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A New Statistical. Mechanical Theory on the
Antigen-Antibody Reaction
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OJakn Uni, ,73iO, , Of"ka

ITiRO SYozi AND TADAKAzu ToKUNAGA

Mali, Ie T, thrifta/ Cone"e, richly", Hj. ogo

SHOJI SATo

College of General Educn!!'DR. Of aka Uni, e, ,fly, 741.0"aka, 03aka
(Recei, ed/or pull^^ajio", December 31,1962)

TITis new Ihcory describes the most I, robablc disiributioit or antigcn-antibody complexes resultin
froitt the rcactions o11-valcni antigens, of \vhicli 111c antigciT sites are distinctly different from others,
^'1111 Ihe I-kind site-SPCcific bivalci, I antibodics at various concentrations. 11 is assumed, as IT
Goldbci'g's Ihcory, that no Intra-aggregate reactions occur \vhiclt would yiclcl cyclic sirLicturcs. In
a special case, in witic11 111c/-kind site-specific antibodics arc at Ihc same concentration, a ran c in the
amount of addccl antigen, in \vlTich Ihc critical coil'11/10it can be allaiilcd, is obtained and the resulL
is quite similar. 10 Inat of Goldberg

A genei'al thcor\, for. antigen-antil)ody reactions \\, as first lirescnted IJy Gold-
liei'g (1952, 1953) \\, ho applied the Incthod of statistical mechanics, \vhiclT ITad
been successfully appliecl to derivc Ihc distributioils of three-dimensional liraiiched-
chatn pal\, in. rs by F1. ,\, (1936,194-1^, I, , .) and St. .km^yin. (1943). G, Idl, ,",
made thc Ihrce followiri^ assuitTptions to SIIlTrillf\, Ihc IlTathenTatical treatnTent :
(1) Intra-aggregate reactions Yielding cyclic structui'es do not occur, (2) all alitio'eii
sites of Ivalent antigen arc Idcntical in specificit\, ancl theICfore till antil, ody sites
ale also identical, regal. dlcss of' Ihc valcncy of the antil)ocl\, in o1ccules, a. rid (3) any
unreacting site on an antigci\ or antilJod\, is as reactive as an\: other site, TCUal'dlcss
of LITc size aild IJhasc of the aggi'cgaie to \vlt. IClt it is attached. The second assump-
lion, \\, hicl\ \\. as first I, 1'0poscd 11\. I{eidelbciuer and Kenda. 11 (1935) ill clei. ivintr
11Le 111eoretical relationshij, net\\. eelt the precipitatin. antil, ocly and the added
antigen, secins 110 longer tenal)IC, I)eCause expcrimental evidences SITono'I^ sag'o CSt
that the antigcil sites of a proteiiT ITToleculc are not identical in specificiiy (I. apresle,
1955; Lapicsle ,/ n/., 1957a, 11.1958; Rayiiaud, 1958; Fujio ,/ n/., 1958,1959,1962;
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must be in odincc\ in a directionShinka at of. , 1962). Therefore, Goldlierg's theory
to permit ITcterogeneity in specificity of the antigeiT sites. '

Palmiter ancl A1adjeilT (1962) succeeded in partly nTodiF\, ing the second assump-
tioii. In theii. the orv, the antigen is considered to I)ef-vale!lt and antil)ody >I\'a, eil ,
and the reactioiT net\\. een a pair of sites (one antigen sitc rcacting witl} one anti ,o y
site) is considered in terms of two rate constants \\, hicll are independent or trio rate
constaTits of aitv other I, air of sites. However, CSSeiitially their theory, it no
ovcrcome the 11niitations of Goldberg's seconcl assumptioii, because one antil)DC y
site can coinliine witlt any one of the I antigen sites giving varying rate constants.

111 our present paper, Goldberg's sccond assumption was completely changec :
eacli antioen site off-valent antigen is assumec1 10 differ in SPCcificity Tom otlers
and the atit isera contain I-kind site-specific .I)I\, alent antibodies. T, )ercfore an
antigen site k can only combine with one of two coinl}InIng sites o1T a k-type anti-
body molecule and one antigen molecule cannot combine \-vith two or more a. nti-
body molecules of identical specificity. The other two assumptions made by. Gold-
hero are still held in this theory, .

A Theory for the Reactions of Multivalent Antigen
Molecules with Bivalent Antibody Molecules

The theory presented ITere is concerned \-\, Ith the most prol>able distri jutioii
of antigen-antibody complexes, as Is Goldberg s theory. In the the or\, the follow-
ing terminology will be used.

Af-number offvalent antigen ntolccules in the system.
XI, A'2, . . . , A'I (writLei, generally as A, - ITUmber of dlstinci biva cnL anti or y Trio ecLi us

in tl, e system

Lj, Lg, . . . . . L, (written generally as L*) - numbcr of distinct an liboc y nto ecu CS orming
bri(Iges belwe'll ai, 11gcn molecules in 11, c
systcnt

, I (written gencrally as I*) - number of distinct an Libocly molecules allacltcd
to antigei, in o1cculcs (SLiclt as tinivalcni an Ii-
bodies) in Ihe system

I\{- number of aggregates in the sysiein PILis Ihc number o11rec an libot y ant antigen ITto ecu us
I-number of effectivc reactive sites on caclT aittigen I, toIectilc (I-talent), of which Ito I\\o sites

are identical in specifity . TITese sites arc locatecl ^CSpeciively at definite loci on the surface.
- ITUmbcr of aggregates eacli con, posecl of " antigei, Inclcculcs,init, 11,12, . . . . . 11

which are conncctetl by 11, 12, . . . ., 11 I and 11 ailtibody ino-11, ;2, "" 'If

Iecules of the respective specificitics and, in addition, rj. t2,(abbreviatecl to 110
and I- aitiibody molectilcs arc attachetl to the aggregate

number of free k-type antibodies(A - I, 2. . . . ,/ )

260

11, '2,

o, * (abbre\'iaied to In',
HIM. 11,12, . .. , 1,

11, ,2, '.", 'J

(abbreviatecl to I. V)

- number of ways of coltsiructing a single 11,11,11,12,12 - - - ,
17', *I-aggregate containing no cyclic structures froiT. 11-gi\'cn

, IJ -gi\, en btidge making aiTii-antigen molecules, 11-, 12-,
, Ij--given attached antibodybody molecules ant1 11-, i2-,

molecules



Iraciioi, or r'spccii\c alliigciisitcsin Ihc s\SICin
\\111cll ITa\'c rcactcc1: 11/15 Is callccl Ihc exicnt

or tile ICaction or Ihc r'spccti\'c ai, 11gcn $11c

I - ITaciioit of iotal ai, Iig, 'IT sites in inc 51stcm Millcltl, a\c reactc, I: liti, is callctl the "0\erall
cxiciit 411 111c reaciioii"

. I' (\\. rillc;l ,, crier allv an I, .) - J\':!2J\', . r\'12A" .. , A I_A I1'1.12.

r-/,\'/2 1:1 ""
1.1

V\'hen Ihc nuinlJer of Ihc aggrcgat, s, conTposed OF 11(11>I) antigen moleciilcs
and I*(A > 0) I'Dnd-foilning, I, (11. > 0) In etcly attached antil)od\- Il\o1ectiles (A -15

, Ifl anc1 111. e numl, CT of I:-type (I-1.2,2, . . . . ,/) is expressecl as in, ,. 111,12, - - - , A
, ./) free antilJod\-^n, ICCLilcs as ni',.,, Ihc ITUml)CT of \va\'s to fomt a givcn distril, u-

, .\,- n, o1ccu!es Islion of in ancl ni',., 11'0nl ,\', ., Vj, .\'2,

*^ ". ,^. ^ *^ "~ ( ' "{-: ' ,::I 11',)'

1'1,12.

THEORY FOR .\\TICE\-A\TinODY REACTIO\S

, IFi (\\'Titleii gencrally as In. )

I

3'111rill\\"L'111 ,!!,

" 11 11 .j' Ii' _/
110, !)~ 17(11 !) ~ 11" !)~ ... 11(!,!)~" 11(I, !)~ 11, ,, !I~/(,,,',., !)

A .- I11

implies Ihc summations ovci. other values of suffixcs of\vhcre Jin, Jin, 2'111
"1111

in fixing 11, IT, 11, . , respectively
Here, " antiucn ino1cculcs arc conncctcd willT 11 antil)ridies of the I-Iypc, 12

antibodies of the 2-tvj, c, ...., nat, illJodies of theftypc andij antil)odics of the I-
Iypc, 12 alitil)odics of Ihc 2-by PC, . . . . , 11 alitil, DC1ics of 111c flypc are attachecl to

, ,'if and ,\I \-aluesantigen sites of the respective types. TheIl .\', .\'I, .\2,
call lie exnrcsscd I, y

P=

11
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11

2'11 111, , 11,12, , 1/1
11512, ' ' ', I,

z (/*+i*) in, ,. 111,12,
111,12,

and

I

, 1,1 ' ' 111',., ' "' (3)

Here, all values tij, to " are allowed for n exccpt zero ancl thc values of I* and
, I) for a given " are restricted as follo\\'s1',(k-I, 2,

I
n - I = 2: I, ,

A-I

2'171, , 11,12,
it - 12 ,

J\'.

, 11 + in',., = .Y, , (k= I, 2,

, (1)

I
o = z (/,.+,',) =,,-"+I ,

I-I

O = I'* = i!-21,

,/)

(2)

(4)
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Among the I* values, the largest value of any I, cannot exceed (n - I)12 when n
is an odd number or 11/2 \\, hen it is an even numl)er. In the sums and products
which foilo\-\,, these relations express the limits, unless otherwise specified.

