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1. Introduction

Let L"(q)=S?**'|Z, be the (2n+1)-dimensional standard lens space mod g.
As defined in [10], we set

Lt = L),

(1.1) L = {[z, -+, 2,]EL"(q)| 2, is real >0} .

By the several papers, we determined the KO-groups K‘\(')(S"(L';/LZ)) of the
suspensions of the stunted lens spaces Ly /L} for the cases j=1 (mod 2) [25],
g=2 [12], g=4 [20] and ¢=8 [21]. Moreover we determined the J-groups
J(Si(LzLy)) for the cases odd primes ¢ [19], g=2 [18], g=4 [20] and ¢=38 [21].
The purpose of this paper is to determine the KO-groups KO (S?(L%,/L3,)) and
J-groups J(S’(L%,/L3,)) for odd primes p.

This paper is organized as follows. In section 2 we state the main theorems:
Theorem 2 gives a direct sum decomposition of K’b(Sf(Li”rq |L%r,) for j=0 (mod
2), Theorem 3 gives a direct sum decomposition of J(S/(L%-,/L3r,)) for j=0
(mod 2) and n+j+12£0 (mod 4), Theorem 4 gives the structure of J(S/(L%,/L%,))
for j=0 (mod 2) and #n+j4-1=0 (mod 4) and the necessary conditions for L%,/L},
and L%,"'/L3;* to be of the same stable homotopy type are given by Theorem 5
which is an application of Theorems 3 and 4. In section 3 we prepare some
lemmas and recall known results in [12], [19] and [25]. The proofs of Theo-
rem 2 and Theorem 3 are given in section 4. The proof of Theorem 4 is given
in section 5. In the final section we give the proof of Theorem 5.

The author would like to express her gratitude to Mr. Susumu Koéno for
helpful suggestions.

2. Statement of results

Let v,(s) denote the exponent of the prime p in the prime power decom-
position of s, and m(s) the function defined on positive integers as follows (cf.
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[3D):
0 (p*+2 and s%0(mod (p—1)))
| 14uy(s) (p*2 and s=0(mod (p—1)))
vy(m(s)) = 1 (p=2 and s=0(mod 2))

24vy(s) (p=2 and s=0(mod 2)).
Let ZJk denote the cyclic group Z|kZ of order k. For the case j=1 (mod 2),
the following result is known.
Theorem 1. Let g, j, m and n be non-negative integers with m>n, j=1

(mod 2) and ¢>1.
(1) ([20] and [25]) If ¢=0 (mod 2), then we have

KO(S/(LL})) = KO(S/(RP (m)|RP(n)
and

J(SHLZILY) = J(S/(RP(m)[RP(n))) .
(2) ([19] and [25]) If ¢=1 (mod 2), then we have

KO(S/(Ly|Ly) = B(j, m)@B(j+1,n)

and
J(S/(Ly[Ly) = C(j,m)BC(j+1,m),
where
B(j, m)— {g{O(S“”') (mfl (mod 2))
(m=0 (mod 2))
and

N W (G (m=1 (mod 2))
€O m) = {0 (m=0 (mod 2)) .
Remarg. (1) The groups KO(S/(RP(m)/RP(n))) and J(S/(RP(m)/RP(n)))

are determined in [12] and [18] respectively.
(2) J-groups of the spheres are well known (cf. [3]).

Theorem 2. Let j,m,n, q and r be non-negative integers with m>n, j=0
(mod 2), ¢g=1 (mod 2), ¢>1 and r>0.
(1) If n45+1=%£0 (mod 4), then we have
KO(S/(L'5ro|Lir,)) = KO(SH(L3r|Lyr)) ©KO (SH (L L2nl2)
(2) Ifj=0 (mod 4) and n=3 (mod 4) or j=2 (mod 4) and n+j+1=4 (mod 8),
then we have
KO(S/(L3ro/ L)) = ZOKO(S(L|Ly) KO (SHLA|Ly+)) .
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(3) Ifj=2 (mod 4) and n+j+1=0 (mod 8), then we have
KO(S L%/ Lr,)) = ZB(KO(S/(LY|L5")|G)DKO(SI(LUmLs+) ,
where G denotes the kernel of the homomorphism
(Pma)': KO(SH (L[ L33")) — KO(S/(L/Ltr))
and ord G is equal to 2.
) KO(S/(Lgmm L) = @, KO (S/LEHILEL)) ,

b
where p runs over all prime divisors of q.

RemaRk. The partial results for the case j=n=0 of this theorem have
been obtained (cf. [10]).

Theorem 3. Let j, m, n, q and r be non-negative integers with m>n, j=0
(mod 2), ¢=1 (mod 2), ¢>1 and r>0.
(1) If n+j+1=%0 (mod 4), then we have
J(S7(L%g/Ltr)) = J(S/(L%[L3)) D J (S/(Li  Litn2y) .
@) J(SHLIm LAY = @, J(S (LESILEID)),

where p runs over all prime divisors of q.

ReMark. (1) In the cases r=1, 2 and 3, the groups J(S/(L%-/L3%r)) are
determined in [18], [20] and [21] respectively.
(2) For odd primes p, J(S/(Ly/L3)) are determined in [19].
(3) The partial results for the case j=n=0 of this theorem have been obtain-
ed (cf. [10]).

For an integer n, A(n) denotes the group defined by

Z)2@Z[2 (n=0 (mod 8))
(2.1) A(n) =14 Z|2 (=1 or 7 (mod 8))
0 (otherwise).

As defined in [1], we denote by @(m, n) the number of integers s with
n<s<mand s=0, 1,2 or 4 (mod 8). Set

@(m, n) (n==3 (mod 4))

(2.2) P(m, n) = {¢(m, n+1) (=3 (mod 4)).

In order to state next theorem, we set M=m((n+j+1)/2),

P(m, n) (7=20)

ey aimn={7" L)+, plmty, nbi)y (> 0)
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and
bo(m, n) (=0
min{v,(j)+1, b(m+j, n+j)} (5> 0),

where by(m, n)=[m/2(p—1)]—[(n+1)/2(p—1)].

Theorem 4. Let j, m, n be non-negative integers with m>>n, and p be an odd

(24) b(j, m,n) =

prime.
(1) Ifj=0 (mod 4) and n=3 (mod 4), then we have

J(S/(L5/LEy)) == Z|M-200mm~ize pbmm =iy  Z [p's D Z[2'2

where i,=min{a(j, m, n), vy(n+1)} and i,=min{b(j, m, n), v,(n+41), v,(M)}.
(2) Ifj=2 (mod 4) and n=1 (mod 4) and m>n+-2, Then we have

J(SU(LE,|L3y) = Z|M - p*-m» s D Z[p'r @ A(m—+j—1),
where i,=min {b(j, m, n), v,(n+1), v,(M)} and A(m-j—1) is the group defined
by (2.1).

ReEMARK. In the case m=n+-1, S/(L3*/L}) is homeomorphic to the sphere

S»*+i+1 Moreover in the case m=n+2, we have the homotopy equivalences
. Sttty §itatl  (n: 0dd

STl =", (n: 0d)
S7tn(L3,) (n: even) .

