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Let G be a complex reductive group acting algebraically on a cemplrojective
variety X. Given a polarization o, i.e., an ampl&G-line bundleL over X, Mumford
(see [16]) defined the notion of stability: A pointe X is said to be semistable with
respect toL if and only if there existsn € N and an invariant section : X — L"
such thats(x) # 0. Let X(L) denote the set of semistable points Xn then there is
a projective varietyX(L)//G and aG-invariant surjective algebraic map : X(L) —
X(L)//G such that
(i) = is an affine map and
(i) Oxwyyc = (T 0xw))°.

In particular, for an open affine subsgt of X(L)//G, it follows that x ~3(U) =
SpecC[U]¢ where C[U] denotes the coordinate ring af () and C[U]¢ is the al-
gebra of invariant functions.

There is a completely analogous picture for a holomorphitoacof a complex
reductive groupG on a Kahlerian spaceX. The role of a polarization is taken over
by a Hamiltonian action of a maximal compact subgratpf G. Here one considers
a maximal compact subgrouf of G, assumes the #hler structure to be& -invariant
and that there is an equivariant moment map X — & with respect tow. In this
situation X(u) = {x € X; G -x N u~1(0) # @} is called the set of semistable points of
X with respect tou. Here G - x denotes the topological closure of tkheorbit through
x. The following result has been proved in [11] (c.f. [18]).

The setX(u) is open inX and there is a complex spacé(u)//G and aG-
invariant surjective holomorphic map : X(u) — X(u)//G such that
() = is a Stein map and
(i) Oxyc = (1.0x(w)°.

In fact there is one more analogy between these two coniingctin the case
where X is projective, the line bundlé induces a line bundld. on X(L)//G which
turns out to be ample. In the &ler casew induces a Khlerian structurew on
X(n)//G.

A very ample G-line bundle L over X induces aG-equivariant holomorphic em-
bedding of X into P(V) where V is the dual vector space of the space of sec-
tions I'(X, L) and theG-action onP(V) is induced by the natural lineag-action on
(X, L). Now one may assume thE-representation to be unitary and therefore the
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pull back of the Fubini-Study formwpy to X is a K-invariant Kahler formw and the
pull back of the natural moment mapp) to X gives a moment map : X — £*.
In this case, using a result of Kempf-Ness (see [12]), onelch¢hat X () = X (L),
i.e., the set of Mumford-semistable subsetsXois a subset of the set of momentum-
semistable sets (see [13], [17] or Sec. 3.).

Of course in general a given invariantiller formw on a projectiveG-manifold
X may not be integral. Therefore associated moment maps ari ram obvious way
related toG-line bundles. Nevertheless, our goal here is to prove tHewing

Semistability Theorem. Let X be a smooth projective variety endowed with a
holomorphic action of a complex reductive grogp = K€, » a K-invariant Kahler
form andu : X — € a K-equivariant moment map. Then there is a very ample
line bundle L over X such that

X(n) = X(L).

Recently there has been some interest in the question of @w and X(L)//G
vary in dependence of. (see e.g. [4], [19]). The above obviously implies that these
results extend to the case wheareis moving.

1. Mumford quotients

Let G be a complex reductive group and a G-representation, i.e., there is given
a holomorphic homomorphism : G — GL(V). Since G is reductive, it is in fact a
linear algebraic group and is an algebraic map (see e.g. [3]). Moreover the algebra
C[V]¢ of G-invariant polynomials is finitely generated. The corresting affine va-
riety is denoted byV //G. The inclusionC[V]¢ < C[V] induces a polynomial map
w V. — V//G which turns out to be surjective. Explicitly : V — V//G can
be realized as follows. Lejs, ..., q: be a set of generators of the algelitp’]¢ and
q :=(qu,...,q¢). ThenY :=g(V) is a Zariski-closed subset @* which is isomorphic
with V //G. Under this isomorphisnxr : V — V//G is given byg.

Since the groupG and the actionG x V — V, (g,v) — g - v, are algebraic,
every G-orbit is Zariski-open in its closure. In particular, forey x € G- v\ G - v
we have dinG - x < dimG - v. This implies that the closure of every-orbit contains
a closedG-orbit which may be defined as &-orbit of smallest dimension ifG - v.
Now G-invariant polynomials separat@-invariant Zariski-closed subsets. This can be
seen by using integration over a maximal compact subg®upf G. Thus the closed
G-orbit in G - v is unique. Moreover fow, w € V we haver(v) = 7 (w) if and only if
G-vNG-w #P and this is the case if and only & - v and G - w contain the same
closed orbit. Consequently, i - v is the closed orbit inG - v, then 7=(n(v)) =
{weV;G-voC G-w). This is often expressed by the phrase that the quoliehc
parametrises the closed-orbits in V.




