|

) <

The University of Osaka
Institutional Knowledge Archive

Scattering theory for pseudodifferential
Title operators. II. The completeness of wave
operators

Author(s) |Umeda, Tomio

Osaka Journal of Mathematics. 1982, 19(3), p.

Citation 511-596

Version Type|VoR

URL https://doi.org/10.18910/8243

rights

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



Umeda, T.
Osaka J. Math.
19 (1982), 511-526

SCATTERING THEORY FOR PSEUDO-DIFFERENTIAL
OPERATORS
iI. THE COMPLETENESS OF WAVE OPERATORS

Tomio UMEDA

(Received September 16, 1980)

1. Introduction

The present paper is a continuation of the previous work [12] and deals
with a scattering theory for pseudo-differential operators.
The operators we consider are of the form

P(D)+A(X, D)

in R", where the unperturbed operator P(D) and the perturbation A(X, D) are
pseudo-differential operators. In the previous paper [12] we showed the
existence of wave operators. In the present paper we prove the completeness
of wave operators.

Our proof is based on the Enss decomposition principle. More precisely,
we follow the ideas of Simon [11], which are extensions of a work of Enss [5], and
construct the “decomposition operators” D¥ and Dj for j=1, 2, ... We give a
proof of the Enss decomposition principle for these operators, while Enss [5]
and Simon [11] proved this principle for vectors.

We make assumptions on the symbols of P(D) and A(X, D), not on the
operators P(D) and A(X, D). In treating pseudo-differential operators, it is
important to make assumptions on the symbols of pseudo-differential operators.

Throughout this paper, the same notation as in [12] will be used (the list
of the notation is given in Section 2 of [12]), and formulas, lemmas, etc. given
in [12] will be quoted as (1.2.3), Lemma 1.2.3, etc..

Finally, we sketch the contents of the paper. Section 2 contains the main
theorem. Using Cook’s method, we show the existence of wave operators in
Section 3. In Section 4, we prove some technical lemmas which will be used
in the proofs of the Enss decomposition principle and the main theorem. In
Section 5, we construct the decomposition operators D¥ and D for j=1, 2, ---,
and establish the Enss decomposition principle. With the aid of this principle
we prove the main theorem in Section 6.

The writer would like to express his sincere appreciation to Professors
Y. Saito and S. Ukai for their valuable advices and unceasing encouragements.
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2. The main theorem

In this section, we state the main theorem. We first introduce some
notation which supplement Section 2 of [12].

Su=1a: Fourier transform of «.

Fv: inverse Fourier transform of v.

C.(R"): the space of complex-valued continuous functions % vanishing
at infinity, equipped with the norm

%]l = sup|u(x)].
xeR"

H,(R"): the Sobolev space of order v, equipped with the norm
lelly = [ (1 181971208 12282

CHR"), C=(R"), CF(R"), S(R") etc. will be employed as usual.
[IT||: the operator norm of a bounded operator T on L} R").
ges(H): the essential spectrum of an operator H.

A” (v>0): the operator in L*R") with domain H,(R") defined by

Au= F(1+|E|H)"*Fu.

A7V: the inverse of A”.
F, (r>0): the operator of multiplication by ¢,(x)=¢(x/r) with & CF(R")
and §(y)=1 (resp. 0) for |y|<1, (resp. >2).
H..(H): the subspace of absolute continuity with respect to a self-adjoint
operator H.
P,(H): the orthogonal projection onto H,.(H).
meas: the Lebesgus measure.

We now state the assumptions made on the symbol p(£) of P(D). We
denote by C, the set of critical values of p().

(Po) p(£) is a real-valued C* function on R” such that the estimate

(2.1) Co1+ |EN<pE)SC1+EDF,  |EI>R,

is valid for some positive constants &, &, C,, C, and R,.
(P,) The closure of C, is at most countable.

