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Abstract

The relation between the rotational diffusion (RD) coefficient of water molecules
and viscosity, that theoretically are inversely proportional to each other, was
examined by using molecular dynamics simulations. In a homogeneous bulk
liquid system, both the viscosity calculated from the virial theorem and the
experimental one correlated well with the inverse of water RD coefficient at
various temperatures. In a heterogeneous system of water between solid walls
with different solid-liquid interaction strength, the viscosity distribution was
similar to the distribution of the RD coefficient inverse multiplied by den-
sity, and this suggests the possibility of extracting nanometer-scale viscosity
distribution by RD.

Keywords: Molecular Dynamics, Rotational Diffusion, Viscosity,
Solid-Liquid Interface

1. Introduction

Liquid motion on solid surfaces has long been a topic of interest in var-
ious fields because of its considerable practical importance, and with the
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development of manufacturing and measurement technology it has become
particularly essential in microscale devices, sensors as well as biological flow.
For instance, recent length scale of semiconductor chips has been reduced
down to a few tens of nanometers, and profound understanding of nanoscale
liquid behavior on a solid surface in the fabrication or cleaning processes is
a key issue for controlling the resulting quality.

In sub-nanometer scale, liquid behavior as a continuum is violated by the
motion of discrete molecules and is especially remarkable when the molecu-
lar motion is anisotropically constrained due to the nonspherical molecular
structure and/or liquid-liquid and liquid-solid interactions. A typical exam-
ple is water flow in a carbon nanotube (CNT) [1, 2, 3]. A large velocity
slip between water and a CNT was indicated, which was very different from
that in a non-slip macroscale flow, and through molecular dynamics (MD)
simulations and experiments [4, 5, 6, 7, 8], this feature was attributed to the
peculiar order of water molecules confined in nanometer space.

Although the flow in a CNT is a rather extreme case, effects of the velocity
slip at the solid-liquid interface indeed become considerable in microscale
liquid motion. MD simulations of the liquid slip have been carried out for
a simple molecular model as well [9], and understanding at molecular scale
based on MD simulations is well reviewed in Ref. [10]. In any case, extracting
local dynamic properties in nanometer scale should be important for further
analysis on slip behavior.

Regarding the motion of liquid molecules near the solid surface, we have
carried out MD simulations of a single water droplet on a solid surface [11]
in order to investigate the wetting behavior. In that study, it was shown
that the change of local dynamic property of water molecules near the solid
surface with different solid-liquid interaction parameters was clearly captured
through the distribution of rotational diffusion (RD) coefficient, which was
calculated from the time evolution of the angular displacement of molecular
principal axes. On the other hand, the difference was not apparently reflected
in the distribution of hydrogen-bond lifetime.

In respect to diffusion, the translational diffusion (TD) coefficient of a
spherical particle Dt is correlated to viscosity as

Dt =
kT

6πµRt

, (1)

where µ, Rt, k and T denote the viscosity, effective particle radius for trans-
lational motion, Boltzmann constant and temperature, respectively. This is
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known as the Stokes-Einstein equation [12]. Similarly, the RD coefficient Dr

is theoretically inversely proportional to the viscosity through the Stokes-
Einstein-Debye relation [12]:

Dr =
kT

8πµR3
r

, (2)

where Rr is the effective particle radius for rotational motion. The relation
in Eq. (2) is originally derived for the Brownian motion of a microscale par-
ticle constrained onto a sphere in a fluid. However, if this can be extended
and is also applicable to the molecular rotational motion, the distribution
of RD coefficient in our previous study [11] may have expressed nanoscale
viscosity distribution. Because the rotational motion of water molecule is
faster than the translational motion, i.e. RD has a much shorter timescale
than TD, it is possible to obtain the spatial distribution of RD coefficient
with higher resolution. In addition, extracting the local diffusivity through
the water RD coefficient is possible even near the solid surface because its
rotation is not highly constrained there due to its mostly spherical shape.
On the other hand, it is difficult to extract local diffusivity through the TD
coefficient because the position displacement in space is restricted and there-
fore not isotropic. Thus, this method to extract local distribution of RD
coefficient can be a potentially efficient tool to obtain nanometer-scale local
liquid properties of pure water or water mixture.