WheiT N antigen molecules and I\I, antibody, In o1ecules (k -I, 2, . . . ,I ) are
mixed, the number of molecules and aggregates at that time Is identical to A'+
ZA',. After a certain reaction time, the numl)er of free k-type antibody molecules
is in',., and the number of aggregates, composed of n (11> I ) antigen molecules and
11A (of which I, are connecting antigens and ?, are merely attached to the aggergates)
antibody molecules of the k-type (11, >0), is in and the distriliutioiT of in and in',.*
is not necessarily the most probable one. When the reacted fraction of antigen
sites (the overall extent of the reaction==11) is considered under suclT conditions, we
have (of. Eq^. 2.3,4)

2'12(21*+i*)Im 212(/*+i*) +2'1*fin

IJV11\'

2'12' (/*+i*)in I + 2'0, - I)in

262

1, \I

2'1\\ - Jin'n, * + Z n in _ Jin

I, \r

Z'J\', + X-IV
(5)

IAr

As I; ,\' and A', are constants, an increase in I corresponds to a decrease in A1.
Therefore, the reaction process can IJe studied I)y analyzi!lg the decrease in ,\{.
For. this analysis it is assumed in the present theory that in and in',.* represent the
most probable distribution in the system at any moment during the reaction. The
most prol>al)Ie distribution nTeans that, for. a certaiiT value of J\{, the elements of ,\'
and J\'. are distributed into I\{ nTolecules (one aggregate Is also counted as one
molecule) in the \\, ay \-vhich involves the largest number of \\, a. ys of forming the

are defineddistribution of in and in',,*. Hereafter,

to express the most probablc. distrilJution for. a given value of I\{.
In order to find the most I, Tonal, IC clistribution, i. e. the set of numbers of in

and in',.* giving the maximal value of P in Eq. I, one Innst set the total differential
of (log P) equal to zero for constants A", r\'I, A'2, . . . . , I\if and ,\{ \\, ith the help of
Sill'111:g's approxiiTTatioi\ and Lagrangeait undeternTined Inultipliers as StockiTTayer
(1943) and G. Idb, "g (1952) did

I. g P = I, g (A'!,\'I ! . . . J\;!) + Z, " I. g 11'- J(Jin) I. g " ! -J(Jin) I. g 11 !

I=
A

A

A A

A

A

*

771 0, * and in, , I, , 12, . ' ' ' '/'
115 12, , If
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I
- Z'(Jin) I. g ij ! . . . . - 21. gin ! - 2'1, gin',., !,

A-I11 11

d (I. g P) = Z (I. g JP -I. g "! -I. g11! -I. g ,I . .. . -log in) din
I

_ J (I. g in',.*) din' = 0,
A-I

under the following conditions,

I. ,Zndm = 0,

I. *12(/*+i*) din + d, "',.*I = 0, (k=I, 2 . . . ,/)

412'of", + Z'din',.*I = 0.

Vanishing the coemcients of din ard din' \\, c obtain
I

I. g 111-log " ! -I, g IT ! -I. g ij !. . -I. g in+ 7.1+ Z ?.*(/" +,*) +I, = 0, (,, - 0)
A-I

and

-I. g in',.* + ?., + I, = 0, (,,= 0)
Therefore, thc most prohalJlc disti. ilJution liecomcs,

A

In ~ CF if I I. +,'.~ ~ ^ ~ ~ T'~I~~~ ~ - I-,_ __ (,*, ) " 11 (,*,. ) I* + , *M 11.11 . . !,- 11- A_I

I
(,*, ),' 11 (21* )'*+,*

" *,, A
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~ 4"

and

C
in, , A2, *, , --- A

where the SUI)slitutionsJ-,'", x, . - 2, '* and C - CF are introduced.

As shown lit the Appendix (A 20), we obtain
I

I Z 11*
IV, 11, !2, ... , 1/' = 11!il'~' . 17I*!I*! . 2"'

115 '23 . , ,, ,,

IP

I Z(!*+, k)
n. . 1/1, .I* . 2 ' ~

Cry

"!- 11! !I !. 2 '""*)

A=I

(6)

A=I

which I, ields

I ("-/,-I) !- Gill~' 11 ",,,/J, ,. ( 9 )
k-I I*!I*! (11-2/,-I, )!

The sum!TTations of Eqs. 2 and 3 are also sho\\, n in the Appendix (A 41, A 4-3,
A 50, A 56 and A 57) anti Ihc results are

init. 11, 12, - . , 1/1
113 '23 ... , ,,

A-I

k=I ,

(7)

I

. 17
A-I

,,,_!*~I) I
I*!i, ! (!I-21*-I, .) !

(8)

Xi"' X2"a

,
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A1 = Z " n!,, 11,12, --' , '/'
li, 12, ... , I,

L, = Z I, in, , 11,12, . . ,.!/'
11,12, "' ' if

I, = 2'1, ill, , 11,12, - - - , '1
11,12, --- , in

A!\IANo. SYOZl, ToKu\ACA AtD SATO

C A I, ,

*,. - _ _ (,,-,^(,'- ,, )A, , = L, + I, +

rl, ..(,, - I)
11, + ,, a ,

A ' '1''2 "' 4,

The extent of the reaction of the I'especti\, c antigen sites (11) calT I)e expressed
with ,,, as

22'1*, 71 + 2'1',, n! 2L, + I, I- A I. , . ^ I, ___^

A1 A1 A*

The overall cxtent of the reaction can I)e expressed willl A s, as

Ak -

C Jr12-- I, , )',
. ,v,

- A,

C
o

22'1, + 2'1,
I I^'

From Eqs. 5.10 anc1 12, we have

,

(13)

\\Iheil the values of r\'\ ancl ,\/ in Eqs. 10 and 13 arc put Into Eqs. 11 and 12,
we o1, tain

M-'ry"~2 "'~, "'2 ""~"'

z A _ I (I\ -IN+ c)t_I C,

IA'(I"I)
; (,{:};)

I ( I. - - - I)
,--;- - ',' ~',,; (/*,,

A

,

A

(, I* z I)

Eqs. 11 and 14 yield

(10)

;(,- )
I

and Eqs. 10,11,12 and 15 yield

.^

*~~ ~I_A

C-

JP,
I

(11)

,

(12)

--- ----

(14)

(15)

(16)
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The probability, that a k-antigen site has reacted \\, it}T a chain-forming k-type
antibody, can lie calculated in relation with Eqs. 10 and 11,

11 (' ~'*' ' ',' (._,
.. , ,. -,)

a" ~ - ~-! ---- -A A'. ---- -----,- -AA' . ---*, -A2 ,.,. (17)

And the overall prol>ability, that an antigen site has reacted willT a IJridge-forming
antibody, can be represented as

''*2I*22'L . Za, (18)
IIN .I

TITe equation corresponding to that of Heidelberger-Kendall can be derived,

I N2 A, 2I ~, P*46 pptd - Z (A1-in',.*) - NZ'A - (19)
4 A',A-I

Only in the region of extrenTe antibody excess can 11 I)c unity, because the
concentrations of respective antil)odies may vary, and Itence some A IJecomes
less than unity even in the antibody excess zone.

The ranoe, in which the critical point can be attained, cannot lie obtained at
varied concentiations of the respective antibodies and it can only I)e shown in
the special antisera as desciibed below, in which the concentrations of respective
antil)odies are approximately identical.

I) As I\{ is usually larder than unity and I\/ tends to unity at the most ext-
reine condition of the critical point, the followin, ' relation is obtained from Eq. 5,

A1 - A'+IJ\', -INp = I,

Therefore, \\, e have

a=

265

I I

I 27

As O =I ::= I, the smallest value allowed for I on the curve I is ------ and the

p. int .."usp. nth to th, relu. of -/if - - I- I-

it) The fraction of reacted antigen sites must always lie smaller than the
ratio of the total antibody sites to the total antigen sites :

(curve 2 in Fig. I).

IJ\'~/

I=;-^

+
21

= 11, (curve I in Fig. I). (20)

(21)
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The smallest value allowed for ? on the curve 2 is obtained when I is unity, and

at the point r becomes unity and I"" _
11i) As another criterion, the weight average Ino1ecular weight of the coin-

piexes are considered. When this Increases infinitcly, it means that the system
has already attained a critical condition. For. the purpose of the theory, the
numerators of the weight average molecular weights of the antigeiT or antibody
are considered. The numerator of the weiglit averagc molecular weight of the
antigen molecule, ( <it2 > ), becomes (of. A. 59, A. 60)

CLV 11+i, 12+iz
<it2 > - 2'112 - -~~~~, ~~~: ~ Z(!'I~t:)~ ~

n! . 17 I, ! i, ! . 2

_, L x - o7 L ,, A,
ay 07

J ~ ("') ~ '~ ' ('~ ' ~~~ ~~2~~~"'~~~~ ~~ ~~~') '
As shown in the Appendix (A 66),

Therefore, Eq. 22 becomes
CY, I

(23)<112 >
I-Z'

The numerator of the weight average molecular weight of the I-type anti-
b. dim (<"12>), her, mrs (of. A. 59, A. 60)

CLV
+I,,, 2> _ Jn, 2 ' I Z, ~ XI

11! . 11 I*! i, ! . 2

A=I

XI

, ,,_ A', - "T A-I- (, IT -I) ,-. I , ' ,___ ,,,, , ,,, _ I _ __ _, .

X2

From Eq. A 65, we o1Jtain

' ~4. tvl-I^,,'* L + , '_. I,a", All, {, 2+(241-I)Y/11 67 art* ' 641 ,

. XI
Ij +if in

)

and the followi, .g relations have already been obtained in Eqs. A 60 and A 66,

A=I

(22)

Yz?'* a ,, A, ,, ' ,yrl) _ Y, I
67 OA, ay

"I

X2

it, "I it
XIy

C

2
XT

y, I

I-Z

(24)

yrl,

(25)
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"' '1+Y, I 'rl
A1 , (26)I-Z A12 + (2dj-I) "'

'1('1~ ')
412, ,,, _I) "'

Therefore, the followino relations can lie obtained \\, hen the results of Eq. 26 are
applied to Eq. 24,

'Z OA, 0 'A
a, , art, A I

YZ' ' * I___"T) ~"'~ '

_ ,,, , n _ " - _) - ^'-- -- - -- I^- ^ * , ( ,,,

,,-,,_"__) ,,, __. _(,,, n_" __)I

I 'r1 2(/11-I){4, +y, I) ,Y, I AT. Z 111'+~(?!11-I)I'A A, I

WhciT the value is multipliecl IJy - - XI

2 "", it , 2 , _ ______I-Z'

cy, {
< lift > ~ ~ ~ ~~~.~I-J

(27)
C '1("1~ ') Mre ITave,

AT + YA2

(, 11 _I) 2 ", + Y, {) ' C(, 11- I) (A1+ Yr1) 011' + Yrl)
14T 2 + (UT - I) Y/112 2rl, IAI2 + (2/11- I) yrtj

(/I*- I) 2 (A*+ y, I) 2 C(A, .- I) (A*+ YA) (,*2 + yrl)
Ir1*' + (2/1*-I) y/112 24*I, {*2+ (an*-I) y/11

(28)
As can I)e seen in Eqs. 23 and 28, tl}c Ilumeratol. s of the weiglit avcraae

molecular. weight conccrncd either with antigen In o1ecules or antibody, in o1ccules
divcrge \vhcn Ihc valuc of I-Z vanishes i. e. 2'1Jecomes unity.

When I\'T -I\'2 - . . . . -I\' '(at identical conccntrations of the respective anti-
I'Ddics), I. , A1~/12~- - - - ~,/, \\'c o1)tain

", - I ) Y/I
z-/

11*2, (2/1, ~I' "'

(, 11+ Y/I) 2
A1 14T' + (UT ~ I' ""

Similarly, we have

267

.

