5.53) and the assumption (5.28), we have ‖DṼ ‖ = ‖DŨ‖ ≤ 2B0. From
the above, it holds that Φ(V ) = Ṽ ∈ X0, i.e., Φ(X0) ⊂ X0. Next, we prove that Φ is
contractive. For any V1,V2 ∈ X0, let U1 := Θ(V1) and U2 := Θ(V2). From (5.45), it
holds that

Ui,k = Vi,k +
1

L
Md(U

(0)) (k = 0, . . . , K, i = 1, 2). (5.57)

It follows from (5.57) that

δ+k Ui,k = δ+k

(

Vi,k +
1

L
Md(U

(0))

)

= δ+k Vi,k (k = 0, . . . , K − 1, i = 1, 2). (5.58)

Furthermore, from (5.57) and Vi ∈ X0 (i = 1, 2), we have

Md(Ui) =
K
∑

k=0

′′Ui,k∆x = Md(Vi) +Md(U
(0)) = Md(U

(0)) (i = 1, 2). (5.59)

Moreover, it follows from U1,k − U2,k = V1,k − V2,k (k = 0, . . . , K) that ‖D(U1 −U2)‖ =
‖D(V1 − V2)‖. Now, let us define Ũi := Ψ(Ui) and Ṽi := Φ(Vi) = Θ−1({Ũi,k}Kk=0) (i =
1, 2). Then, from (5.46), we have

Ṽi,k = Ũi,k −
1

L
Md(U

(0)) (k = 0, . . . , K, i = 1, 2).

Hence, it holds that Ṽ1,k − Ṽ2,k = Ũ1,k − Ũ2,k (k = 0, . . . , K). Namely, ‖D(Ṽ1 − Ṽ2)‖ =
‖D(Ũ1 − Ũ2)‖. Now, from the definition of Ψ, the vector {Ũi,k}K+1

k=−1 = {Ψk(Ui)}K+1
k=−1

satisfies (5.31)–(5.35) (i = 1, 2). Subtracting these relations, we obtain

Ũ1,k − Ũ2,k

∆t
= δ

⟨2⟩
k

(

P̃
(n)
1,k − P̃

(n)
2,k

)

(k = 0, . . . , K), (5.60)

δ
⟨2⟩
k

(

Ũ1,k−Ũ2,k

)

=
2

γ

{

−
(

P̃
(n)
1,k −P̃

(n)
2,k

)

+

(

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)}

(k = 0, . . . , K),

(5.61)

Ũ1,0 − Ũ2,0

∆t
= δ

⟨1⟩
k

(

Ũ1,k − Ũ2,k

2

)∣

∣

∣

∣

∣

k=0

, (5.62)

Ũ1,K − Ũ2,K

∆t
= − δ

⟨1⟩
k

(

Ũ1,k − Ũ2,k

2

)∣

∣

∣

∣

∣

k=K

, (5.63)

δ
⟨1⟩
k

(

P̃
(n)
1,k − P̃

(n)
2,k

)

= 0 (k = 0, K). (5.64)
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From Corollary 2.1, (5.60)–(5.64), and the Young inequality, we have

∥

∥

∥D(Ũ1 − Ũ2)
∥

∥

∥

2

=
K
∑

k=0

′′
{

δ+k (Ũ1,k − Ũ2,k)
}2

∆x

= −
K
∑

k=0

′′
{

δ
⟨2⟩
k

(

Ũ1,k − Ũ2,k

)}(

Ũ1,k − Ũ2,k

)

∆x+
[{

δ
⟨1⟩
k

(

Ũ1,k − Ũ2,k

)}(

Ũ1,k − Ũ2,k

)]K

0

=
2∆t

γ

K
∑

k=0

′′
(

P̃
(n)
1,k −P̃

(n)
2,k

){

δ
⟨2⟩
k

(

P̃
(n)
1,k −P̃

(n)
2,k

)}

∆x− 2∆t

γ

K
∑

k=0

′′

(

dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)

×
{

δ
⟨2⟩
k

(

P̃
(n)
1,k −P̃

(n)
2,k

)}

∆x− 2

∆t

(

Ũ1,K−Ũ2,K

)2

− 2

∆t

(

Ũ1,0−Ũ2,0

)2

≤ −2∆t

γ

K−1
∑

k=0

{

δ+k

(

P̃
(n)
1,k − P̃

(n)
2,k

)}2

∆x+
2∆t

γ

[{

δ
⟨1⟩
k

(

P̃
(n)
1,k − P̃

(n)
2,k

)}(

P̃
(n)
1,k − P̃

(n)
2,k

)]K

0

+
2∆t

γ

K−1
∑

k=0

{

δ+k

(

dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)}

{

δ+k

(

P̃
(n)
1,k − P̃

(n)
2,k

)}

∆x

− 2∆t

γ

[

{

δ
⟨1⟩
k

(

P̃
(n)
1,k − P̃

(n)
2,k

)}

(

dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)]K

0

≤ −2∆t

γ

∥

∥

∥D
(

P̃
(n)
1 −P̃

(n)
2

)∥

∥

∥

2

+
2∆t

γ

K−1
∑

k=0





1

4

{

δ+k

(

dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)}2

+
{

δ+k

(

P̃
(n)
1,k − P̃

(n)
2,k

)}2



∆x

=
∆t

2γ

∥

∥

∥

∥

∥

D

(

dF

d(U1,U
(n)
1 )

− dF

d(U2,U
(n)
2 )

)∥

∥

∥

∥

∥

2

.

Namely,
∥

∥

∥
D(Ũ1 − Ũ2)

∥

∥

∥
≤
√

∆t

2γ

∥

∥

∥

∥

∥

D

(

dF

d(U1,U
(n)
1 )

− dF

d(U2,U
(n)
2 )

)∥

∥

∥

∥

∥

. (5.65)

Using Lemma 2.2, we get

dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

=
1

2
F̄ ′′(U1,k, U2,k;U

(n)
k , U

(n)
k )(U1,k − U2,k) (k = 0, . . . , K).

Hence, it follows from Lemma 2.3 that

∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

=
1

2

∥

∥D
{

F̄ ′′(U1,U2;U
(n),U (n))(U1 −U2)

}∥

∥

≤ 1

2

∥

∥F̄ ′′(U1,U2;U
(n),U (n))

∥

∥

L∞
d

‖D(U1 −U2)‖

+
1

2
‖U1 −U2‖L∞

d

∥

∥DF̄ ′′(U1,U2;U
(n),U (n))

∥

∥ .

(5.66)
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We consider ‖F̄ ′′(U1,U2;U
(n),U (n))‖L∞

d
and ‖DF̄ ′′(U1,U2;U

(n),U (n))‖. From Vi ∈
X0 (i = 1, 2) and (5.58), we have ‖DUi‖ = ‖DVi‖ ≤ 2B0 (i = 1, 2). Therefore, us-
ing Proposition 2.6 and (5.59), we obtain

‖Ui‖L∞
d
≤ 1

L
|Md(Ui)|+ L

1
2 ‖DUi‖ ≤ 1

L

∣

∣Md(U
(0))
∣

∣+ 2L
1
2B0 ≤ 2B̃0 (i = 1, 2).

Hence, using Theorem 5.3 and Lemma 2.1, we get
∥

∥F̄ ′′(U1,U2;U
(n),U (n))

∥

∥

L∞
d

≤ max
|ξ|≤2B̃0

|F ′′(ξ)| . (5.67)

Furthermore, from Lemma 5.3 and Lemma 2.4, the following estimate holds:

∥

∥DF̄ ′′(U1,U2;U
(n),U (n))

∥

∥ ≤ 1

3
max

|ξ|≤2B̃0

|F ′′′(ξ)|
(

‖DU1‖+ ‖DU2‖+
∥

∥DU (n)
∥

∥

)

≤ 5B0

3
max

|ξ|≤2B̃0

|F ′′′(ξ)| . (5.68)

Now, it follows from U1,k − U2,k = V1,k − V2,k (k = 0, . . . , K) and Vi ∈ X0 (i = 1, 2) that

Md(U1 −U2) = Md(V1 − V2) = Md(V1)−Md(V2) = 0.