We shall denote by H, the closure in L*(R") of P(D) with domain S(R").
To state the assumption on the symbol a(x, &) of A(X, D), we introduce the
notation. Let V(x) be a measurable function on R". If there exist constants
&>0, yER and <= R such that for some constant C and some measurable set

T'C R" with
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(2.2) meas(I'N {x€R"| |x| >R}) = O(R™®)  as R — oo,
the estimate

(2.3) IV(a)| <C(1+|2))™, x&R\T,

(2.4) [V(x) | <C(A+ |x]), xel,

are valid, then we write V' C/(g, v, §). Our assumption on A(X, D) is

(4o) a(x, &) is a complex-valued measurable function on R;X R} which
verifies the following conditions:

(i) For any fixed x, a(x, £) is a smooth function of &.

(ii) There are constants £>0, vy>—1, #>v+1 and m& R such that for
some V €Cl/(¢g, v, 0) the estimate
(2.5) |(6/08) a(x, £)| <V(x)(1+ [E])"
is valid for every multi-index p with |u|<2([(2|7|+n)/2]+2). (Here [a]
denotes the integral part of a real number a.)

We shall prove the following lemma in Section 3.

Lemma 2.1. Let (4,) be fulfilled and let M >m-+-n. There exists a con-
stant C depending only on M and vy, such thai

(2.6) lA(X, Dyull 2<Cllully,  uwEHy(R").

In view of this lemma, the perturbation 4 of H, is defined as follows:
Let N be a positive number such that

(2.7 N>k, N>m+tn.
(Throughout this paper, we fix the number V.)
Define

9D(A) = Hy(R"
8 (20 = i)

Au = A(X, D)yu .
Moreover, we make the following assumptions:
(4,) A4 is symmetric in L R").
(H) (Hy+4) M Hy(R") has a self-adjoint extension H in L*R") such that
9DH)cH(R") for some s>0.

We shall denote by E(B) the spectral measure associated with H, where
B varies over all Borel sets of the real line.
Our main theorem is

Theorem 1. Let assumptions (P,), (P), (4,), (4,) and (H) be fulifilled.
Then,
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(i) The wave operators Wo=s—lim ¢’ e 5o P, (H,) exist.
t-yptoo
(it) The range of W, is the subspace I (H) of continuity with respect to H.
(ili) The only possible limit points for the point spectrum of H are in C,.
Any eigenvalue not ir C, has finite multiplicity.
(V) oess(H)=0es(Ho)=1{p(E) [EE R}

Remark. Since the range of W. must be contained in the subspace of
absolute continuity with respect to H, conclusion (ii) of Theorem 1 implies
that W, are complete and that H has no singular continuous spectrum.

Before proving Theorem 1, we give an example.

ExampLE. Let #=3 and let Hy=(1—A)".. For the perturbation we
take A==(14 |x|%) 41— A)y*(1+ |x|?)~%* with §>1. In view of Example 1.2.4
it is easily checked that assumptions (P,), (P;), (4,), (4,) are satisfied. Since
H,+ A is a semibounded symmetric operator, its Friedrichs extension H can be
defined. From the definition of the Friedrichs extension it follows immediately
that D(H)CH,,(R?). Thus assumption (H) is satisfied as well. Hence all
the conclusions of Theorem 1 hold.

3. Existence of wave operators

In this section we prove the existence of wave operators. We begin with
the following lemma which is basic in our analysis.

Lemmav3.l. Let (A,) be fulfilled and let M >m-+n. Then the following
estimate holds

(3.1) |A(X, D)A~Mul)3:<C S (14 | ]) 72049 | () | 2de

for any us S(R"), where & is a positive constant depending only on &, v and 6;
C is a constant depending only on M and .

Proof. Let ueS(R") and let
(32) K(x, w) = | e a(, £)(1+ |9 .
Then, by Fubini’s theorem, it follows that
(3.3) S <= a(x, E)(14- | E|D) MP(E)dE — SK(x, Yl )’

By repeated integration by parts in (3.2), we have for j=[(2|v|+n)/2]+2
(3.4) (1+ |2 [) | K(x, w)| <CV(x),
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where C is a constant depending only on M and . Combining (3.3) and
(3.4), we see that

(3.5) [|A(X, D)A~Mul|?

