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SUMMARY

This new theory describes the most probable distribution of antigen-antibody complexes resulting
from the reactions of f-valent antigens, of which the antigen sites are distinctly different from others,
with the f-kind site-specific bivalent antibodies at various conecntrations. It is assumed, as in
Goldberg’s theory, that no intra-aggregate reactions occur which would yield cyclic structures. In
a special case, in which the f-kind site-specific antibodics are at the same concentration, a range in the
amount of added antigen, in which the critical condition can be attained, is obtained and the result
is quite similar to that of Goldberg.

INTRODUCTION

A general theory for antigen-antibody reactions was first presented by Gold-
berg (1952, 1953) who applied the method of statistical mechanics, which had
been successfully applied to derive the distributions of three-dimensional branched-
chain polymers by Flory (1936, 1941a, b, c¢) and Stockmayer (1943). Goldberg
made the three following assumptions to simplify the mathematical treatment:
(1) Intra-aggregate reactions vielding cyclic structures do not occur, (2) all antigen
sites of f-valent antigen are identical in specificity and therefore all antibody sites
are also identical, regardless of the valency of the antibody molecules, and (3) any
unreacting site on an antigen or antibody is as reactive as any other site, regardless
of the sizc and phase of the aggregate to which it is attached. The second assump-
tion, which was first proposed by Heidelberger and Kendall (1935) in deriving
the theoretical relationship between the precipitating antibody and the added
antigen, seems no longer tenable, because experimental evidences strongly suggest
that the antigen sites of a protein molecule are not identical in specificity (Lapresle,
1955; Lapresle ¢f al., 1957a, b, 1958; Raynaud, 1958; Tujio et al., 19538, 1939, 1962;
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260 AMANO, SYOZI, TOKUNAGA axp SATO

Shinka ef al., 1962). Therefore, Goldberg’s theory must be modified in a direction
to permit heterogeneity in specificity of the antigen sites. Y

Palmiter and Aladjem (1962) succeeded in partly modifying the second assump-
tion. In their theory, the antigen is considered to be f~valent and antibody bivalent,
and the reaction between a pair of sites (one antigen site reacting with one antibody
site) is considered in terms of two rate constants which are independent of the rate
constants of any other pair of sites. However, essentially their theory did not
overcome the limitations of Goldberg’s second assumption, because one antibody
site can combine with any one of thcfantloen sites 01vm° Valvmo rate constants.

In our present paper, Goldbero s second assumption was completely changed:
each antigen site of f-valent antigen is assumed to differ in specificity from others
and the antisera contain f-kind site-specific bivalent antibodies. Therefore an
antigen site & can only combine with one of two combining sites on a k-type anti-
body molecule and one antigen molecule cannot combine with two or more anti-
body molecules of identical spec1ﬁ01ty The other two assumptions made by Gold-
berg are still held in this theory.

A Theory for the Reactions of Multivalent Antigen
Molecules with Bivalent Antibody Molecules

The theory presented here is concerned with the most probable distribution
of antigen-antibody complexes, as is Goldberg’s theory. In the theory the follow-
ing terminology will be used.

N=number of f-valent antigen molccules in-thc system. .
Ni, Ng,...., Ny (written generally as Ni)= number of distinct bivalent antibody moleculcs
in the system.

Ly, La,...., Ly (written generally as Ly)= number of distinct antibody molecules forming
bridges between antigen molecules in the
system.

Iy, Is,...., I (written generally as I) =  number of distinct antibody molecules attached

to antigen molecules (such as univalent anti-
bodies) in the system.

M=number of aggregates in the system plus the number of free antibody and antigen molecules.

f=number of effective reactive sitcs on each antigen molecule (f-valent), of which no two sites
are identical in specifity . These sites are located respectively at definite loci on the surface.

My, {[1, loyovnns [f} = number of aggregates each composed of n antigen molecules,

T1,09s cvve s iy which are connected by Iy, ls, ...., Iy ; and Iy antibody mo-
(abbreviated to m) lecules of the respective specificities and, in addition, i, 7, ..
and 7 antibody molecules are attached to the aggregate.

. ) = number of free k-type antibodics(k=1, 2, ..., /).
" (abbreviated to m’)
M/n,{ {1, la, «oens lj‘} = number of ways of constructing a single n, {1, 7y, {3, @2, ...,
b1, 02, ceves 17 Iy, ir-aggregate containing no cyclic structures from n-given
(abbreviated to W) antigen molecules, -, l3-, .. .., {y-given bridge making anti-
body molecules and 7;-, 9=, .... ,iy-given attached antibody

molecules.
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P1s bay. . .5 pr (written generally as p) = [raction of respective antigen sites in the system
which have reacted; this is called the extent
of the reaction of the respective antigen site.

p = fraction of total antigen sites in the system which have reacted; this is called the “overall

extent of the reaction”.

Fis Fase ..oy Ty (written generally as r) = N2N |, N2No, ..., 0 L N2N 7.

;
r=fN/2 3 Np.
K=1

When the number of the aggregates, composed of n(nz1) antigen molecules
and [.(/.>0) bond-forming, 7.(7,=>0) merely attached antibody molecules (k==1,
EAME tS B E\CR = P /
2.....,f) is expressed as m, (l1,ls, ..., /] and the number of k-type (k=1,2,..
> 5J ) | w, )1 02, 3 )
Zj,l),...,lf
,[) free antibody molecules as m/y,, the number of ways to form a given distribu-
tion of m and m’y, from N, Ny, N, .... , N, molecules is

W (Ls Loy ool Y
P NN NG LN T (” mn )
- im Em 2m Zm Xm , (1)
n I iy Iy i f
(Y™ THDY ™ [ )™ HUL)™ TN Im (1)
n 11 i} k=1

where Xm, Xm, Xm .... implies the summations over other values of suflixes of
n y iy

m fixing n, {1, i1, -. .. , respectively.

Here, # antigen molecules are connected with /; antibodics of the 1-type, /3
antibodies of the 2-type, . ..., [, antibodies of the f~type and ¢y antibodies of the 1-
type, iy antibodies of the 2-type, .. .., ¢, antibodies of the f-type are attached to
antigen sites of the respective types. Then N, Ny, Ng, ...., N, and M values
can be expressed by

Zn mn‘{l_l, /.2, ey Zfz = ./\f:

Lis19, - oo ly

2)

2 (bt ) mn,ﬂ_l’ 1.2: cees l_f‘ + ol = N (k=1,2, ..., f)

lig, dg, ..oy if
and
J
Zomy, flyloy oo L+ 2oy, = M. (3)
il:i2>-~->z.f} k=1
Here, all values up to 7 are allowed for » except zero and the values of /, and
4(k=1,2,....,f) for a given n are restricted as follows

S
n—1= 21,
k=1

!
0= 3 (hti) S fr—ntl, (4)
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Among the /, values, the largest value of any /, cannot exceed (n—1)/2 when n
is an odd number or #/2 when z is an even number. In the sums and products
which follow, these relations express the limits, unless otherwise specified.

When /N antigen molecules and JV, antibody molecules (k=1,2,....,f) are
mixed, the number of molecules and aggregates at that time is identical to N+
2N, After a certain reaction time, the number of free £-type antibody molecules
is m’y, and the number of aggregates, composed of n (r=1) antigen molecules and
n;, (of which /[, are connecting antigens and 7, are merely attached to the aggergates)
antibody molecules of the i-type (n,=0), is m and the distribution of m and m’y,
is not necessarily the most probable one. When the reacted fraction of antigen
sites (the overall extent of the reaction==p) is considered under such conditions, we
have (cf. Egs. 2, 3, 4)

2{%’(2[k—|—ik)}m Z{%‘(lk+ik)+§lk}nz
N - N
Z{Z(Ik—l—ik)m}' +2(n—1)m
N
JN
INe=—2m'y, + Znm—2m
k k
SN
ZNAN—M
A
SN

As f, N and N, are constants, an increase in p corresponds to a decrease in A.
2 k 3

1):

(3)

Therefore, the reaction process can be studied by analyzing the decrease in A.
For this analysis it is assumed in the present theory that m and m’y, represent the
most probable distribution in the system at any moment during the reaction. The
most probable distribution means that, for a certain value of A, the elements of ¥
and N, are distributed into M molecules (one aggregate is also counted as one
molecule) in the way which involves the largest number of ways of forming the
distribution of m and m’y,. Hereafter, m’y, and mﬂ,{ll, lo, ..., L} are defined
iyyizs .. if

to express the most probable distribution for a given value of Ad.

In order to find the most probable distribution, i.e. the set of numbers of m
and m'y, giving the maximal value of P in Eq. 1, one must set the total differential
d (log P) equal to zero for constants N, Ny, Ny, ...., N, and M with the help of
Stirlig’s approximation and Lagrangean undetermined multipliers as Stockmayer
(1943) and Goldberg (1952) did:

log P =log (NIN{!.. . N4+ 2Zmlog W—2(Zm) log n!—2(Zm) log {41!

n on Iy Iy
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J
1! —2logm! — Xlogm'y !,

— X(Zm)logig!t. ...
i i k=1
d (log P) = 2 (log W —logn! —log ;! —log iy .... —logm) dm
— 2 (logm'y,) dm’ = 0,
k=1

under the following conditions,
Ay 2ndm =0,
A2 UA+1) dm + dm’y,}) = 0,
u{2 dm 4 Zk’dm’o)k} = 0.