Hence, from Proposition 2.6, we have

‖U1 −U2‖L∞
d
≤ 1

L
|Md(U1 −U2)|+ L

1
2 ‖D (U1 −U2)‖ = L

1
2 ‖D (U1 −U2)‖ . (5.69)

Thus, using (5.66)–(5.69), we get the following estimate:

∥

∥

∥

∥

D

(

dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥

∥

∥

∥

≤







max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

6







× ‖D (U1 −U2)‖ . (5.70)

Consequently, from (5.65) and (5.70), we obtain
∥

∥

∥
D(Ṽ1 − Ṽ2)

∥

∥

∥
=
∥

∥

∥
D(Ũ1 − Ũ2)

∥

∥

∥

≤







max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

6







√

∆t

2γ
‖D (U1 −U2)‖

=







max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

6







√

∆t

2γ
‖D (V1 − V2)‖ .

Since it holds from the assumption (5.28) on ∆t that






max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

6







√

∆t

2γ
< 1,

the mapping Φ is contraction into X0. This completes the proof.
The following corollary holds from the same argument as Corollary 3.3 in [67].
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Corollary 5.2. Assume that F (s) = (q/4)s4 − (r/2)s2 for all s ∈ R, where q and r are
positive constants. If ∆t satisfies

max

{

3r

2
,
17q

2
B̃2

0 +
r

2
,
51q

4
B̃2

0 −
r

2

}

√

∆t

2γ
< 1,

then there exists a unique solution {U (n)
k }K+1

k=−1 ∈ R
K+3 (n = 1, 2, . . .) satisfying (5.13)–

(5.17).

§5 Error estimate

In this section, we show the error estimate. We also use the energy method in [28,52,
65–68]. Fix a natural number N ∈ N. We compute U (n) up to n = N by our proposed
scheme (5.13)–(5.17) and estimate the error between it and the solution to the problem
(5.1)–(5.5) up to T = N∆t. Let u and p be the solutions to the problem (5.1)–(5.5)
with an initial condition. Besides, assume that u ∈ C4([0, L] × [0, T ]). Also, we assume
that the potential F is sufficiently smooth. Moreover, we extend the solutions u and p in
[0, L]× [0, T ] to ũ and p̃ in [−∆x, L+∆x]× [0, T ], respectively, as follows:

ũ(x, t) :=























u(−x, t) + 2x∂xu(0, t) +
x3

3
∂3
xu(0, t) (−∆x ≤ x < 0),

u(x, t) (0 ≤ x ≤ L),

u(2L− x, t) + 2(x− L)∂xu(L, t) +
(x− L)3

3
∂3
xu(L, t) (L < x ≤ L+∆x),

(5.71)

p̃(x, t) :=



































p(−x, t)+
∂3
xp(0, t)

3

{

1+
x3

(∆x)3

}

x3+
∂5
xp(0, t)

60

(

1+
x

∆x

)

x5, (−∆x ≤ x < 0),

p(x, t), (0 ≤ x ≤ L),

p(2L−x, t)+
∂3
xp(L, t)

3

{

1− (x−L)3

(∆x)3

}

(x−L)3+
∂5
xp(L, t)

60

(

1−x−L

∆x

)

(x−L)5,

(L < x ≤ L+∆x),

for all t ∈ [0, T ], where ∂xf(a) means ∂xf(x)|x=a. By direct calculation, we can check
that ũ ∈ C4([−∆x, L+∆x]× [0, T ]). We can also check that ∂5

xp̃ exists and is continuous
on [−∆x, L+∆x]× [0, T ] and that the following property holds:

p̃(−∆x, t) = p̃(∆x, t), p̃(L+∆x, t) = p̃(L−∆x, t), for all t ∈ [0, T ]. (5.72)

Let U
(0)
k = ũ(k∆x, 0) (k = −1, 0, . . . , K,K+1). In addition, we define errors e

(n)
u,k and e

(n)
p,k

by

e
(n)
u,k := U

(n)
k − ũ(k∆x, n∆t) (k = −1, 0, . . . , K,K + 1, n = 0, 1, . . . , N),

e
(n)
p,k := P

(n)
k − p̃

(

k∆x,

(

n+
1

2

)

∆t

)

(k = −1, 0, . . . , K,K + 1, n = 0, 1, . . . , N − 1).

For simplicity, we use the expression ũ
(n)
k := ũ(k∆x, n∆t) from now on. Also, the ex-

pression δ∗kfl means δ∗kfk|k=l, where the symbol “∗” denotes +, 〈1〉, or 〈2〉. Then, the
following lemmas hold:
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Lemma 5.9. Assume that u ∈ C4([0, L]×[0, T ]). Then, we obtain the following equations
on the errors:

e
(n+1)
u,k − e

(n)
u,k

∆t
= δ

⟨2⟩
k e

(n)
p,k + ξ

(n+ 1
2)

1,k (k = 0, . . . , K), (5.73)

e
(n)
p,k =−γδ

⟨2⟩
k

(

e
(n+1)
u,k +e

(n)
u,k

2

)

+

(

dF

d(U
(n+1)
k , U

(n)
k )

− dF

d(u
(n+1)
k , u

(n)
k )

)

+ξ
(n+ 1

2)
2,k (k = 0, . . . , K),

(5.74)

e
(n+1)
u,0 − e

(n)
u,0

∆t
= δ

⟨1⟩
k

(

e
(n+1)
u,0 + e

(n)
u,0

2

)

+ ξ
(n+ 1

2)
3,0 , (5.75)

e
(n+1)
u,K − e

(n)
u,K

∆t
= −δ

⟨1⟩
k

(

e
(n+1)
u,K + e

(n)
u,K

2

)

+ ξ
(n+ 1

2)
3,K , (5.76)

δ
⟨1⟩
k e

(n)
p,k = 0 (k = 0, K) (5.77)

for n = 0, 1, . . . , N − 1, where ξ1, ξ2, and ξ3 are defined as follows:

ξ
(n+ 1

2)
1,k := ∂tu

(n+ 1
2)

k − u
(n+1)
k − u

(n)
k

∆t
+ δ

⟨2⟩
k p̃

(n+ 1
2)

k − ∂2
xp
(n+ 1

2)
k (k = 0, . . . , K),

ξ
(n+ 1

2)
2,k := γ

{

∂2
xu

(n+ 1
2)

k −δ
⟨2⟩
k

(

ũ
(n+1)
k +ũ

(n)
k

2

)}

+
dF

d(u
(n+1)
k , u

(n)
k )

−F ′(u
(n+ 1

2)
k ) (k = 0, . . . , K),

ξ
(n+ 1

2)
3,0 := ∂tu

(n+ 1
2)

0 − u
(n+1)
0 − u

(n)
0

∆t
+ δ

⟨1⟩
k

(

ũ
(n+1)
0 + ũ

(n)
0

2

)

− ∂xu
(n+ 1

2)
0 ,

ξ
(n+ 1

2)
3,K := ∂tu

(n+ 1
2)

K − u
(n+1)
K − u

(n)
K

∆t
+ ∂xu

(n+ 1
2)

K − δ
⟨1⟩
k

(

ũ
(n+1)
K + ũ

(n)
K

2

)

.

Proof. For any fixed n = 0, 1, . . . , N − 1, from the definition of eu, (5.1), and (5.13), we
have

e
(n+1)
u,k − e

(n)
u,k

∆t
=

U
(n+1)
k − U

(n)
k

∆t
− u

(n+1)
k − u

(n)
k

∆t

=
U

(n+1)
k − U

(n)
k

∆t
− ∂tu

(n+ 1
2)

k + ∂tu
(n+ 1

2)
k − u

(n+1)
k − u

(n)
k

∆t

= δ
⟨2⟩
k P

(n)
k − ∂2

xp
(n+ 1

2)
k + ∂tu

(n+ 1
2)

k − u
(n+1)
k − u

(n)
k

∆t

= δ
⟨2⟩
k P

(n)
k − δ

⟨2⟩
k p

(n+ 1
2)

k + δ
⟨2⟩
k p

(n+ 1
2)

k − ∂2
xp
(n+ 1

2)
k + ∂tu

(n+ 1
2)

k − u
(n+1)
k − u

(n)
k

∆t

= δ
⟨2⟩
k e

(n)
p,k + ξ

(n+ 1
2)

1,k (k = 1, . . . , K − 1). (5.78)

Similarly, from (5.2), (5.14), and the definitions of eu and ep, we obtain

e
(n)
p,k = −γδ

⟨2⟩
k

(

U
(n+1)
k + U

(n)
k

2

)

+
dF

d(U
(n+1)
k , U

(n)
k )

+ γ∂2
xu

(n+ 1
2)

k − F ′(u
(n+ 1

2)
k )
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= −γδ
⟨2⟩
k

(

e
(n+1)
u,k + u

(n+1)
k + e

(n)
u,k + u

(n)
k

2

)

+ γ∂2
xu

(n+ 1
2)

k

+
dF

d(U
(n+1)
k , U

(n)
k )

− dF

d(u
(n+1)
k , u

(n)
k )

+
dF

d(u
(n+1)
k , u

(n)
k )

− F ′(u
(n+ 1

2)
k )

= −γδ
⟨2⟩
k

(

e
(n+1)
u,k + e

(n)
u,k

2

)

+ γ

{

∂2
xu

(n+ 1
2)

k − δ
⟨2⟩
k

(

u
(n+1)
k + u

(n)
k

2

)}

+

(

dF

d(U
(n+1)
k , U

(n)
k )

− dF

d(u
(n+1)
k , u

(n)
k )

)

+

(

dF

d(u
(n+1)
k , u

(n)
k )

− F ′(u
(n+ 1

2)
k )

)

= −γδ
⟨2⟩
k

(

e
(n+1)
u,k +e

(n)
u,k

2

)

+

(

dF

d(U
(n+1)
k , U

(n)
k )

− dF

d(u
(n+1)
k , u

(n)
k )

)

+ξ
(n+ 1

2)
2,k (k=1, . . . , K−1).