.

- .---

whiclt leads to

(29)I = -------- -
~ ,11- I

liecomcs .-- 1/1L-_"'~"_I, \\-hicl} is given b,Thc smallest value of I.

11-I. This value of I. is the smallest value obtainable \\, itIT these threelimitations

and hence, \vheit the amount of antiuen addccl is less thall this valuc I-,-!-

I J-
. -

_/ _____It_ ,,,= I,~/ ~~I~ ~ ~~' - ,
+/2

, (CUIve 3lit Fig. I).
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' ~'~';rL)~' ' the critical condition cannot lie attained.

These three curves are shown ill Fig. I.

,\\, IANO, SYOZl, ToKUN\GA AND Sr\To

P

\
\

\

\\

The intersection of curves 2 and 3 is at I -/ -I, I-, I- - ^--- I, and
this point expresses the largest amount of antigen, which gives a precipitate \\, ith
a constant amount of antibody. Therefore, antigen-antibody precipitatcs are given

in ,h, range of I ~ I =; " = I_ I ' 17(/. rt)~ ' ,v~ = '? -I - The

.\.
^:=:. ~-.

I-- I 211-11

Fig. I. Limits of p in relation to 7.

.^.-^ ^^-^

intersection of curves land 2 is I-/- ink---11. Therefore, the ranoe, in which
the critical condition can be attained, can be divided into three ranges : --- -- - <

-^

~~

2

, ,,,= ^,!;:,, if - -.-- = I-*- ;= I-11 , - -- - --- == r := ---, if - I ;= ---A-

-.-

.~~

~'--- I

...- .

' " I, am -'- ^, ^A"-I" ^ ' ^ -~~~~~~~I '

I-I

I , I increases with the reaction timeTIT the range of < ?. <
2 (/-I)I-I

and attains curve 3 and still continues to increase. WheiT I reaches curve 3,
some precipitate appears, because the weight average molecular \\, eight IJecomes
infinite. However, the number average molecular weight of antigen (<n>) docs
not tend to infinity,

Z' rini
<it>

L'in

I

r

If I could increase up to ^ + -, , < n > \\, ould tend to infinity. However, I121" '

A1
A1

J\'

N+IJ\'I-JAP I( I~ ';Ir_,, ,
(30)



I I
cannot reach -- + in this range, even \\, hen I attains the maximum \. alueI~ 2, . g, '. '
unity. Therefore, not all the antiuen-antiliody complexes oro\\, to giant complexcs
of sumcient size to be IJrecipitated, and only a fractioil of the complexes calT lie
precipitatecl as giant complexes

' <1'< IIn the range of , I cannot attain the valuc unity, lint2(/-I) ~ ~ 2

I can reach curve I. When I ICaches - + --- , ,\{ IJccomes unity. This

means all the antigen and antil>ody molecules are incorporated into a sinole o1ant
complex, and both <"> and <112> become infinite.

In the

curve 2 before it call reach curvc I ancl it cannot exceed curve 2. Therefore, not
all the antigen-antibody complexes calT g:To\\, up to a single precipital)IC viant
complex.

In the range of I-1<1', I cannot reacll curve 3.1)ecause it reaches curve 2
and cannot exceed it. Therefore, no precipitates can be diven.

I
In the range of i = , I cannot reaclt any of the three curves, although2 (/- I)

it can attain the value unity. TITerefore, no precipitates can lie formed.

The most abundant coinplcx in the most probable distributioiT is next con-
sidered. As the concentrations of the respcctive types of antibodies are identical,
the following relations are easily found from Eq. 9 when

~ fir and xi - X2 ~AT ~ A 2 _ XI ~ X,

""~''' ''': 'll ~',-~*4, I":* *) .,", ,,* , ,,,,,,
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range of - - - < I' < I - 1, I cannot reach curve 1, IJecause it reachcsb 2-- , ,
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where 214. - Z'(/*+I*) and Q - nJ~' . 17

Wh, n ,,, I* (k - I, 2. . . ., I) ant fi^, d,

Co "* " ~; ' 11 ' '2

I 11~0 I I"-0 j., 11~0 11 '2~0 j.

^..

"- I ~ J if 012

'f -O I

I Co ,, t-2, ,+I " IZ (Z'i*in) - ------' - (I, -2, ,+2) (I+,),, I-,,,,,,,,,,,.
k-I i

Therefore, \\, e have

As I, is still fixed, we o1)alliT o1T the otl}er ITand,

\

.

,,_!*~I) !
I* ! ("- 21, ) !

11
(,,-2/1) "" (I+,"'~""'y" .

(31)

(32)

(33)
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; ("*") - (^,*)(h) _,,,. 4, I"+," ~ 'A=Ii k-I j n

(34)- (,, - I ) , ",, -,,,,, ( I + ") ,,/-," +,

The sum of Eq. 33 and Eq. 34 is the nuinlJer of antiliodies contained in complexes
To fincl thc totalwhiclT are composed of fixed numl)ers of 71, !I ,/2 , -- ,/I

numlier of antibodies in the complexcs containing n antigeil ino1cculcs, one must
obtain the sum of the over all scts of I* satisfying 2'1, - " - I in Eqs. 33 and 34.
For this purpose, Z !? must IJc obtained

A1\IANO, SYOzi, ToKUNAG. \ AND SATO

Fig. 2. Schematic presentation of the way to find core

The 29 is identical with to, , which is the number of \\, ays to construct trees

with it identical balls containing I holes all of different shapes and \\, ItIT type-
differentiated rods, of which the numbers are not indicated,

Orig

3

2
2

3

3
3

P

2

(35)

This calT IJe solved in a similari \\, ay as shown in other cases in Appendix I, 2 and 3,
and the result is

29-

P

2

I (/-I)/, (/-I)q

I, q. I', . - I q I.

2

q

?

q

I(I, -,,) !
(I, -2, ,+2) !(,,-I)I

Thus, Eqs. 33 and 34 yield

rr

; If t* - ,I' ' ' I(I, -,,) !
(1), - 21^ + 2) !,, !

,,,(I+,)I"-,,,+,,,, ,

(36)

(37)



I(I, -,,) !
_ (,,-I) ""~'(I+,"'~""'I". (38)(1)!-2n+2) !n !

The sum of Eqs. 37 and 38 yields the total number of antibodies in complexes con-
ITtaining n antigen molecules (211k),

I(/,,-,,) !\'ii . -= C ""~'(I + ") "'~'""y"I(/" - " + I)^+ "- 11. (39)(1)! - 211+ ") !11 !

On the other ITand, the total number of complexes containii. o n arithen nTolecules
,in Is

in, , - Z (Jin) - ZC ""~'y"(I+,,"~'""
I i

I (I, - ,,) !
-C ",, -, y, , ( I +."),, -," +,

(/n-211+2) ! n!

The mealt antibody content in In, , is

211A _I, _,+I _/,-2, ,,_,_<N*> -
I +x

111 this casc, Eq. 16 calT be writtcn as (XI -x2 - . -x -x)

(I-12, -)

; 1/1 \ --- I - , -
THEORY FOR A\TICE\-A\TIBODY REACTIO\S

.

Q

11

I -I

Eq. 42 is introduced into Eq. +I,

"~ I + (I, - 2, ,+ 2)I- (,{/' -" + I), o2,<n, > -
(43)I _121

In the zone of cxtrenTe antigen excess (/- I < i), Ihc upper limit allowed for

I. Inti. oducinu this value into Eq. 43, \-\, e obtain- as shown in Fig
.

<1^*> - 11-I. (44)

This means that all the antibodies \vhicl, reactcd are I>layino TDIcs in connectino
antigen in o1ccules \vheit I - I < I .

111 thc zoric of antil)ody, cxcess (I < - - ) where no I>recipitates can be
expected, I can increase 10 unity. Putting I-I into Eq. 43, we have

,,,*, ,, 1"" ' (45)

This Incans that all the antleren sites are attached to antil)odies ("saturated coin.
piex"). To find the most abundant complex with reo'atd to 11, the followin. ' equa-
tions are made. Eq. 40 can I)e rewritten as

X-

in,
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I, is

, (1) ~A ~/' 2 ~ -A)-

(40)

(41)

(42)
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I (I, - ,,) ! ' All2, -)"~,(I _12, -)Iran, ' ,
(I, -2, ,+2) ! " !

A'(I -I, ~) (I-/)(I -I)'~I!,,_ I_121\^here x- I~_ _ ,y-
I -11I -# Pi.

in, , is a Inono10nously decreasing functioil with regard to ;I, which will lie I, roved
as follows. For this purpose, the following ratio is considered (cf. Eq. 18),

(I, +I-"- I) ! (I, -2, ,+2) !111, ,
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in -

(/,+/ -2") ! (/"-,,) ! (,,+ I)

,,(I- I) +/ - I "(/-I) +/ -2
41-2) +/-I"(/-2) +/

x ICf~')+' . a(I-")/~' (a -12, .).n+I~~ ' ~

As -!'- -T ~-T- - (k-3.4, ..., I) a. rid --------^ are all positive and

monotonously Increase \\, ith regard to 11, their products also incl'ease monotonously
witlT Terrard to ", and, in addition, the following relation is obained,

41-I)+2 all-I)+I

"I,

and C-

IinT

.

,,-"

,(/.-I)+/--I 41-I)+I-2
,,(/-2) +/'-I"(I-2) +/

(I-I)'~'
(I-2)/-2

I
(I. ,. p-- ),The function a(I-a)/~' shows its maximum at ' ' I, -(/Li) '~I~-~I ,

its mayjinu, it relne I, " 721. From thus, ".^,, us, over all tl, , rune, of ,',I, in, j , , ,,. 17''~' ' ' '
in, "' , I. (49)

inn

This result is further analyzed in relation to I. \\Ihen I, land n are fixed and
the fate of in, , in relation to I is considered (Eq. 46),

din, , 11n 71) !/. A . ,11-L . 2/21t-3(I ,/2),, I-211+I
dp (/"-2"+2) ! "!

X I("~ ') ~ Or ~ "+I),?21.
The value of I giving a maximal value for. In, , becomes

(46)

12, -(I _12, .),_,

"(,/ -11+2. ^- --^

"(/-2) + 3

.

.

. .