Hence, J-groups J(S’(L%,/L},) are determined completely.

Finally we consider the application of the above results. A space X is
said to be stably homotopy equivalent to a space Y if there are non-negative
integers u and v such that the u-fold suspension S“X of X is homotopy equivalent
to the v-fold suspension SVY of Y. In order to state next theorem, we set

(2.5) @(m, n) = max{p(m, n), p(—n—2, —m—2)} ,
where @ is the function defined by (2.2).

Theorem 5. Let m, n and t be non-negative integers with m>n—+2, and
n+ ¢

p be an odd prime. If L3,/L}, is stably homotopy equivalent to L3, |L3;*, then

@p(m—n—1, 0) (m<n-+9 or max{v,(n+1), v,(m+1)} >@(m—n—1, 1))
nlt) = {q‘:(m, n)—1 (otherwise)
and

b(m,n) (n+1=0 (mod 2p*™») or m+1=0 (mod 2p*™m))
vi(f)= { b(m,n+2) (otherwise),
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where b(m, n)=[([m|2]—[(n-+1)/2])[(p—1)]-

ReEMARK. Theorem 5 shows that the necessary conditions for g=2p coin-
cide with the product of those for g=2 and g=p (cf. [8] and [14]).

In order to state the final theorem, we prepare function o defined by
1 (n=0(mod 2) and k=1 (mod 8)
(2.6) a(k,n) = orn=1(mod 2) and k=0)
0 (otherwise).

Theorem 6. If k=m—2[(n+1)/2]>2 and t=0
(mod 2¢*O-atkm) plk2@-D1) " then LY,/L3, and L3;*|L3;* are of the same stable
homotopy type.

3. Preliminaries

In this section we recall known results and set up some lemmas needed
later.

We begin by setting some notation. Let a;(, v) (1<¢<8) be the integers
defined by

M awo)=(* )1,

(2) ay(u,v) = (Ziz) +<ziz:})’

@ awo =)=l o,
@ o= (1Y),

® =7 )+,

(3.1) N
©) a(wo)=(*"""1)(~1y-,

U—o
@ awmo=(2").
®) an ) = (%220 ) (1.

Then we have following lemma.

Lemma 3.2. We have the following equalities:
1) ay(u+1,9) = ay(u, v+1)—20,(u, v)+aty(u, v—1),
(2) ay(u+1,v) = ayu, v—1)+2a,(u, v)—a(u—1, v),
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(3) as(u+1,9) = ay(u, v+1)—2a,(u, v)+as(u, v—1),
4) au+1,v) = a,(u, v—1)+2au, v)—a,u—1, v),
(5) as(u+1,v) = as(u, v—1)+as(u—1,v—1),
(6) ag(u+1,v) = asu, v—1)—agu+1, v+1),
(7) ay(u+1,v) = au, v—1)+a,(u—1,v—-1),
(8) ay(u+1,v) = ag(u, v—1)—ay(u+1, v+1).

Proof. By the definition (3.1), we have

o (ut-1,0) = <u2—u:f1) (— 1)+

= <u——2:+1 +2 (uz—uv)_f— (u——z'lju—l) ) (=1
= oy(u, v—1)—2a,(u, v)+ay(u, v+1),
a(ut1,0)=( “+° )

_ (Z;:i;)w (u+v—2)+(u+v—2)
u—ov-41 U—9 u—ov—1

St ATE) £ GO B G

= ay(u, v—1)+2a,(u, v)—a,(u—1, v),

as(ut1,0) = (277 H) (e

(e

= ag(u, v—1)—ag(u+1, v+1),

ay(ut-1,v) = (ui;lrl)

o v=2 v—2
- <u—v—}—1)+(u—~v
= a(u, v—1)+a(u—1,v—1).

Thus the equalities (1), (4), (6) and (7) are established.
By making use of the equalities

ay(u, v) = ay(u+1, v4+1)—a,(u—1,v+1),

oy(u, v) = o(u—1, v—1)—oa(u—1, v+41),

as(u, v) = a(u+1, v+1)+a,(u—1, v)
and ay(u, v)=ag(u—1, v—1)+asu, v+1), (2), (3), (5) and (8) follows from (4),
(1), (7) and (6) respectively. q.e.d.

Lemma 3.3. In the polynomial ring Z ), the following equalities hold, where
i denotes a positive integer.
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(1) o1 ay(d, ) e ay(u, k) x* = .
(2) a1y, u) S ay(u, B) x* = &,
(B) 1 a(i, u) S as(u, k) x*F = &,
4) i au(i, u) e ay(u, k) xF = ¥,

Proof. (1) Since ay(1, 1)=ay(1, 1)=ay(2, 2)=0a,(2,2)=1 and —a,(2, 1)
=a,(2, 1)=4, the equality holds for 1<i<2. We argue by induction over 7;
let us assume that 7>2 and the result is true for ¢/ and 7—1. Using Lemma
3.2 and the inductive hypothesis, we have

S (i1, u) i1 ay(u, k) #*
(i, u—1) 4207, w)—ay(i—1, w)) i1 ay(u, k)

= E;ti a,(t, u—1) 2% oy(u, k) 23 ocz(z %) ka1 0y(u, k) x*
—uzl a(i—1, u) a1 oy(u, k) x*

= oo (s, u) Dt o(ut-1, k) 2t 420 —ai !

= Do i, u) Diti(an(u, k+1)—20(u, k)+ay(u, k—1)) x¥ 425 — -2

= D0 ay(i, u) 3ot oy(u, k+1) x*—2 011 ay(i, #) ka1 ay(u, k) x*

+ i 0 (i, w) kT ay(u, k—1) b+ 2xF — a1
= N1 ay(i, u) Dz ay(u, k) 241 —2xF + xS0 a3, w) ay(u, 0) x
_'_in_xi—-l

= &' 101y, u) ay(u, 1)-Fai 4300 @i, u) ay(u, 0) x—xf

= w1 oo (i, ) (ay(u+1, 1)—ay(u, 2)+20(u, 1)) x

= ALV (i, u—1) ay(u, 1) x—0i2 x

= a4 (41, w)Fa(i— 1, ) —2a(3, ) ay(u, 1) x—0-2 x

= &SN ap(i—1, w) ay(u, 1) x—072 & = &f*1,

This completes the induction.
The proof of (2) is similar to that of (1).
(3) Let By(i, k) be the integer defined by

Ba(il k) = Zi-lz aG(i: u) as(“: k) .

It suffices to prove

1 (i=k>0)

*) £, B) = {0 (> k>0).