(5.79)

We show that (5.78) and (5.79) hold at k = 0, K. We remark that the equations (5.1)–
(5.2) hold in the interior of the domain (0, L) only. Hence, we cannot apply the equations
(5.1)–(5.2) directly in the calculation of (5.78) and (5.79) on the boundary. Therefore, we
consider points slightly inside from the boundary of the domain, and we take the limit of
them to show that (5.78) and (5.79) hold at k = 0, K. For any ε ∈ (0, 1), let

e
(n)
u,0,ε := U

(n)
0 − u(ε∆x, n∆t), e

(n)
u,K,−ε := U

(n)
K − u((K − ε)∆x, n∆t) (n = 0, 1, . . . , N),

e
(n)
p,0,ε := P

(n)
0 − p

(

ε∆x,

(

n+
1

2

)

∆t

)

(n = 0, 1, . . . , N − 1),

e
(n)
p,K,−ε := P

(n)
K − p

(

(K − ε)∆x,

(

n+
1

2

)

∆t

)

(n = 0, 1, . . . , N − 1).

Furthermore, for n = 0, 1, . . . , N − 1, let

ξ
(n+ 1

2)
1,ε := ∂tu

(n+ 1
2)

ε − u
(n+1)
ε − u

(n)
ε

∆t
+ δ

⟨2⟩
k p̃

(n+ 1
2)

ε − ∂2
xp
(n+ 1

2)
ε ,

ξ
(n+ 1

2)
1,K−ε := ∂tu

(n+ 1
2)

K−ε − u
(n+1)
K−ε − u

(n)
K−ε

∆t
+ δ

⟨2⟩
k p̃

(n+ 1
2)

K−ε − ∂2
xp
(n+ 1

2)
K−ε ,

ξ
(n+ 1

2)
2,ε := γ

{

∂2
xu

(n+ 1
2)

ε − δ
⟨2⟩
k

(

ũ
(n+1)
ε + ũ

(n)
ε

2

)}

+
dF

d(u
(n+1)
ε , u

(n)
ε )

− F ′(u
(n+ 1

2)
ε ),

ξ
(n+ 1

2)
2,K−ε := γ

{

∂2
xu

(n+ 1
2)

K−ε − δ
⟨2⟩
k

(

ũ
(n+1)
K−ε + ũ

(n)
K−ε

2

)}

+
dF

d(u
(n+1)
K−ε , u

(n)
K−ε)

− F ′(u
(n+ 1

2)
K−ε ).

In a similar way as (5.78), we have

e
(n+1)
u,0,ε − e

(n)
u,0,ε

∆t
= δ

⟨2⟩
k e

(n)
p,0,ε + ξ

(n+ 1
2)

1,ε ,
e
(n+1)
u,K,−ε − e

(n)
u,K,−ε

∆t
= δ

⟨2⟩
k e

(n)
p,K,−ε + ξ

(n+ 1
2)

1,K−ε . (5.80)

From the smoothness assumption of u, letting ε tend to 0 in (5.80), we obtain

e
(n+1)
u,0 − e

(n)
u,0

∆t
= δ

⟨2⟩
k e

(n)
p,0+ξ

(n+ 1
2)

1,0 ,
e
(n+1)
u,K − e

(n)
u,K

∆t
= δ

⟨2⟩
k e

(n)
p,K+ξ

(n+ 1
2)

1,K (n = 0, 1, . . . , N−1).
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In a similar way as (5.79), we get

e
(n)
p,0,ε = −γδ

⟨2⟩
k

(

e
(n+1)
u,0,ε + e

(n)
u,0,ε

2

)

+

(

dF

d(U
(n+1)
0 , U

(n)
0 )

− dF

d(u
(n+1)
ε , u

(n)
ε )

)

+ ξ
(n+ 1

2)
2,ε , (5.81)

e
(n)
p,K,−ε = −γδ

⟨2⟩
k

(

e
(n+1)
u,K,−ε + e

(n)
u,K,−ε

2

)

+

(

dF

d(U
(n+1)
K , U

(n)
K )

− dF

d(u
(n+1)
K−ε , u

(n)
K−ε)

)

+ ξ
(n+ 1

2)
2,K−ε .

(5.82)

From the smoothness assumptions of u and F , letting ε tend to zero in (5.81) and (5.82),
we obtain

e
(n)
p,0 = −γδ

⟨2⟩
k

(

e
(n+1)
u,0 + e

(n)
u,0

2

)

+

(

dF

d(U
(n+1)
0 , U

(n)
0 )

− dF

d(u
(n+1)
0 , u

(n)
0 )

)

+ ξ
(n+ 1

2)
2,0 ,

e
(n)
p,K = −γδ

⟨2⟩
k

(

e
(n+1)
u,K + e

(n)
u,K

2

)

+

(

dF

d(U
(n+1)
K , U

(n)
K )

− dF

d(u
(n+1)
K , u

(n)
K )

)

+ ξ
(n+ 1

2)
2,K

for n = 0, 1, . . . , N − 1. Next, from the definition of eu, (5.3), and (5.15), we have

e
(n+1)
u,0 − e

(n)
u,0

∆t
=
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0
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− ∂tu
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0 + ∂tu
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2)
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(n+1)
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(n)
0

∆t

= δ
⟨1⟩
k

(

U
(n+1)
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(n)
0

2

)

− ∂xu
(n+ 1

2)
0 + ∂tu

(n+ 1
2)

0 − u
(n+1)
0 − u

(n)
0

∆t

= δ
⟨1⟩
k

(

U
(n+1)
0 +U

(n)
0

2

)

−δ
⟨1⟩
k

(

ũ
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0 +ũ

(n)
0

2

)

+δ
⟨1⟩
k

(

ũ
(n+1)
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(n)
0

2

)
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2)
0

+∂tu
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(n)
0
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(

e
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(n)
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2

)

+ ξ
(n+ 1

2)
3,0 (n = 0, 1, . . . , N − 1).

Similarly, from the definition of eu, (5.4), and (5.16), we get

e
(n+1)
u,K − e

(n)
u,K

∆t
= −δ

⟨1⟩
k

(

e
(n+1)
u,K + e

(n)
u,K

2

)

+ ξ
(n+ 1

2)
3,K (n = 0, 1, . . . , N − 1).

Lastly, it holds from the definition of ep, (5.17), and (5.72) that

0 = δ
⟨1⟩
k P

(n)
k = δ

⟨1⟩
k e

(n)
p,k + δ

⟨1⟩
k p̃

(n+ 1
2)

k = δ
⟨1⟩
k e

(n)
p,k (k = 0, K, n = 0, 1, . . . , N − 1).

From the above, equations (5.73)–(5.77) on the errors eu and ep hold.

Lemma 5.10. Assume that u ∈ C4([0, L] × [0, T ]). Furthermore, we suppose that the
potential function F is in C3. Denote the bounds by

max
0≤n≤N

{∥

∥DU (n)
∥

∥ ,
∥

∥Du(n)
∥

∥

}

≤ C1, max
0≤n≤N

{

∥

∥U (n)
∥

∥

L∞
d

,
∥

∥u(n)
∥

∥

L∞
d

}

≤ C2. (5.83)
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Also, let

C3 :=

C1L
1
2 max
|ξ|≤C2

|F ′′′(ξ)|+ max
|ξ|≤C2

|F ′′(ξ)|

2
.