Although both diffusion coefficients Dt and Dr are theoretically inversely
proportional to the viscosity µ as in Eqs. (1) and (2) [13], it has not been
confirmed yet whether the latter relation between RD coefficient of com-
ponent molecules and fluid viscosity also holds locally. In this study, MD
simulations are at first performed in order to investigate this Dr-µ relation
in terms of the temperature dependence of RD coefficient and viscosity in
a homogeneous bulk liquid system. Furthermore, the Dr-µ relation is also
examined in a heterogeneous water system between solid walls in terms of
local distributions.

2. Method

2.1. Potential model

The potential model is the same as in our previous study [11]. Water
molecule expressed by the SPC/E [14] potential model is adopted as the fluid
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component. The 12-6 L-J and Coulomb potentials are assumed as the inter-
molecular interactions between hydrogen and oxygen atoms, respectively as
in Eqs. (3) and (4):

ΦLJ(rij) = H(rc − rij) · 4ϵij

[(
σij

rij

)12

−
(
σij

rij

)6

+

{
cLJ2

(
rij
rc

)2

− cLJ0

}]
, (3)

ΦC(rij) = H(rc − rij)
qiqj
4πϵ0

[
1

rij
+

1

rc

{
cC2

(
rij
rc

)2

− cC0

}]
, (4)

where rij is the distance between positions of hydrogen or oxygen i and j,
and ϵij, σij, qi and ϵ0 denote the L-J energy and length parameters, point
charge at site i, and vacuum permittivity, respectively. These interactions in
Eqs. (3) and (4) are rounded off at a cut-off distance rc using the Heaviside
step function H, and a quadric function is appended so that the potential
smoothly becomes zero at rij = rc. The cut-off distance rc is set as 1.5 nm
in this study, and the values of cLJ2 , cLJ0 , cC2 and cC0 are noted in Ref. [11].

An fcc crystal is assumed as the solid wall for the water-wall system, and
interaction between nearest neighbors is expressed by the following harmonic
potential:

ΦH(rij) =
k

2
(rij − r0)

2 , (5)

where r0 and k denote the equilibrium distance and spring constant, respec-
tively. Values of a platinum crystal are used for the lattice constant and mass
of the solid atom as well as for van der Waals radius which is used for the
solid-liquid interaction described below.

The interaction between fluid and solid particles is also expressed by the
L-J potential working between oxygen and wall atoms. The length parameter
σO−wall between oxygen and wall atoms is given by the Lorentz-Berthelot mix-
ing rule σO−wall = (σO−O + σwall−wall) /2, in which the van der Waals radius
of a platinum crystal is referred for σwall−wall. On the other hand, the energy
parameter ϵO−wall is set as a calculation parameter by multiplying the fluid-
solid interaction coefficient η to a base value ϵ0O−wall as ϵO−wall = η · ϵ0O−wall.
The base value ϵ0O−wall was empirically defined to give an approximately 90◦

contact angle at η = 1.2 when a water droplet is positioned on the solid
surface [11].

The potential and mass parameters are summarized in Table 1.
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2.2. Simulation systems

The bulk liquid water system consists of 1200 water molecules in a cubic
cell of a side length about 3.3 nm with periodic boundary condition in all
directions. All data are obtained as the temporal average of 10 ns in a
system under constant NV E condition, which is achieved after a preliminary
equilibration under constant NPT condition [15] at each control temperature
Tc between 280 and 320 K with atmospheric pressure.