Since a7, i)=at(z, 7)=1 and ay(k+1, k)=—ag(k+1, k)=k-+1, (*) holds for
k<i<k+1. Assume thati>k-+2>2. Then we have

Buli, k) = Sikou ali, ) s, )
= (N oS () Comwe-ry ()

1—

= (D v () <21~u)/(z—k»( )
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o G <—1)"-“<(u/<u—k»—«Zi—u)/(z'—k»)( o)

= (RN cyemm () e u—l)/(z—k»( )

3t (P @ —aj—n 6oy (1)
et (B 1) (—y-—wie-m) ()

i—

+3zta () Cie-wre-m) (57

=0.
This completes the proof of (3).
(4) Let B,(2, k) be the integer defined by
Bu(i, k) = us ats(i, u) cty(u, k) .
It suffices to prove
(+) By k {1 (f=Fk=1)
* =
GR=10 (>r>1).

Since a,(i, i)=ay(i, )=1 and a,(k+1, k)=—ay(k+1, k)=k—1, (**) holds for
k<i<k-}1. Assume that:>k}2>3. Then we have

Ba(i, k) = Di-s as(i, u) ot (u, k)
= 3 (P72 (@ ni—1) (- (R )

= st (X070 i) (- (B ki1>

= Sici- 1(2’ w= 3)( 1)i=#=Y(k—14-u—k+1)/(i— 1))( f;lrl)

= =1/6=0) Szt (2T o (P )+ (ERD
= ((k—1)/(G—1)) Zizi-1 as(i—1, u) as(u, k—1)

= ((k—1)/((—1)) Bs(t—1,k—1) = 0.
This completes the proof of (4). q.e.d.

In the rest of this section j denotes non-negative integer with j=0 (mod 2).
Considering the (Z/g)-action on S***! X C given by

exp (2zv/—1/9) (3, 4) = (3-exp (27/—1/q), u-exp (2z/—1/q))
for (2, u)eS*"*' X C, we have a complex line bundle

e ($*1XC)/(Z]g) - L .
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Set
(3.4) o, = n,—1€K(L").

We also denote by o, the restriction of o, to L;*. Considering the (Z/2g)-action
on S**!x R given by

exp (2z\/—1/29) (3, u) = (2-exp (27\/—1/29), —u)
for (2, u) €S X R, we have a real line bundle
vyt (S X R)|(Z[2q) — L33+" .
Set
(3.5) K = vyy— 1€ KO (L3

We also denote by «,, the restriction of ,, to L.
For each integer # with 0<n<m, we denote the inclusion map of L} into
L7 by i, and the kernel of homomorphism

@ir)': KO(SIL¥) — KO(S/L2)
by VO, .(g). We set
(3.6) UOh(9) = 2N K (Y*—1) V0L (q) -
Let a,(q), b;(q) and ¢,(g) (:>>0) be elements of K’\é(S"L’;) defined by
ailg) = Iz~ 1)

[ Saai(iu)a(g) (j=0 (mod 4))
7 50 = {31 i ) (/=2 (mod )
ci(g) = r(I"%(ay)) 5

where 7: K—KO denotes the real restriction and I: K(X)—K(S2X) is the Bott
periodicity isomorphism.
We define the function

(3.8) peiZ —>2Z
by setting u,(k) to be the remainder of & divided by ¢ for every k€ Z.

Lemma 3.9. The elements a;(q), b,(q) and c;(q) satisfy following relations.
(1) a(g) = b(g) = a(9)-
2) a9 = {25-1 ayi,u) b(g)  (j=0(mod 4))
WS a0t (7=2mod 4).

®) a@=3a(})a.

]
u
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@ @@= (! )1 a.
Ser @i, 1) b(g) (j=0 (mod 4))
-1 04(5,4) b,(q) (j=2(mod 4)).
S iy u)clg) (=0 (mod 4))
Soranli, ) e(g) (=2 (mod 4)).
Gpngo(@) (=0 (mod 4))
7 &)= nol@) = { —agengo(g) (=2 (mod 4).
(8) For the Adams operation +*, we have \*(a;(q)) = &'® a;;(q).

) o=

© b=

Proof. (1), (3) and (4) are evident from the definition (3.7).
(2) Suppose that j =0 (mod 4). It follows from the definition (3.7) that
wc have

i1 02, 1) by(g) = i1 (i, u) Sia1 (w4, k) ai(g) = ai(q)
by (1) of Lemma 3.3. The proof of the case j =2 (mod 4) is similar by making
use of (2) of Lemma 3.3.
(5) Suppose that j =0 (mod 4). By (4) and (2) we have
@ =Sia( ] ) =D ad)
= (] ) (~ 1 Sher alh, 9 5,0
= St Do () (1 el 1) b0).
It suffices to prove
(*) Z‘;’-u(;) (—1)~* ayk, u) = as(i, u) (F=>u>1).
Since we have
i ' ik i (1 ik k+
oo (£ ) (17 a0 = s £) (—1y-Kmie ) ()
— i—u i —1)i-u-i : ; 2 + ]
==a(, L) D @tIeut) (*)
= (2@EN/((E—u)! (2u)!)) 2iz6 <z—;u> (— 1)~ 2u+j—1)-+(u+j)

[0 (> 2w
_{2 (i = 2u)

by [22, Lemma 3.7], (*) holds for >2u. Since we have
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o “) (1t el ) = 1
and
22 (V1) (1 et ) = — (kD) @, )+t 1, 0)

= —(u+D)+2ut+1+1 = ut1 = aut1,u),

(*) holds for u<i<u+1. In particular, (x) holds for u=1. We argue by induc-
tion over i—u and u; let us assume that :>u-41>3 and the result is true for
(¢,u—1) and (i—1, u—1). Using Lemma 3.2 and the inductive hypothesis,
we have

(1) (1 e,
= =i ()2 (D) () (0 k)
= 2i2(5 ) o a2 () (1) k)
+3(}70) (1) ek, )
= 22 (1) (e gtk w2l (1) () a1, )
+3iz1 (1) (C T ekt 2,0)
— it (’:l) (— 1)+ ay(k, u)—2ay(k+1, u)+ aty(k+2, u))
sz (¢ k1>( 141 ary(k+-1, u—1)
]: i) 1)k y(k, u—1)
= st ((3) (1)) (0 et w1y
= s () (0 F e u— )+ iz () ()t u—1)

= a5(f, u—1)+as(i—1, u—1) = as(i+1, u) .

This completes the induction.
Suppose that j=2 (mod 4). By (4) and (2) we have

al@) = S () (~17* atg)
= St (] ) (1 Shas ae ) (o)

= i
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— i (§) 0 ek w) ).
It suffices to prove
(+%) She (] ) (U a0 = afin) (2u1).

Since we have

oo (1) 10 ) = S () (-0 (14T
= s, 1) -y ()

= (/6! @u—1)) 223 () (-1t D)+ 1)

B {0 (¢ = 2u)
1 G=2u—1)
by [22, Lemma 3.7], () holds for >2u—1. Since we have

e () (1 ) = 1
and
m(u+1)( 14 (R, u) = —(u-+1) ay(u, w)+au+1, 1)
= —(ut+1)+2u = u—1 = aut1,u),

(#%) holds for u<i<u+1. In particular, (%*) holds for u=1. The rest of
the proof is similar to that for the case j=2 (mod 4).
(6) Suppose that j=0 (mod 4). It follows from (5) that we have

a1 ag(i, u) c,(q) = i1 d(t, ) X1 as(u, k) bi(q) = 5(q)

by (3) of Lemma 3.3. 'The proof of the case j =2 (mod 4) is similar by making
use of (4) of Lemma 3.3.