Then, for any fixed ε > 0, the following inequality holds:
{

1−∆t

(

C2
3

γ
+ ε

)}
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∥

∥

2 ≤
{

1 + ∆t

(
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γ
+ ε

)}

∥

∥De(n)
u

∥

∥

2
+∆tR(n+ 1

2)

for n = 0, 1, . . . , N − 1, where

R(n+ 1
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1

2γ

(

1 +
2C2

3

εγ

)

(
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|ξ|≤C2

|F ′′′(ξ)|
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∥

∥

∥
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∥
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∥
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∥

∥

∥
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∥

∥

∥

∥

)2

+
1

ε

∥

∥

∥

∥
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1

∥

∥

∥

∥

2

+

∣

∣

∣

∣

ξ
(n+ 1

2)
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∣

∣

∣

∣

2

+

∣

∣

∣

∣

ξ
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2)
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∣

∣

∣
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∣

∣

∣

∣
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2)
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∣
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∣

∣

∣

∣

ξ
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∣

∣

∣

∣

2

. (5.84)

Proof. For any fixed n = 0, 1, . . . , N − 1, using Corollary 2.1, we have

1

2∆t

(

∥

∥De(n+1)
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∥

∥

2 −
∥

∥De(n)
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∥

∥

2
)

=
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∑
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(

e
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(n)
u,k

∆t
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(
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∆x
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∆t
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⟨2⟩
k

(
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∆t
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⟨1⟩
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e
(n+1)
u,k + e

(n)
u,k

2

)]K

0

.

(5.85)

Firstly, we consider the first term on the right-hand side of (5.85). From (5.73), (5.74),
(5.77), Corollary 2.1, and the Hölder inequality, we obtain

−
K
∑

k=0

′′ e
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u,k − e

(n)
u,k

∆t
δ
⟨2⟩
k
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e
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− dF
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∑
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(
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{
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≤ −1

γ

∥

∥De(n)
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∥

∥

2
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∥

∥
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∥

∥

∥

Dξ
(n+ 1

2)
1

∥

∥

∥

∥

∥

∥

∥

∥

∥
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.

Next, we consider the second term on the right-hand side of (5.85). It follows from (5.75)
and (5.76) that

[
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.

From the above, we obtain
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.

From the above inequality, the Young inequality, and the inequality: (a+ b)2 ≤ 2(a2+ b2)
for all a, b ∈ R, we have
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Namely,
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(5.86)

We consider the difference quotient of F . Using Lemma 2.2, we have
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Hence, it follows from Lemma 2.3 that
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Let us define CF,i (i = 2, 3, 4) by
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∣
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From (5.83) and Lemma 2.1, we have
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Next, we consider ‖e(n+1)
u ‖L∞

d
and ‖e(n)

u ‖L∞
d
. Now, using (5.73), (5.77), and Proposition

2.2, we have
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Using this equality iteratively, we obtain
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where the last equality holds from e
(0)
u = 0. Hence, from Proposition 2.6 and the above

equality, we have
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(5.88)

Applying (5.88) to (5.87), we obtain
∥

∥

∥
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for n = 0, 1, . . . , N − 1. Therefore, we have
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∥

∥
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(5.89)

for n = 0, 1, . . . , N − 1. For simplicity, let

R
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(n = 0, 1, . . . , N − 1).

Let ε > 0 be an arbitrarily fixed number. From (5.89) and the inequality: (a+ b+ c)2 ≤
2(a2 + b2) + (ε̃/2)(a2 + b2) + (1 + (4/ε̃))c2 for all a, b, c ∈ R, and ε̃ > 0, we obtain
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(5.90)

In addition, it follows from the Young inequality and the inequality: (a+ b)2 ≤ 2(a2+ b2)
for all a, b ∈ R that
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(5.91)

Consequently, using (5.86), (5.90), and (5.91), we obtain
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Multiplying both sides of the above inequality by 2∆t, we conclude that
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for n = 0, 1, . . . , N − 1.

Theorem 5.5. Assume that u ∈ C5([0, L] × [0, T ]). Furthermore, we suppose that the
potential function F is in C4. In the same manner, as Lemma 5.10, denote the bounds
by (5.83). Fix B ∈ (0, (γ/C2

3)). If ∆t satisfies

∆t < B

(

<
γ

C2
3

)

, (5.92)

then there exists a constant C := C(B) dependent on B and independent of k and n such
that

‖(Π∆x,∆tU)(·, t)− u(·, t)‖L∞(0,L) ≤ C
(

(∆x)2 + (∆t)2
)

for all t ∈ [0, T ],

where Π∆x,∆tU is the function that interpolates the grid value point U
(n)
k and is defined

by
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)

U
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for (x, t) ∈ [k∆x, (k+ 1)∆x]× [n∆t, (n+ 1)∆t], k = 0, 1, . . . , K − 1, n = 0, 1, . . . , N − 1.
Also, Π∆x is the function that interpolates the grid value point fk and is defined as follows:

(Π∆xf)(x) := fk +
fk+1 − fk

∆x
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=
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∆x

)
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)

fk+1 for x ∈ [k∆x, (k+1)∆x], k=0, . . . , K−1.
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Besides, Π∆t is the function that interpolates the grid value point f (n) and is defined as
follows:

(Π∆tf)(t) := f (n) +
f (n+1) − f (n)

∆t
(t− n∆t)

=
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f (n+1) for t ∈ [n∆t, (n+1)∆t], n=0, . . . , N−1.

Proof. Step1. Let ε be an arbitrarily fixed positive number satisfying
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1

B
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1− C2
3

γ
B

)

.

In other words, we have B < 1/C4 for C4 := (C2
3/γ) + ε. Let C̃4 := (2C4)/(1 − C4B).

Then, it follows from (5.92) that

1 + C4∆t

1− C4∆t
< 1 + C̃4∆t < exp(C̃4∆t). (5.93)

Actually, since C4 is positive, it holds from (5.92) that 1− C4∆t > 1− C4B. Also, from
the definition of C̃4, we obtain C̃4(1− C4B) = 2C4. Thus, we have

(1+C̃4∆t)(1−C4∆t) = 1−C4∆t+C̃4∆t(1−C4∆t) > 1−C4∆t+C̃4∆t(1−C4B) = 1+C4∆t.

From this inequality, the first inequality in (4.76) holds. The second inequality in (4.76)
holds from the following inequality: 1 + x < exp(x) for all x > 0. Using Lemma 5.10,
(5.92), and (5.93), we obtain
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Using (5.94) repeatedly, we have
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Therefore, we obtain
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Hence, from (5.88) in the proof of Lemma 5.10, and (5.95), we have
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Next, we estimate ξ
(n+1/2)
i (i = 1, 2) and ξ

(n+1/2)
3,k (k = 0, K). Let us define
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M̃i,j(ṽ) := max

{∣

∣

∣

∣

∂i+j ṽ
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for all i, j ∈ Z.

Firstly, we consider ξ3,0 and ξ3,K . Applying the Taylor theorem to ũ and using (5.71), we
obtain the following estimate (for details, see the proof of Corollary 4.1):
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for k = 0, K. As a remark, throughout this proof, we need the reader to keep in mind that
the meaning of C changes from line to line, whereas C always denote those constants.
From the assumption (5.92) on ∆t, we obtain the following estimate:
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for k = 0, K. Furthermore, using the Taylor theorem, we have the following estimate:
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From the above, we estimate ξ3,0 and ξ3,K as follows:
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Next, we consider ξ1. For any t ∈ [0, T ] and k = 0, . . . , K, applying the Taylor theorem
to p̃, there exists θ1 ∈ (0, 1) such that

p̃((k + 1)∆x, t)− 2p̃(k∆x, t) + p̃((k − 1)∆x, t)

(∆x)2

= ∂2
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24

{

∂4
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}

. (5.98)

Substituting (n+ 1/2)∆t into t in (5.98), we obtain
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(5.99)
Therefore, we have
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∣

∣

∣

≤ (∆x)2

12
M̃4,0(p̃) (k = 0, . . . , K). (5.100)

Hence, using (5.97) and (5.100), the following estimate holds:

∣

∣

∣

∣

ξ
(n+ 1

2)
1,k

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∂tu
(n+ 1

2)
k − u

(n+1)
k − u

(n)
k

∆t

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

δ
⟨2⟩
k p̃

(n+ 1
2)

k − ∂2
xp
(n+ 1

2)
k

∣

∣

∣

∣

≤ CM0,3(u)(∆t)2 +
(∆x)2

12
M̃4,0(p̃) (k = 0, . . . , K).

Next, for k = 0, . . . , K − 1, from (5.99), we have

δ+k

(

δ
⟨2⟩
k p̃

(n+ 1
2)

k −∂2
xp
(n+ 1

2)
k

)

=
1

∆x
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δ
⟨2⟩
k p̃

(n+ 1
2)

k+1 −∂2
xp
(n+ 1

2)
k+1

)

−
(

δ
⟨2⟩
k p̃

(n+ 1
2)

k −∂2
xp
(n+ 1

2)
k

)}

=
1

∆x

{

(∆x)2

24

(

∂4
xp̃
(n+ 1

2)
k+1+θ1

+ ∂4
xp̃
(n+ 1

2)
k+1−θ1

)

− (∆x)2

24

(

∂4
xp̃
(n+ 1

2)
k+θ1

+ ∂4
xp̃
(n+ 1

2)
k−θ1

)}

=
(∆x)2

24

∂4
xp̃
(n+ 1

2)
k+1+θ1

− ∂4
xp̃
(n+ 1

2)
k+θ1

∆x
+

(∆x)2

24

∂4
xp̃
(n+ 1

2)
k+1−θ1

− ∂4
xp̃
(n+ 1

2)
k−θ1

∆x
. (5.101)

Since p̃ satisfies p̃(·, t) ∈ C5([0, L]) for any fixed t ∈ [0, T ], applying the mean value
theorem to ∂4

xp̃(·, t) and using (5.101), we obtain

∣

∣

∣

∣

δ+k

(

δ
⟨2⟩
k p̃

(n+ 1
2)

k −∂2
xp
(n+ 1

2)
k

)∣

∣

∣

∣

≤ (∆x)2

12
M̃5,0(p̃) (k = 0, . . . , K − 1).

Besides, applying the Taylor theorem to u and using the mean value theorem, we have

∣

∣

∣

∣

∣

δ+k

(

∂tu
(n+ 1

2)
k − u

(n+1)
k − u

(n)
k

∆t

)∣

∣

∣

∣

∣

≤ CM1,3(u)(∆t)2 (k = 0, . . . , K − 1).
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Hence, we have the following estimate:

∣

∣

∣

∣

δ+k ξ
(n+ 1

2)
1,k

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

δ+k

(

∂tu
(n+ 1

2)
k −u

(n+1)
k −u

(n)
k

∆t

)∣

∣

∣

∣

∣

+

∣

∣

∣

∣

δ+k

(

δ
⟨2⟩
k p̃

(n+ 1
2)

k −∂2
xp
(n+ 1

2)
k

)∣

∣

∣

∣

≤ CM1,3(u)(∆t)2 +
(∆x)2

12
M̃5,0(p̃) (k = 0, . . . , K − 1).

Next, we consider ξ2. For any x ∈ [0, L], applying the Taylor theorem to ũ, there exists
θ2 ∈ (0, 1) such that

ũ(x, (n+ 1)∆t) + ũ(x, n∆t)

2

= ũ

(

x,

(

n+
1

2

)

∆t

)

+
(∆t)2

16

{

∂2
t ũ

(

x,

(

n+
1+θ2
2

)

∆t

)

+ ∂2
t ũ

(

x,

(

n+
1−θ2
2

)

∆t

)}

.

(5.102)

Substituting k∆x (k = 0, . . . , K) into x in (5.102), we obtain

δ
⟨2⟩
k

(

ũ
(n+1)
k +ũ

(n)
k

2

)

−∂2
xu

(n+ 1
2)

k = δ
⟨2⟩
k ũ

(n+ 1
2)

k −∂2
xu

(n+ 1
2)

k

+
(∆t)2
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{

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1+θ2
2 )

k

)

+δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1−θ2
2 )

k

)}

(5.103)

for k = 0, . . . , K. Also, for k = 0, . . . , K, applying the Taylor theorem to ũ and using
(5.71), there exists θ3 ∈ (0, 1) such that

δ
⟨2⟩
k ũ
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k − ∂2
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(n+ 1
2)
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
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
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12
∂4
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θ3
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(∆x)4
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∂4
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(n+ 1
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k+θ3
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2)
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)

(k = 1, . . . , K − 1),

(∆x)2

12
∂4
xu

(n+ 1
2)

K−θ3
(k = K).

(5.104)

For details, see the proof of Corollary 4.1. Since u satisfies u ∈ C5([0, L]× [0, T ]) from the
regularity assumption of u, applying the mean value theorem to ∂4

xu and using (5.104),
we obtain
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∣

∣
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⟨2⟩
k ũ
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k
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∣

∣

∣

≤ (∆x)2

12
M5,0(u) (k = 0, . . . , K − 1). (5.105)

Similarly, for k = 0, . . . , K, applying the Taylor theorem to ∂2
t ũ and using (5.71), there

exists θ4 ∈ (0, 1) such that
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









∂2
x∂

2
t u

(n+ 1±θ2
2 )

θ4
− θ4∆x∂2
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+∂2

x∂
2
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2
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2 )

K−θ4
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t ∂
3
xu
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(5.106)
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Applying the mean value theorem to ∂2
x∂

2
t u and using (5.106), we obtain

∣

∣

∣

∣

δ+k

{

δ
⟨2⟩
k

(

∂2
t ũ

(n+ 1±θ2
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k

)}∣

∣

∣

∣

≤ M3,2(u) (k = 1, . . . , K − 2), (5.107)
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k
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∣

≤ M3,2(u) + θ4M3,2(u) ≤ 2M3,2(u) (k = 0, K − 1). (5.108)

Hence, from (5.103), (5.105), (5.107), and (5.108), we conclude that
∣

∣

∣

∣

∣

δ+k

{

∂2
xu

(n+ 1
2)

k − δ
⟨2⟩
k

(

ũ
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∣

∣
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≤ (∆x)2

12
M5,0(u) +

(∆t)2

4
M3,2(u) (k = 0, . . . , K − 1).

Similarly, from the Taylor theorem and the mean value theorem, we see that
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∣

∣

∣
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d(u
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k , u

(n)
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− F ′(u
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CF,2M1,2(u)+CF,3 (M1,1(u)M0,1(u)+M0,2(u)M1,0(u))+CF,4M1,0(u)(M0,1(u))
2}(∆t)2

for k = 0, . . . , K − 1. From the regularity assumption of the solution u and the potential
F , we see that CF,i (i = 2, 3, 4), Mi,j(u) (i, j ∈ Z, 0 ≤ i + j ≤ 5), and M̃i,0(p̃) (i = 4, 5)
are bounded. Thus, we obtain the following estimates:
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≤ C5((∆x)2 + (∆t)2) (k = 0, K), (5.109)
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∣

∣

∣

∣

≤ C5((∆x)2+(∆t)2) (k = 0, . . . , K − 1, i = 1, 2),

where C5 is a constant independent of ∆x and ∆t. Therefore, the following estimates
hold:

∥

∥

∥

∥

ξ
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∥

∥

∥

∥

L∞
d

≤ C5((∆x)2 + (∆t)2), (5.110)
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∥

∥

∥

Dξ
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∥

∥

∥

∥

2

=
K−1
∑

k=0

∣

∣

∣

∣
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(5.111)

Furthermore, using (5.110), we obtain

∆t
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∥

∥

∥
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1

∥

∥

∥

∥
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(5.112)
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Hence, from (5.84), (5.109)–(5.112), it holds that
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3
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L

ε
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for n = 0, . . . , N − 1. Now, let us define the constant C6 as follows:

C6 := C2
5

{

1

2γ

(

1 +
2C2

3

εγ

)

(

C1CF,3T + L
1
2

)2

+
L

ε
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.

Then, we obtain

L exp(C̃4T )

1− C4B
∆t

n
∑

j=1

R(n−j+ 1
2) ≤ C6L exp(C̃4T )

1− C4B
n∆t((∆x)2 + (∆t)2)2

≤ C6LT exp(C̃4T )

1− C4B
((∆x)2 + (∆t)2)2 (5.113)

for n = 1, . . . , N . From the above, using (5.96), (5.112), and (5.113), we conclude that

∥

∥e(n)
u

∥

∥

L∞
d

≤ C5T ((∆x)2 + (∆t)2) +

{

C6LT exp(C̃4T )

1− C4B

} 1
2

((∆x)2 + (∆t)2)

= C7((∆x)2 + (∆t)2) (n = 1, . . . , N), (5.114)

where the constant C7 is defined by

C7 := C7(B) := C5T +

{

C6LT exp(C̃4T )

1− C4B

} 1
2

.