PROJECTIVITY OF MOMENT MAP QUOTIENTS 169

Assume now thatX is a projective G-variety which is realized as &-stable
Zariski-closed subset oP(V). In general there is no way to associate Xoa quo-
tient X//G which has reasonable properties. For examplé/ ifis irreducible, then
P(V) contains a uniqueG-orbit which is compact. This orbit is the image of G
orbit through a maximal weight-vector il. Since everyG-orbit in P(V) contains a
closed G-orbit in its closure, the unique compact orbit is containedhe closure of
every otherG-orbit in P(V). If one were to try to define a Hausdorff quotient, then
every point would have to be identified with the points in thd@que compact orbit.
The resulting quotient would be a point.

In order to resolve this difficulty Mumford introduced the Ifaling procedure
(see [16]). LetN be the Null-cone inV, i.e., the fiber through the origin of the quo-
tient mapzr : V — V//G and letp : V \ {0} — P(V) denote theC*-principal bundle
which defines the projective spa@V). For a subset of P(V) let ¥ := p~(¥). A
point x € X is said to be semistable with respect ¥oif = p~1(x) c X \ N. Let
X(V) := p(X \ N) denote the set of semistable points Xnwith respect to the rep-
resentationV. Thus X(V) is obtained by removing the image of the Null-cone from
X.

The coneC(X) := X U {0} in V over X is a G-stable closed affine subset &f
and N is saturated with respect toy : V — V//G. Thus X(V):= X\ N = C(X)\ N
is saturated with respect to; : X — X//G. In particular there is a quotient *
X(V) — X(V)//G which is given by restrictingry : V — V//G to X(V). The
C*-action onV defined by multiplication commutes with th@-action and stabilizes
X(V). Thus there is an induce@*-action on X(V)//G which can be described ex-
plicitly as follows. Letqs, ..., g be a set of homogeneous generatorsCP¥]¢ with
degg; = d;. The mapg : V — Ck is equivariant with respect t€*. More pre-
cisely we haveg(z - v) = (t%g1(v), ..., t%qi(v)). Moreoverg(V \ N) = ¢(V) \ {0} C
Ck \ {0}. Note thatC* acts properly onC* \ {0}. In particular there is a geometri-
cal quotientCk \ {0}/C* =: P(ds, ...,d) which is a projective variety. This implies
that X(V)//G = (f((V)//G)/(C* is also a projective variety, since it is a Zariski-closed
subspace ofP(dy, ..., d;). The mapf((V) — X(V)//G is C*-invariant and induces
therefore an algebraic map : X(V) — X(V)//G which is the quotient map for the
G-action onX (V).

There is a standard procedure to realize a gigemariety X as aG-stable sub-
variety of some projective spad®(V) where V is a G-representation. For this as-
sume thatL is a very ample line bundle oveX and letI'(X, L) denote the space
of holomorphic sections ofL. Thus the natural map, : X — P(V) which is
given by evaluation wher&/ = I'(X, L)* is the dual of['(X, L) is an embedding.
Now if the G-action on X lifts to a G-action on L, then V is a G-representation
in a natural way and; is G-equivariant. The seX(L) = {x € X;s(x) # O
for some invariant section € I'(X, L™), m € N} coincides withX (V) after identify-
ing X with 1, (X) c P(V) and is called the set of semistable pointsXfwith respect
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to the G-line bundle L. Note thatX (L) depends onL and on the lifting of theG-
action to L. The following two elementary facts concernidgtactions on line bundles
are often useful (see [16]).

Lemma. Let X be a smooth projectivé-variety.
(i) If L is ample, then there is a lifting of th€-action to some positive powdr™
of L.
(i) Two liftings of theG-action to L differ by a character ofG.

Proof. The last statement follows sincé is compact and therefore @-action
on the trivial bundleX x C = L ® L™ is given by g - (x,z) = (g - x, x(g)z) where
x : G — C* is a character of5.