The heterogeneous simulation system of liquid water between solid sur-
faces is exhibited in Fig. 1. Water molecules are confined between solid walls,
where fcc (111) surfaces of solid crystal consisting of three layers are located
at the bottom and top of the calculation cell with periodic boundary condi-
tions in x- and y-directions. Each surface consists of 462 solid atoms and the
side lengths in x- and y-directions are 3.1 and 3.4 nm. Both surfaces have
the same solid-liquid interaction energy parameter ϵO−wall and the system can
be regarded as quasi-plane-symmetric in z-direction. The system height is
about 5.5 nm and the number of water molecules is between 1362 and 1454,
where the latter has been set so that the resulting pressure becomes approx-
imately that of atmospheric pressure in each system with different ϵO−wall.
Although as previously mentioned, some parameters of platinum crystal are
used for the atoms of solid wall, the system can be considered as a simplified
model-solid with varying solid-liquid interaction energy.

The positions of atoms in the outmost layers are fixed and the tempera-
ture of atoms in the middle layers is controlled by the Langevin method at
300 K with a Debye temperature of 240 K, while the inter-wall distance is
varied by exerting an external force on the top wall during the equilibration
run to obtain an equilibrium system at atmospheric pressure [16].

The velocity Verlet method with modified quaternion-constraint tech-
niques [17, 18] is applied for the integration of the Newton’s equation of
motion with a time step ∆t of 1 fs. All data are obtained as the temporal
average of 24 ns for an equilibrium system after preliminary equilibration
over 2 ns, where the calculation time is set to reproduce a reliable statistic
average [19].
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3. Results and Discussion

3.1. Temperature dependence of diffusion coefficients and viscosity in homo-
geneous bulk system

Figure 2 shows the time development of the mean square position dis-
placement of center of mass ⟨|∆r⃗|2⟩ and the mean square angular displace-
ment of principal axes ⟨∆s2⟩ of water molecule in a bulk system at T =
300 K. The brackets denote spatio-temporal average for all water molecules
in the system and the average for three principal axes is exhibited for the
mean square angular displacement. The calculation details of the angular
displacement ∆s that is not restricted below π are described in our previous
work [11]. First-order fitting for the range from 2 to 7 ps is shown by the dot-
ted lines from which TD coefficient Dt and RD coefficient Dr are respectively
calculated in the Einstein form as

Dt =
1

6

d ⟨|∆r⃗|2⟩
dt

(6)

and

Dr =
1

4

d ⟨∆s2⟩
dt

. (7)

As highlighted in the lower right panel, both the position and angular dis-
placements are on straight lines, i.e. the motion of water molecules loses
ballistic behavior and shows diffusive feature after at most 2 ps. Specifially,
the angular displacement in the main panel seems to reach diffusive behavior
within about 1 ps, and this time is much shorter than that for the position
displacement. This difference is attributed to the fact that a water molecule
has a small moment of inertia because almost all mass is in the oxygen atom
and only two light hydrogen atoms are located away from it. This fast con-
vergence means that RD coefficient of water molecules in liquid phase can
be obtained within a few picoseconds.

Figure 3 shows the correlations between D−1
r and D−1

t , as well as between
D−1

r and viscosity over temperature µ/T in bulk systems at various temper-
atures. The viscosity is calculated from the off-diagonal component of the
pressure tensor, and is expressed in the Einstein form by

µ =
V

2kT
lim
t→∞

1

t

⟨(∫ t

0

Pξζ(τ)dτ

)2
⟩

[ξ, ζ( ̸= ξ) = x, y, z], (8)

6



where V , k, T and Pξζ denote the volume, Boltzmann constant, temperature
and an off-diagonal component of the pressure tensor, respectively, whilst
brackets denote the spatio-temporal average. The choice Pξζ in Eq. (8) is
arbitrary in an equilibrium system as long as directions ξ and ζ are orthog-
onal, and the average of 6 components in xyz coordinate is used here. The
pressure tensor P is calculated by the virial theorem:

P =
1

V

∑
i

miv⃗i ⊗ v⃗i +
∑
i

∑
j(>i)

f⃗ij ⊗ r⃗ij

 , (9)

where mi and v⃗i denote mass and velocity of molecule i, respectively, while
f⃗ij and r⃗ij are the force and relative position vectors from i to j, respectively.
The summation is taken over all molecules in a system of volume V . As shown
by the dotted fitting line in Fig. 3, both D−1

r -D−1
t and D−1

r -µ/T are linearly
correlated. These linear correlations indicate that at least in a bulk system
Dr may essentially give the same information as Dt and also as viscosity
over temperature. The advantage of RD is the ability to obtain a spatial
distribution with a higher resolution in a heterogeneous system compared to
TD as mentioned above.

Figure 4 shows the temperature dependence of viscosity in the bulk sys-
tem. The viscosity values derived from the off-diagonal component of the
pressure tensor in Eq. (8) as well as ones evaluated from the TD and RD
coefficients are depicted along with experimental data [20]. Unknown ef-
fective radius values in Eqs. (1) and (2) are set as Rt = 0.1176 nm and
Rr = 0.1078 nm, which are chosen so that the resulting viscosity values cor-
respond to that calculated with the pressure tensor in Eq. (8) at T = 300 K.
Although the three calculated viscosity values are slightly different from the
experimental one because the SPC/E potential is not optimized for the re-
production of viscosity, the temperature dependence is qualitatively well re-
produced by the MD simulation. The correspondence among viscosity values
calculated using the virial theorem, average TD and RD coefficients at various
temperatures reveals that RD coefficient can also adequately reflect viscosity
in a bulk system.

Only the bulk average of viscosity is discussed until this part, however, an
important target of this study is to relate local distributions of the viscosity
to RD coefficient. Regarding local viscosity, Dimitrov et al. [21] evaluated
the spatial distribution in a quasi-one-dimensional heterogeneous Lennard-
Jones system. In this model, the region is divided into M flat bins parallel
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to xy-plane. The local pressure tensor P α of a bin α is calculated as

P α =
1

∆V

∑
i

miv⃗i ⊗ v⃗if
K(zi) +

∑
i

∑
j(>i)

f⃗ij ⊗ r⃗ijf
U(zi, zj)

 , (10)

where ∆V denotes the volume of bin whilst fK(zi) and fU(zi, zj) are weight-
ing functions of kinetic and force components, respectively due to molecule i
and j with z-coordinates zi and zj. See Ref. [21] for the detailed expressions
of the weighting functions that distribute each component to bins. Using the
local pressure tensor in Eq. (10), the local viscosity µα of bin α expressed in
the Green-Kubo form is given by

µα =
∆V

kT

M∑
β=1

∫ ∞

0

⟨
Pα
ξζ(0)P

β
ξζ(t)

⟩
dt, [ξ, ζ (̸= ξ) = x, y] (11)

as the sum of cross correlation integral with all bins β. However, when this
original expression is applied to a system which is largely governed by the
Coulomb interaction as in our study, the integral in Eq. (11) hardly converges.
This is known as ‘long tail’ [22, 23] and becomes especially remarkable for
the cross correlation components with α ̸= β, and also in the case the Green-
Kubo form is applied for small bins. As an alternative, we have only extracted
the autocorrelation component instead

µα
ac =

∆V

kT

∫ ∞

0

⟨
Pα
ξζ(0)P

α
ξζ(t)

⟩
dt, (12)

which has the largest contribution to the local viscosity µα in Eq. (11). With-
out cross correlation, Eq. (12) can be equivalently rewritten in the Einstein
form as

µα
ac =

∆V

2kT
lim
t→∞

1

t

⟨(∫ t

0

P α
ξζ(τ)dτ

)2
⟩
. (13)

We examine here whether an apparent correlation between the average vis-
cosity µ and this viscosity autocorrelation component µac calculated with
Eqs. (8) and (13), respectively exists in a bulk system. Figure 5 shows the
µ-µac relation at various temperatures, where µac is evaluated for a flat bin
with a thickness of 0.26 nm. This thickness is also used for the analysis in
Fig. 6, and is described in the next subsection. It is apparent that the two are
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linearly correlated, and this indicates that the local viscosity can be evalu-
ated by the viscosity autocorrelation component µac. The relation estimated
from the dotted fitting line resulted in µac = 8.58µ. This relation is used for
the evaluation of local viscosity in a heterogeneous system described in the
next subsection.