(k=1,2...,f) (6)

Vanishing the coeflicients of dm ard dm’, we obtain

S
log W—Ilog n!—log {1 !—logiq!. ... —logm-++An+ 2 All+1i) 4+ u=0,(n>x0)
k=1

and
—log m'y, + A+ p =0, (n=0).

Therefore, the most probable distribution becomes,

I/V A f J
— oo Y7 H AL kBT
m= T o) ()
4% / L7
= * . - (o) [T (260 )&l
7 2+,
nte [ILVE 2 (Betie) k=1 (7)
Ll
cw o o i
= R > (e el MY
nle ITLV G« 2 k=1 ’
A==1
and
, 1 C
mhy, = 2 g""(Z{}%) = ——ém Xes ( 8 )

where the substitutions y=¢*, x, = 2¢* and € = ¢* are introduced

As shown n the Appendix (A 20), we obtain

Lt (n—20—1)!

z . fnk s (n—{.—1)!
W, flisle,y ooy L = altn?™ o MLV - 2% o T ; k - s
11,05 e s 1y k=1 k=1 Glat (n—204—1)!
which yields
S ol 1)
R ZJ& — Cnf—? j_[ (72 lk l) . ' Xlnl x2712 xfnfyn. ( 9 )

my, {[.1, 1.2,
1152195 ven s I k=1
The summations of Eqs. 2 and 3 are also shown in the Appendix (A 41, A 43,

A 50, A 56 and A 37) and the results are
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N=2Zn mn,{[l,lz, Lol = CAy,

115825 «ens 1y

2
L= 2|, mn,{zl, oy oo 4y = & xk<yA>

115225 -+e s Zf; 2 A/
[k =2 ih? mn,{[l) [‘21 sy [f] = Cxﬁ; }}A ‘ (10>
il) 7:2: vee s Zr/F ke
No=Lot L+ 8w = g (Ak—1)<Aﬁ:,,j JA> L (A= D)
2 2 .
o A1)
flk—}—)’A b

A = Ay dy - 4.

The extent of the reaction of the respective antigen sites (f;) can be expressed
with A4, as

o= 22mtZim 2Ll L .
i b NoT T -
The overall extent of the reaction can be expressed with p,’s, as
1
221+ 5, x(1- i) )
) = - k+k 3 _ A, _ 2py . (12)
SN J J
From Egs. 5, 10 and 12, we have
1 1 1
M=clayp-1 za-" S Z -l

When the values of N, and M in Egs. 10 and 13 are put into Egs. 11 and 12,

we obtain

/-

L /N
2 A= c/<‘;-”" pN+C) (14)

Egs. 11 and 14 yield

()

and Egs. 10, 11, 12 and 15 yield

oo I
=h (L pywa—m S(i) e

5

(15)

Xy ==
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L drame- L(25)

(5

The probability, that a k-antigen site has reacted with a chain-forming &-type
antibody, can' be calculated in relation with Eqs. 10 and 11,

=pN L —p2n 7

And the overall probability, that an antigen site has reacted with a bridge-forming
antibody, can be represented as

2XL, Zhe2 v, 2a,

“T N s i 1)
The equation corresponding to that of Heidelberger-Kendall can be derived,
-]: . N2 p.2
Abpptd = 2" (Ny—m'y,) = NZp, — = ZEE | (19)
k=1 ’ ¢ N

Only in the region of extreme antibody excess can p be unity, because the
concentrations of respective antibodies may vary, and hence some p, becomes
less than unity even in the antibody excess zone.

The range, in which the critical point can be attained, cannot be obtained at
varied concentrations of the respective antibodies and it can only be shown in
the special antisera as described below, in which the concentrations of respective
antibodies arc approximately identical.

i)  As M is usually larger than unity and A tends to unity at the most ext-
reme condition of the critical point, the following relation is obtained from Eq. 5,

M =N+fN, —fNp =1,

Therefore, we have
1 1 1 1

1 « .
S L S SO S B > . o 1) 5
f * 2 N T F + 5, =0 (curve | in Fig. 1) (20)

As 0 < p < 1, the smallest value allowed for r on the curve 1 is 2—(}{:—13 and the

.
point corresponds to the value of —£f . = f—1.

ii) The fraction of recacted antigen sites must always be smaller than the
ratio of the total antibody sites to the total antigen sites:

p< -1 (curve 2in Fig. 1). 1)
r -
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The smallest value allowed for r on the curve 2 is obtained when p is unity, and
SN 2

N [

iii) As another criterion, the weight average molecular weight of the com-

at the point r becomes unity and

plexes are considered. When this increases infinitely, it means that the system
has already attained a critical condition. For the purpose of the theory, the
numerators of the weight average molecular weights of the antigen or antibody
are considered. The numerator of the weight average molecular weight of the
antigen molecule, (<n2>>), becomes (cf. A.59, A. 60)

cw I +1 la+ig Iy+1
<n?> =2Xn2 - 5 S iy " X9 A x]J zfy"
nle IT 0100 - 2 ,
Rz=]
0 0
= N=Cy=— (Y4). 22
T 75y (Y4) (22)
As shown in the Appendix (A 66),
G YA .4 4—1Y4 ,
9 (yay = , (2=2 i ) .
Ve, Y =9"% < o AR (CA—1) V4
Therefore, Eq. 22 becomes
n2> = %Yé_ o | | 23

The numerator of the weight average molecular weight of the l-type anti-
bodies (<ny12>), becomes (cf. A. 59, A. 60)

cw ny ng ny n Y C
A 2"7\7 X1 X2 e Xy ¥ +1 . 2_ xq
ntl e IT 400 -2
k=1 -

<ny2>=2Xny?

2 ? { C A+ YA} Cxy” 8 YA>

= P — V = P < -———1 B g ] —~—

xlale 1 1 6‘x1 2 (41 ) Al 2 axl <A1+YA ! Al .
(24)

From Eq. A 65, we obtain

0 (d1+YA)? o4, 9 9
oxy AI{A12+(2A1—1)YA}{ = +A1'§A}},

(25)

and the followirg relations have already been obtained in Egs. A 60 and A 66,

04, @ )

v E %% =y 9 — Y
Sy i (YA =y (Y4) — Y4
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v 04, ) < YA > _ YA . A+ YA _v4
oy 04, \ 44 12 412424, —-1)Y4 4, » (26)
Ny YA Ay (A —1)

oy o4, ) =g 5 - A2+ 024,—1)Y4d .

Therefore, the following relations can be obtained when the results of Eq. 26 are
applied to Eq. 24,

éa_,<Al+YA_1 m}’g): (d; 4+ YA)2 {yz o4, 9 <A]
X1 .

&)= AmErean—nva V5 6,
L YA—1 —Y_{{) R A o _.Y_4>}
Al Al Al
. (A1+YA)?2 { Ya = 2(4;—-1)(4,4Y4) +YA+A }
TA {42+ (24 —1) YA} 1 1—=X  A24(24,—1)YA4 4 "L
(27)
When the value is multiplied by wg_ xq = »fg rrrrrrrrrr 4}5‘?{_1-}-;21)7‘ , we have

enzs— CYA | (Ay =124 +YA)2 | C(dy—1)(dy+ YA)(d,2+ V)
1 1= {4224 —1)VA)E T 24 {424 (24, — 1) YA}

Similarly, we have

CYA | (A= D2(AA VA2 | C(Ae—1) (At YA A2+ YA)
=27 {42+ (24,—1)Y4}? 24, {42+ (24,—1) Y4}

(28)

As can be seen in Egs. 23 and 28, the numerators of the weight average

<n2>=

molecular weight concerned cither with antigen molecules or antibody molecules
diverge when the value of 12X vanishes i.e. 2 becomes unity.

When Nj=Ng==....=N, (at identical concentrations of the respective anti-
bodies), i.e. Ady=Adg=.... =4, we obtain
A.—1YA P2
2 — ( 1 K g l,
f 42424, —1)YA4 J [ o
- +p2
which leads to
=< y —ee ,  (curve 3 in Fig. 1). (29)
A A '

The smallest value of » becomes

f—l—»l ’ [ J:\\ffk - fo;wl) }

p=1. This value of » is the smallest value obtainable with these three limitations

, which is given by

. . . T f
and hence, when the amount of antigen added is less than this value L 7777777 .
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< ,fv_(f—l)
=9

rrrrrrrrrr }, the critical condition cannot be attained.
These three curves are shown in Fig. 1.
P

]

-]

L i '

1 f 1

f--1 20 —1)

f—1 f

wol=

Fig. 1. Limits of p in relation to 7.