(7) is obtained by the properties »i=1 and rot=r, where t: K—K denotes
the complex conjugation.

(8) is immediately obtained by [1] and [4]. q.e.d.

Now we prepare some notations. Set

1) A(d,u i) = 2‘1’0‘(—1)’"“"’<2";1>az(d—}-k——u—i—l,i).

(310) @) Bus=(—1¢ (* ramizm-1r (271,
(3) B(d,u,i) = 305" B, 4 ad+k—u+1,1).
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Then we have the following lemma.

Lemma 3.11. Let u be a positive integer. Then we have
(1 A(d, u,1) = a5(2d+1, d+i—u+1).
(2) Bu;i=0 (i=2uori<0).
(3) ﬁu,z’u—l-i = ﬂu,i-
(4) Buin—Bui = as(u,u—i—1).
(5) B(d,u,i) = A(d,u,z).

Proof. (1) If u=1, then we have

A(d, u,i) = STh_o(— 1)1+ ( ; ) ay(d-+k, i)

— ay(d+1,i)—ayd, i)
_ <d+1+i>_<d—1+i)

d+1fi d—1—:
- (d—t}l—_;—z—z) <d+l_ )
= a5(2d+1, d+7) .

This implies (1) for the case u=1. If u41>1, then we have

Ad, ut1,8) = S04 (— 1)*+1(2“:1) a(d+k—u, i)

s e () 12 () (s

= % (—1)H (Z”k 1) at(d+k—u, i)
=235 (=1 (Zu 1) ay(d+k—u+1,0)+ 3545t (— 1)+ (214;1)
a(d-+k—u+2, i)
= gl (— 1) (2““
+oty(d+k—u+2,1))
= STl (— 1)k <2u};— 1) ayd+k—u+1,i—1) = A(d, u,i—1).

D) (@d+k—u, i) —20(d+k—u+1,4)

Thus (1) is proved by the induction with respect to .
(2) is evident from the definition (3.10) (2).
(3) Suppose 0<i<2u—1. Then we have

Bui—Buzu-1-i
=2(_1)i<2ui—1>+22“0( 1y (Zu 1) 23152 (—1) <2uv—l)
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= 250 (-1 (2 ami (v (2

— 25 (-1 (1) =0,
(4) Suppose —1<i<2u—1. Then we have
I o (—1)i+ Zu—l 1\ Zu—‘ Zu——
Busn—Bus = (=17 (2o (BT =1y (347)
= at3(u, u—i—1).

(5)  B(d,u,i) = 325" B, ad+k—ut1,i)
245! By (@u(d+k—ut-2, i+-1)—2a(d+k—u+1, i+1)
+a(d+k—u, i+1))
= 53t B, (@ h—ut-2, i+ 1) —a(d+hk—ut1,i4-1))
— S5t Bu(ad+k—u+1,i+1)—a(d+k—u,i+1))
= 23 B, W d+h—ut2, i+ 1) —a(d+k—u+t1,i4+1))
— 374 B, pn(e(d+Hh—u+2, i+ 1)—ay(d+k—ut1, i+ 1))
= 047N (Bus—Bu ) (Q(d+k—u+2, i+ 1)—a(d+k—u+t1,i+1))
= VT —aty(w, u—k—1) (a(d+k—ut-2, i+-1)—a(d+k—u+1,i+1))

2u—1 k1 2u—1 2u—1 . .
— Sl (1) (( ) (k+1 ) ) (@(d-+R—u-t2,i+1)
—adth—utl, z+1))
St (— 1) (2“* 1) (a(d-th—ut2, it 1) —a(d-h—ut1,it1)
St (— 1)k+2(2““1)(a4(d+k w2, it 1)
—a(dth—ut1,it1))
Sy (— 1)k+1<2“ 1)(a4(a'+k—u+2 it 1) —ay(d+h—ut1,i+1))
+2§:~0*(—1)k+1(2“" )(a4(d+k b1, it 1) —a(dtR—u, i-+1))
Sl — 1)k+l(2”“ ) (@d+h—ut2,i+1)~ad+h—u, i+1)
= M)k (2uk 1) a(d+h—ut1,4)
= A(d, u,1). q-e.d.
Lemma 3.12. Let ¢>3 be an odd integer and d—=(q—1)/2. Then we have
busi(q) = — a1 as(q, d+1) biyu-i(9)
where u is a positive integer.

Proof. Suppose j=0 (mod 4). Then by Lemma 3.9, we have
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4-i(9) = aq) (0<i<q).
If 0<u<d+-1, then we have
0 = jugl(—1)1-* (21‘——1) Agip-u11(9)
k u
— 22:«-—1 l)Zu—l—k (zuk_'l) ( d+k—u+1 az(d—{—k u+1 z)b (q))

S (1) () adth—ut 1) bg)
S¥t Ad,u,1) b(g)

d+u

St as(2d+1, d+i—u-+1) by(q).
If u>d+1 then we have

u+ u—1- 2u—1
0= k-ﬁ_a_l(—l)z ! k( uk )ad+h—u+l(q)

= —Zgﬁidn(”—1)2“_1_k(2u;1) a-grk-u(q)

+ il 1 (2,,_1) R

I

(=)o (P71 (St alk—d—u, 1) bilg))

et (P (Dt a1, ) b))

l::dl 1(2?’5”“ - 1)2u—k (zuk 1) aZ(k_d—u’ l)) b'(q)

(it~ 1 (P o k—ut 1,0) b()

= 2 —A(—d—1, 4,1) b(g)+ 211 A(d, u, 1) by(q)
_2‘::‘1 ' —ay(—2d—1, —d+i—u) b(q)+ 2042 as(2d+-1, d+i—u+1) b(q)
St as(2d+1, d+i—u+1) b(g).

Suppose j=2 (mod 4). Then by Lemma 3.9, we have

a,-i(9) = —alg) (0<i<q).
If O<u<d+1 then we have
0= %% IBu § Aari-u1(9)
= 23 P Bu (T a(dHR—ut-1, 1) by(q))
USRS Bup as(d+Ek—u+1,1)) by(q)
3311 B(d, u, 1) by(q)
2 ay(2d+-1, d+i—u+1) by(q)

d+u

SMii as(2d+1, d+i—u+1) by(q).
If u>d+1 then we have

0= 3% a1 Buk Gari-urr(q)

__ 2u—1

— D iahus1 Bk a—d+k-u(q)+212¢£;ld Bk Qari-u+1(q)
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= — 305Gk Bu (i ay(—d+k—u, 1) b(g))

+ 30 Bu (I a(d+-k—u+1, 1) b(g))
== —2’1‘:{ 1(22“-;+u+1 ﬁu,h a4(—d+k_u) l)) b.(Q)

(ol Bur a(d+k—u+1,17)) b,(q)
= Zu-d - B( d_I’ u, l) 51(9)-{-2‘31"1‘ B(d’ u, l) b,(q)
= it —ay(—2d—1, —d+i—u) b(q)+ 3414 ag(2d+-1, d+i—u+1) b(q)
2k as(2d4-1, d+i—u+1) b(q).
Thus we have

0 = 39%i o5(2d+-1, d+-i—u+1) b(g) = 3421 ats(g, d+1) biru-i(9) -
This completes the proof of lemma 3.12. q.e.d.