3.2. Viscosity distribution in heterogeneous water system between solid walls

As described in the introduction, the RD coefficient changed near the
solid surface depending on the surface property in our previous work [11].
According to the Stokes-Einstein-Debye equation in Eq. (2) and the D−1

r -µ
relation in Fig. 3, this may have indicated a local change in viscosity. In order
to examine the relation between local viscosity and RD coefficient, we have
calculated their local distributions in a quasi-one-dimensional equilibrium
system of water between solid surfaces as shown in Fig. 1.

Before going to the result, the boundary effect of solid wall should also
be mentioned here. The Stokes drag force acting on a sphere translating in
a fluid is increased by the presence of a neighboring wall by a factor given
by Faxen’s correction [24, 25, 26, 27]. However, this is mostly negligible
for the rotational motion in the present simulation because the solid-liquid
interaction from wall atoms is only imposed on the oxygen. Assuming that a
single water molecule is situated on the solid wall, the potential energy does
not change even if the orientation of the water molecule changes, provided
the position of oxygen atom is kept unchanged. Since the center of mass
position of a water molecule is close to the oxygen atom, this means that
almost no torque is exerted from the solid wall to reduce the rotation of
a water molecule. Hence the boundary condition for the rotational motion
there is basically considered as free-slip. In addition, it is not clear if
the linear correlation between the TD and RD coefficients of water
molecules in the bulk system also holds for the water near the solid-
liquid interface, because the effect of the solid wall on translational
and rotational motions may be different. However, as mentioned in
the introduction, it is difficult to obtain the spatial distribution of
the TD coefficient in a heterogeneous system with a high resolution,
because it is evaluated as a position displacement and this means
that the position after the displacement is different from the initial
one, although the TD value ought to be calculated is that at the
initial location. In other words, the resolution of TD coefficient
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distribution is basically comparable to the displacement within the
convergence time.

Figure 6 shows the distributions of viscosities in systems of water be-
tween solid walls with solid-liquid interaction parameter η = 0.4, 1.2 and
2.0, where the viscosities are evaluated by means of two methods: 1) µac cal-
culated from the local autocorrelation component using Eq. (13) and µ-µac

relation in Fig. 5, and 2) µrd calculated using Dr through D−1
r -µ/T rela-

tion in Fig. 3. The density distribution is superimposed as well, from which
two or three adsorption layers with high density can be observed as distinct
peaks. Both µac and µrd are calculated for flat bins parallel to the solid
wall with a thickness of 0.26 nm, where the thickness is determined so that
the density peaks near the solid surface are clearly separated. All data are
also averaged from both top and bottom sides taking the symmetry of the
system into account, and the temporal average of 24 ns is shown, although
a time-averaging this long is only required for the calculation of µac; indeed
µrd has quickly converged within about 100 ps. Although the viscosity value
µac does not fully converge even with a time-averaging of 24 ns, both µac and
µrd are almost constant far from the solid wall independent of solid-liquid
interaction parameter η, while they do change near the solid wall depending
on it. By comparing both viscosity values in the first adsorption layer, it
is obvious that they increase as η increases, and this tendency qualitatively
matches for both. However, the two values are quantitatively very different
and the correlation between the two does not seem to directly hold in this
heterogeneous system.