(51)

when n - I, p, ,* - O and the maximum value of in I becomes A'. This means
in I decreases with increasing values offb, as shown in Fig. 3. Curve in I is upwardly

(47)

,,(/-2) +3

,ar ~ I ''-I'inus ~ init ~" 'I'~

.

n+ I

(48)

and

(50)
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10N

0.2N

o. 1 N

O. 05 N

convex at the very IJeginning of the reaction, and then becomes upwardly concave,

When "-2, pinus ~~~~~~and thc innexion point is located at I - - ~ ~~~ ~~~.
' us I, (21.1)

Curve 7112 increases at the beginning of reaction Lintil I reaches --- --- -- and
I, (21 - I )

thcn it decreases with furthcr incrcase in I. Curve in2 is always within in . Curve

in3 shows its ITTaximum at I ~{ , ,,, _,, and at this point in2 is in its decreas-
ing phase. 111 addition, curve "13 is always \\, 111.1n in2 ancl so on. When a larde
enouglT complex to IJe prccipitated Is formed, n can lie assumed to IJe infinite

It was alrcady shown that if I reachesan <1 I, ,,,* becomes - _ _ _ _
"'"* I ,-,~,.,, '

<n2 > anti <11*2 > IJecome Infinite, I. c. the system attains the critical condition,
"+I111TT - "and that only at this point docs reach unity

Inn

TIT the I'ange of I >/-I, 11 cannot reach ------- - -- I, ecause thcincrease

of I is limited I)\, I =---- (Eq. 21). It can lie stated undei. such conditions that

no free antibody site remains and thus the reaction cannot IJroceed ftirther. This
statement \-\, as already pi. oved in Eq. 44.1)ut it can IJe confirmed as folio\\. s. \Vhei\
the rcactcd fractioiT (I') of the total an IIJod\, sites is coiTsidered,

reacted antiliody sites (r. as. ) IAII'
IA' ' 2~Z'r\I,22'1\I

3

4", 21- I I 21.1?I-I I 4{, 121- 11 V, 121- 11

Fig. 3. Fate of M, , in relation to p
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in

I'llt, ,1F;

inI

inI

^

I--.=-

114"

,

I'. a. s.

- A'- (52)
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As in this range I can grow to ^, I' becomes unity. This nTeans that no free
I'

antibody site remains and that all the antibody molecules are playing a role in
connecting antigen molecules, as shown in Eq. 44. For this reason the in I coin-
PIGx in this range consists of nothing I>ut free antigen.

of ^ :is ? :is/- I, I reachesIn the I-I - _ -, I I, (I-I)
cipitate appears. As described in Eq. 30, I can grow further. However it cannot
be stated that the principle of the most probable distribution is still held for values

AMANO, sYozi, ToKUNAGA AND SATO

of

range

A larger than I, .,/~. I, ~~~'
cause Eq. 5 holds for other types of distributioiT besides the most probable

Therefore it can be expected that, in the range of ^ := ? := ^, 111 IJecomes

up to ^ + --- and no free antigen nor antibody molecules are left.' I ~?I'

In the range of , < I' ^ (/ I), I can still increase up to . I, e}, ond

unity (i. e. the number average molecular weight also becomes infinite as shown in
Eq. 30). This means that no smaller complexes are present when I has increased

For such values of I, only Eq. 5 is still available, be-

I, (I-I)
distribution cannot be applied any longer. However, it can be stated that I is less

than unity, because even at the end of the reaction I remains at ^, where I' (Eq.

52) becomes unity. This means that all the antibody sites are located inbetween
two antigen molecules and that some antigen sites are not attached by antibodies.
In addition, as described in Eq. 30, the number averaue molecular weight of coin-
PIexes remains at a. finite value in this range of i'. For these reasons, 11 can IJe
expected that some smaller complexes containing free antigei} sites, \vhicll are not
large enough to I)e precipitated, remain in the super natant together with free
antigen (in I) and that these complexes and the free antigen can I>e precipitated I, y
further addition of an appropriate amount of antibody.

In the ran e ---^:= I' ^ calT also increase u to unit , IJe ,ondIn the range r_, ^ I' < ,,,_,, , I ca, T alsoincreasc up to unity IJeyond
and, as shown in Eq. 30, the number average molec\11ar \\, eight of

I ,-(/ - I )
complexes remains at a finite value. For. these reasons, it can IJe expected that
some non-precipitable complexes remain in the super natant together \-\, Ith free
antibodies and all the antiuen sites of the complexes are attached I, y antibodies
("saturated complex"). The saturated complexes and free antibodies can react
witl\ newly added antigen to give precipitates, whetl an appropriate amount of
antigen is added to the supernatant for. the test of excess antibodies.

Here, the results obtained under the concept of the most probable

and some pre-

one'



In the range of i. < - ---- , it has already been shown in Eq. 45 that all theg 7.1,
antigen sites are saturated with antibodies and no precipitates are formed.

In this range, the ratio of the amount of in2 saturated complex in weight(11'2)
to that of inI saturated complex (kill), is considered,

"', ~~TV, -- - . r ,~,'~' - I - it, ,, 1""'~"

THEORY FOR t\NTIGEN-ANTIBODY REACTIONS

whcre g -molecular it, cight of antigen, b -molecular weight of antibody and
I-I In Eq. 53, we obtain

and 11'(I-I')'~' is evaluated at its maximal value, WITich is o1veiT IJy settiiT^ I' -

I- I

,^I-^I^"-2 (g- +I)

.

71, ~~ (f. ;)'~'~ 4-411"- - (f. ;-)'~' - ':{'- - (";" )"~'- 00

^;;- < 1, when I> 3. As usual it is assumed that antigens are more than trivalentw < , W Ten I- 3. As usual it is assumed that antigens are more t an triva ent

,

where I-I - a>2, and Eq. 54- is less than unity. Therefore, we obtain O <

ancl it can I, c expected that by \\, eight thc most abundant saturated complex is inI.

The experimental data in the litei. ature on antigen-antihodv systems must
first I>c examined with regard to the theory presented ITere. As this theory clearly
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predicts the presence of a "prezone" \\, heIl the respcctive concentrations of site-
specific antibodies are a. pproximatcly identical ar. d when the valenc}, of the antigen
is not so large, suclL a case can be considered to correspond to the ftocculation type
of precipitin reaction. Among the experimental results on Hocculation reactions
of the diphtheria toxin-antitoxii} system already reported Iiy P~elyveld (1959), a
few very Interesting results were included (curve 14 of Fig. 27 on page 91 and Fig.
30 on page 96). The latter example is cited in this I, aper (Fig. +), in \\, h. ich 18.4
inn Mol of antibody are added to tubes containing varying amounts of a purified
diphtheria toxin preparation (3000 Lf per ITlg N) . The ranges of equivalence,
prezone ancl antibody excess giving somc precipitate are calculated froin t is resu

Table I. Comparison of Dafa in Fig. 4 with This Theory

Values o1 points in Fig. 4

B

NIINk

IN/IN*11=4

Toxin added in

inn MDj INl

NII 8.4

and compared \-\, ith those of the 13rescnt theory, as show, it in Table I. when I is
assumed to be 4, tile experimental results are quite cotsistent with the present
theory. Althou, ,h a valency of 4 of diphtl)eria to XIIl is too small when compared
with the value of 7 ohmi, cd IJy ultracentrifugal studies IJy I'appenheimer, Lurid-
oren and williams ( 1940) , the discrepancy, must be solved I, y further experiments.

it is wcll kito\v, . that th. Hcidelberg-CT-Kendall equation cannot directly be
applied to ?. ittigcn-,. rillbody systems in tile range of the prczonc. In such a system
the equation must be In odined I)y subtracting the amount of antibody contained
in non-precipitable saturated complexes. For this in odinca. lion, Eq. 39 Inust be
summed over " fro:n unity to a finite value 11, ,, vhich means the in, , complex is solu-
ble and the in, ,, coinolex Is precipitable. However, sucl} a summation is Impos-
SIble despite the fact that Eq. 39 can lie summcd over " from unity to Infinity as
Stockmayer did.

Althou, rh the. most prolJablc distributioiT Is obtained In the general case of
varying concentrations of respective site-specific antibodics, the critica range as
not yet been clarified. When this range is clarified, the difference between the
precipitin reaction of usual ral, IJit antisera and that of usual ITorse antisera will
be demonstrated.

A

21nf -I I
0.17

3.24

0.17

1/1f -11

033

6.64

0.36

C
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I. E\. alua!inIl o1 ip, ,. 111.1*, , 1/1
1:1,12,

TITcrc arc " (":* I) Iiall* clistin, ,I^ishal, IC front each o1hcr. witiclT coniaii, I(I. , 2) hnlcs also tlisiin-
I

guishablc iron, caclt other in shape ( I-, 2-, . . . . , 11ypc), and Z (!* *I'*) rocls. Ihc two ends or \\ITich

arc cliffcrcniiatccl in 10 I kincls o1 shapes. TITc lrids, \\, 111cl, can bc fillet1 11.10 k-type holcs. arc ITamcd
A-type rods, allc1 1,011T ends havc Ihc samc shape. anti litere arc 4 rods of I-type, I* o12-tvpc. . .,

I

and 17 o11-type ( Z I* -"- I) as the bridge-forming antibodies an <1, in atIdition, 1'1 rods or I-tvpc,

I, o12-type, .. . .. anti;I o11-!ypc as Ihc non-bridgc-forming antiboclics. Each of 111c I*+?\ rotls
, I) is also clistinguisliablc fruit. o111cr rods or Ihc samc Iypc(A-I, 2,

THEORY FOR .\\TICE\-.\\TIBODY RE. -\CTIO\S

Appendix

To ticicrminc I. ,,, 11,12,

I, "ods (A- I, 2, ,I) will first be <1.1ci'millc, I (1.11", 4, I" , , IJ. ) antl then 11tc it umber of
ways to iriscrt ;,, rocls (A - I, 2, . . . . ,/ ) into Ihc empty holes in the k-type (k - I, 2, . . . . ,/) \\'ill bc
consiclcrccl (R, !, I I, I2, , I^^ bccausc the latter pro^Clurc LIDcs not Intel. forc willT Ihc formcr pro-
ceclurc. Tllcicforc. we ITaVC

I',,,, 1/1,12, , I^I - I'll, 11,12, (,\ I)
171 , ? 2, , .11

I'll, 11, I*, , I^ call be obtainccl in inc following \\. ay. To consiruci a lice \\. illT " balls and
" - I 10ds, two I, alls arc conncciccl with one rotl aitcl no cyclic sirticturc is 101'metl in aity part of 11Tc

Firsi pick lip a ball (this IJall is clistinci alitl callccl Ihc "origin") rcgarcling o111cr " - I I)alls11'cc

Incusiinguishablc. anti hiltl out 111c ntiitilJcr or ways (0),!, 11,12, , Ij-) to cullsii'tici ITccs. Thcii.
\vhcii 11- I I, alls arc clisiinbiiishablc, we obtain

1141, 11, 12, . . . , '1' ~ (" ~ I ) ! coll, 1, , , , , , ,, (.\ 2)