Lemma 3.13. Let p be an odd prime, d=(p—1)/2, u=sd+j (1< j<d) and
1>0. Then we have

bu+i(P) = (”‘1’)s b,-+1(?)
modulo the subgroup
AP byai(D)s 5 27 0j4i(0) B bjrrai(B), 0, D bani(D)}D -

Proof. We choose inductively integers B, ,(#>1 and 1<k<d) such that

(%) by+i(p) = ka1 By besi(D)
with
0 (mod p**') (k<)
B, = {(=p) (modp*) (k=)
0 (mod p°) (B>]).
If 1<u<d+1, we put
0 (1<k<d and k=+u<d)
B,,=41 (1<k=u<d)

—ay(p,d+k) (1<k<d and u=d+1).

It follows from Lemma 3.12 that B, ,(1<k<d) satisfy (x) (1<u<d-+1). As-
sume that #>d+-1 and B, ;(1<k<d) have been chosen to satisfy the condition
(%). Put B,y =B, 4By and B,y 3 =B, 4-1+B,,s Bi14(2<k<d). Then we
have
by14(D) = 2%e1 Bup bprni(p) = 22423 By j1 bisi(P)

= Ei-z Bu,k—l bk+i(p)+Bu,d bd+1+i(p)

= 3%m2 By -1 bsi(2)+Bug Dkt Basai basi(P)

= B,,4 Bys1,1 bisi(p)+28-2(Bus-1+Bu,a Basri) biri(D)
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= W1 Buirs bisi(P)
and
0 (mod p*Y) (k<)
Birp=1{(—p) (modp™) (k=1
0 (mod p") (B>1),

where u+1=rd+1(1<I<d). The lemma is a direct consequence of the con-
dition (). q.e.d.

The part (1) of the following proposition is obtained by making use of
Lemmas 3.9 and 3.13.

Proposition 3.14. (1) Let p be an odd prime. Then the group KO(S’
(L3t L3nr2)) is isomorphic to V Oipmsay 2tn21(P), which is isomorphic to the direct
sum of cyclic groups of order plotm+i-sii)=bo(ati=4iri) geperated by phorti=4hirtlp(p)
(1<i<(p—1)/2), where by is the function defined in (2.4).

(2) ([12]) Assume that j =0 (mod 4) and n==3 (mod 4). Then the group K’b(S"
(L3 |L3)) is isomorphic to VO3 «(2), and
@ T2 Tfi)> (=0 (mod 8)

VO} .(2) = { {27+ £ (2)5[C2PmH ¢ (2)S  (j=4 (mod 8)).

ReMARK. The partial result for the case j=n=0 of Proposition 3.14. (1)
has been obtained in [13].
We define the function 4(g, k) by setting
(3.15) h(g, k) = ord {J(r(ay))> »
where J(r(c,)) is the image of 7(c) € KO(LY) by the
J-homomorphism J: KO(LY) — J(LY).

Remark. The function %(q, k) have been determined completely by K.
Fujii (cf. [9], [11] and [10]).

We recall the following lemma from [17] for the proof of Theorems 5 and 6.

Lemma 3.16. Suppose that k=2 [m/2]+1—2 [(n+1)/2]=>3, N=0 (mod
2h(q, k)) and N>m-+1. Then the S-dual of Ly |L3 is LY~"~2|LY-"-2,

From [6, Propositions (2.6) and (2.9)] and Lemma 3.16, we have

(3.17) (1) If k=m—2[(n+1)/2]>2 and t=0 (mod 2k(q, k)), then L*|L? and
L7+ [L4** are of the same stable homotopy type.
(2) If k=m—2[(n+1)/2]>2 and n+1=0 (mod 2Ak(g, k)), then t=0 (mod 2k
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(¢, ®)) if and only if L}|L}; and L7**|Ly** have the same stable homotopy type.

3) If I=2[m[2]—n>2 and t=0 (mod 2h(q, 1)), then L}|L} and L7**|Ly** are
of the same stable homotopy type.

(4) If I=2[m/2]—n>2 and n+1=0 (mod 2k(q, 1)), then t=0 (mod 2k(q,[))
if and only if Ly |L; and Ly*'|Ly** have the same stable homotopy type.

From [17] we have the following.
(3.18) Suppose that g=0 (mod 2) and m>n+2. Then v,(t)=[log, 2(m—n—1)]
if Ly|Ly and L7**[Ly** are of the same stable homotopy type.

Proposition 3.19 ([18]). Suppose that j=0 (mod 4).
(1) If n==3 (mod 4), then we have

J(S/(RP(m)[RP(n))) = Z[2°0m»

where a(j, m, n) is the integer defined by (2.3).
(2) If n=3 (mod 4), then we have

J(S/(RP(m)|RP(n))) == Z|m((n+j+1)[2)-2:0mm~"2D 22,
where a(j, m, n) is the integer defined by (2.3) and
iz = min {a(j: m, n)) Vz(”+1)} .

Proposition 3.20 ([19]). Let p be an odd prime, and suppose that j=0
(mod 2).
(1) If =0 (mod 2), then we have

](Sf(Lgtmlzl/Lz) e Z|pbiimm |

where b(j, m, n) is the integer defined by (2.4).
(2) Ifn=1 (mod 2), then we have

J(SUL™™ L)) == Z[m((n+j+1)[2)-p*F™ "D Z[p's
where b(j, m, n) is the integer defined by (2.4) and
i, = min {b(j, m, n), v,(n+1), m((n+j+1)/2)} .

4. Proof of Theorems 2 and 3

We denote the projection map of Lj; (resp. Li"/*!) into L}, by =, (resp. z,).
Then we have

Lemma 4.1. Let j be a positive integer with j=2 (mod 4). Then we have
(1) The induced homomorphism (z,)': KO(S'Ly ) — KO(S/L2™™) is an epimor-
Dhism.



J-Groups OF LENS SPACES 599

(2) The induced homomorphism (r,)': KNO(S"L;"',‘)»KNO'(S’ W) 1S an epimorphism.
3) If m+j+1=0 (mod 4), the induced homomorphism

(m)': KO(S™ILE,) > KO(S™Ly)
is an isomorphism.