The intersection of curves 2 and 3 is at r = f —1, [Cj\\ff’“ =5 (]{—1) } and

this point expresses the largest amount of antigen, which gives a precipitate with

a constant amount of antibody. Therefore, antigen-antibody precipitates are given
1 S SN S =D }

= = o< . Th

=71 [2(f~—-1) =y =773 ¢

. . . N, . .
intersection of curves 1 and 2 is 7'=—J-(- SNy =1 |. Therefore, the range, in which
2 £l D

in the range of f —1 = r

2 N
the critical condition can be attained, can be divided into three ranges: zjiw—) <
, S [f(f*l) SNy } J i [ SNy
< > >F1|, ot <r<Jd | fa1x L0
T =gy I = 7o e s s al Attty
>1 Jo<r< _1[12ka_>_ S }
= }’and g =r=/-bil2 TN 295,
1 f : . —
In th ge of <rFr < — X th th t t
n the range o 7ol = r < 31 ° p increases wi e reaction time

and attains curve 3 and still continues to increase. When p reaches curve 3,
some precipitate appears, because the weight average molecular weight becomes
infinite. However, the number average molecular weight of antigen (<n>>) does
not tend to infinity,

2am N N 1

<n> =S = o = =
Zm M N+ fN— fNp T 1 N (30
f ( 7T 2r p)

If p could increase up to L + -il—, <n> would tend to infinity. However, p
;

S
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1
cannot reach —— -+

1
7 o

unity. Therefore, not all the antigen-antibody complexes grow to giant complexes

in this range, even when p attains the maximum value

of sufficient size to be precipitated, and only a fraction of the complexes can be
precipitated as giant complexes.
In the range of S =r < f

RS

p can reach curve 1. When p reaches-

p cannot attain the value unity, but

4+ +——, M becomes unity. This

means all the antigen and antibody molecules are incorporated into a single giant
complex, and both <»z> and < 72> become infinite.

S

In the range of 5 < r £ f— 1, p cannot rcach curve 1, because it reaches

curve 2 before it can reach curve 1 and it cannot exceed curve 2. Therefore, not
all the antigen-antibody complexes can grow up to a single precipitable giant
complex.

In the range of f—1<(#, p cannot reach curve 3, because it reaches curve 2
and cannot exceed it. Therefore, no precipitates can be given.

In the range of r< -, p cannot reach any of the three curves, although

it can attain the value unity. Therefore, no precipitates can be formed.

The most abundaat complex in the most probable distribution is next con-
sidered. As the concentrations of the respective types of antibodies are identical,
the following relations are casily found from Eq. 9 when

Ay =4y =.... =4d,and ¥y =xg = .... =x, = x,
S 72*2[“ RS P o
My (l1s Loy oy b = c2 PARNE "y
{il: i2> [ER) if " ok=1 ik
where X n, = 2(l,+1,) and Q =n’"t. [T (31)
When n, [, (k=1,2...., f) are fixed,
cO Zh n n—2{, 11—2[1 i n—21, 72*-—2[2 ‘s
Digm=—"x "y « X i1 x - X
i n iy =0 it 12=0 iy
72—-21]‘ 71‘—2[] .
X X = L (n—2{1) x* (1 fa)rI=2+t y (32)
if_—_O ij n
Therefore, we have
;, . CQ nf=2n+1, n.n
2 (Zim) =T — (fn—2n4-2) (14-x)/2nsiynyn (33)

k=11

As [, is still fixed, we obatin on the other hand,
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v S Zl, nf —221,
2 (hm) = (24)(Zm) = =) Gy T
k=1\{ k=1 1 n

== (72._1) _C;% xn—lyn(l—l-x)nf—ZIHZ . (34)

The sum of Eq. 33 and Eq. 34 is the number of antibodies contained in complexes
which are composed of fixed numbers of n, 1 ,lg, ..., To find the total
number of antibodies in the complexes containing » antigen molecules, one must
obtain the sum of the over all sets of [, satisfying 2/, =n — | in Eqgs. 33 and 34.

For this purpose, 2 {2 must be obtained.
1

Origin

.
i
i
1
{
i
;
:'
|
i
r

B e

'
1
!
!
!
1
|
I
|
t

q

OV —
TV e

Fig. 2. Schematic presentation of the way to find wy

The 2Q is identical with w, which is the number of ways to construct trees

14
with 7 identical balls containing f holes all of different shapes and with type-

differentiated rods, of which the numbers are not indicated,

(f) ((f——UP) ((f—l)Q)
w,= 2 | I ] (35)
J B p q )

This can be solved in a similar way as shown in other cases in Appendix 1, 2 and 3,

r

and the result is

_ J(fn—n)!
20 = (fn—2n4+2)I(n—1)1 ° (36)

Thus, Eqgs. 33 and 34 yield

I
, —. \f(v'ltll—-ﬂ)! 7 fr—-2n+1 . n
)f {k£1< ‘?ka>}~c (fn—2ng2)int " (42 7 47
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I
— f(ﬁl—?l)! n-1 =242, 0
z {k£1< Ziom >}_c- A e e g (38)

The sum of Eqs. 37 and 38 yields the total number of antibodies in complexes con-

& taining 7 antigen molecules (Zn,),

1
Snec. S Un—m) 1 b x)oo-2041 g f 0y _
1, (fr—2nn) ini K14 x) I (fn—n+x4+n—1}.  (39)
On the other hand, the total number of complexes containing » antigen molecules
)mﬂ,J is
'Q -1 .0 —IN+2
mllzz(zm)zzc ,,,,,,,,,,,,,,, X y<1+x)7"~ 2
! ;oo '

i

=C Ay T (40)

The mean antibody content in m, is

2y —2n42
<ng> :m”k = fn—n+1 ~J:’L1_+E;Em‘ (41)
In this case, Eq. 16 can be written as (xy=xgp=....=x,=x)
—_p27)
X == ﬂ)tp—‘b— s (])f—’j)l:/)g-—_— ...... pr) (42)
Eq. 42 is introduced into Eq. 41,
o on—=14(fn—2n42)p— (nf —n41)p2r
<nk> - ; 1 _])2]_ . (43)

In the zone of extreme antigen excess ( f—1<r), the upper limit allowed for

p is-—-— as shown in Fig. 1. Introducing this value into Eq. 43, we obtain
,
<ng> = n—1. (44)
This means that all the antibodies which reacted are playing roles in connecting
antigen molecules when f — 1<r.

1

In the zone of antibody excess <r<~fm_.i> where no precipitates can be
expected, p can increase to unity. Putting p=1 into Eq. 43, we have
<> = fun—n-+1, (45)

This means that all the antigen sites are attached to antibodies (‘‘saturated com-
plex’”). To find the most abundant complex with regard to n, the following equa-
tions are made. Eq. 40 can be rewritten as
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= \f(ﬁl"“/l) ' . An—1 . NIn—2n+2
" (fn—2n+2)1nl N(p2r) (1 —p2n)? > (46)
where x = 2~ P , y = (I=p)7 Cand C= N —pr)(1—¢)
1—p 1_1" pr

m, is a monotonously decreasing function with regard to n, which will be proved
as follows. For this purpose, the following ratio is considered (cf. Eq. 18),

Myer (fot f—n—1) (fn—2n42)! p2r(1—p2r)-

m, (ﬁl—'—f—*—Qﬂ) (fﬂ—?l) (1Z+1)

n(f—=)+f—=1  a(f=D+f-—2 . n(f—1)42
W= el =1 (=243

x MZDEL =gy, (@ =p). (47)

a(f—D—+k—1 ,, a(f—1)+1 ..
As (=) 1k (k=3,4, ..., f) and . are all positive and

monotonously increase with regard to n, their products also increase monotonously
with regard to #, and, in addition, the following relation is obained,

o nmD RSl (DA f=2 | a(f=D42  a(f D)4
noee  N(f—2)+f n(f—2)+ f—1 n(f—2)43 n-+1

=0 ,

= . 4’8

g o)

The function a{l —a)’~?shows its maximum at « :71

. . . {f—2)7* | , . .

its maximum value is Foqye From these reasons, over all the range of 7,
axr < 1. (49)

m

£

This result is further analyzed in relation to p.  When 7, fand n are fixed and
the fate of m, in relation to p is considered (Eq. 46),

dmn — (f?l—?l) ‘f:]v . -1 =3 (1 __pp2\nr—2n+1
B = (fammtayiar AT
X (=1 —(nf —n+1)1p2}. (50)

The value of p giving a maximal value for m, becomes

Pmax = \/ 7’("‘7‘1”?—1 """""" . (51)

When 7 =1, pma = 0 and the maximum value of my becomes N. This means
my decreases with increasing values of p, as shown in Fig. 3. Curve my is upwardly
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0.05 N}

m,

=== p

1 1 3 | 1!
Afr 21 Y rRi—1 &2 thzf—Q/ k\/r\f”“

\/ 2 ‘/ 3 9
ri3f—2) r(4f—3; ¥V r{10f—9}

Fig. 3. Fate of My in relation to p

convex at the very beginning of the reaction, and then becomes upwardly concave,

1
When 7=2, pax :Tﬂ;
Jr(2f —1).

and the inflexion point is located at p =

TAN2f 1)

Curve mg increases at the beginning of reaction until p reaches —

yr

ing phase. In addition, curve mg is always within my and so on. When a large
enough complex to be precipitated 1s formed, 7 can be assumed to be infinite

1

and ppa.e becomes \/ It was already shown that if p reaches /(f , I) ,
LW

<n2> and <n,2>> become infinite, i.c. the system attains the critical condition,

. . . m, .
and that only at this point docs lim —"* reach unity.

7—rco my,

1

In the range of r>f—1, p cannot reach - === Dhecause the increase

v 1)

of p is limited by p g___}'_n (Eq. 21). It can be stated under such conditions that

no free antibody site remains and thus the reaction cannot proceed further. This

statement was already proved in Eq. 44, but it can be confirmed as follows. When

the reacted fraction (p’) of the total anibody sites is considered,
reacted antibody sites (r.a.s.) r.a.s. SN

/) mmm 5 5 ‘A/'k ,,,,,,, ; == f‘]\f" 5y j\/'k

= pr. (52)
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As in this range p can grow to , p' becomes unity. This means that no free

antibody site remains and that all the antibody molecules are playing a role in
connecting antigen molecules, as shown in Eq. 44. For this reason the my com-
plex in this range consists of nothing but free antigen.