<c [ I7@ 1| A+ 1a—a' 197 ugw) | da' e
Since 2j>n+-1, it follows (by Schwarz’ inequality and Fubini’s theorem) that
(3.6) 14X, D)A~ulf

<€ 1) 124 (176 1P+ |e—s'1) 7 dn

=C S (') |21(x" )" .
To prove (3.1), we write

AN, 2 o m]2 -
I(x ) - ( SB(lx’l/2)+ L‘(u’l/z)nr‘_l— SB‘(I:’I/?)nr )I V(x)l (1+ Ix x l ) dx
=1(x")+L(x") - I(x") .

Here B(|x'|/2) denotes the ball of radius |x'|/2 with its center at 0&R" and
B(|x'|/2) denotes the complement of B(|x'|/2) in R",

B(|%'|/2) = R"\B(|x'| [2) .

T also denotes the complement of I' in R". Since |x—x'|>|x'|/2 for any
xeB(|x'|/2), we get

L)< C(1+ | |yim-2itn,
Since | V(x)| <C(1+ |x|)™*"* for any x &I, we have
L(x")<C(1+ |2’ | )20 |
To evaluate I;(x'), we use the inequality
(A le—a' )< (14 |2) (14 |2']) -

(Note that the constant  is allowed to be positive. See assumption (4,).)
Choosing p so that ¥<<p<(j, using (2.4), we see that

I(x)<C(1+|="[)* S (14 2] 2P (14- | x—a' |2) =i+ dx

B°(I1z/172) N D
<C(1+ |«]) meas (B(|%]/2) NT)
SC(1+|2'])?7®  (using (2.2)).

Putting E=min {(2j—n—2|v|)/2, 14-&, 0—7} —1, we have proven (3.1). Q.E.D.
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Proof of Lemma 2.1. Using Lemma 3.1, we see that for u= S(R")

[lA(X, Dyul| = [|A(X, D)A™MAMul|
<SClAYU|=Clully

which gives (2.6). Q.E.D.
Corollary 3.2. Let (A,) be satisfied. Then,

(3.7) ||AA~Nu||2<c§ (14| x])720D |y(x)|%dx ,  wsL¥R").

For the proof it suffices to note the definition of 4 (see (2.7) and (2.8)).
Proof of Theorem 1 (i). We shall prove that

(3.8) S” || Ae™ ol |dt < oo

for any uS(R") with 2C7(R"\Y)). Here X} denotes the set of critical
points of p(&),

2= {E€R"(p'(§) = 0}.
Since, by Proposition 1.3.2, FC7(R"\Y)) is dense in I, (H,) and since
(H—H,)e oy = Ae "oy , ueS(R"),

(3.8) will prove conclusion (i). (See Theoiem XI.4, p. 20 of [9].)
Let uFC5(R"\X)) and choose >0 so that

3.9 [p'(E)] >36 if Eesupp 4.
Then,
(3.10) [|de™ " Hou||<||AAN(1—Fyyp)e oA ul |+ [|AATN|[ || Fyy e oA N ul],

so it suffices to prove that

(3.11) S” AN (1— Fypy)e™ o AV ul|dt < oo |
and
(3.12) S” || Fyyey €0 AVag||dt < oo .

By Corollary 3.2 the first term on the right hand side of (3.10) is dominated by

—2Q149) | (pmitHy A Ny 27,1 1/2
(] (e L) (e AVu) ) )
< (A48120) 7l -
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This yields (3.11). To prove (3.12), we apply the method of stationary phase to
the integral

g GO OV 1L | E| D)V h(E) dE .
By (3.9)
lx—2p"(€) /(121 +12])>8/(1428)  when EEsupp 4, |x| <28]¢].
Hence Lemma I.I (see Appendix of [12]) shows that forkevery v
| (Fyipe” Ho AN u)(x) | <Cy(14 ||+ [2]) 7.
This implies (3.12). ‘ Q.E.D.

4., Some lemmas

In this section we prove several lemmas which will be used later on.