To the "origin" ball arc givcn pi rods of I-I\ PC, A rock of 2-11.1, c. and 11:1 rods of 3-Iypc, . and

11, use arc Lisccl to conncciihc balls Drillc "firsi gcileraiion (F1\." For Ihc "secon, I gcncraiinil (F*),"
,I locis 1111-tvjic, ,, o1' 2-1yjic allc1 1:1 or 3-Ivpc, , arc 1115crtcclint0 111c I, alls or the "firsi gcncia-

A-I

, 11- . Ihc numbcr or ways 10 form ITccs consisting or " balls and

A=I
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tinn. " For the "third generation, " 1'1 rods of 1-1ype, rz o12-type anti ra of 3-type, . . . . , are Insert-
cclinto Ihe balls of the "seconcl generation, " and so on (Fig. 5). The nLimbcr of trees thus formed
becomes

I, : I I, '*I I, : I------( 11'~ I I 11'* I I 11" I
24*-q, Zq, ,-q, >:q*-q*

11 "* ''

insert A rods into one 1-1ype hole is I I anti similar \, alucs are expected for the other types. The

II I I, : I I, : I ... . . I 11~~ I I 11~* I I \~" I
,, I \"I I \"I I \"I

(A 3)

The reason is as follows. As Ihc "origii, " ball contains one hole of eaclT type, the ITUmber or ways to

second generation balls ( EIAJ are tiniqLiely connected willl these ZA, ^ods. The ITUmber of empty
holcs of 1-1ype on the second generation balls is 21*-A and 41 rods of I-type can select in
ironl 215k-pi it o1es and so on. TITus, we have

con, 11,12, . - - - , 17'~ Z

(A 4)

(k-I, 2, . . . . ,/)I extend over all positive iillegers inclucl-whcre the summations of 11*, q*, r*,
ing zero \vhiclT satisfy the following relations;

A+4*+,*+ . .. = I", or = I, 2, .... ,/)
I

(A 5)ZI* ~ "~'

In order 10 tintl an expression for' con, 11,12, . . . . , 17, we Indroduce the generating Innclion,
IJ4 12

(A 6)Z ~ Zaire, !1.12, .... 11"Xi \z .... Xi' ,

, 11 extend front zero to infinity. Z is rewritten as,whetc the summations over 11,12,

,14,111, :I'll'~)(I:'~I-----.(^"::--)(--,,.*,,

I, :11, :111.1!,*;,-)(,-;,")(,-;,*)(,*;,-)(,,:,,)(,,;"')

,,,,_,, ,', '"~"' ""'

;I I I" - (I, -,,, _ ,,,,, _

21~/I in " "

; I~,, I ~,, ,,,qL qi

Pi + r1 "" ' ' ' ' I' ' 42 ' 72 ' ' ' ' A' ' 91 ' 'J', . ' '
X XI XIX2

The summation can be perloi'med easily for' pi, A , , qj, q2,

example the following simplified functioil for I- 3 is considered,

<' - Z

A-I

..... ,

pi + q, +I I 12 t qe + 72 13 + qa +1'3
X Xi X3Xz

TllC SUITT over 11 is

and ITcnce

Z -(I+."2)

The suil, ova q, becomes

7,

qj + q3

, yj, 1'2,

,

(A 7)

, separatcly

z -(I+",)
I' *

(I+XI)

qj r q2

For

11+", (' +."2) (' "")'

,

(A 8)

A+/a
,
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ancl in the samc way

Z ~ 11+"2 (I+",) (I+", )I
12

Tlle:sunt or'CT pi becomes

Pi
11+"'2 (I+ "a) (I+", it 11+"a (I+.", ) (I+-"2)I

I+", 11+.*, (I+",) (' +",)I 11+"a(' +", ) (' +"2)I

Z , Z can be obtained in the same way
' l''

Titus Z can bc written as follows,

< - C1+-", 11+",(- - - -)111+"s(- - - -)I

x .I+\211+",(... )111+"a( ...)I

I ,I+", 11+",(. . )I{I+"2( ...)I

x Ll+Vll+*,(. .,,,,,.,.,. ..,, ..

Now, the following substitutions arc nta(IC,

Z ~11'1J'2J'a----J'I =,' alld

.'1. , _ I, ,, J',. 1'"- - ~ ~'''"

J', - I+,, J',,. 1',. . .. 1'1,

;I ,I"-All

13+A
, Z~ 11+"a(' +",) (I+"*)I

q3

11'1 ~ I ' """ ' " " ' ' ' ' ,1'1 _ ,

\I IJ"~I, we have,As con, 11,12, ...., 11 Is the CDCmcieniof lite ICrm, xi ' .\2 ~

< - fixj ofX2 . . . . fitfOOH, 11, 12, . . 1171.12+I . If+I
'I A'2 ~ ... Xi'

I) arc traitsformccl to. ,I'*(A-I, 2, ... ,/),Tl, c integral variablcs x*(k- I, 2,

,I',' !'- -- . ----- (I'-A)------------------ I-.
, A*

' ' ~'"("*~') ". A ,_,,,, I *-I)~' ", ,*~ (j. _A) ,
J'/I'j

11+12

11
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11+"J'(....)I,

11+"I(. .)I,

11""' ' ' ""

{I+.*I_,( .)I,

, 17- ?in r I

\k -

, ,,. I'k:. I)

11'*(J'*- I)
,I'

D = of\, d\.

anti

(A 9)

I\I- :
a. \I

a. -I ' I

at,

at I
a, iI *

at2
an ' ,

OA "
arl ' "

a, .I I I

u\"

aJl ',

(AID)

~

Orj
a, I' a

a\ "

a_, I I3

a. v"
a, I' a

~

a\I
aJ ' ,

(All)

a \I
DJ'/

a, 'I

a\"

a. -1'1

a\J
a. .if ,

ax,

rill',,/rl'*.

at,
a. -I ' a

(A12)

,//1.1

a\I
0.1'I
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",,
11'

-, ' * (, I' 2 - I)
a ', 'I

-, ' " (11' a - I)
A, ,,

Ai\{ANO, SYOZl, ToKUNAGA AND SATO

-, ' I (A ' , - I) - A ', (A', - I)
A' I'a'A',

a'* _A'2"'e-1)
a, A, ,,

- A ', (, ', - I) a'a
11'A ' , ,,

- 11
k-I

I

I

\\!ith the useful Identiiy:

I _ (a'*-I'
A'

I aj

I+b, I ... I

I ILb ... I bj by b, -

I 24'*-I '' I~A'*- ,, ( ,' I, -,. - ) - (,+ z ,,, ,I ) ,,-, ,,,-*---,,,-,

~ 11 (--;-----) - (^- ^ __:~ ) u, ,,,-*---u, -.k-I k=I 'k-

I ... I+by

we have from Eq. A 13,

I
D - (, I')~I 17 (I-A'*)

k=I

I

rig I. .. I

" ...

I. .. I

offI', of A'2

...

Front Eq. A 15 and A 11 we call obtain,

of. {', of A'2

~ ,'*of A'J', I'k~ ~~~-- -*J" *~ '''~ "

co-

of a 'J'

offI ' I of, I ' e - - - drl',

FLITihcr, by the substitution, B, , = rl\ - I (k- I, 2, . . . . , I), Eq. A 16 IJecomcs

"--,^-I, ~-~~ - I-^ I I my, ---,,,

2;' ~I"~'~ j'(27i)" I ,'"(, I'*- I) 11, ,+I'in ' ''"'"'*;,,, ,,,,,,
A-I

" "'CL)I,+ (--,,-^,,{)I

I

12:1)'f(, 11"*"';;;:"'*'~"~~,;, 1''''""~";;:~:~;~"""'~'~ ' "it'~~11 '
dB, dB2

- I I, ;I"'~"'-----I - ;, it, fly^^;, ' - ,",)

(A13)

I 24'*~ I A'*- I11 ("-IFL) - (I- z ,11='r)

dB/

I I (B, +I)"~"'~' (2B, ,+I) I
A=I 271 B Ik"A=I B* k+

~11/11/'11"~;::~')I, !, 11:1-111,111"~;:~'))I

(A14)

(A15)

(A16)

k. -. j



~ " '' T'F^!!;~I~ ~" . Z If ' 17 7.1~~~*~21. .~I
_ ,I-I it _("~/*__I)! (A17)A-I *-("_ ,,,,,,

As eacli of 111e Ik rods, each encl of a rod, and each or " -I balls are respectively distinguish able from
others'

W",!, I. , . . . , 17-- ("- I) !co -1/4, ! - 2 * - , !,/ - 2 11 14.4*. I)!!*! . 2 (A18)
k=I ("-24). Ik.

R", 1'1, ig, , Ij is obtained 111 Ihc following way. The remaing ,'* rods must be inserted
into k-type I'Dlcs \\. Ithoui forming ITc\\, briclges bel\\. een any pair of balls. The number of empty
k-type IToles is 11-21*. As cacll of inc I* rocls and each end of a roclis distinguishable, the number
or ways to clisiributc ,'* rods in (,!-21*) holcs is

R", 11,12, .

THEORY FOR A\TICE\-ANTIBODY REACTIO\S

TheTclore, we obtain by Eqs. A 18 and A 19.

k\ J

I', 111,12,
171, i2,

I "-21, , Zi-
A-I by

\\, hen I is 3,

Goldbc, g (1952)

(called S, ,-units), 4 + 7'1.12 +,'2, and 13 + 7'3 bininclional units (S, I-, Sit2-and S, ,a~units) can be formed
in 10 a single ,!. 11,71,12.12, In, ,*-aggregate colltaining no cyclic SITUciurcs. f\11 tile tiniis and all Ihe
functional sites Ihcrcon arc distinguishable. Tllc three sites on S, ,-uniis ITa\. c different sha CS (I-, 2-
34ypcs). Both siics o1T Sitj calt bc fillcd only into I-type 1101cs anti tl, OSe of Site into 2-type holes and
titosc of Sit, Into 3-Iypc it Dies or Sit-uiiits. S, ,-units arc TCPrcscilICcl by mechanical frames contain-
ing 3 holes of different shapes. A pair or Ilo1.5 or 111c same type belogiiig to different Iranics a re
connectccl together by. a bolt of the same type. Bolts ale also required to fill all the other holes
However they <10 1101 connect different frames. Tllc n ITamcs are connected logcihcr b . I ,! and
13 bolts and 111c rcmaiiling cmpty ITUlcs of the A-type arc filled will11"* bolts (k-1.2,3). Here, the
following relations arc givcn

' ,,/-2 I I= "!"'~~ . 11 (/*!, I!) - 11

If, ,, 11,12,13 call I, c evaluateclin a similar manncr as SIockmaycr (1943) and

ip", 1/1,12,13 is rlciinccl as tile number of ways in \vllIClt " 3-functional units
,,,, '" ''

,IJ' - "!,, I~' . 17 ("-!,-11!' "' k=I ("-21, -ip!