For the first statement one may assume tfiabcts effectively. Since5 is con-
nected the induced action on PX(is trivial. This implies that there is a subgroufb
of the automorphism group df and an exact sequence of the form

1-C*>G—>G31

where o is given by restrictingg € G to the zero sectionX — L. This sequence
splits after replacings by a finite covering. Hence th&-action onX lifts to L™ for
some positivern. ]

2. Moment map quotients

Let G be a complex reductive group which acts holomorphically onoaplex
manifold X. Now choose a maximal compact subgrokpof G and letw be a K-
invariant Kahler form onX. By definition theK-action onX is said to be Hamiltonian
with moment mapu if there is given an equivariant smooth mapfrom X into the
dual ¢* of the Lie algebra of K such that

(*) dﬂg =g,

for all ¢ € £. Here &y denotes the vector field oX associated withe, u: = w(§)
and iz, w is the one formn — w(éx, n). Note that for a connected manifold an
equivariant moment map is uniquely defined By @p to a constant iff* which lies in
the set of fixed points. In particular, if the group is semisimple then an equivariant
moment map is unique. Moreover in the semisimple case it cashben thaty exists
for a given K-invariant Kahler formw (see e.g. [6])

ExavmpLE. Let p : X — R be a smoothK-invariant function,w := 2i88_,o and let
w: X — ¥ be the associated -equivariant map which is defined Qy: = dp(J&x).
Here J denotes the complex structure tensor ®n A direct calculation shows that
due = 15,0 holds for everyg € €. In particular, if p is strictly plurisubharmonic, i.e.,
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w is Kahler, thenu is a moment map. We refer to =: u” as the moment map given
by p.

Similar to the case of an amplé-line bundle there is a notion of semistability
with respect tou. A point x € X is said to be semistable with respectoif G -xN
w=1(0) # 3. Let X(u) denote the set of semistable points with respeck to

The following is proved in [11] (see also [18]).

Theorem 1. The set of semistable point§(w) is open inX and the semistable
quotientr : X(u) — X(u)//G exists. The inclusiop=1(0) — X(u) induces a home-
omorphismu~1(0)/K = X(u)//G.

By a semistable quotient of a complex space(see [10] for more details) en-
dowed with a holomorphic action af we mean a complex spacg//G together with
a G-invariant surjective map : Z — Z//G such that:
(i) The structure sheady g is given by @.07)¢, i.e., the holomorphic functions on
an open subset af /G are exactly the invariant holomorphic functions on its iee
image inZ.
(i) The mapr : Z — Z//G is a Stein map, i.e., the inverse image of a Stein sub-
space ofZ//G is a Stein subspace &f.
In [9] it is shown that each poingy € X(u)//G has an open neighborhood such
thatw = 2i85,o on 7~ 1(Q) for someK -invariant smooth functiorp. Furthermore, the
moment mapy restricted tor—%(Q) is given by p, i.e., © = u’. A result of Azad
and Loeb (see [2]) asserts that,xife ©~%(0), thenp is an exhaustion oiG - x i.e.,
is bounded from below and proper. In particul@r- x is closed inX(u) for every
x € pu~1(0). The converse is also true in the following senseGlf x is closed in
X(un), then u(g - x) = 0 for someg € G. Furthermore in [8] it is shown that the
restriction of p to each fiber oveQ is an exhaustion, i.e., is bounded from below and
proper. This Exhaustion Lemma and also a refinement of it &se 6) will be used
several times in the remainder of this paper. For examplieppties the following (see

[8)).

Theorem 2. Let X be a compact complex manifold with a holomorpbieaction
and lety : X — ¢ be a moment map with respect tokinvariant Kahler form w.
Let ® be a K-invariant Kahler form on X which lies in the cohomology class af
Then there exists a moment map X — &* with respect to® such that

X(u) = X ().