Step2. It holds from the triangle inequality that

‖(Π∆x,∆tU)(·, t)− u(·, t)‖L∞(0,L) ≤ ‖(Π∆x,∆tU)(·, t)− (Π∆x,∆tu)(·, t)‖L∞(0,L)

+ ‖(Π∆x,∆tu)(·, t)− u(·, t)‖L∞(0,L) for all t ∈ [0, T ].

(5.115)

Firstly, we estimate the first term on the right-hand side of (5.115). For t ∈ [n∆t, (n +
1)∆t], n = 0, 1, . . . , N − 1, there exists η ∈ [0, 1] satisfying t = (n + η)∆t. Hence, using
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(5.114) and the following inequality ‖Π∆xf‖L∞(0,L) ≤ ‖f‖L∞
d

for all {fk}Kk=0 ∈ R
K+1, we

obtain

‖(Π∆x,∆tU)(·, t)− (Π∆x,∆tu)(·, t)‖L∞(0,L)
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∥

∥

∥

∥
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Π∆xU
(n+1)

)

}

−
{(

n+ 1− (n+ η)∆t
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∥

∥
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)
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)}

+ η
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)

−
(
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(n+1)

)}∥

∥

L∞(0,L)
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∥
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(
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∥
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+ η

∥
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(
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∥

L∞(0,L)
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∥
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∥

∥

L∞
d

+ η
∥

∥U (n+1) − u(n+1)
∥

∥

L∞
d

≤ C7

(

(∆x)2 + (∆t)2
)

. (5.116)

Next, we estimate the second term on the right-hand side of (5.115). For any fixed
(x, t) ∈ [0, L]× [0, T ], there exists k0 ∈ {0, 1, . . . , K−1} satisfying x ∈ [k0∆x, (k0+1)∆x],
and there exists n0 ∈ {0, 1, . . . , N − 1} satisfying t ∈ [n0∆t, (n0 + 1)∆t]. Hence, we have

(Π∆x,∆tu)(x, t)− u(x, t) =
(

k0 + 1− x

∆x

)

(

n0 + 1− t

∆t

)

{u(k0∆x, n0∆t)− u(x, t)}

+
(

k0 + 1− x

∆x

)

(

t

∆t
− n0

)

{u(k0∆x, (n0 + 1)∆t)− u(x, t)}

+
( x

∆x
− k0

)

(

n0 + 1− t

∆t

)

{u((k0 + 1)∆x, n0∆t)− u(x, t)}

+
( x

∆x
− k0

)

(

t

∆t
− n0

)

{u((k0+1)∆x, (n0+1)∆t)− u(x, t)}.

Let C8 := (1/8)(M2,0(u) +M0,2(u)). Then, using the Taylor theorem, we obtain

|(Π∆x,∆tu)(x, t)− u(x, t)| ≤ C8((∆x)2 + (∆t)2).

Therefore, we estimate the second term on the right-hand side of (5.115) as follows:

‖(Π∆x,∆tu)(·, t)− u(·, t)‖L∞(0,L) ≤ C8((∆x)2 + (∆t)2) for all t ∈ [0, T ]. (5.117)

Hence using (5.115)–(5.117), we conclude that

‖(Π∆x,∆tU)(·, t)− u(·, t)‖L∞(0,L) ≤ (C7 + C8)((∆x)2 + (∆t)2) for all t ∈ [0, T ].

This completes the proof.

§6 Computation examples

In this section, we demonstrate through computation examples that the numerical
solution of our proposed scheme is efficient and that the scheme inherits the conservative
property and the dissipative property from the original problem in a discrete sense. Also,
we compare our scheme with the previous structure-preserving scheme proposed by Fukao–
Yoshikawa–Wada [28]. Throughout the computation examples, we consider the double-
well potential F (s) = (1/4)s4 − (1/2)s2. In the same manner as Section 5, we use the
following notation T = N∆t.
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6.1 Computation example 1

As the initial condition, we consider

u(x, 0) = u0(x) = 0.01 cos
(π

2
x
)

.

We choose N = 20000 and fix T = 400 so that ∆t = 1/50. Also, we choose K = 40
and fix L = 20 so that ∆x = 1/2. Besides, we fix the parameter γ = 2.0. Figure 5.1
shows the time development of the solution obtained by our proposed structure-preserving
scheme. Figure 5.2 shows the one by the previous structure-preserving scheme proposed
by Fukao–Yoshikawa–Wada.

Figure 5.1: Numerical solution by our
scheme with ∆x = 1/2

Figure 5.2: Numerical solution by
Fukao–Yoshikawa–Wada scheme with
∆x = 1/2

The behavior of the solution obtained by our proposed scheme is different from the one by
the Fukao–Yoshikawa–Wada scheme. In order to analyze the difference in these results,
we refine the space mesh size. Specifically, in the following results, we choose K = 800 so
that ∆x = 1/40. In this case, the result of the Fukao–Yoshikawa–Wada scheme improves.
Figure 5.3 shows the time development of the solution obtained by our proposed scheme.
Also, Figure 5.4 shows the one by the Fukao–Yoshikawa–Wada scheme. Both results are
similar to the result obtained by our scheme with ∆x = 1/2. Note that we can obtain
a valid numerical solution by our proposed scheme even when the space mesh size ∆x is
coarse.

Figure 5.3: Numerical solution by our
scheme with ∆x = 1/40

Figure 5.4: Numerical solution by
Fukao–Yoshikawa–Wada scheme with
∆x = 1/40
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Next, we confirm the conservative property and the dissipative property. Figure 5.5
shows the time development of Md(U

(n)) obtained by our scheme with ∆x = 1/40. Figure

5.6 shows the time development of E
(n)
d −Jd(U

(0)) obtained by our scheme with ∆x = 1/40,
where

E
(n)
d := Jd(U

(n)) +
n−1
∑

l=0

{

γ
∣

∣

∣
δ+n U

(l)
0

∣

∣

∣

2

+ γ
∣

∣

∣
δ+n U

(l)
K

∣

∣

∣

2

+
K−1
∑

k=0

∣

∣

∣
δ+k P

(l)
k

∣

∣

∣

2

∆x

}

∆t (n = 1, 2, . . .).

We remark that the following equality holds from Theorem 5.1 (the discrete dissipative
property):

E
(n)
d = Jd(U

(0)) (n = 1, 2, . . .).

Figure 5.5: Time development of Md(U
(n))

obtained by our scheme with ∆x = 1/40:
Md(U

(n)) does not change by about 11 or-
ders of magnitude

Figure 5.6: Time development of E
(n)
d −

Jd(U
(0)) obtained by our scheme with ∆x =

1/40: E
(n)
d does not change by about 6 or-

ders of magnitude

These graphs show that the quantities Md(U
(n)) and E

(n)
d are conserved numerically.

More precisely, Md(U
(n)) does not change by about 11 orders of magnitude, and E

(n)
d

does not change by about 6 orders of magnitude.

6.2 Computation example 2

As the initial condition, we consider

u(x, 0) = u0(x) = 0.01 sin(2πx) + 0.001 cos(4πx) + 0.006 sin(4πx) + 0.002 cos(10πx).

We choose N = 50000 and fix T = 1000 so that ∆t = 1/50. Also, we choose K = 250
and fix L = 10 so that ∆x = 1/25. In addition, we fix the parameter γ = 1.0. Figure 5.7
shows the time development of the solution obtained by our proposed scheme. Figure 5.8
shows the one by the Fukao–Yoshikawa–Wada scheme.

Figure 5.7: Numerical solution by our
scheme with ∆x = 1/25

Figure 5.8: Numerical solution by
Fukao–Yoshikawa–Wada scheme with
∆x = 1/25
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The behavior of the solution obtained by our scheme ranging from t = 0 to t = 600 is
different from the one by the Fukao–Yoshikawa–Wada scheme. In order to analyze the
difference in these results, we refine the space mesh size. To be specific, in the following
results, we choose K = 500 so that ∆x = 1/50. Even in this case, the result of the
Fukao–Yoshikawa–Wada scheme improves. Also, we remark that we can obtain a valid
numerical solution by our proposed scheme even when the space mesh size ∆x is coarse.