Lemma4.1. Let (H) be fulfilled. Then the operator F,(H+-17)"'is a compact
operator for every r>0.

Proof. Since D(H)C H(R"), we see that A°(H+1)™" is a closed operator
with domain L*(R"). By the closed graph theorem it follows that A’(H--7)™
is a bounded operator. Noting that every bounded sequence in H(R") has a
subsequence convergent in Lj,., we see that F,A™ is a compact operator in
L*(R"). Writing

F,(H+1)™' = F, AN (H+1)™?,
the result follows. Q.E.D.

RemarRk. By Theorem XI.115 of [9], the above lemma implies that for
any >0 and any u€ 9 (H)
T
lim (27)" S |Fe-imy)jtdt = 0 .
T yo0 -7
Lemma 4.2. Let (H) be fulfilled. Then the operator A°E(B) is a bounded
operator for every bounded Borel set B of the real line.

Proof. First note that if B is a bounded Borel set, then (H+47)E(B) is a
bounded operator. It was observed before that A°(H-:)™! is a bounded op-
erator. Writing

N°E(B) = A (H-+i) (H+i)E(B),

we obtain the result. Q.E.D.



518 T. UMepa

Lemma 4.3. Let (Py), (4,), (4.), (H) be fulfilled and let D=C.(R). Then
foralla,beR

I{®(H)—(Ho)}(1—F,)E([a, b)I| - 0
as y—>0oo,

Proof. We first claim that for non-real 2
4.1) H{(H—z2)"'—(H,—=2)" YA Y(1—F,))|| =0
asr—oo. Since HA™V=(H,+A)A™", we see that

(4.2) IH{(H—2)"'—(H—32)"} A" (1—F,)|
<|[(H—z)AAY[(1—F,), (Hy—=2)1||+
HIH—=2)T [ AAYA=F) [I(H,—2)7"]] -

The first term on the right side of (4.2) goes to zero by Lemma 3 in Section 2
of [11]. The second goes to zero by Corollary 3.2. Thus we have shown (4.1).
Now, by the arguments in the proof of Lemma 4 in Section 2 of [11], (4.1)

implies that
(4.3) [H{e(H)—2(H)} A (1=F)|| = 0

as r—>oo. Since, by Lemma 4.2, A’E([q, b]) is a bounded operator, the desired
result follows from (4.3) in just the same way as in the proof of Lemma 5 in

Section 2 of [11]. Q.E.D.

Let X, be the characteristic function of the unit cube centered at a=Z".
Choose f=S(R”) so that

(4.4) S fx)dx = 1
and let

(4.5) fo= f¥Xa.
Then

(4.6) S fel) = 1.

Since f € S(R"), it follows that f,&S(R") and that
(4.7) sup || (14 |8— || fa(w) ["dw <+ o0

for each v.
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Lemma 4.4. Let f€S(R") and let fo be given by (4.5). For each o, let
2o C¥(R") be given with sup |ga|n<<+oco. Here

lgl= 23 supl|(8/0§)“g(€)].
W<y ¢
Then
(4.8) sgpl[(l—i— [x—a|%)F goaF (fai)||I<Cllull, usL(R")
where C is a constant depending only on v, f and sup | ga|z.
Proof. First we note that
(4.9) A+ lx—a|*)'F goF (fart) = F((1+ | De+al*)(8aF (fau)))

where Dy=—10/0E. By Leibniz’ formula it follows that for any multi-index u
with || <2v

(410)  (Deta)(2aF(fa)) = 3 (4Dt FalDet ) F (fot)

<

Since f,& S(R"), it follows that
(De+ ) (F(far) = (22)"(De-+a) fo)i .

Moreover, it follows by Young’s inequality that (D¢4a)*(F(fau))ELH(R") and
that

(4.11) I(De+ ) (F( fau)l| < (27) "I (Deta) fall 2l -

Hence, combining (4.10) and (4.11), we get

(#12)  De+ ) (@F (far)l| S Clsup| galn)( 3 (Deta)*fell)lull -

Using the fact that fwz f?éa, we see that

(4.13) supl|(De-+a)* foll 1<+ oo

for each . Thus the estimate (4.8) follows from (4.9), (4.12) and (4.13). Q.E.D.