Proof. (1) In the commutative diagram

KO(S'Ly,) o, KO(S/Lunrm)

oLt
R(S'Lp) =5 R(S'Lim)
1\ Ve T Iir
R(L3) %S R(Lim),
r is an epimorphism [19, Lemma 3.1] and 7 is an isomorphism. There exist
an element oy, €K(Ljy,) which maps to a generator o,&K(L{™™) by =,.
This implies that =, is an epimorphism. Thus, (z,)' is an epimorphism.
This completes the proof of (1).
(3) If m+4j+1=5,6 or 7 (mod 8), then we have
KO(SMLE ) = KO(SIHLE) = 0 .
If m+j+1=2 (mod 8), then in the commutative diagram

!
BO(s*4) @ RO(S™) = KO(S™HLp Loz P2t ) ROy,

b g R | y (71'2)I
KO(Sm+/+l) e KO(S"H'") KO(SJH(LZM/LM 2))(?::- 2 )l KO(S“'IL"')
deg g=q and both (p,-,")" are isomorphisms [25, Remark of (3.3)]. Since ¢=1

(mod 2), g' is an isomorphism. Hence (z,)" is an isomorphism.
Next consider the commutative diagram

!
KO(S'”"’“)(P mt) g% 22 5 KO(SHILE,) =2

Vg | (m)'
KO(Sm+J+1)(P"‘ 1 ) KO(S]+1LM)

On) g2 KO(SIHL2Y

| (z2)!

G-’ g ~271 5 KO(SHLE-Y),

where the rows are exact and
1 (m=0 (mod 2))
(m=1 (mod 2)).
If mj+1=1(mod 8), then we have KO(SH'Ly;") == KO(SHLE-Y) = Z
and KO(S™L},) = KO(S/*'Ly))= Z|2. Hence both (p,_,")' are epimor-

degg =
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phisms. Since K"O'(S"”"'“)zZ/Z, g' and both (p,,-,")" are isomorphisms. Thus
(w,)! is an isomorphism.

If m+j+1=3 (mod 8), then in the above diagram we have K?)(S"’*"'“)g
0. Hence upper (i,-,")' is 2 monomorphism. By the proof in the case m—+j+
1=2 (mod 8), (#3)' is an isomorphism. Hence (7,)' is a monomorphism. Since
ord KO(S+L2,)=ord KNO(S"“flL;”y)):Z, (w,)' is an isomorphism. This com-
pletes the proof of (3).

(2) We consider the commutative diagram

RSz o Roins) S Rosmiz) S RSz,
| mhid -1 } ()’ | (mi*?)! | mi
R(s™Ly) T RO(S'LY) > ROS™LE) S R(S™LY)
in which the rows are exact ([5] and [7, (12.2)]), where c: K~O(X)—>K(X ) is the
complexification and & is the homomorphism defined by the exterior product
with the generator of K’b(Sl).

If m+j+1=£1, 2 and 3 (mod 8), then K’\O(S"+1 L})) is a free group and ord
KO(S/ L2) is finite. Hence & is a zero-map. Since lower 7I-! and 742 are
epimorphisms, (z,)' is also an epimorphism.

If m+j+1=1, 2 or 3 (mod 8), then (z§*')" is an isomorphism by (3), z§*¢
is an epimorphism and 7z} is a monomorphism. Thus (7,)' is an epimor-
phism from 4-lemma. This completes the proof of (2). q.e.d.

Now we define the homomorphism
fi: KO(SL2,) — KO(S'LY) @ KO(SIL2mm)
by f(%)=((z2)! (¥), (=)' (x)) for k= KO(S'LZ,).

Lemma 4.2. Let j be a positive integer with j=2 (mod 4). Then f, is an
isomorphism.

Proof. By [25, Theorems 1 and 2]
ord KN(')(Ssz”:q) = 2kmtDTY( Q-1 YImAD/4] |

(4.3) ord KO(SILAm) = glemtals
and
(44) ord KT)(S’L;) = 2"("‘+i)+1(2r—1)[(m+2)/4] ,

where h: Z— Z is the function defined by
2 (s=1 (mod 8))
h(s) =11 (s=0 or 2 (mod 8))
0 (otherwise).
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Hence, we have
(4.5) ord KO(S'LE,) = ord (KO(SL2) @ KO(S/L2miay) .

By Lemma 4.1, (7;)" and (z,)' are epimorphisms. For each element (x, y) €
KO(Si L) ®KO(S’ L"), there exist elements v and weKO(S! Ly, such
that (z,)' (»)=x and (=,)' (w)=y. Now we put A(m-+j)+1+(r—1) [(m+2)/4]=s
and [(m+2)/4]=t for the sake of simplicity. Since 2°is relatively prime to ¢,
we can choose integers @ and b such that

(4.6) a2’+bgt=1.
Set z=bq* v+a2’w. Then by (4.3), (4.4) and (4.6) we have
fi(z) = b¢’ fi(v)+a2’ fi(w)
= (bg'(m)' (v)+a2'(my)' (w), bg*(,)' (v)+a2%(m,)' ()
= ((1=a2") ()" (), (1—bg") (=)' ()

= ((m2)' (), (m))' (w))
=(xY ) -

Thus f; is an epimorphism. By (4.5), f; is an isomorphism. q.e.d.
We have the homomorphisms
fa: Kb(SfL;,q) — K’b(SiL;,) o) Kb( SiLay |
fo: KO(S#1L3, ) - KO(S™1Ly,) @ KO(SHL2wm)
and
f: KO(S! (L3,/L 7)) > KO(S(Lg/|Ly)) © KO(S(Lgnm/Liter)

defined similarly as f;. In the following commutative diagram

KO(Si+ g,q)é fo(siﬂ 5 @ I<~()(Si+1L2[n12])
oY Fo b
KO(S/(Ly Ly ) = KO(S/(Ly|Ly)) @ KO(S* (L2t L2nf21))
! f !
KO(SLy,) —2—> KO(SILE) @ KO(SiL2mm)
! J

KO(S'Ly,) N KO(S'Lz) @ KO(SiL2nm)

the columns are exact.
If j=2 (mod 4), n+j+1=%0 (mod 4) and m>n+3, then f,, f, and f, are
isomorphisms by Lemmas 4.1 and 4.2. From 4-lemma, f is an epimorphism.
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By [25, Theorems 1 and 2]

ord (RO(S/(LE /L)
= ord (KO(S/(Ly/Ly)) KOS/ (LI L)) .

Thus f is an isomorphism. This completes the proof for the case j=2 (mod
4) of the part (1) of Theorem 2. The corresponding proof for the case j=0
(mod 4) is quite similar to that of the above case.

Combining the part (1) and [25, Theorem 2], we obtain the parts (2) and
(3) of Theorem 2.

The proof of the part (4) of Theorem 2 is similar to that of the part (1).

Since the isomorphisms of the parts (1) and (4) of Theorem 2 are y,-maps,
Theorem 3 is an easy consequence of Theorem 2.

5. Proof of Theorem 4

Assume that j=0 (mod 4) and n=3 (mod 4). It follows from [25] and
Theorem 2 that we have the commutative diagram

0 = VO4; 141(2) BV Oltmp21,ni1(P) 1 KO(S/ (L3,/L3,)) A KO(S#+*1) - 0

(5.1) Il !\ fs
0 — VO, 4:1(2) BV Olpmyey,nar(p) = KO(SLE) DKO(S/Ly")

in which the rows are exact. For each 7 prime to p (resp. 2), N,(z) (resp. Ny(7))
denote the integer chosen to satisfy the property

(5.2) iN,(i) = 1 (mod p™) (resp. iNy(é) = 1 (mod 2")) .