1
In the range of —f—_l—l— <r<f—1, p reaches m':‘:l—T and some pre-
cipitate appears. As described in Eq. 30, p can grow further. However it cannot

be stated that the principle of the most probable distribution is still held for values

1
of p larger than yﬁ For such values of p, only Eq. 5 is still available, be-
r(f—

cause Eq. 5 holds for other types of distribution besides the most probable one.

Therefore it can be expected that, in the range of §UI-TT§ 7 g%, M becomes
unity (i.e. the number average molecular weight also becomes infinite as shown in
Eq. 30). This means that no smaller complexes are present when p has increased

up to J——}-ml— and no free antigen nor antibody  molecules are left.

¥ 2r
S 1 1
In the range of g <7 =< (f—1), p can still increase up to — beyond

L
(=

distribution cannot be applied any longer. However, it can be stated that p is less

Here, the results obtained under the concept of the most probable

. . . . 1
than unity, because even at the end of the reaction p remains at —, where p’ (Eq.
;

52) becomes unity. This means that all the antibody sites are located inbetween
two antigen molecules and that some antigen sites are not attached by antibodies.
In addition, as described in Eq. 30, the number average molecular weight of com-
plexes remains at a.finite value in this range of r.  For these reasons, it can be
expected that some smaller complexes containing free antigen sites, which are not
large enough to be precipitated, remain in the supernatant together with free
antigen (my) and that these complexes and the free antigen can be precipitated by
further addition of an appropriate amount of antibody.

1 . .
In the range ——j-—< r < , p can also increase up to unity beyond

f
=730

—===e=— and, as shown in Eq. 30, the number average molecular weight of

complexes remains at a finite value. For these reasons, it can be expected that
some non-precipitable complexes remain in the supernatant together with free
antibodies and all the antigen sites of the complexes are attached by antibodies
(“saturated complex’). The saturated complexes and free antibodies can react
with newly added antigen to give precipitates, when an appropriate amount of
antigen is added to the supernatant for the test of excess antibodies.
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In the range of 7'<——-1-~1- , it has already been shown in Eq. 45 that all the

J

antigen sites are saturated with antibodies and no precipitates are formed.
In this range, the ratio of the amount of my saturated complex in Welo'ht(Wg)

to that of my saturated complex (W), is considered,
W — 2g+(2f—1)b . _f_ r(1—r)7? = {1 _ ~———~~—1-—*—}ﬂ‘(1 —r)7-2,
Wy g+fb 2 2<£+f >
b

(53)
where g=molecular weight of antigen, b=molecular weight of antibody and
p=1. In Eq. 53, we obtain '

0<{1_ !

W——'} < 19
2(£-+f)

and fr(1 —7)7"% is evaluated at its maximal value, which is given by setting 7 ==
1 .
=1
N (= R
f_l f—l - f——l f_l - a2 Z s

where f—1 =az2, and Eq. 54 is less than unity. Therefore, we obtain 0 <

—W&< I, when f=3. Asusual it is assumed that antigens are more than trivalent
1

and it can be expected that by weight the most abundant saturated complex is my.

DISCUSSION

The experimental data in the literature on antigen-antibody systems must
first be examined with regard to the theory presented here. As this theory clearly

1000F I S o T
- Free antitoxin in vitro Free toxin in / vitro

Total’ ppt.d. protein N mg

. in the supernatant
in the precipitate

a
b:i

500

Free antitoxin in the supernatant

S:
D.R.M./2.105

'
!
1
1
1
1
1
1
!
i
|
|
!
!
!
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Toxin cdded L; (400 Lf:1 1.25 mp Moty

Fig. 4. Flocculation of diphtheria toxin with horse antitoxic serum No. 906. (Cited from E. H.
Relyveld: Toxine et antitoxine diphtheriques p. 96, Fig. 30}
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predicts the presence of a “prezone’”” when the respective concentrations of site-
specific antibodies are approximately identical and when the valency of the antigen
js not so large, such a case can be considered to correspond to the flocculation type
of precipitin reaction. Among the experimental results on flocculation reactions
of the diphtheria toxin-antitoxin system already reported by Relyveld (1939), a
few very interesting results were included (curve 14 of Fig. 27 on page 91 and Fig.
30 on page 96). The latter example is cited in this paper (Fig. 4), in which 18.4
mu Mol of antibody are added to tubes containing varying amounts of a purified
diphtheria toxin preparation (3000 Lf per mg N). The ranges of equivalence,
prezone and antibody excess giving some precipitate are calculated from this result

Table 1. Comparison of Dato in Fig. 4 with This Theory

Values at points in Fig. 4
A B : C
N/fNs 2/flf—1) ViF—1) ! 1
(N/fN) s 0.17 0.33 1
Toxin added in 3.24 6.64 18.72
mp Mol (N}
N/18.4 0.17 0.36 1.02

‘and compared with those of the present theory, as showr in Table 1. When fis
assumed to be 4, the experimental results are quite consistent with the present
theory. Although a valency of 4 of diphtheria toxin is too small when compared
with the value of 7 obtained by ultracentrifugal studies by Pappenheimer, Lund-
gren and Williams (1940), the discrepancy must be solved by further experiments.

It is well known that the Heidelberger-Kendall equation cannot directly be
applied to antigen-antibody systems in the range of the prezone. In such a system
the equation must be modified by subtracting the amount of antibody contained
in non-precipitable saturated complexes. For this modification, Eq. 39 must be
summed over 7 from unity to a finite value n, which means the m, complex is solu-
ble and the m,,, complex is precipitable. However, such a summation is impos-
sible despite the fact that Eq. 39 can be summed over n from unity to infinity as
Stockmayer did. ) '

Although the most probable distribution is obtained in the general case of
varying concentrations of respective site-specific antibodies, the critical range has
not yet been clarified. When this range is clarified, the difference between the
precipitin reaction of usual rabbit antisera and that of usual horse antisera will
be demonstrated.
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Appendix
1. Evaluation of W, fl1,ls, ..., In
Vtsday ooy 7l
There are n(nzz1) balls distinguishable [rom cach other, which contain f(¥2>2) holes also distin-
7
guishable from each other in shape (1-,2-, .. .., f~type), and X ({;-+7;) Tods, the two ends of which
k=1

are differentiated into f kinds of shapes. The rods, which can be fitted into i-type holes, are named

k-type rods, and both ends have the same shape, and there are /; rods of 1-type, ly of 2-type,. ...,

J
and Iy of f-type (3 l; =n—1) as the bridge-forming antibodies and, in addition, 7; rods of 1-type,
k=1

9 of 2-type, ... ., and ¢y of f~type as the non-bridge-forming antibodies. Each of the [;-7; rods
(k=1, 2, ...., f) is also distinguishable from other rods of the same type.
To determine Wn,{l.l, loy ovuny [LJ-}, the number of ways to form trees consisting of z balls and
L1529y oo v 5 27
Ly rods (k=1,2, ....,f) will first be determined (Wn,l;,l5,....,ly) and then the number of
ways to insert #y, vods (k=1,2,....,f) into the empty holes in the k-type (k=1,2, ...., 1) will be
considered (Rn, iy,iy,....,ir) because the latter procedure does not interfere with the former pro-

cedure. Therefore, we have

W dlislas <o syl = Waoly, Lo, ooy ly X Rnydy,ds, o onn iy Al
L P S |
Wn, L1, 15, ...., [y can be obtained in the following way. To construct a tree with 2 balls and
n — 1 rods, two balls are connected with one rod and no cyclic structure is formed in any part of the
tree. First pick up a ball (this ball is distinct and called the ““origin’) regarding other n — 1 balls
indistinguishable, and find out the number of ways (wn, [, ls, ...., ly) to construct trees. Then,

when n—1 balls are distinbuishable, we obtain

Wn, Iy, oy ooy by = (n—1)! on, [y, .. .. s ly. (A 2)

To the “origin” ball are given p; rods of 1-type, ps rods of 2-type, and py rods of 3-type, ...., and
these are used to connect the balls of the “first gencration (Fy).” TFor the “sccond gencration (Fy),”
g1 rods of 1-type, g of 2-type and g3 of 3-type, ...., are inserted into the balls of the “first genera-

i Fo t

| L

{ 1 I

1-type p1 q1 £
2-type Pz qz re
3-type p3 q3 3

¢ t t
\ 1 | !
1 | 1 t
§ t 1 §

Fig. 5. Schematic presentotion of the woy to find wn, Iy, /s, ..., Iy
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tion.” For the “third gencration,” 71 rods of l-type, r3 of 2-type and rg of 3-type, .... , are insert-
and so on (Fig. 5). The number of trees thus formed

H

ed into the balls of the “second generation,’

T o Rl i

( 2a—q1 ) ( 2—q2 ) ( >ar—4s )
or Ent R Y R Y e IO A (A 3)

71 Ty rs

becomes

The reason is as follows. As the “origin’” ball contains one hole of each type, the number of ways to
1

insert p; rods into one l-type hole is ( ) and similar values are expected for the other types. The

J21

second generation balls ( 5 p) are uniquely connected with these Zp; rods. The number of empty
holes of l-type on the second generation balls is 2pr—p; and ¢, rods of l-type can select g¢;
from 3pi—p; holes and so on. Thus, we have