Lemma 4.5. Let f= S(R") be a non-negative function satisfying condition
(4.4). Let fo be given by (4.5). For ecah a, let go=C*(R") be given with
sup|[(1—A)"gall 2<+oo. For uc L R"), define

Tu=7233 g'gafr’(f,,u) .
Then
1Tl < C(supli(1—A)"gall2)llu|

where C is a constant depending only on n. Moreover,
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s—lim D) F g, F(farr) = Tu  in L{R").

jre |@l<j

This was proved by Simon [11, Section 2].

5. Enss decomposition principle

In the present section we construct the so-called decomposition operators
D%, D} mentioned in the introduction, with the aid of the lemmas in the pre-
ceding section.

Theorem 2. Let (P,), (P,), (4,), (4,) and (H) be fulfilled. Let [a, b] be
an interval such that [a, b] is disjoint from C,. Then there exist three sequences
of bounded operators {D3} and {D3} on L*(R") with the following properties :

() E(la, b])=(D;+Dj+DYE([a, b]) for all

(i) (Wa—1)DF[[-0 as j—>co.

(i)~ supl|Dl|<-+oo.

(iv) There exists a positive number 8 depending only on a, b such that for
all v and j the estimates

Fuoe DI Cy (1450, 120,
are valid for some constant C, , ;.
(v) Let {u;} be a bourided sequence in the range of E([a, b]) with s—lim Fu;=
0. Then s—lim D}u;=0.

Proof. (following ideas in [11].) Choose a’, b’ € R so that [a, b]C(a’, b")C
[’, b] is disjoint from C,. Let @ be a function in C'§(R) such that 0<®<1
and

1 AE[a, b]

5.1 P(\) = {
G- () 0 reEfa’, 0]
Put K=p~Y[a’, b']). Since K is a compact set disjoint from >)(see the proof
of Theorem 1 (i) for the notation ), we can find, a bounded open set  and
d >0, so that

(5.2) K+B,cQcOcCR"\Y).

Here B,={t=R"||&|<d}. Let f be a non-negative function in S(R"),
with supp fCBd, verifying (4.4) and let f, be given by (4.5).
Now, let

(5.3) D = S(H)—®(H)+ 3} falx)D(H,).

Then conclusion (v) holds. In fact, let {#;} be a sequence as in (v). Using
E([a, b])u;=u; we see that
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(5-4) [H{® (H)—2(Ho)}u,|| <||DH)—D(H)|| ||1Fju;ll+
+1{2(H)—2(H,)} (1—F,)E([a, b])u;l! .
By the hypothesis of (v), the first term on the right hand side of (5.4) goes to

zero as j—>co. By Lemma 4.3 the second term goes to zero as j—oco. Hence
the left side of (5.4) goes to zero as j—oco. Since ®(H)u;=u;, this implies that

(5.5) |F;@(Hyu;l| — 0
as j—oo. In view of (4.7) it follows from (5.5) that

(@ AL ICATE.

which proves conclusion (v).
Next, we construct the operators D¥. Noting (5.2) we can find positive
numbers 7, 7, such that

{veER"|v = p'(§) for some E€Q} C fvaR”|n<|v|<r,} .

Choose two functions G* in C5(R") so that

(1) G*v)+G (v)=1if n<|v|<r,.

(2) G*(v)=0if r,<|v|<r, and the angle between v and (F1, 0, -+, 0) is
smaller than 45°,

Let w be a function in C7(R") such that

w()=1 if E€q.
For aZ", let R, be a rotation taking « to (|a|, 0, -++, 0) and let

ga(E) = w(§)G(Rap'(8)) -
Then {g} obey the hypotheses of Lemmas 4.4 and 4.5. We define
Dj=( 2 g f)P(H,).

lw|>j/2

By Lemma 4.5, D} are bounded operators on L*(R"), and
IDF11<C supl(1—A)"g:ll

Thus, conclusion (iii) follows.
We are in a position to prove conclusion (i). Let u&L*(R"). Note that

(F(D(Hp)u)) (8) = (p(&))#(E). It follows from (5.1) that supp Pop is con-
tained in K. Since

(5.6) (F(faP(HY))(E) = (27) "(forF (D(Hou))(E)

and since supp faCBd, we have
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(5.7) supp G (foD(Hy)u)CQ .
Using (4.6) and the fact that g}(£)4-g5(€)=1 on Q, we see that
(5-8) (Df +D5+Dju
= 3, T T (fu(H)+
O - SHu+ T fu(Hy
= D(H)u.