As defined in [19], let w be the remainder of j/2 divided by p—1 and set v=p—
1—w, N=N(Siua( ¥) (17~ N,i#7)) and Ci(p)=ax(p)—Sos( ) (1)
N,(##2) N, ¢,(p) (1<I<p—1). In order to state the next lemma, we set

A) = {2«-1)/%1(2) (n+j-+1=4 (mod 8))

27 20-92 6(2)  (n4-j+1=0 (mod 8)).
(5.3) (—2) c(p) (n+j+1=4 (mod 8) and /=)
' @) 4= (—p)° Ci(p) (n+j+1=4 (mod 8) and [ = v)

N,2)(—p) cfp)  (n+j+1=0(mod 8) and = o)
N,2)(—p)’ Ci(p)  (n+j+1=0(mod 8) and =+ v),

where s=[n/2(p—1)] and I=(n+1)/2—s(p—1).
According to Lemmas 3.9, 3.13 and 3.14, we have the following lemma.

Lemma 5.4. If j=0 (mod 4) and n=3 (mod 4), then I?O(Sf(L’z"p/L’z‘,,)) has
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an element x, which satisfies the following conditions:
(1) fu(x) generates the group KO(S7+*+),
(2)  fi(x)=(u5, ).

In the diagram (5.1), since K’\O(S"*”“) is isomorphic to Z, we have a direct
decomposition

KO(S/(L3,/L3) 2 fi(VOis ns1(2) DV Olmr1nsr(9) D Z {}

where Z {x} means the infinite cyclic group generated by x.
For the Adams operation, we have the following lemma.

Lemma 5.5. If j=0 (mod 4) and n=3 (mod 4), then ihe Adams operation
ot is given as follows.
1[/*"(90) - k(n+j+1)/2 x+.fl(b2) bp)
where b,V 0}, 4.1(2), b,EVOtmp1,041(P),
0 (#%0(modp) and (n+j+1)/2%£0 (mod (p—1)))
by = { —((( 1)) (= 1)Ip) (b
(k=0 (mod p) and (n+j+1)/2=0 (mod (p—1)))
(mod UOfmsz1ns1(p)) and
b — — (R&+i+DE2)2) (2u,) (A=0 (mod 2))
2T — (RO —RIR)2) 2u) (k=1 (mod 2)).

Proof. We necessarily have
PH(x) = ax+fi(by by)
for some integer « and an element
(bz: bp) € VO{;,n-& 1(2)65VO£[»,/2],"+ I(P) .

By using the y»-map f,, we see that a=k***D/2 Under f;, f1(b,, b,) maps (b, b,)
and x maps into f;(x), and by above Lemma we see that

(g, uy) = KOOy, )+ (by, by) -
It follows from [18, Lemma 2.3] and [19, Lemma 2.13] that

\ 0 (=0 (mod 2))
Vi) = {k,-,z 4, (k=1 (mod 2))
and
N ROr+i+0r (n+j+1)/2=0 (mod (p—1))
¥ (uﬁ) = {(1_,_(]/2) (1_kp—l)) u, (n-|-]—|—1)/2'="0 (mod (p—l))
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(mod UOimz1,4+1) (%0 (mod p)). Therefore,

5 { —karith/2 U, (kEO (mod 2))
2 ( Rilz__ k(n+i+l)/2) Uy (k=1 (mod 2))

and
_ {0 ((n+j+1)/220 (mod (p—1))
P LAH(2) A=k ) =R+ 4y (nj41)[2=0 (mod (p—1))
(mod UOitmp21,5+1(p)) (k=0 (mod p)). q.e.d.

We now recall some definition in [3], set Y=K’b(Sf(L§",,/L5',)) and let f
be a function which assigns to each integer & a non-negative integer f(k).
Given such a function f, we define Y to be the subgroup of Y generated by

{RB(Yr—1) (y) | k€ Z,yE Y} ;
that is
Y= <{k""’(«lr”—1) NkeZ,yeY}>.

Then the kernel of the homomorphism J”: Y— J”/(Y) coincides with n Y,
where the intersection runs over all functions f.

Suppose that f satisfies
(5.6) f(k)=m-+max {v,(m((n+j+1)/2))| p is a prime divisor of k} for every
keZ.

In the following calculation we put (n+4j+1)/2=u and

Ui = VO’,;IJI+1(2)€BVO§[MI2],"+ 1(D)

for the sake of simplicity.
Now we consider the case (n+j+1)/2=0 (mod (p—1)). From Lemma
5.5, we have

k® (yh—1) (x)

= kO (K —1) x—k/® (B —1)+(j[2) (B~ —1))/p) fu(Pu,)

— k' ® ((R*—k'7)2) f(2u;) (mod fy(Up+1))
=k®E—1)x

—k® Ny(u[p*»®) ((w(k*—1)—(j/2) (B*—1))[p*+**") fi(pu,)

—k/® Ny(u[27) ((u(k"—1)—(j/2) (k" —1))[2"*") f,(2uz)

. (mod f(Up,+1))

— (kf(k) (k“_ 1)/p\0’(u)+1 zvz(u)+1) (2V2(u)+1 P'U’(u)'i-l x

—N,(u[p"»®) (n+1)/2) 2™ f( pu, )

—Ny(u[2*2) ((n+1)/2) p*»®*! fi(2us)) -
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By virtue of [3, Theorem (2.7) and Lemma (2.12), we have
<AUp) U RO (gt —1) (x) | kE Z}
— <f1( Un+1) U {(m(u)/p“ﬁ(“)“ 21!2(u)+1) (2\42(“)+1 pv‘,(u)+1 x
—N(u[p*s®) (n+1)/2) 2'27* f,( pu,)
— Ny(u[2"®) ((n+1)/2) p*»*7* fi(2u5))} > -
Therefore,
Yy = {(Upn) U {m(w) x—M, fi(pu,) — M, fi(21)} > ,
where u=(n+j+1)/2,
M, = (m(u)[p*»®*) Ny(u[p*+®) (n+1)/2),
My = (m(@)[25*) Nyuf2') (n-+1).