Regarding the mismatch between µac and µrd in Fig. 6, it may be reason-
able to take the inhomogeneity of density into account because the density
in adsorption layers near the solid wall in Fig. 6 is sensitive to the change in
the solid-liquid interface parameter η. When we look again into the Stokes-
Einstein-Debye relation in Eq. (2), the RD coefficient Dr is inversely propor-
tional not only to the viscosity µ but also to R3, and it is fairly probable
that this effective radius R depends on the density. Hence, we have assumed
here that the cube of radius is inversely proportional to the density ρ, i.e.
R3 ∝ 1/ρ, which is reasonable considering the relation between molecular
volume and density. Figure 7 displays the distribution of ρ/Dr superim-
posed with that of µac in the same systems as in Fig. 6. The average density
of a bin with a thickness of 0.26 nm, in which the µac and Dr distributions are
calculated, is applied here. Although there are slight discrepancies, the two
distributions show similar tendencies for all η values. The correspondence be-
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tween µac and ρ/Dr indicates that the one-dimensional viscosity distribution
with a spatial resolution of a few angstrom can equivalently be reproduced
by means of RD coefficient and density. As mentioned above, it is hard to
calculate the viscosity distribution by using the virial theorem for a system
largely governed by the Coulomb interaction even through a long temporal
average over 20 ns. Meanwhile, the distributions of RD coefficient can easily
be calculated because it has a short timescale of several tens of picoseconds,
and obtaining the density distribution is also not difficult.

It should also be noted that it is potentially possible to calculate the
distribution of RD coefficient not only in a steady state but also in a transient
state by taking advantage of its fast-converging feature. In addition, a
simplified system is used at present as the initial step, in which
a perfect crystal structure is used as a solid wall and the solid-
liquid interaction is represented as the L-J potential between wall
and oxygen atoms. However, as a further step, the method shown
in this study should be applied to a system with more complex
wall structures and with Coulomb interactions between solid and
liquid constituent molecules, e.g. a system with a solid surface
terminated by hydroxyl groups which form hydrogen bonds with
water molecules [28], or one with aqueous solution containing ions
in which an electric double layer is formed at the interface.

4. Concluding remarks

The relation between the RD coefficient of water molecules and viscosity,
that theoretically are inversely proportional to each other, was examined by
using molecular dynamics simulations. In a homogeneous bulk liquid system,
both the viscosity calculated from the virial theorem and experimental one
correlated well with the inverse of water RD coefficient at various tempera-
tures. In a heterogeneous system of water between solid walls with different
solid-liquid interaction strength, the viscosity distribution was similar to the
distribution of inverse of RD coefficient multiplied by density, and this sug-
gests the possibility of extracting nanometer-scale viscosity distribution by
RD.
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Table 1: Potential and mass parameters, where σwall−wall is only used for the Lorentz-
Berthelot mixing rule σij = (σii + σjj)/2.

ϵO−O (J) ϵ0O−wall (J) η σO−O (nm) σwall−wall (nm)
1.08× 10−21 1.247× 10−21 0.4−2.0 0.3166 0.35
σO−wall (nm) qH (e) qO (e) k (N/m) r0 (nm)

0.3333 0.4238 −0.8476 46.8 0.277
mH (kg) mO (kg) mwall (kg)

1.674× 10−27 2.657× 10−26 3.239× 10−25
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Figure 1: Heterogeneous simulation system of liquid water between solid surfaces. Periodic
boundary conditions are imposed in x- and y-directions. The number of water molecules
is between 1362 and 1454 depending on the solid-liquid interface parameter η.
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Figure 2: Time development of the mean square position displacement of center of mass
and of the mean square angular displacement of principal axes of water molecule in a bulk
system at T = 300 K. First-order fitting for the range from 2 to 7 ps is shown by the
dotted lines.
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local autocorrelation component of a flat bin with a thickness of 0.26 nm calculated with
Eq. (13) in bulk systems at various temperatures.
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and µ-µac relation in Fig. 5, and 2) µrd calculated using Dr through D−1
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Fig. 3. The density distribution is superimposed.
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