Figure 5.9: Numerical solution by our
scheme with ∆x = 1/50

Figure 5.10: Numerical solution by
Fukao–Yoshikawa–Wada scheme with
∆x = 1/50

Figure 5.9 shows the time development of the solution obtained by our proposed scheme.
Also, Figure 5.10 shows the one by the Fukao–Yoshikawa–Wada scheme. Both results are
similar to the result obtained by our scheme with ∆x = 1/25. Hence, as can be seen
from Figures 5.1–5.4 and Figures 5.7–5.10, we expect that the solution obtained by our
proposed scheme is more reliable than that by the Fukao–Yoshikawa–Wada scheme when
the space mesh size is coarse.

Next, we confirm the conservative property and the dissipative property. Figure 5.11
shows the time development of Md(U

(n)) obtained by our scheme with ∆x = 1/50. Figure

5.12 shows the time development of E
(n)
d − Jd(U

(0)) obtained by our scheme with ∆x =
1/50.

Figure 5.11: Time development ofMd(U
(n))

obtained by our scheme with ∆x = 1/50:
Md(U

(n)) does not change by about 14 or-
ders of magnitude

Figure 5.12: Time development of E
(n)
d −

Jd(U
(0)) obtained by our scheme with ∆x =

1/50: E
(n)
d does not change by about 11 or-

ders of magnitude

These graphs show that the quantities Md(U
(n)) and E

(n)
d are conserved numerically.

More precisely, Md(U
(n)) does not change by about 14 orders of magnitude, and E

(n)
d

does not change by about 11 orders of magnitude.
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6.3 Computation example 3

We consider the following dynamic boundary condition for the order parameter u:
{

εex∂tu(0, t) = ∂xu(x, t)|x=0 in (0,∞),

εex∂tu(L, t) = − ∂xu(x, t)|x=L in (0,∞),
(5.118)

where εex is a positive constant. For the chemical potential p, we consider the same
homogeneous Neumann boundary condition as before. In this computation example, we
fix εex = 1000. We consider

u(x, 0) = u0(x) = 0.05 sin(2πx)

as the initial condition. We choose K = 50 and fix L = 1 so that ∆x = 1/50. Also, we
choose N = 500000 and fix T = 1000 so that ∆t = 1/500. Besides, we fix the parameter
γ = 0.001. Figure 5.13 shows the time development of the solution obtained by our
proposed scheme.

Figure 5.13: Numerical solution to (5.1)–(5.2) with (5.5) and (5.118) obtained by our
scheme

As stated in the Introduction, our study for the dynamic boundary condition differs from
previous studies for non-dynamical boundary conditions such as the Neumann boundary
condition. Since there is a term of the time derivative on the boundary, it is natural that
the long-time behavior of the solution to (5.1)–(5.2) with (5.5) and (5.118) may differ
from that to (5.1)–(5.2) with the homogeneous Neumann boundary conditions for the
order parameter and the chemical potential. In order to assure that the difference occurs,
we present the computation example of our structure-preserving scheme for (5.1)–(5.2)
with the Neumann boundary conditions (see next subsection for details).

Figure 5.14: Time development ofMd(U
(n))

obtained by our scheme: Md(U
(n)) does not

change by about 11 orders of magnitude

Figure 5.15: Time development of E
(n)
d −

Jd(U
(0)) obtained by our scheme: E

(n)
d does

not change by about 10 orders of magnitude
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Next, we confirm the conservative property and the dissipative property. Figure 5.14
shows the time development of Md(U

(n)) obtained by our scheme. Figure 5.15 shows the

time development of E
(n)
d − Jd(U

(0)) obtained by our scheme. These graphs show that

the quantities Md(U
(n)) and E

(n)
d are conserved numerically. More precisely, Md(U

(n))

does not change by about 11 orders of magnitude, and E
(n)
d does not change by about 10

orders of magnitude. From the above, we can obtain the expected results.

6.4 Computation example 4 (Numerical results for the Neu-
mann boundary condition)

In order to verify that the difference in the long-time behavior of the solution oc-
curs, we present the computation example for (5.1)–(5.2) with the following homogeneous
Neumann boundary conditions:

{

∂xu(x, t)|x=0 = ∂xu(x, t)|x=L = 0 in (0,∞),

∂xp(x, t)|x=0 = ∂xp(x, t)|x=L = 0 in (0,∞),
(5.119)

in the same setting as Computation example 3. We remark that the solution of (5.1)–(5.2)
with (5.119) also satisfies the conservative property (5.9) and the dissipative property.
However, in this case, the dissipative property is slightly different from (5.10). More pre-
cisely, the solution of (5.1)–(5.2) with (5.119) satisfies the following dissipative property:

d

dt
J(u(t)) = −

∫ L

0

|∂xp(x, t)|2dx ≤ 0.

Since there is no result in the same setting as Computation example 3 in previous studies,
we carry out the numerical computation by the following structure-preserving scheme.
By using DVDM (see [31]), the scheme is derived as follows:

U
(n+1)
k − U

(n)
k

∆t
= δ

⟨2⟩
k P

(n)
k (k = 0, . . . , K, n = 0, 1, . . .),

P
(n)
k = −γδ

⟨2⟩
k

(

U
(n+1)
k +U

(n)
k

2

)

+
dF

d(U
(n+1)
k , U

(n)
k )

(k = 0, . . . , K, n = 0, 1, . . .),

δ
⟨1⟩
k U

(n)
k = 0 (k = 0, K, n = 0, 1, . . .),

δ
⟨1⟩
k P

(n)
k = 0 (k = 0, K, n = 0, 1, . . .).

Figure 5.16 shows the time development of the solution obtained by the above scheme.

Figure 5.16: Numerical solution to (5.1)–(5.2) with (5.119) obtained by the discrete vari-
ational derivative scheme
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As shown in Figure 5.13 and Figure 5.16, the solution to (5.1)–(5.2) with (5.119) arrives
at a different state from that to (5.1)–(5.2) with (5.5) and (5.118). Thus, the results
assure that the difference in the long-time behavior of the solution occurs.

Next, Figure 5.17 shows the time development of Md(U
(n)) obtained by the above

scheme. Figure 5.18 shows the time development of A
(n)
d − J̄d(U

(0)) obtained by the
above scheme, where

A
(n)
d := J̄d(U

(n)) +
n−1
∑

l=0

K
∑

k=0
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2

+
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2

2
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2
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Remark 5.6. For any {fk}K+1
k=−1 ∈ R

K+3 satisfying the discrete homogeneous Neumann

boundary condition δ
⟨1⟩
k fk = 0 (k = 0, K), the following equality holds:

K
∑

k=0

′′ |δ+k fk|2 + |δ−k fk|2
2

∆x =
K−1
∑

k=0

|δ+k fk|2∆x.

From this equality, we obtain J̄d(U
(n)) = Jd(U

(n)) (n = 0, 1, . . .).

Figure 5.17: Time development ofMd(U
(n))

obtained by the discrete variational deriva-
tive scheme: Md(U

(n)) does not change by
about 14 orders of magnitude

Figure 5.18: Time development of A
(n)
d −

J̄d(U
(0)) obtained by the discrete varia-

tional derivative scheme: A
(n)
d does not

change by about 9 orders of magnitude

These graphs show that the quantitiesMd(U
(n)) and A

(n)
d are conserved numerically. More

precisely, Md(U
(n)) does not change by about 14 orders of magnitude, and A

(n)
d does not

change by about 9 orders of magnitude.
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Chapter 6

Summary

We have designed structure-preserving schemes for the Allen–Cahn equation and the
Cahn–Hilliard equation by the discrete variational derivative method and then have ana-
lyzed schemes.

First, we have proposed a structure-preserving scheme for a non-local Allen–Cahn
equation. Our proposed scheme retains the mass conservation and the energy dissipation
in a discrete sense. Additionally, we have obtained the results of the stability, the solv-
ability, and the error estimate for the scheme. In particular, we have rigorously proved
that our scheme is second-order accurate in space and time, respectively, in the sense of
the discrete L2-norm. Also, through computational examples, we confirm that the solu-
tion obtained by our proposed scheme is more reliable than that by the Crank–Nicolson
scheme when the time mesh size is coarse.