( 1 )( 1 )( 1 ) ( 2be—b1 )( 2bs—be ) 2bu—bs
wn,ll,lg,....,l]‘ﬁz ...... ( ) ......
IZWAVIVWAVE 71 g q3

2511 2842 [ 2943
. ( ) ( ) ( ) ...... , N

7 ro T3
where the summations of {fg, @, 75> - - - (k=1,2, .. .., f)} extend over all positive integers includ-
ing zero which satisfy the following relations;
et gptrgt oo = lk: (k: 1, 2: e >f)
T
Sl =n—1. (A 5)
¥=1
In order to find an expression for wn, {1, [3, ...., {y, we indroduce the generating function,
b e Iy
L= Dwm by las oo lpexy xo oo Xr (A 6)

where the summations over [y, ls, . ..., [y extend from zero to infinity. Z is rewritten as,

N R s o

by qiri o patgetrato. prgrrraa.
X X3 X2 eeenas Xy . (A7)

The summation can be performed easily for p, po, «v., q1:g2, +- -+ > 71572, . - . , separately. For
example the following simplified function for f=3 is considered,

=5 ( ! )( ! )( ! )(P2+l)s)(/)Hrps)(111+Pz)(42+73)(71+73) /q1+qg)
YIWAVENRVL: 71 92 g3 1 re ( 3

b1+qi+r1 patqgatra py-gatry ;
- o o _ (A 8)
The sum over ry 1s
29—\ Zg—q; 9243
> s= Q)= () ,
1 Ty
and hence
q1+43 . q1+qe
X =(1+xs) s Z = (14x3)
To ra
The sum over ¢; becomes
_{2p—h 74 ¢: q1 petis
2, w0 (Ldag) (Idwg) = {ldx(14-x2)(1-+x3)} )
71 q1
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and in the same way

Patp p1-tpe
> ={l+xa(14xg)(14x1)} s 2= {1 Fxg (L) (14-22))
q2 q3

The sum over p; becomes
-

1 b h P
> xp Aldbxg(Thxg) (I4x)} {I+ag(lx)(14x0))
b1\ by

= I+ag {Ixo (Twg) (Lag)} {1425 (1420) (1+x2)}
>, > can be obtained in the same way.
bz 3
Thus < can be written as follows,
2 = Cldexy {1bxale e N1 xg (o)) oenn {1bar(e 1)
% Tl xaflbxy (oo Nl Exg(e e )} oenn {lbxr(e o )P
% Clarxg{ltsg (on D1 xa (e ) oen {1mar(e D)) (A 9)
Cleap{ 1oy (e ke (o)) oo (I (o)

Now, the following substitutions are made,

X

L = dyA'ad'g. ... Ay = A7 and
Ay = ldxdgd'y. .. Ay,
Ay = Lo dly. .. Ay, s (e=1) (410)

A'f = 14,—Xf{1'1/1’2. .- .A']‘w]‘

As wn, I, ls, ...., 5 is the cocflicient of the term, xlll xgl?‘ e .xflfy"“, we have,

1

wn, 1, Loy oo, ly= 5 : > dxydxy. . . . dxy. (A1)
1> 52 > T 2yt f xll‘ +1 xzzg-rl mxj_lf—:—l 12
The integral variables xi(k=1, 2, ....,f) are transformed to A'y(k=1,2, ...., f),
Ay R
,,,,,,,, e . ( J:/{)
. = Ap(d'p—1) and dxy, A
e AT ‘ oAy T
— A (A—1) (i
MR LRk (Al2)
A'A ki
0xy axq oxy x4
D = dyydxs. ... dxy = AT TRATy TeAry Y dA’(dA’ o, .. . dA'y
7(’1‘.’(‘2 Uv (’7\:(_‘ ..... Jxo
ad”]  9d’,  adry T 0d'y
,,,,, gxg _Ox3 0¥y Oxy
04’y 0A’ 9Ad” 5 oA’y
axy  dxy Gy Caxy
0d’ | gd’ 0Ad”g 04’y

279
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47 —A47,(47;, 1) -4 =0
== G A’A’g A’A’g dA’ldA’Q ,..dA’J.
A (A1) Ae AT (A7 1)
A, a7 Ao,
—A75(d’5—1) —A7a(d753—1) A7y
4747, A4, Y
I At V: VSt VR R 1 I VN Ly L M ¢ T A%—1
- £ 1 | A7 Ay dd {a,c_ @iy =1+ <'T—7‘Z>}'
F=1 a1
‘ 1 as 1
| U N (A13)
With the useful identity:
146, 1 .. 1 | X X
1 bJ(1+ b] E bg +T‘l;]") E]
L (Al4)
H

we have from Eq. A 13,

£ S 924’ 1 f /
i . A L 1—ay,
= (A7) 1—A4,) - et (1 k ©dA e dA' s
D = (4%) kgl( ) kijl( v ) <1'k£1 Y )dAldA_ dA’
S 24" —1 £ .
= II <~-;1‘:,- 7777777 ) . (1- 2 ) dA'ydA's-dA'y. (A15)

From Eq. A 15 and A 11 we can obtain,

W = -

1 A’ 24';—1 Ap—1
(272)7 f Ij] {_"/‘l’i(ﬂ'hwl) il . k:1< ./AI/)b > . <1~ > *274,2_71) .
A’ f

k=1
dAd’1dA’ 5---dA'y. (A16)
Further, by the substitution, By = 4", —1(k=1, 2, ...., f), Eq. A 16 becomes

_ 1 f S (Bk‘_!_l)n——l/.;—"l (2Br+1) e s <@L 7777777
(2720)7 F=1 Bklk{—l

dBdBy - dB;

_ 156 fo@ery oy L ey ey By 1)
(ZﬂZ)J k=1 Bklk+1 ]__:

dB,dBy - dBy

- {7 1 ﬁ(BA.,H)n_zk-l 2Byt 1) 4p | — é [( 1 55,,(@1,%,1,)1‘,:{{;1. dB,
b1 251 Bkl}\~,+1 ]:1 21 lej
g —1
« Bl gt bl Bl g )l
2711 Bt ] |

k
k
f n—lp—1 e l—1 f n—1I;—1 f n—l—1 n—lp—1
g A S Gy P R W |
k=1 l—1 I j= I;—1 k=1 lp—1 I
v}
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B T o U P A ]

b1 (=201 = bl Wl (n—20)T
)

k=1 &ln—=20)1"

As cach of the /i rods, cach end of a rod, and cach of n—1 balls are respectively distinguishable from
others,

= of1 *111 (n—l—1)1 (A17)

=, =3 IJ} (b= D! 5 Tl

Whnyli,lay ooy ly= (n—1)1w-ITl1.2 = nlr (A18)
Rn, iy, £3, .. .., 2y is obtained in the following way. The remaing 7; rods must be inserted

into £-type holes without forming new bridges between any pair of balls.  The number of empty

k-type holes is n—2[;.  As cach of the 4 rods and each end of a rod is distinguishable, the number

of ways to distribute 7y, rods in (n—2/;) holes is

[ [n=2l . Py
Rll, il: 1‘2,-.‘.,77]‘2 I ”;!'2 L (Al9)
k=1\ iy
Therefore, we obtain by Eqs. A 18 and A 19.
- f I A Zny,
W flis by oo L= ntnf =2 g O bem D 0™
Vi, gy onesir k=1 (n—2l—iy)!
9 f . / (n—L— 1)1 Zn,
S LA/ SRR NI 1 (b= DY g2 A20
P A M e Y (420
When f is 3, 14/72,{11, ls, 13} can be cvaluated in a similar manner as Stockmayer (1943) and
115 19, 13
Goldberg (1952). W, fl1; e, 13} is defined as the number of ways in which 7 3-functional units
215 12, 13

(called Sy-units), {41y, lo+is, and l34-73 bifunctional units (S, -,Sye-and S,3-units) can be formed
into a single n, Iy, 71, L9, is, I3, i3-aggregate containing no cyclie structures. All the units and all the
functional sites thereon are distinguishable.  The three sites on Sy-units have different shapes (1-, 2-
3-types).Both sites on S,; can be fitted only into 1-type holes and those of S, into 2-type holes and
those of Sy3 into 3-type holes of S,-units.  Sy-units are represented by mechanical frames contain-
ing 3 holes of different shapes. A pair of holes of the same type beloging to different frames are
connected together by a bolt of the same type. Bolts arc also required to fill all the other holes.
However they do not connect different frames. The n frames are connected together by {;,ls and
{3 bolts and the remaining empty holes of the k-type are fitted with 7', bolts (k=1,2,3). Here, the
following relations are given
Li+la+13 = n—1,

ne—2yy = i'y, (A21)
. (k=1,2,3).