Since ®(H)E([a, b])=E([a, b]), (5.8) implies conclusion (i).
We shall now prove conclusion (iv) for Dj. The proof for D} is similar.
Let u= L*(R") and put

te(%) = (F £2F( fa®(Ho)u))(x+ 1) -
Then one easily sees that

(5.9) UafE) = (27) €0 g3 (E) (far (Do p)R))(E) -

It follows from (5.9) that #,=C§(R"), and that supp #,CQ. Therefore, we
have

(5.10) (7" Ho F g7 F( foD(Hy)u))(x) = S FE DO g (£)AE

Now we apply the method of stationary phase to the integral in (5.10). Note
that each derivative of the function

£ = (x—a, E>—tp(E))/(|x—al+1t])

is bounded on Q, uniformly in ¥, o and £. Choose §>0 so that 26<7,/
(6(r,+1)). Then simple computations show that

(—a—p'EN/(|x—al+|t])=>n/(2(r:+3))
when |a|>j/2, |x| <28(/—t), <0 and £Esupp #,. Hence Lemma I.I shows
that for every »
(5.11) [(e™ "0 TF ggF (faP(Houw))(x)|

<C(t+la—al+1t)™ 33 (1Da(e) | d

ITEsY

if la|>j/2, |x]| <28(j—¢) and #<<0. (See also Lemma 1 in Section 2 of [11]
for the method of stationary phase.) Here C is a constant depending only on
v, 7, and Q. By Schwarz’ inequality

[1D41a() | 2 < (meas @) ( {1 D 4ol 12dE)"
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Since, by (5.9),
Dty = F((a—x)"F g3F (faD(Ho)u)) ,
Parseval’s formula and Lemma 4.4 show that

(5.12) 3 5|D"ﬁw(§)|d’g‘<0|lull

o
where C is a constant depending only on », Q) and G~. We note that
(5.13) [x—a| >(2/3)|a| —(1/6)|t]

when |a|>j/2, |x|<28(j+ |t]). Thus, combining (5.11), (5.12) and (5.13),
it follows that for every » the left hand side of (5.11) is bounded by

Cy a1+ Tl 4 12]) Il
where C, ,, is a constant depending only on @, b and ». Since
1Fx-0e Dyl < 3 Fs-ne o F g2F (fuDHNI

this yields conclusion (iv).
Finally, to prove conclusion (ii) (for D7), we set

B (E) = (1+ | E1)N2g(E) .

Then {A;} also obeys the hypotheses of Lemmas 4.4 and 4.5. Moreover, by
the closed graph theorem it follows that

AYD7 = ( 'E/ﬁh;fi fa)P(Hy) -
>

By Lemma 4.5, we have

(5.14) IA*D3 1| <C sup [[(1—A)H3 2

where C is some constant. Repeating the same arguments used in the proof
of conclusion (iv), we see that for every v

(5.15) Fs-ne o AVD7||<C(1-+j—1t)7", t<0.
Here 8 is the same constant as before and C is a constant depending only on

a, b and ». Now, let ucL*R"). Since Djuc I, (H,)ND(H,) and since
e "oDiuc 9(H), we have

(5.16) (W _—1) Dyl <S° | Ae=itoD7u| dt

0
<" 1148y _pe o AN Drul de+
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0
+S JAA~¥(1— Fy,_p)e~ %o A¥ D7 ul|dt
= j+Ij .
By Lemma 2.1 and (5.15), I; is bounded by

0
clian| " _(1+j—1atliull.
By Lemma 3.1, I, is bounded by
0 ~
ClA*DII | (1+8Gi—0) " dtlull.