Next, by modifying the discretization of energy from the conventional ones and us-
ing the suitable summation-by-parts formula, we have designed a structure-preserving
scheme for the Allen–Cahn equation under a dynamic boundary condition, where the
boundary condition is approximated by a standard central difference. Moreover, we have
obtained the results of the stability, the solvability, and the error estimate for the scheme.
Especially, we show the solvability of our proposed scheme under only the smallness as-
sumption of the time mesh size without any space mesh size restriction by using the
energy method. Furthermore, we prove that our scheme is second-order accurate in space
and time, respectively, in the sense of the discrete L∞-norm. Besides, through numerical
computations, we confirm that the long-time behavior of the solution under a dynamic
boundary condition may differ from that under the Neumann boundary condition.

Lastly, in the same manner, as the design of the scheme for the Allen–Cahn equation
with a dynamic boundary condition, we have proposed a structure-preserving difference
scheme for the Cahn–Hilliard equation with a dynamic boundary condition. Moreover,
even in this case, we have shown the stability, the solvability, and the error estimate for
the scheme. Especially, we have shown that our proposed scheme is second-order accurate
in space, although the previous structure-preserving scheme by Fukao–Yoshikawa–Wada
is first-order accurate in space. Also, through computation examples, we have confirmed
that we can obtain a valid numerical solution by our proposed scheme even when the space
mesh size is coarse. Additionally, as in the case of the Allen–Cahn equation, we confirm
that the long-time behavior of the solution under a dynamic boundary condition may differ
from that under the Neumann boundary condition through computation examples.
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Appendix A

Program codes

In this appendix, we note down three program codes for solving proposed structure-
preserving schemes in this thesis. The first is an algorithm for solving the scheme for
the Allen–Cahn equation with a non-local term. The second is an algorithm for solving
the scheme for the Allen–Cahn equation under a dynamic boundary condition. The third
is an algorithm for solving the scheme for the Cahn–Hilliard equation with a dynamic
boundary condition. The computer language used is Julia (Version 1.4.1). We use the
package “NLsolve” in Julia to obtain the next time-step for the numerical solutions to
the schemes.
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§1 A structure-preserving scheme for

a non-local Allen–Cahn equation

const L = 1.0
const K = 100
const \Delta x = L/K
const \Delta t = 2.0e-4
const \varepsilon =0.02

function u0(x)
A0 = 8; A1 = 7;
B0 = 11;
C0 = 0.26; C1 = 0.07; C2 = 0.41; C3 = 0.24
return C0 + C1*cos(A0*\pi*x) + C2*sin((B0/2)*\pi*x) + C3*cos(

A1*\pi*x)
end

function d2(u)
v = similar(u)
v[1] = ( 2*(u[2] - u[1]) )/(\ Delta x^2)

for k in 2:K
v[k] = (u[k+1] -2*u[k] + u[k-1]) /(\ Delta x^2)

end

v[K+1] = ( 2*(u[K] - u[K+1]) )/(\ Delta x^2)

return v
end

function S(u)
S = sum(u)
S = S - 0.5*(u[1] + u[K+1])
return \Delta x*S

end

function \delta G(up ,u:: Array{Float64 ,1})
return -\varepsilon*d2( (up + u)/2 ) - (2/\ varepsilon)*( (up +

u)/2 ) + (2/\ varepsilon)*( ( (up.^3) + ((up.^2).*u) + (up
.*(u.^2)) + (u.^3) )/4 )

end

function \lambda (up ,u:: Array{Float64 ,1})
I_1 = S( \delta G(up ,u) )
return ( 1/(\ varepsilon *L) )*I_1

end

function scheme(vp ,v)

return vp - v + (\ Delta t/\ varepsilon)*\ delta G(vp ,v) - \
Delta t*\ lambda(vp ,v)

end

using NLsolve
function nls(func , params ...; ini = [0.0])

if typeof(ini) <: Number
r = nlsolve ((vout ,vin)->vout [1]= func(vin[1], params ...), [

ini])
v = r.zero [1]

else
r = nlsolve ((vout ,vin)->vout .= func(vin ,params ...), ini)
v = r.zero

end
return v, r.f_converged

end

u = zeros(K+1)
for k in 1:K+1

u[k]=u0((k-1)*\ Delta x)
end
u_sq = u

using ProgressMeter
@showprogress for n in 1:10000

global u, u_sq
u = nls(scheme ,u,ini=u)[1]
u_sq = hcat(u_sq ,u)

end
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§2 A structure-preserving scheme for

the Allen–Cahn equation with a dy-

namic boundary condition

const L = 1.0
const K = 100
const \Delta x = L/K
const \Delta t = 1.0/10000
const \varepsilon_ex = 10
const \gamma = 100

A0 = 5
A1 = 8
A2 = 2
B0 = 0.02
B1 = -0.05
B2 = -0.008
B3 = 0.01

function u0(x)
return B0 + B1*cos(A0*\pi*x) + B2*sin(A1*\pi*x) + B3*cos(A2*\

pi*x)
end

function d2(u)
v = similar(u[2:K+2])
for k in 2:K+2

v[k-1] = (u[k+1] - 2*u[k] + u[k-1]) /(\ Delta x^2)
end
return v

end

function dF(U,V)
return \gamma*(- 0.5*(U + V) + 0.25*( (U.^3) + (U.^2).*V + U

.*(V.^2) + (V.^3) ) )
end

function \delta G(up ,u)
return -d2( (up + u)/2 ) + dF(up[2:K+2],u[2:K+2])

end

function scheme(up , u)
r = similar(up)

r[1] = \varepsilon_ex *(up[2] - u[2]) + 0.25*\ Delta t*(- (1/\
Delta x) )*(up[3] + u[3] - up[1] - u[1]) + dF(up[2],u[2]))

r[2:K+2] = up[2:K+2] - u[2:K+2] + \Delta t*\ delta G(up ,u)

r[K+3] = \varepsilon_ex *(up[K+2] - u[K+2]) + 0.25*\ Delta t*(
1/\ Delta x )*(up[K+3] + u[K+3] - up[K+1] - u[K+1]) + dF(up
[K+2],u[K+2]))

return r
end

using NLsolve
function nls(func , params ...; ini = [0.0])

if typeof(ini) <: Number
r = nlsolve ((vout ,vin)->vout [1]= func(vin[1], params ...), [

ini])
v = r.zero [1]

else
r = nlsolve ((vout ,vin)->vout .= func(vin ,params ...), ini)
v = r.zero

end
return v, r.f_converged

end

u = zeros(K+3)
for k in 1:K+3

u[k] = u0((k-2)*\ Delta x)
end
u_sq = u

using ProgressMeter
@showprogress for n in 1:6000

global u, u_sq
u = nls(scheme ,u,ini=u)[1]
u_sq = hcat(u_sq ,u)

end
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§3 A structure-preserving scheme for

the Cahn–Hilliard equation with a

dynamic boundary condition

const L = 20
const K = 40
const \Delta x = L/K
const N = 20000
const T = 400
const \Delta t = T/N
const \gamma = 2.0

function u0(x)
return 0.01* cos (0.5*\ pi*x)

end

function d2(u)
v = similar(u)
v[1] = 2*(u[2] - u[1]) /(\ Delta x^2)
for k in 2:K

v[k] = (u[k+1] - 2*u[k] + u[k-1]) /(\ Delta x^2)
end
v[K+1] = 2*(u[K] - u[K+1]) /(\ Delta x^2)
return v

end

function dF(U,V)
return - 0.5*(U + V) + 0.25*( (U.^3) + (U.^2).*V + U.*(V.^2)

+ (V.^3) )
end

function P(up ,u)
v = similar(up)
v = -\gamma*d2( (up + u)/2 ) + dF(up ,u)
v[1] += ( (2*\ gamma)/(\ Delta x*\ Delta t) )*(up[1] - u[1])
v[K+1] += ( (2*\ gamma)/(\ Delta x*\ Delta t) )*(up[K+1] - u[K

+1])
return v

end

function scheme(up , u)
return up - u - \Delta t*d2( P(up ,u) )

end

using NLsolve
function nls(func , params ...; ini = [0.0])

if typeof(ini) <: Number

r = nlsolve ((vout ,vin)->vout [1]= func(vin[1], params ...), [
ini])

v = r.zero [1]
else

r = nlsolve ((vout ,vin)->vout .= func(vin ,params ...), ini)
v = r.zero

end
return v, r.f_converged

end

u = zeros(K+1)
for k in 1:K+1

u[k] = u0((k - 1)*\ Delta x)
end
u_sq = u

using ProgressMeter
@showprogress for n in 1:N

global u, u_sq
u = nls(scheme ,u,ini=u)[1]
u_sq = hcat(u_sq ,u)

end
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