The number of ways to bolt all the frames together into an n-aggregate, containing no cyclic
structures, is W,. To form an n-aggregate n—1 (=1; +Iy-+13) bolts are used. The empty holes of
the resulting structure are filled with ¢’y ,i’s and '3 bolts and this procedure does not change the num-
ber of ways of forming the n-aggregate. After the structure has been made, /;, bolts are replaced by [,
Sag-units and i’y bolts are also replaced by i Spp-units (k==1,2,3). The number of ways to carry out
the latter procedure is defind as R,. Therefore

I’Vn,ﬂ}: l“b 13} = Wy X Ry. (A22)
115 12, 13
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Wh is determined as follows. Any one of the bolted arrangements can be dissociated into each
» separate frames in such a way that each bolt removed is left in one of a pair of frames and each
frame contains two holes occupied by bolts and one empty hole. There will be one free bolt left over.
Now the type of the most abundant bolts used to connect frames is provided as 3-type (Ig=l1,l2) and
one of the 3-type bolts is chosen as the free bolt and is removed first from the structure. As the number
of 3-type bolts on the structure is n—3, the number of ways of choosing the free bolt from the 3-type
bolts is also n—Iz. If the free bolt is chosen, it uniquely determines the empty holes in each of the n
frames. When P is the number of possible dissociated arrangements and Q is the number of ways
of bolting each dissociated arrangement together, the number of different bolted arrangements is

Wn = f;% . ‘ (A23)
P is the number of ways of leaving one empty hole on each plate. The number of newly made empty
1-type holes is Iy, that of 2-type holes is /5 and that of 3-type holes is /3. The total number of empty
3-type holes is I3 1, because one empty hole of the 3-type has already been made by removing the
free bolt of the 3-type. Therefore, we obtain

[ n n—1Iy l
P = == L— . 24
(11 ( s EAN(FE)) (A2)

0 is determined as follows. As i’ bolts are also bifunctional units as /j and can be inserted into
the k-type holes, all £-type bolts (k=1, 2, 3) can serve to form the n-aggregate. The [, frames, cach
containing one empty l-type hole, are named group 1 and !y frames, having empty 2-type holcs,
group 2 and /5 -+ | frames, having empty 3-type holes, group 3. At first, {; empty 1-type holes are filled
by inserting 1-type bolts contained in the frames of groups 2 and 3. From group 2 rbolts of 1-type and
{; — r bolts from group 3 are used to connect the frames. Thus the number of ways to take 7 from
ls and {; —7 from [3-1 and to insert these 1-type bolts into empty holes is,

12 13 =+ 1
Q, = ( ) ( l ) Ly, (0Zr=l, 0=l —r<ly+ 1), (A25)
r 1=
Now, there are r given structures, each of which is composed of two frames connected by 1-type
bolt and containing one empty 2-type hole (named the 2-1 group), and /; —7 structures, each of which
is composed of two frames connected by l-type bolt and containing one empty 3-type hole (named
the 3-1 group). In addition to these, there remain /, —r unconnected frames containing empty 2-type
holes (named the 2-2 group) and I3+ 1~{; +7 unconnected frames with empty 3-type holes (named
the 3-2 group). First, ways to fill » empty 2-type holes of the 2-1 group arc considercd. Each
structure contains one empty hole. To the first selected 2-type hole of a structure of the 2-1
group one 2-type bolt must be inserted. Such a 2-type bolt can be selected from 7—1 bolts of the
2-1 group, 2([, —7) bolts of the 3-1 group, and (/3+1—1I; +7) bolts of the 3-2 group. Therefore, the
number of ways to select such a bolt is {; -+I3. This procedure is repeated 7 times. Thus, the number
of ways to fill the 2-type holes of the 2-1 group is I+l Pr (when 7 is zero, there is still only one way,

in which there is nothing to do). Next, the ways to fill I5 — 7 empty 2-type holes are considered.
At present, {;-+l3-+1— 7 bolts of the 2-type are available. The number of ways can be expressed
as P Therefore, the total number of ways to fill {s empty holes, Q, can be

1-{—[3'—%1—7 1-2-—7"

calculated,
= - (1—1s)! ]y
Q. 11+13Pr><11 +l3 ~:—1—rP12~r T AT (lrlg+1=0). (A26)

Then, the empty 3-type holes are filled. Though the number of 3-type bolts in cach of the
structures formed cannot be determined, it is obvious that the number of structures formed is /3-+1
and that each structure contains one empty 3-type hole and that there remains one free bolt of the 3-
type. As thenumber of 3-type boltsin the system (including the free bolt) is I, +la+ 1, [ washers are
distributed to [; +15-+1 of the 3-type bolts. In this process, a washer may or may not be given to the
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frec bolt. The number of ways to distribute the washers and «to +fit another structure through the
cmpty 3-type hole is,

— .
Qs = Iy ~:~12+1P13 ’7(111 (A27)
Therefore, Q can be obtained as follows,
- o LU LU D I (L + 1)
Q=@ 2 Qe = G T 4 ot =Ly
(g +lg+1~1)
X =G G =G T (A28)
From Eqs. A 23, A 24 and A 28 we obtain,
_ P-Q _ alla—ly—D(n—lg—1)!
Wn = LA :
" w1l (=205 1 (n—315)1
% z (li+lg+1—1) . (A29)

= P (P Y (e T vy gy pips ¥

Ry, is the product of the number of ways (o replace the [ bolts by /;, Sy-units with the number of ways

3
ini . . . 2 (1)
to replace the remaining n—2[; bolts by iy, of Sp-units and with 2 *=1 s
3
2 (lp+i) 3
=9 k= . !
R, —2 k=1 k]:]rlh. (n—?lkpil,)
3
X (lA:“Z‘ik:) 3 [
9 k=1 CJT E“ZA:)JI‘:- i
K| (—2lp—7p)! (830)
From Eqgs. A 29 and A 30, we have,
3
3 47
W flidods] — o i) My Mty 1) Ya— Ly — 1)
’{il,i;,ig} (n—=2l1 —11)(n—2ls—is)(n—2{3—13)!
91 Uy +lg+1—7)
% | WL T G+ T 7)) b (A31)
Here, the following summation must be performed,
= (n—201)! (L +lg+1—1)
§= 2“)'2, AU =+ 1T 7)1
— (n=20))! ol . (Uz+1)! e fet ]y
- Ll D! 72 ity —n! U=+ 1= —n)}] Uitly+1-1)
v s Ig-4-1
_ 20! 2[5 Uty
. . —lg+1— A32
e I I | W ) .
{ I3+1
LU L 5 0N e 3 o Uy lg -
LW+ 1)1 ’ i R | AR 1+l )]

In oder to find U, the {ollowing functions are considered,

12 12 \ r
A= (14x) =Z( ) X,
r

B=x (1+x) =y

H

13 lg"f‘l 13—%“1 .Y'é‘lg"‘r‘l
) .

5
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dB 13 13 13+1 S“.“ls
B=op=Ur )y (14 (1429 =2 x (sl D)

$
13 13+1 $
= x {z( )x (5—:—131‘—-1)}.
k)

‘When s = [; — r, B’ becomes
) I3 Ig+1 Ii—71
(B)s-_-ll—r - X {2(11_7) x c (Ltlg+l-r) }
‘We obtain from 4 and B,

Iy ly+1y
AXB = (Ig+D)x (1+x) (142x)

Iy Ly \[lg+1\ s+7
) )
r s r S

Now we consider the term xl1 +ls of A x B’ setting s = [; —r, which can be expressed as

[ +1\ ly—r+r Iy
Bty =] ( [ R
r l—r
+1 L+l
= ) (U +lg+1—1) ¢ x (A33)
1—1’
li+ls

A% B’ can be rewritten as,

13{ 12+13}
AxB=x | s+ 1) (142 (1+3)

13 lg—%lg ¢
=x ({4 1) (I1+2x) > x . (A34)
{ t
U of Eq. A 33 corresponds to the coeflicient of the term \11 Hlg of Eq. A 34,
1o+ lo-+1 . .
U= e+ = 7 42| 77 | el 1) (A35)
11 11_'1 11 '(ﬂ‘?l])!
S of Eq. A 32 can be calculated from this result,
§ = ple—b=D
Y
Therefore, we obtain,
3 3 5
Wn,{ll, loylgl = nln . IT )iyl - 11 . Goobe=Dt Ehic (A36)
11, ls, lg F=1 =1 e bie!(n—20—1ig)! ’

and the validity of the solution in the general case of Wy, [ i1, ls, ..., lf} is proved in the case of

11, i2, eeny if
J=3.

2. Summations

(1) Znmafls b I = N
1502y «ou s iy

In this summation, the following figure (Fig. 6) is considered, where {;; and i, rods are included
to consider the number of ways to form trees, and the ways to connect the first(F;) and second genera-
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tion (F3) balls are not uniquely determined. Therefore, we obtain

Origin

| i i Fz
| l | t : :
| I 1 1 1 i
[ f 1 ' { '
Tsype pr p1’ Qi ar’ rp o
2-type P2 P2 Qs qs’  ra a2’
3-type P3 P3’ qy q3” 3 ry’
1 1
{
|
I

: i
! |
f i

Fig. 6. Schematic presentation of the way to find g, {11, loguens lf}
11y 225 0eey lf

1y/1 Pi\[ b2 2Pe=P1\ [ Zpk—pe
(I)n,{{l,{g,...,%_ﬂ :Z N I 1 N R N I (N O
i1y 2y ooy i7f b1l \pe P\ pe 91 92

q1 g2 )
( )( ), (A37)
F1/\ g2

and the following relations hold in the summation,
g+ = I

(rtaute ) = Wibget o) = i
I
Zl([)'x:'f“(]'k"‘r .......... ) = n—1. (A38)
P

Here, the following function is considered,

I+ la-+is ly+iy n—1
P an,{ll,lz;...,l]‘} Xy Xo P v 5
L.l, ig,...,if (:\39)

where the summations over #, Iy, ls, ...., lr, 41,49, ...., 1y cxtend {rom zero to infinity with

I
the relation, > [l = n—1. F is rewritten as,
k=1

F—${<~( 1)( 1) [11)(112) (2}'}0—*1)’1)(27!1'L:_ﬁ'2) (1],)((]2) l
LY 4L b1\ pe /’,1 [Jlg, “ 0 {1,1 qu I