281

A-I A-I

El,

(,,-!,.-I) !
I, !,\ ! (" -21, ,-ik) !

- -.!,, or - I, 2.3)

The number of \vavs to bolt all the frames logcthcr into an "-aggrcgaic, containin ITo c clic
SITUctures, is I",,. To Toriil an 11-aggrcgaLe 11- I ( -11 +12 + I" ) bolts arc uscd. Tile empty holes of
tlle resuliiilg SITUctLirc arc filletl with, "I. i'2 and i's bolts alitl this proCCdurc clues 1101 change the ntim-
ber of ways of forming the 11-aggregate. I\her the SIruciurc ITas heelt Inadc. I, , bolts are replacecl by I.
Sit*-111,115 and I'* bulls arc also replaced by r'k Sat-Liilits (A- 1.2,3). The it urnbcr of \\ ays to carry, out
the Iaticr procedure is ticfii, cl as R, . Therefore

IF, ,11, , 12.131

- 2
Z",

' "'k-!*""'

' 22n*

(A19)

11+!2+!a ~ 71-I,

,_21* ~ i'A,

(A20)

1.1' x R, .

(A21)

(,\22)
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W" is determined as follows. Alty one of the bolted arrangements can be clissociatec\ Into each
" separate frames in such a way 11tat each bolt removed is left in one or a pair of frames and eac
frame contains two IToles occupied by bolts and one empty ITole. There will be one free bolt left over.
Now the type of the most abundant bolts usetl to connect frames is provided as 3-type (!3_!1.12) and

As Ihc numberone of the 3-type bolts is chosen as the free bolt and is removed first from the structure
of 3-type bolts on the structure Is 11-!a, 11, e number of ways of choosing the free boltlrom the 3-type
bolts is also "-!a. 11 the free bolt is chosen, 11 uniqtiely cletermines the empty holes in caclT or the "
frames. \\!hen P is the number of possible dissociated arrangemei, ts and q is the number of ways
of bolting each dissociated arrangemeilI together, the number of different boltecl arrangements is

P-Q. (A23)W"- ^
" -13

Pts the number of way, s o11eaving one empty ITole on eachj, late. 'The number of newly made empty
I-type holes is 11, that of 2-type holes Is 12 and that of 3-type holes is 13. The total ITUmbcr of empty
3-type holes is 13+I, because one empty hole of the 3-type has already been made by reino\, Ing I e
free bolt o1 the 3-type. Therefore, we obtain

282

4 ' 12! (!a+I)!

q is determined as follows. As I'* bolts are also bitunctional units as i, and can be insertecl into
the A-type holes, all k-type bolts (A-I, 2.3) can serve to form the it-aggregate. The 41rames, each
containing one empty I-type hole, are named group I and 12 frames, ha\, ing empty 2-type 1.01cs,
group 2 and 13+I frames, having empty 3-type holes, group 3. At first, 4 empty I-type holes are filled
by inserting I-type bolts contained in the frames of groups 2 and 3. From group 2 i bolts of I-type and
4 - r bolts from group 3 are used to connect the frames. Thus the number of ways to take I' from
12 and 11 - r from 13 + I and to insert these I-type bolts into empty holes Is,

(0<,<12, 0<1, ~,'=!a + I)

--- 1:1 11" )

Now, there are I giveiT structures, eacll of which is composed of two frames connected by I-type
bolt and containing one empty 2-type hole (named the 2-I group), and 11 - r structures, each of which
is composed of two frames connectecl by I-type bolt and containing one empty 3-type 1.01e (named
the 3-I group) . In addition to these, there remain 12 -I' unconnected frames containing empty 2-type
holes (named the 2-2 group) and 13 + I -11 + r tinconnectcd frames with empty 3-type holes (named
the 3-2 group). First, ways to fill I' empty 2-type holes of the 2-I granp aic consideicd. Each
structure contains one empty ITole. To the first selectec1 2-type 1101e or a structure of the 2-1
group one 2-type bolt must be inserted. Such a 2-type bolt can be selected front I - I bolts of the
2-I group, 2 (!I - r) bolts of the 3-I gi'oup, and (!a + I -11 +I) bolts of the 3-2 group. Therefore, the
number of \\, ays to select such a bolt is 11 +13. This procedure is repeatccl r times. Thus, the ITUmber

P (\vl, en I' Is zero, there Is still only one way,of ways to fill Ihe 2-type holes of the 2-1 group is 11 +18
in which there is nothing to do). Next, the ways to fill 12 - r empty 2-type IToles are considered
At present, 11+!a+I- r bolts of the 2-type are available. The number of ways can be expressed

Therefore, the total number of \\, ays to fill 12 empty holes, Q. a, cal, be,, , , ,' '" 'I, +!gri~r 12~r
calculated,

, , , _ (!, -!,) ! (!, +!. +I-')Q, _ 1, ,1, ','I, ,!,, I_,'1, _, ~ ,FF=~Pin~~ ' " " ~')
Then, the empty 3-type I, o1es are filled. Though the number of 3-type boils in caclT of 111c

structures formed callnot be determined, it is obvious that the number of structures formed is 13 + I
and that each situcttire contains one erupiy 3-type hole aitd that there remains one free boil or the 3-

As the number of 3-1ypc boltsin the sysicm (including the ITcc bolt) is 11 +12 + I, 13 washers arctype

distributed to 11 +12 + I of the 3-type bolts. In this process, a washer may or may not be giveit 10 Ihc

12 13' '

I' 11 ~ I

"! (A2+)

(A25)

(A26)
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free bolt. Tite number of \\, ays 10 distribuic the wasllcrs aiTcl -to fit another structure through the
cmpty 3-type Ilo1e is,

' ,_ (I, +!, ti)!Qa - I, +!, +I 13 (!, +!, +I-!j)T
Therefore, q can be obtaincd as follows,

I, ! 1, ! (!,+I)! (!,+!,)! (!,+/,+I)!Q- Qa Z Q. ,Q, -
(!, +13 + I -/2) ! (!, +12 + I-13) !

(!, +1, ' I, ,,xZ
7! (!, -I) ! (!, - r) ! (!a + I-11+ J) !

From Eqs. A 23, A 24 ancl A 28 we obiain,

" ! (, I-12 - I) ! ("-!, - I) !
("- 212) ! (, I- 2/3) !

(!, +In + I-,)xZ-- (A29)
,! (!I-,) ! (!2 -, ) !(!a + I-I, +,) !

RJE is Ihc product of Ihc number of ways 10 replace 111c Ik bolts by I" Sit*-units witlt the number of ways

to replacc the rcmaining "-21* bolLs by, '" of .5',,*-units aild willl 2 k=I ,

Z (!*+i") 3
.,",*^ ( , )R, -2 A, ,
k-I ~ * "

Z (!,,+i*)
. IT ("-2/,,)!I, !~ 2A_I
t_I 0.21*-',,',

From Eqs. A 29 and A 30, \\. c have,

z (!,,+,,.)

_ P. Q. _I, n- ~ -
" ~ 13

r

,

3

, , !(!, -r) !(!2 -,) !(!a + I-!, +,) !

Herc, Lite following SLiinmaiion ITlus I be performed,

(!, -!a ' I~"S -("-21, ) ! Z
, !U, ~,') !(12 -r) !(!a +I -!I+,) !

Z "' . --- (!,'!)' I, +' "~'01-211) !
,. ,-!(!,-, 11~ ' ~~(!,-,'11/11+I~.@,_,);~! ' I+ a+ -1, !(!, + I) !

("-211) !
(A32)12 !(!, +I) !

("-21, ) !
1, !(!, +I) !

In DC1er to find U, the followii, g functions arc considered,

3

Init, 11.4,13 - 2 A, ,
11 ,I",, a

(A27)

" !!, !!, !1, !(" -!, - I) !(n-!, -I) !
(" - 2/1 -ij)(, I- 212 -it) !(,! - 2/3 -i") !

_ , __ ___q, +!*+i-oX

3

3

(A28)

; I I ; 11 ,:, I - ,,+,**,_*I
,- I, -" I, 11 ,:, I - ",,,*,_*I .

12 1217

A_,,,,, ? _ 71 ; I "'
13 13+I 13+I s+!a+I

"-" ~, -\ I I" -

?

(A30)

(A31)
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18 + I

13 13" '

-" I I I I" ~,"~I-

""""' ~ "*(;:::I *!-_,. ,,,,,,,_, I

" F1,11 ,I- *-,,+, I-

I '2 13 : I 1, y+y 13
=,- I, , I, -,

lit 11 1:1 I ,,+-*+,_*I ,-,+,*

AMANo, sYozi, ToKu\ACr\ ,\ND SATo

s+!adB 1313
__(!a"'" "'x)

When 5 - 4 - J, B' becomes

B' -

we obtain from A and B',

13
AXB' - (!a+I)x (I+,)

Now we consider the tern, x ' ' ' of A X B' setting $ - 11-r, which can be expressed as

(I+2.0 - Z

A X B' can be rewritten as,

A X B'-x

A

12 +!a

,,,!a *,,

( I + 2")

U of Eq. A 33 corresponds to the coemcient of the term \ ' * a of Eq. A 34,

(!,+!,)!". (!,+I)
11 !("-211) !

13 1, +!,I (,,+,) (,+,") (,+") I
13 12 +!a I

~ fly, ~\ 'I"I

,*+11 I , I I, 11 -

-U-*

S of Eq. A 32 can be calculated from this result,

"(" -11 - I) !S-
11.12 ! 13 !

Therefore, we obtain,

11+13

';I\K
(A36)Tn, , !I, 12,13 - 11! n - 11 I*! i, ! - 11 ~ A~ ,'111,12,131 A=I ' A_I Ik!i*!("-24-i, )!

and the validity o11he SOILition in the general case of 1,1'7, , ! 11,12, ... , 11 is proved in the case of

I-3

2. Summations

''' ' " in, ,1, , ,*, . , ,,, _ ,111,12, --- ,if

In Ihis summation, the following figure (Fig. co Is coilsitlcrcd, \vheie I* antl it rods are InclLidcd
to consider the ITUmber of ways to tornT ITccs, anti the ways to connect the in'SI(F1 ) anti second gencra-

(A33)

3 3

(A34)

(A35)

I
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Iioit (F2) balls are not Liniquely detern, incd. Tllcrclore, \\. c obtain

o

Orig

2

@

3

3

o

o

Fig. 6. Schematic presen, ajion of the way to find con, 11,12, --- . 11

,,,,,,,*,.--,, I -I, ,11, .I----11:1:11~';:"')( ";: I
I ;:, I I 1:1 - .