Since this is true for every function f which satisfies (5.6), we have

J(Y) = YK f(Upr)) U {m(u) x—M, fi(pu,)— M, f1(2)} > -
Therefore, ’
J7(Y) = iy wp, uy} D[<AXL, X, X}
where My=m((n+j5+1)/2), X,=M, x— M, u,— M, u,, X,=2°¢"" y, and X,=

Pb(i,m,n) u[a'
we set
1, = min {d(j, m, 7’), Vz(”+1)}
and
i, = min {b(j, m, n), vy(n+1), v,(m((n+5+1)/2))} .
Since v(M,)=v,(n+1) and v, (M,)=»,(n+1), the greatest common divisor of
20U:mm and M, p*¢-™m~is is equal to 2%z, and the greatest common divisor of
pP9™m and M, 2°U»m" =iz js equal to p’». Choose integers ¢, &, €; and e, with
e 2n(i.m,u)+ez szb(j,m.n)—ip — 2:‘2
and
e3pb(j,m.u)+e4 Mp 24(]’.m,n)—i2 — pi‘, .
For the sake of simplicity, we put a=a(j, m,n) and b=>b(j, m, n) in the fol-
lowing calculation. Set
2ﬂ—i2pb—ip Pb—ip Mz/ziz 24—!'2 Mﬁ/p!"
A=| ep* —& e, M,[p'
e, 2° 2 ey, M,[2¢2 —e, ,

then we have
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2% u, 2f2(e, pP=is My x[272—uy)
P'u, p'r(es 282 My x[p's—u,)

and det A=1. This implies that
J(Y) = Z|m((n+j+1)[2)-200-mm~iz. pbl-mm=is 5 Z/pis D Z[2'z .

Thus the proof of (1) for the case (n+j+1)/2=0 (mod (p—1)) is completed by
[24].

(Mo x—M,u,—M, u,) ( 2042 pb=is M, x
A -

We now turn to the case u=(n+j+1)/2%0 (mod (p—1)). Then we have
FO (1) ()
= (K7 (R —1)[2%) (270 x—Ny(u27®) (n+1)/2) f1(2u2))
(mod fy(U,41)). Hence
J(Y) = Y[KA(Uprr) U {m (u) x— M, f1(21,)} > .
Therefore,
]”( Y) = <{x) uz’ up}>/<{Xl) ‘Yz, X3}>

where My=m((n+j+1)/2), X;=M, x— M, tp, X,=2°0""" y, and X;=p*@m™" y,,
We set

1, = min {a(j, m, n), vy(n+1)} .

Since v,(M,)=w,(n+1) the greatest common divisor of 2¢¢>®" and M, is equal
to 22, Choose integers ¢, and e, with

e Za(i,m.n)+ez — 2:‘2 .

Set

e, —e, O

2972 M,[22 0
B =
. 0 0 1

then we have

My x— M, u, 29=t2 M, x
B 2w, = | 2%((e, My/2'2) x—up) )

P u, 'y,
and det B=—1. 'This implies that

j//( Y) =~ Z/m((n+]+ 1)/2) . 2a(i.m,n)—i2€BZ/Pb(j,m.n)@Z/ziz
=~ Z/m((n+]+ 1)/2) '2“(j’""”)'iz-p”(j’""”)@Z/Z‘z .
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Thus the proof of (1) is completed by [24].
Now we turn to the case j=2 (mod 4) and #=1 (mod 4). In the corres-

ponding diagram of (5.1), @(Sj(L;np/Lgp)) has an element x, which satisfies
the following conditions:

1) fy(x) generates the group K?)(S“"“),
ii) the 2-component of f;(x) is equal to 0.
Since the Adams operations are given by +*=k—2 [k/2] on the 2-component of

KN(')(S"(L’Z'},/LZ,,)), the rest of the proof of (2) is similar to that of (1).

6. Proofs of Theorems 5 and 6
In this section we state proofs of Theorems 5 and 6.
Proof of Theorem 5. Suppose that the spaces L3,/L3, and L3,"*/L3}*

are of the same stable homotopy type with m>n-+2. Then there exists a homo-
topy equivalence

fr SULE|L3,) — STHLE LYY,
which induces an isomorphism
(6.1) J(f): J(SP=4(Lzy L33 ) — J(S/(LE/LEy)) -
We can assume that v,(j)=max {3, @(m,n)}. By (3.18), t=0 (mod 4). It
follows from Proposition 3.19, Theorem 3 and Theorem 4, that we have
min {v,(j)+1, §(m, n)} = min {v, (j—1)-+1, p(m, n)} .
Thus we have
(6.2) vy(t)=p(m, n)—1 .
If m>n+9 and vy(n+1)=@(m—n—1,0)—1, then we have the following
from Theorem 4:
J(S7=HLz," L5 "))
~ Z/m((n+j+1)/2),2¢(m,n+l)—b2,Pb(i—t.m+t.u+t)-k,@Z/Ph,eaz/zkz
and
J(S/(L3[L%,))
~ Z/m((n—i—]—|— 1)/2),2¢(m,n+1)—i2,pb(i.m.n)—ip@Z/Pi,,@Z/Ziz ,
where
k, = min {@(m, n+1), v(n+t+1)},
k, = min {b(j—t, m—+t, n+1t), v,(n4-t+1), v(m((n+j+1)/2))} ,
i, = min {p(m, n+1), v(n+1)}
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and

i, = min {b(j, m, n), v,(n+1), v,(m((n+;+1)/2))} .

By the isomorphism (6.1), we have k,=7,. This implies that we have v,(n+-2+-1)
>@(m, n+1) if vy(n+1)>@(m, n+1) and vy(n4-t4-1)=e@(m, n4+1)—1 if v,(n+41)
=g@(m, n+1)—1. Since vy(n+1)+1>p(m—n—1, 0)=¢(m, n+1), we have

(6.3) If m>n+9 and vy(n+1)>p(m—n—1,0)—1, then we have
vy(t) > p(m—n—1, 0).
On the other hand, we can assume that
j=0 (mod 2ptamI-L(a+/2D/2-11)

and j)2=p—2—[(n+1)/2] (mod (p—1)). It follows from Proposition 3.20,
Theorem 3 and Theorem 4, that we have

min {v,(j—1)+1, [(m-+))/2 (p—1)]—[(=+j+1)/2 (p— D]}
= min {v,(j)+1, [(m+))/2 (p—D]—[(r+j+1)/2 (p—1)]}
= [(m+)2 (p—1)]=[(n+j+1)/2 (p—1)]
= [[(m+)/2)[(p—D]—([(n+1)/2]—p+2+(j/2))[(p—1)
= [([m/2]=[(n+3)/12D/(p—1)]+1.

This implies
(6.4) vy(t) Z[([m/2]—[(n+3)/2])/(p—1)] -
In the case n+1=0 (mod 2ptC™21-I(x+HED/?-D]) we assume that

j=0 (mod 2ptm21-L(n+12n/p-11)
and n+j+1=0 (mod 2 (p—1)). It follows from Theorem 4 that we have

min {p,(n+24-1), [(m+7)/2 (p—D]—-[(n+j+1)/2 (p— )]}
= min {vy(n+1), [(m+)/2 (p—1)]—[(n+j+1)/2 (p— )]}
= min {v,(n+1), [([m/2]—[(»+1)/2D/(p—1)]}
= [([m/2]=[(n+1)/2D)/(p—1)] .
This implies
(6.5) If n+1=0 (mod 2plT/A-In+D/2D/*-D1) e have

vy(8) 2 [([m/2]—[(n+1)/2])/(p—1)] .

Combining (6.2), (6.3), (6.4), (6.5), Lemma 3.16 and (3.18), we obtain
Theorem 5.
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Proof of Theorem 6. According to [10], we have

h(2p, k) = 2%*0-1 plelZe-1]

Then Theorem 6 follows from (3.17).
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