Pr+qi+.o. patqo-t.. patga-... PP oo g e
Xoxg Xo Xg ey

We can perform the summations casily.  As an example, we have for f = 3,
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. _( 1 )( 1 )( 1 )(1)1 )(ﬁz ) (D3 \ (P2 s\ [P 1+Ps\[P1+P2\ Dt b2tqe
F=73 ( X1 X9
IIUAVZYAVENAVEVAV IRV gl g2 q3

patqs Pitpetpa

X X3 i .
The sum over q; is,
Pet+p's\ @ b’ +ps’ P+ b’ b1 +p
> 21 =(14x) , and hence X' = (1+4-x3) , 2= l+4xg) .
91 q1 g2 g3
The sum over py’ is
)41 2 b1
> d(4we)(I4xa) ¢ =4 IT4+p(I4#2)(14x3) ¢ s
b1\ by
and hence

b2 b3
> —"~{ 1+)’(1+x1)(1+x3)} s ZZ{ 1+)’(1+x1)(1+x2)} .
s’ 2%

The sum over py is

1 14
Z( )(x1{1+y(1+x2)(1+x3)}) = 1+x1{1+y(1+x2)(1+xs)}

b1\ by

and hence
S= ltn] Lo+n) ()}, T = 1s{ 14+n) ().
b2 ps3

Thus, F can be written as follows,

F={ l+x1{1—:~y(1+x2(1—’.—_}7...))}{1+x3(1—i—y )}J
< ( 1+x2{l+)7(l+x1(l+)'...))}{1—%—\3(1~:~'..)}....] (440)
x [ 1—}—x3{1—}—)’(1+x1(1—{—_y...))}{l~1—\2(1—}—' )}]
% [1~:—xf{1+y(1+x1(1—:—y...))}{1-%—x2(1+)’...)}....]
Now, the following substitutions are made,
F = Ajdg Ay = 4,
Ay = l4x; (14 4y 43 - 4y),
s (Apz 1)
Ay = 145 (14 4y A - 4p), (Ad)

Ay = l+xy (14y Ay Ay - Ary).
The permutation of n—1 balls, except for the origin, and /; and iz rods being considered, we have,
J
2 (lp+ig) 1
Wa, {11, loyous Iyl =wn, [y, la, .00, l]‘} < (n—1)1 . 2k=1 TR INITAER
1512, .0 517 i1, 2, vue s iy k=1
and hence,
[1: 1‘23 135 ey l]’
W"’{iu P9, 88, .00, i]'}
7 . 2(ly+ix)
nt 1T (4tig!)-2 (A42)
k=1

Wz, {11’12>“-11J} = nX
11512, --e 5 27

From Egs. 2, 7, A 39, A 42, the following relation is obtained,
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cwp ool i iy i
>n TR LRLLF R LN Xo ... X7 o= Y nmg, fly, lay .y iy
7 2l +1x) i1529; oo 5 i7
RUIT (Lplig!) - 2 2
k=1
= N =Cydy Ay dy = Cy 4. (A43)

(2) le My, J{I)Z.Z)"'!{f} =L1

L1522y eee sy

In this case, one of the {; rods is picked up as the origin and the directions ol the two ends of the
origin are fixed, for instance upper and lower. Two balls (first gencration (F;)) are connected to it
by each l-type hole.  The rods inserted into the first generation balls are not of the I-type.
Therefore, the number of ways to form trees is,

i
|
|
t
t
|
!
|
O

1-type 1 1
2type  px p2’ 2 Q@ ey
, ,

2 a3 3 r3

p
3-type p3 Py’
1 1
{

i |
| !

1
|
|
1

Fig. 7. Schematic presentation of the way to find 'y, ﬂ.l; {2, cers lf}
li1s 225 ven s iy

2\(2 FERWNZ 20—\ | Zpr' D2
60'71,{1_1,{2,...,{f} :Z( )( )( )( {3) ...... ( ¢ })( ¥ ) (Ad4)
i1502, .00, iy P2\ bs Pel\ 93 71 g2 s

subject to the relations,
piar e = L—=1 , (p/'=0)

(p14a+ ) — p+a'+ ) =40, (1=0)

PRETRES——, . (=2, 3, .., f) (A45)
(etge+ ) — (' +a'+ .0n) = g,

I

2+ ) = n—2.

k==l

The following function is considered, which is easily summed,
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Li+iy—1 lg-+is ly+iy n—2

an',{{u{z:---;{fl S e co Xy J
i1, 89, vee s iy

2
= (dady ... A7) . (A46)

And the following relation is easily seen, )
P
{ Zl(lk+ix:)}~1

wn',{{l,{z, e 1.7} sal- (=0Eeag e JT Llig! « 2 k= = Wn,{{h ly ooy lp)
k= i1, 12, ooy irf

11,09, «uuy iy
biyls, ooy by
Wn’{ily i??ﬂf'f si]'} (A47)

[ary 11>l"»"-) lf = 211 - ;
il 7 f Z(le+iy)
{“”2""’”} nl o T Loli! - 2

k=1

Eq. A 46 becomes

S o G- W?Z;{ﬁi’ f:);, ses sy f;} [1-1—-1'1 12+i2 l]“:‘l.f n c 2 dud 4
R S 2028 rtd s X (o . KT ) = Cxy y2(Asdg. ... Ap)2.
PARA ' ]";1 . 22(lk+i/.-,) X1 X2 X7 Y x1 y2 (424 7)
nl - o Vi !
k:__l’“ & (A48)
Therefore, we obtain
_ _ C 5/ A2
>Slhim=L = 5 %1 <A1> . (A49)
Thus, analogously we obtain
Slym = L -_-‘22 Xp 2 ( ‘IH (A50)
(3) Zilmny{llyl?,—--,lf} = I
il) i2) ey Z.f
As the

In this case, one of the 7; rods hanging from an n-aggregate is picked up as the origin.
first generation ball, only one ball is connected to one of the two ends of the origin through the
The rods, which can be inserted into any of the empty holes in the first

1-type hole in the ball.
The number of ways to form trees is

generation balls (F;), are not of the 1-type.

I I
1 1 P2\ [ Ps 2 pe\ [ & e —pa
wn”,{{l,l‘g,..‘,%f} = Z e R k=2 e
/ b2 I\ ps's 0 g2

11,19, «ouy iy [)-2 [)3

a1 \{ g2 o' —aq1" \ | Zgn' g2 )
P RN (A51)

a1’/ \ g2’ a1 72

subject to the relations,

@+ e =L, (p'=0)
(g1 471+ .) —(g1'+r'+ ) = i1—1, (A52)
bt 4 = L
s =23,
(betqetret ) — (bn'+g' -+’ +...) = iy
P/ s+ o+ (g e ) = a1
The following function is easily summed,
Li+ip—1 ly+ig ly+iy n—1
; = Aodg.... Ayr. (AS53)

> wn”y{l.l; /:2, ey 1]} * Xy X9 s Xy > 2

11522y «vus 17
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Origin

, ! | Fa | !
| | 1 ) ! '
! ! ! ! ! j
i i ‘ ;
l-type O O a1 a’ ri
2-type p2  pe’ qu @’ o
3-type P3 3’ ’

p q3 Q3 rs £
' | I i i ! 1
1 i ! i | | H
H | 1 i ! i '
| ' i [ 1 1 |

Fig. 8. Schematic presentation of the way to find w"”’{l.l’ {g, FN l_r}
15 i25 «vv s U1

As before, we have,

7

L ) i ) {2 Ue+i)—1

o iy Loy ooy Iy - nlly (i — D)V IT (Gl dpl) - 2 k=1 X 2= Wy, fly, Lo, oy ly
i ian i e 0 -

215 125 eea s 1y

= 4

W, {(1; {2, reey [J}
RUTRE NN, . (A54)
E(ll:+lk)

wn”, [l Lzy ooy 1)
[ . < f
{l],lQ,...,?]f n!l . 7 (lﬁ'l}c')z

f=1

From Egs. A 53 and A 54, we get,

Li+iy lotis  Lpti

.
C- T - x; Xg e Xy g = Cxyydedy... Ay
= oy m == [ = ('\Uvi . (A55)
Ay
Hence similarly the following solution is given for I, (k=1,2,....,f),
Iy = Cxyy 4 (A36)
A

(4) The value of Ny.

From Eq. 2, Ny is given as,

Ni = Lg+Ig+mo,, =
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(5) The summation of Z'mn,{l.l,l'g,.“, lf} +Zm = M

s 82y oo s LT

Although A has already been obtained in Eq. 13, we can find an expression for M in a dif-

ferent fashion. Egs. 2 and 3 are written here, where ny="{; i (k=1,2,....,f),

N=73n W 5 xlnlxzfz?:xfnfyn s

H ' 1]5 .2 k

k=1 :

C ; x
Np= 2 ny 7 w 3 0 My 2 4 —Cg—‘“ s
VeIl gt - 2777

k=1

M=73 . s a el Z

f .
e Hlk' Zk! -2
k=1
From these relations, it is obvious that A satisfies the following f-+ 1 partial differential equations,

aJ
e M=WN,
Ak.bfm M=Ng, k=1,2,...,0). . (A58)

Xy
As the values of N and N have already been obtained in Eqs. A 43 and A 57 as functions of
C, y, A1, As, ..., 47, the differential operators, y’aaT and xk—ai—, can be transformed into those on

%

(dy, Ag, ..., Ay, Y)-space (cf. Eq. A 41).