F.

1-1ype pi pi qj ql rj

q, q, , .2.1ype p* P.

P, ' q, q. I' " 1.1'3-1ype P,

o

2

2

@

@

,

ant1 111c following Tclations 1.01cl in the stii, litTation,

- I*,A' + V*' +

(/I, +q, ,+....) - (/;'k+q'*+ ) - I'*,

I

Z (/"A+V'"+ )-"-I

Here, Ihe following Itinclioit is considcicd.

11+i, 12+1'2

285

,

,I

,",

,

F-

\vllCTC 111c summatioiis ovcr 11,11.12, , 11, ij, 1'2,
I

the relation, >: I" - ,I-I. F is re*vriticiT as,

A=l

12""'14, ", "' 4 *,11,12, ... ,if

,

A ^ 111 111.1. .. 1:1:11. .. -("';:"'11"*;:"*I----(111 1:1----I
I'~"" 2+.. ,,, Lq'2'II"I"" I2-q, r - Ia'h'

>: \I \a J.

\\IC call purlorn, Ihc stintmaiions casil\. .-\s ail cxamplc. \\c Ila\'c for' I- 3,

A -I

\ ., . . \I

\,

17+11 "-I
J

(,\37)

(,\39)

, If ex!ciicl from zcro to Innniiv with

,

(,\38)
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---I;, 1/1/'11i, )(;:,)(;111'111"';"')(';,\,-+,,,,,*+,*
X \a

The sum over 41 is,

ANTA\0, sYozi, ToKUNAGr\ AND SATO

Pi' +113'1'2+/'a 41 A'+/a'

qj qj 92

A+q311+/'2+/'*
J,

The sum over 11' is

; I ,,)fly~, I I, +-~~I -

;,-~Fly, ~I'*-,;,-I, +,~~I'*
12 13

I, 111 ,+-~~""11 - "+"-Fly^~", I
Z~ I+X211+y(I+XI)(I+X3)I, Z ~ I+X311+J'(I+'I)('+'21'
AIS

F - I I+", I I+y(I+", (I+),...) ) 11 I+"a(I+J-- -) I - . I
', I " +", I , +,-(" +", (~.. ) ) 11 , +"*(, +,-- --) I - - - -I
" ' ' '"'I ' ""' '"' " ""' " ' 11 ' '"*'" "" ' " I ' '

,, I "+*, I " +,("+", a, ...) ) 11 "+". a+,-- - -) I - - - -I .

and hence

The sum over pi Is

and hence

Thus, F can be writteil as follows,

,Z
93

Now, the following substitutions are made,

F - Aid2 "' fir ' A,

A1 - I+Xi (I+J"2r13""""

'2 ~ ' +"2 (I+J' '1 As A1),

A1 - I+"j (I+J, A, A2 A1_,).

The permutation of "-I balls, except for the origin, and Ik and It rods being considered, we Ilave,
I

Z (!*+i*) I
' ("-I)! - 2k=I -1/4!it! ,

A=I

Pi ' +12'
I+ \a)

and hence,

I, ", 11,12, . . . , I^\ ~ my, . 11,12, . . . , IJl11 , t 2, - - - , I^^ 111, Ie , . . . , IJ'

,,--, I- -' "', - I
,,,, 14 -.., ,I ~ "" '~' ' by -;,*)

From Eqs. 2.7, A 39, A 42, the folio\\, ing relaiion is obtained,

, (A, , z U

(A40)

it ! n (!* ! it !) - 2
A=I

(A41)

(A42)
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or, ,, I, ' -*' ' , I ,,*, ,*+,, ,,+,,211 _ ______ 21! 2_'J",_I__ ___ ,, \', .... 'I Jul
_ __, Z(I*Ti, ) , ,
"!11(!*!i, .!) - 2

- N - C, ^,. 11. .12 ---.. 11 - CJ. J

111.12, ..., if

In this case. one of the 11 rods is pickc, I Lip as inc origiil ai, d Ihc directions or Ihc I\\, o ends of tile
origiit arc fixed, for' instance upper and 10\\. CT. T\\, o balls (first gcncraiion (F1)) arc connectcd to it
by eac11 1-1ype ITole. Tl, c rods illscrtccl into 111c first gciTcration balls ale not of Ihc I-by, PC
TllCTCforc, the number or ways 10 TornT trees Is,

A=I

_ Z wily'I"' "' A

*99

Origin

o
**

3

287

o

low

, 1'111j 3

2

co

2

2

(,\+3)

o

Fig. 7. Schematic presentation of the way to find oi'", 111,12, ..- , if

"----lit^*I -. I;,)(;*)----(;:.)(;11- . I ,,*;,---)(\,,-,

@

3

3

3

F

I -Iype O

2-1vPe ,,

3.1vp. pJ

o

o

P:

P,

SLibjcct to 111c relations,

A'+q, '+- ... - I, -I , (A'-0)

(/,+q, + ...) - (A'+q, '+ ...) - i, , (/,-0)

, (k-2.3, ... ,/)A^'+q"'+ . - 4

(/*+q*+ ...) - (/*'+q*'+ ...) - t, ,
I

Z (A^'+q*'+ - - - -) - 11-2.

The followiitg Itinction is considered. \vhiclt Is easily summed,

o

ql ql

q: q.

q= q. !

F1

F

,

,

11
,

,

,

r

11

r"

,

,,
,

A -I

r,
,

(A44)
,

(,\45)
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Z my, ', 14, I*, --- , 1/1 - *,11.12- ---, 1/1

And Ihc following relation is easily seen,

I 12 (!*'i*)}_,
coll', 11,12, . . . , 17' . " ! - (!I - I) ! . i, ! . n I, !j, ! . 2 A " - IIJ, , 11, Ig, . - - , 11'I

ii, 12, -.. ,IJ' If-2 11, i2, .--, 'J'I ,

w ,I"~ '~ ~ ~ "I11, a*, "' , IJ'con', 11,12, ..., 11 - 2/, .
11.12, ...,, J'

,- w, ,, I. ,, .*, ---, 'I11, I, , ... ,,/

ANJANO, SYOZl, ToKUNAG, \ AND SATO

1, +11~I '2"2 '1'T'J' "~2
i' - (, 2, a

Eq. A 46 becomes

Xg

1:1 211 . ~~ ~

... "J

Therefore, we obtain

24 " - 4 --j- ",'~' ' " "'

24, ," - ,,. __c_ ,,,,^. (,_)'.^ ^

(3) >: 11, "", 11,12, ... , 11 _ 1111,12, ... ,17

Thus, analogotisly we obtain

"!

.I
"! - 174!i, ! . 2

A=I

I Z(!*+i*)
. 1/4!i, ! - 2
A-I

j

,I')

TIT this case, one or the 11 10th ITanging from aiT "-aggregate Is picketl Lip as the origiiT. As the
first generation ball, only one ball is connected to one of the two ends of the origin througlt the
I-type hole in the ball. Tite rocls, \vhicll can be inserted into any of tlTe empiy holes in the first
generation balls (F1), arc not or the I-type. Titc number of \\. ays to fontl Irccsis

II

2

Z(!*+ik)

11+'I '2+'2 IJ'+j, , ,
"J' " ~ "*"""""' ' ' 'A""X* .Xi

(:\46)

"-,---, ifti - 1,111;, I tinti"I'll-,*',

subject to lite Tclaiions,

in'+,,'-F ... - 4 , (/,'-0)

(41+'1+ ...) ~(qi'+,'I'+ ...) ~ 11~I,

A'+q*'+r*' + ... - Ik

(/'* + fk + "" + - - - ) ~ (/A' +11k' +I'A' +

11*'+/a' + --- -;- (q*'+,'A'+ ---) - "-I

Thc 10/10\\'ing function is easily summed,

tin""( \""11"-;:-*-I

(A+7)

(A48)

' """I"' '*, " , ', I . *,11,12, ... ,, J'

(A49)

(A50)

. ,

'"'1~' 1, ,,, ,,,,,,, ,~'
J,

) - Ik

\*

, (/, - 2.3, ... ,/)

... Aj

(A51)

_ A2rta .

(A52)

,J (A53)
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o 11/11

3

o

Orig

co
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2.1ype p*

3.1ype P"

Fig. 8. Schematic presentation of the way 10 find

2

2

@

@

As before, \\, c ITavc,

o

3

F
3

I 12 (/*+I*)I-I
my^", 11, 12, . .. , I, -I - " !I, ( ! ,^ - I) ! it (/* ! ,\ !) - 2 *=, >: 2 - 1.1, ,,, I, , I, , . . . , 11-,*, ...,,-I ,,-, 'I, ,, ,-.,...,,, I

w I, ,- ,*- --- - ', Imy^', 11,12, - ' , 111
11.12, .--, IJ'

289

o

o

P. .

P"

co

I
" ! - 11 (/A, ! !*!). 2

A-I

FroitT Eqs. A 53 and .\ 54, \vt, gci,

litij 12+12
C - Eru" - .\, \* . 'I

~1:11M ~ A ~ "'I, '~'~

.

F, I

,

ql

q.

q,

F

,

ql

q. .

q,

,

,

rj

,

r,

Hence similarly the following solu!1011 is gi\. cil for' 14, (A-I, 2,

11
'' _ ,,,,.