Combining (5.14), (5.16) and these estimates for I; and I, conclusion (ii)
follows. Q.E.D.

6. Completeness of wave operators

We now turn to the proof of the other conclusions of Theorem 1. The
proof depends heavily upon Theorem 2.

Proof of Theorem 1(ii)-(iv). We prove (ii) for W.. The proof for W._
is similar.

It suffices to show that if ue H (H)S R(W.,) then
(6.1) E([a, b])u =0

for any interval [a, ] disjoint from C, (here R(W.,) denotes the range of W,).
For then, it would follow, by hypothesis (P,), that the range of the function
e(\)=(E(\)u, u) is at most countable. Noting that e(\) is continuous on R,
it would follow that e(\) is a constant function on R. Letting A — 4-oc0, we
shall find that [lu||=0, which implies that R(W,)=H (H).

Now, to prove (6.1) we note that E([q, bl)ucs H (H)OR(W,). By Lemma

4.1 and the remark following it, we have

lim T~ STIIF]-e““”E([a, Bl)ull*dt = 0
0

T

for j=1, 2, ---. In particular, we can find {¢;} inductively with ¢;,>max(j, ¢,_,)
so that ||F e *#E([a, b])ull<1/j. Applying Theorem 2(i), we decompose
[|E([a, b])u|® as a sum of three terms.

al = (e""#E([a, b])u, D}e *HE([a, b])u),

al- = (e—“jHE([a, b])u, D;e—ithE([a’ b])u) ’

a? = (e"*#E([a, b])u, D%e " E([a, b])u) .
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Since, by Theorem 2(v), ||[D% *#E([a, b])u||—0 as j—>co, a tends to zero as
j—>oo. Using the fact that e"**E([a, b])u is orthogonal to the range of W,,
we have

(6.2) a} < (e~ E([a, b])u, (1—W,)D}e " E([a, blw)|
<I(1— WD} I1|E([a, Bl .

Combining (6.2) and Theorem 2(ii), it follows that a}—0 as j—>co. To show
that a7 —0 as j— oo, we write

(6.3) a; < |(W*E([a, b])u, e D5 e~ E([a, b])u)| -+
+ (5" E[a, Bu, (1—W_)Dje i E([a, 5])u)] .

By Theorem 2(ii), the second term on the right side of (6.3) goes to zero as
j—>oo. The first term is bounded by

\(WE([a, 8]y, Fy;es#e D5 e~ E([a, Bju)| +
+ [(1—F5;)W*E([a, bl)u, ¢*i#o D5 e~ *#E([a, b])u)|
= B;+7;.

It follows immediately from Theorem 2(iv) that 3; goes to zero as j—co. Ob-
viously, it follows (by Theorem 2(iii)) that v; goes to zero as j—co. Hence
we have shown that E([a, b])u=0. This completes the proof of (ii).

Next, we prove the first statement of (iii). The other half of (iii) is proved
similarly.

Suppose, to get a contradiction, that there exists an orthonormal family
{u;} with Hu;=x;u; and A,—1..€£C,. By throwing out finitely many u;’s we
can suppose that each n;E[a, b], an interval disjoint from C,. Moreover,
noting the fact that u;—0 weakly, using Lemma 4.1, we have that

1Full = [nj+i| [|1F(HA-2) " uyll — 0,

so that by passing to a subsequence we can suppose that s—lim Fju;=0. Thus
Theorem 2 is applicable and we obtain

(6.4) (u;, u))<||(1—W_)D7||+l(1—W,)D}||+||Dju,l |+
+ [(W_Dju;, w;) |+ |(W.Dju,, uj)|.

Noting that each u; is orthogonal to the range of W, it follows from Theorem
2(ii), (v) that (u;, u;)—>0 as j—oco. 'This contradicts the fact that (»;, u;)=1 for
j=1, 2.

Finally, (iv) follows readily from (i)-(iii). Q.E.D.
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