_ Ap—1
Y S TRY A Ay kLA

, =Y, (k means the lack of 4g), (A59)

Y] oY T p 210y oA’
2 Y 3 L oay @
R - + S %%k . AB0
¢ % i dx; 0Y kzl ox; 04y (A80)
The differential operator, _8%1— , which is the partial differentiation by y when x3, %9, ..., X7
are fixed, must be distinguished from va?, which means the partial differentiation by y when 4, 4s,

, Ay are fixed. From this reason y is expressed by Y after transformations of xg—>Ay (=1, 2,..., 1)

are performed. The change of y — Y does not mean changes in the values of g (k=1, 2, ...,0)
from those in Eq. A 41. The differential coefficients, aa‘/jk and -aa%ki, must be obtained from Eq.
/ 3
0x; dxy Y™ va’{{l
A 60. As TA Y and others can easily be obtained from Eq. A 59, Ty and 7% are ob
. , . . . . Xy, Xay eeny X7, 9) ]

tained by evaluating the inverse matrix of the matrix, (J) = 3y, As, ALYy From Eq.
A 59, the following relations are obtained,

ax,; o 1 _ AZ

04; T 1+Ydy...i..dy T AgrYdAe

Cdx (A—1YA4y .t k. dy — 4, (4,—1) YA oy
Ay T T AEYA A T R ) A G



,&aiLA‘ (A[—-—].)A.I ...i...A_r —-—AI(AL—-1>YA . A61
3y A+¥A i APE =  Y(d+YD? (AS)
Eq. A 61 yields
= : axl axl axl ..................... axl
) 3d, a4, o4, 74,
ax‘z ax?‘ ax2 .................... axz
54, Tad, a4, : 74,
9xg  dxg  Oxy _0xg
94, Tods od, a4,
dxr dxy 9%y Lk
94; Tady  od, 4y |
_ A, 4, (4 —DYA A (4—-Dya A4 —Dv4 .
A+ v4 A (A, Y42 A3 (A, T YA)? A, (A, TYA)2
| Ay(4y—yvd R _ A(A=DYA 44— 1)YA
A, (A, FYA)E A+ V4 Ay (A, F YA A (A, T VA2
Ag(Ay—DYA _ AyCAg—DYA Ay Ay (dy— 1)V
T A (A, F YA Ao (A5 F VA2 Ay VA A7 (A T VA2
b b ot
= (=) x [ 44 —Dya — 4y (A4 YA) L o .
(4, 7452 0 (4, =D v4
Ay(4;—-1)YA 1 —dy(4s+-YA) 1
(da+-YA)2 : (d:—1)Y4
Yy 0 0. i
/ / l; /,"
C1 L 4,4, ~1Y4 o
o = (1) % | N1 S8 1+ 1 e 1
o Q0 TP e 0 “
L Ay(Ap—D) YA S
A, (Ao +Y4)2
0 1 O
g v 0 0...... _1
\‘\ : \ J
N ~
1
>< [
7 0
1
Ay _ AP+ (4—-1)YA
.‘ (o = A EACDYA )
(A62)
0 1
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From Eq. A 62, we obtain,

/ sl 1 1
(N1=(=D)x| 4 0 1 s 1 e 1 4 L
a; 1 <1 a ) 1" a7 1
1+ 1+ — 1+
a; ay, Z ax
As 1 1+35 L 1
-1 a 1 k+2dk ﬂl . as
o gysloae sl 1*271
0 ax ‘ ax . &3
\ Y \\ 0 0
(A1 +Yd)? Vo L i=1,2 +1
X ‘m 0 = (btj): (i, s 4y y )
(As+YA)2
Ao(d, —D) YA
N
Y
Since Eq. A 63 can be rewritten as
. Ay, Aoy ..., A7, YY)
1 — 1 2 3 47 = (b, s
(/) 0(x1, X2, cov s X1y ¥) (Bz5)
we have
1451
8d; vy L L e (Ay+YA)2
Toxg bu = (=14 a N Zl A, (A;—1)YA
+ o
_ (As+Yd)2 1— 2
AP+ A, —DYd 1=
\ 1
FER 1 a (Ay+Yd)?
P by = (1A, . =L 3 . 3
ax_, bz,j ( ) (2 ( a; 14‘2*]; ) Aj(x‘lj—'l)YA
: z
— A (dg—1) (Ay+YA¥2YA L 1
A+ @A YAy A+ @A;—Dydy " 1-X
TS G | FE S S L
@ / T
ax:
_ Ay(A—1)4 o1
A,;?‘+(2A[—'1)Y/l 12X ’
/ by f
oy 1— (Ag—1) YA 11— 2 =1— 5.
where 1 — X kél A (2 1) Y and 1 ];,gl

N,
kst

1
//// T
431
1
-
1+35 1
2. "
/
(A63)
(A64)
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Applying the results of Eq. A 64 to Eq. A 60, we obtain

) a 4 Ae(Ay—1) P
s T Y 4 Y. k\Ck .
) Fh —y 2 AE L (4, =D YA 24,
N e s ) LI BN A Ap(Ap—1) (A YA 2YA 1
0% TUARF @A DYA 0d; T LD A AR QA ) VA AR S (24,1 VAY 1= X
P At YE I (A+YA)2Y L o4y @

M dy T AL @A YA A T A Qa—D YAy oy ay  ady ¢

oM

From Egs. A 58 and A 59, the particular solution, G(dy, Ag,...., 45, Y), of M salisfyingy»a)}r:N
is sought. For this purpose, the lollowing diffcrentiations are obtained by applying Eqs. A 60 and A 65,
? 9 4 L Au(Ap—1) 2
Y4) = Y (AY)+ Y - L SRR T ¢ (YA
Y gy (¥ sy A i Ekzl Agz 21y VA oy YD
BT £ 4 (Ae—1) YA =yd e A v
T TS e ) A 241 YA I P )
.0 (Yﬂ, Ap—1 Y4
7o \ 4, ) At (2 —1)YA A,
1 - (4;—1)YA
= e{le X B ‘
A { % A2+ 24, —1)v4 }
YA A;+YA
=t . i R A
T=F " Az @4,-1)v4 (AB6)
o (& va) L o (va)_ va L Aieva
Yoy izr A T AT o\ A 12 2 A2 r @QA-1VA
I ap=YA . AA-D
yﬂa‘}"(Ab) 11X 2 (24;,—1)YA
),*i_ 2};,/1. - x4 4 A (A~ 1)
oy 2 1-% D4 AT (2A-1)YA
From these we have the particular solution; '
/ /L
—Clay(i—- S+ Ly ¥4, 1 %, /
G_C{ 1y(1 4 ) B R ok Z;ilA' ) (ABT)

The results of Eq. A 66 being applied to the equation;

PPN VA 1.3 «fyA)_l'a VY
GGl )yt YA) ey | X A ey A , AGS
Yoy 1< 2) B a},( ) Hog ) oy ;214 Dz . if (A68)
lollowing result is derived, o

E 7'3;.0 ~ CYA = N. (A69)

Therefore, we obtain

M=G+H, . (A70)
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where H is an arbitrary function of xq, x9, .. .., 7.

The second equation of Eq. A 58 is now considered in relation to Eq. A 70,

, 2 Gin 2 H (A71)
axi

M o= x-2 e

a
Bx;

The first term of Eq. A 71 is calculated in applying Eq. A 65,

I S (A;+YA)?2 o (A;+YA)2Y
Mo G= N A YA a4 C T A AR+ A1) YA
{ ( )YA}
f
04 0 g (A72)

“pZ1 oy oA
From Eq. A 60, we have

] 3
TR —~ e Y
fooa 0 _ oy v (A73)
k=1 0y 04 Y
Eq. A 73 is applied to Eq. A 72, ) )
(A;+YA)?2 ] (A;+YA)?2
S Eraia TAZ LA -1 YA E?ALG T A AR T (2A,— 1) YA}
? 8
A74
{ Iy G~ Y } (A74)

When the result of Eq. A 69 is applied to Eq. A 74, we obtain (cf. Egs. 10 and A 57)

X

0 G- (At YA)? 4.0 GrevA-v-2 A75
prad AL-{Ai2+(2A,—1>YA}{ 947 7y (A75)

=X; ¢

(A;+YA)C AW 5 Ya_1 Y4, 1,
A0 e nyay | YA >'2z_1 4 74, TpAit Y4

—v4 (1_.12f> 1 érl Zl}

:%xl . (Azzz’:‘i)z = N;.

However, xl—a— M = N; has already been obtained. Thus, x;—g@wH must be zero. This means

0x;
H is not a function of 1, Xg, .... , ¥y but a eonstant. Eq. A 70 can be rewritten as
M= G+ H
I
_ AL 1 dva 1 ‘
-C { vA(1—4) - ERI R S (A76)

On the other hand, M is expressed by Eqs. 3, 7 and 8 as

L on
M= X cw PR B I L L Cxg
S i Sn. k=1 2
Vo IT L)) - 2578
k=1
In this equation, whenxy = xp = .... =3, =y=0(le.dy =dp = .... = Ay = 1), M must be

zero. When these value are put into Eq. A 7F, we obtain

- _
H=—-F..
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Therefore, Eq. A 77 becomes identical with Eq. 13,

M:C{YA ( 14 Ak“l)

¢
Z2p=1 4x

% ( 1) r . (ATT)
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