,I*

rj

- 11

r ;I

,

r

rj

till, , 11,12, ..., 11
11,12, ... , 17

(4) 'F11c \. aiuc or .\r,

Fruit, Eq. 2, A',. 15 gi\. cil us,

J

A'* - L"+/,.+111'n, * - -q. \,. '(-11)' + 2 "" +11- I (,-Ik-I )(-""'.':" ) . (.\57)

Z(!,,+ik)

1, ' ~;~ I, '
,.,, _ C\'IJ'-1243 .. fir

(,\54)

,/),

(,\55)

(A56)
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(5) The summation of

Although A1 has already been obtained in Eq. 13, we can find an expression for 111 in a dif-
firenifashion. Eqs. 2 and 3 are written here, where "t-!*+,'* (k-1.2, ..,/),

A1\IANo, sYozi, ToKUNAGA AND SATo

I Z"*
"! - 171k! by! . 2

M - z __ Cry ,,"I, ,"2/7'Iy'+ Z "'
it! -171, !its! . 2 A=L

From these relations, it is obvious that 111 satisfies the following I+ I partial differential eqtiations,

, ,_ IV~Ar,

^k - -- M- N*, (k- I, 2, . . . , I)

As the values of N and A'k have already been obtained in Eqs. A 43 antl A 57 as functions of

C, y, A1, A2, .. . , ,47, the differential operators, y^ and xk -_, can be transformed into those on

Jin, ,, 11,12, ..., 17 +Z"1'0, * - M
11,12, .. , 17

A'- Z " _ Cry __ X, "It2"'. XI"'J"
"! - 17Ik! fit! - 2

Ark- Z "k

A=L

Cry

k=L

it=I

(A1, A2'

in ,, 2 "I n Cxk
XI A1g. .. XI y r ^ ,

, 47, Y)-*par, (. I. Eq. A 41)

A*- I

,

Xk -

, I OA. a
J. .- -Y--+ y ^ --. ^ ,
DJ k-IJ k

' ~I^*, T -.;,--,,, ^I ~
The differential operator, - - , which is the partial differentiation by J,

are fixed, must be distinguished from --, \vhiclT means the partial differentiation byy when A1,42,

... , A1 are fixed. From this reasony is expressed by Y after transformations of xk-*Ik (k- I, 2, . . .,. I)
are performed. The cllange of y - Y does not mean changes in the \, alues of Ak (k- I, 2, . . . , I)

OA* must be obtained from Eqand ,, ,from those in Eq. A 41. The differential coemcients, aJ

.!- and others can easily be obtained from Eq. A 59, ^ and --_ - are ob-A, - ,

tamed by evaluating tl. e Inverse matrix of the matrix, (1) -

A 59, the following relations are obtained,

111Ian

I"A1rlg. .. k. .. A1 , y- Y, ( k means the lack of A*),

A 60

Oaf

(A58)

chi (, I-I)Yrl, ... t ... k. .. fly -rl, (,,-I) YH ..
an, , ,, ,,,, rl, ... j. ../1/12' ~ 'itU!"")' ' '~'

I+Yrll. .. i. .. A1

(A59)

A1+ Yrl '

\\, hen

(AGO)

Xl A,

A 59,

a(XI, '2, ... , x, ',,)
6011, A2, .., , a, , "

,AT

From Eq
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"I~I)/11 ... t. .. A1a. *, -A; (Aj-I) yrt
~ <1+YA, ... i. ..",-)2 ~ 7.1, +Y!I)*ay

Eq. A 61 yields

(1) = aXI
arl,

a. ve

I 6/11
Ora
a, I

axj
DJ2

a^,

art2

axs
a, ,

'I

Orj
043

axe
arla

axs
art,

axr
alla

'1('I~ ' ) Y/I
A2(A1+ Y/I) '

A2
Ag+ Yrl

Agola-I),,

axr ax,
ad, 6.12

111
A1+ Yrl

Ag (Ag - I) yrl
A1 (A, + Yr1) 2

43 (As - I) y,
A1('s+ Yfi) 2

o

~ (~I) X I '.<A1~I)Yrl
<111+ Y/I) '

axj
art,
ax2
OAr

axa
a, I

at/
DAI

A1"I~ I) yrl
'3 (A1+ Yrl) *

A, (/12 - I) ,rl

Ag (as + Yr1) 2
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(A61)

o

X
111

As (Ag + Yr1) 2

Aa
aa + Yrl

o

42 "2 ~ I, ,,

o

", + yr1) 2

I O

112

o

' '~') X '1"'~"'A
' ('1+ Yrt) '

o

~A1 (, I+ Yrl)
"I-I)Yrl

:

; I
xi ^

A1(A1~I)Yrl '
aruj+Yr1)2I

Ague-I) yrl
A1(A2+ Yrt)2 I

A, (ag - I) yrl

y

A1(ag + Yr1) 2

y

o

I o

I

,"

. I

_ 42 "2 + ,A,

.

o

,A2 - I), rt

o

fig (42 ~I' 'A
(A, + Y/I) z

a, 2 + (2A*~I' 'A
ark ' ~ (At'I) YA ~~ ~

,

I I
yI

o

.

o

I I+@I

-I :

I

I

I I

,

I
I ^

-I

I

y

I+ a2

.. 11

o -I Io

(A62)
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Front Eq. A 62, we obtain,

<. 1) ~ ' ~ ( ~ ') ' ' " '

IO

I I I'.^at I
^

I I I+' '
; a*

^-I a, I^- ^--

' I+Z^

',,. o

o
,12

X (A1 + Y, I) 2
A1(A1 ~') YH

}

I+>-
tit

I+Z-
A*2d* I

. - - - - -- . ~^- --- . -----

"2" "' ITE:-" ' "* I+Z'
a* a* at

I

Since Eq. A 63 can be rewritten as

o

(A2 + YA) z
a2 "2 -I), rt

I

"I I+^
at

o

we ha\ e

\

" I

,,,_, _ . a(A, ,, 2, ,,,,_/17, ')__ - (61, ),~ ' a(",, ",, ... , "I, J) ~~ ~ '

I+Z-
I A*! a*

"' I+ Z~
a"

o

(61j), (i, j = I, 2,

I
,--- .

aj

y ^

I

tl
I+Z ,

aJj
a\:

o

I

' 6:1 ' ,' ',',

,I'+ I).

aki

I

~axj ' ' aj I+ Z '

Mr - b;, I, , ~ (~I)J!.-' . _ _I _ . _ _
ay " ' aj I+Z

(rl, + y/I) 2
a;2, ,2"~I' 'A

.

-I

(, 17 Y. 'I) '
,j(rlj-I) Y/I

_ 'i('I~ ') ("J+ "}' 'rl
~ 41,112+ (2rl;-I) y, }IJF+ <211j-1/7/11~

I - Z"

' I-2

I

I
where I- Z-I- Z

k-I

(A63)

(,, + yrj) 2
A!(, i-I),,

^,

4.1~"'
1112 + (2J!~" "'

(/I, -I) Y, ,
4, .2 + <2rlk~" "

I

I- Z

I

' ~I- Z~~ '

,

I
antil- Z' -I- Z.

k-I

k*=i

(A64)
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Applying the resulis of Eq. A 64 to Eq. A 60, we obtain

a a .. I, , _I*(J*-I) a, ,0 _,, ,,. _._, ,,' a, aY 'I-z' ~aJ, .. I* ' ' "", ' I) ,,,, a, *

aa (,;+Y, I)2 a "i Z ."k(J*-I) (, Ij+Yrl). Y, I I' ~an " ,. if, +(2.1, -I)Y. -I aJ A =IJ;1/1*' + (24- I) Y, I}14= + (2J, - I) y, -11 I- Z

I(,;+yrj)2 a , ' "" ' "" ' y DJA, aZ (A65). -- -*- .

.'1/2+(2J, -I)Y-. I ' 7, ; ' '11/1;2+(2J;-I)Yfl! k_I DJ 6/1k

aJ\/
From Eqs. A 58 and A 59, the pariicular solution, G(, I, J2, , 111-, Y), of I\/ satisfyingJ^ -JV

is souglTi. For this PUT pose, the following diffcrcntiaiions arc obtained by applying Eqs. A Go and A 65,

aa
(Ay)+ Y.J, ~ (yJl) - aYaJ^

X- --- - \.
o11,

" Z "*"'*~I, . _,__ ,,,,,
I- Zk_I ,. 1, .2+(2, ,-I)y/! ink

_ ,,, ._ YJ!_- Z (J*_,,_ , .~ I-2k_1.1k'+(2, I, _,,,,,

a Yri _ y. -I y, i I .-I, -I "',,!,,(I ) - ,.:___,-,_',.. z, . .., .,';. I. _, ,_.,

"' ' I-- z + Z -- """ "' I

- , , I ; *, I - ~ -- ,-(----, I - ,__ , ^ ,*~,.

,- --( ,- -,) - --.- - ;

,_, lit(,_ . ) , z . _ ,_ ", I

',",- '~'IQ~;) ',:,~"",,",, If, ,it'~,:^I, ;,'~11 ~

~

U

yrl

I- L'

,
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a YA A;(,;-I)
ay ' ~T'Z A1'+(2, ;-I)YA

A. - (a, - I)
A, = , (2rl, -I) y, 4

From these we It avc Ihc liarticular solution

1.1
2,
I-I

TITc resulis or Eq. A 66 bcing appliccl to Ihc cquation;

Y, -I

I- Z

. Y, -I = yrl -

-'if + Y. I
"';= L (24; ~I' "'

Yrl

I- Z

following T'sull is cl"ri\'cd,

,, __!_-G - CYA - ,\,

,

Titer CIOrc, \\. c obiaii,

~

A1- G+H,

,

(,\66)

(,\67)

(AG8)

.

(A69)

(,\70)
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where H is an arbitrary function of XI, \2, Xi.

The second equation of EQ. A 58 is no\\, considered in relation to Eq. A 70,

xi ^ IVl - xi^ G+xi ^ HI ax, ' ax, ax,

Tl}e first term of Eq. A 71 is calculated in applying Eq. A 65,

Ai\{AKO, SYOZl, ToKUNAGA AND SATO

x --- G=x-. ^-^ ---G+x, ^

From Eq. A 60, we have

I 64* a _
-^ . --- -

k = I 07 aH*
Eq. A 73 is applied to Eq. A 72,

a _ . (A1+YA)' ' G + Xixi, \--G ~ "; ' ~A 2. (2rl, _I)yrl ' OA I

16Hk ax z __k ., G
k=I ay aAk

J- - -y^)6y aY

Wh, " th" re, ult of Eq. A 69 i, anPIi"d to Eq. A 74, Me .himn (. I. Eq, . 10 and A 57)

"' ~' ~ "' ~ ~~'~~If +,,,-, - ,I I

+-, - ,7.1 -

'41/4' + (2Aj-I) YAj
(A; + YA) 2 ,

y

- -. . (A1+ YA)20
' ' ' ~;41{A, z+(2,4, -I) yHl

~ "' '"~') -;{,-;{I
_C a, +Y, 4)e ,Xi

a
However, xi^ M - A'I has already been obtained. Thus, a",

H is not a function of XI, x2, . . . . , xi but a constant. Eq. A 70 can be rewritten as
M-G+H

(A71)

Alla, ' + (2Ai-I) YAi

(A72)

On the other hand, M is expressed by Eqs. 3.7 and 8 as

(A1+ YA) 2

I ""~~ )+- Z ^--_ ^+-, 41+ "

~ ' I """~~' ' ~ ' ~ ' , ' ' I + H
M - z CLV , Mi, . "2 , -"IJ"

in! . 17 I"! ik! - 2 "*

(A73)

~ XI ' y = 0 (i. e. A1 ~ A 2 ~ .In this equation, when xi - xz -
\\Ihen these value are put into Eq. A 76: we obtainzero

(A74)

k=I

(A75)

H must be zero. This means

Z Cx*
A-I

(A76)

- 47 - I), Minust be



Therefore, Eq. .\ 77 becomes identical \\11h Eq. 13,
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