Proof. We recall the argument given in [8]. Sineeis’ cohomologous ta» and
X is a compact khler manifold, there exists a differentiabie-invariant function f :
X — R so thaty'= w +2i09 f. Definepn’ : X — € by u;i = Jéx(f) for & € Liek
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and sety” = p+ p/. Then & is a moment map with respect . For everyx e
X(un) there exists a strictly plurisubharmoni¢-invariant functionp : Z — R, where
Z = G-xNX(u), so thatu|Z = u”, whereu” is the moment map associated 4o
(see [9]). SinceZ N u~1(0) # @, the above mentioned Exhaustion Lemma implies that
p . Z — R is an exhaustion. Now attains its minimum and maximum oK and p
is an exhaustion. Hence the strictly plurisubharmoKiénvariant functionp™:= p+ f is
also an exhaustion of. This shows thaZ c X (i), i.e., X(u) C X (). By symmetry
we haveX(u) = X(i1). I

If G is a connected semisimple Lie group, then a moment map wipert to a
K-invariant Kahler formw always exists and is unique. Thus in this case Theorem 2
shows thatX(u) depends only on the cohomology classaof

3. Moment maps associated to representations

Let V be aG-representation whose restriction to the maximal compabgup
K of G is unitary with Hermitian inner product , ). Thenp : V — R, p(z) =
(1/2)1z1? = (1/2)(z, z), is a K-invariant strictly plurisubharmonic exhaustion functio
on V and consequently = V(u) where the moment map : V — ¢ is given by
ne(z) = dp(J&z) = (1/2)(JEz, 2) + (2, J&z2)) = (1/i){§z, z). The Kahler formwy =
2i30p is given by wy (v, w) = —Im(v, w). Since in this case the restriction of to
every -fibre is an exhaustion, we havé(u) = V and the inclusionu=(0) — V
induces a homeomorphism=%(0) = V //G (see Sec. 2 Theorem 1). The essential part
of this statement has already been proved in [12].

Let §:=S(V) :={z € V; |zl = 1} denote the unit sphere i"i. Note thatS is a co-
isotropic submanifold oV with respect towy, i.e., (I.S)'v = T.(S*-z) C T.S where
the circle groupsS* = {» € C;|A| = 1} acts onV by multiplication. This is easily seen
by using the orthogonal decompositidaV = T,(C*z) & W where W = T.SNiT,S
denotes the complex tangent spaceSoft z. The complex structure o induces
the standard complex structure &¢V) = S(V)/S*. Moreover sinceS is co-isotropic,
there is a unique symplectic structutgy on P(V) such that$p*wpy) = 1wy. Here
p - (V\{0}) — (V\{0})/C* = P(V) denotes the quotient map angl : S — V
is the inclusion. Furthermore, the definition of the compstsucture and otop(y) are
compatible so thatopv) is in fact a Kahler form onP(V). Up to a positive constant
it is the unigue Kahler form onP(V) which is invariant with respect to the unitary
group U({/). Note thatwpy) is determined by

— 1 — 1 —
propyy =2100logp = 2i <——28p Adp+ —88,0) .
o 2
The inducedK-action onP(V) is again Hamiltonian. The moment map is given

by (uev))e([2]) = (2/i)((52, 2)/1zII?) = d log p(z)(J€z). In particular we haves - [z] N
;@(1‘,)(0) # ¢ if and only if G-z N w*(0) # ¥ and this is the case if and only if
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f(z) # 0 for someG-invariant homogeneous polynomigl on V.
Now let X be aG-stable subvariety oP(V). The pull back ofwpy to X induces
a Kahlerian structures on X and theK-action is Hamiltonian with moment map :
X — &, u = upwylX. We call u the standard moment map induced by the embedding
into P(V). The above construction shows the following well known

Lemma. Let L be a very ampleG-line bundle overX and considerX as a
G-stable subvariety oriP(V) where the embedding is given By(X,L) and V =
(X, L)*. Then

X(u) = X(L),

i.e., the semistable points with respect to the standard embrmap onP(V) are the
semistable points with respect fo

4. The main result

Let G be a connected complex reductive group aida maximal compact sub-
group of G, i.e., G = KC. By a G-variety we mean in the following an algebraic
variety together with an algebraic action 6f.

Let X be a smooth projectives-variety andw a K-invariant Kahler form on
X. Assume that theK-action is Hamiltonian with respect te, i.e., there is aK-
equivariant moment map : X — £*, and denote byX(u) :={x € X;G - x N (0) #

@} the set of semistable points with respect.to

Semistability Theorem. There is a very amplé;-line bundle L over X such
that

X(u) = X(L).

Here X(L) denotes the set of semistable pointsXnin the sense of Mumford,
i.e., X(L) ={x € X;s(x) #0 for someG-invariant holomorphic sectiom of L™, m €
N}.

The case whera is assumed to be integral is well known and follows rather di-
rectly from the definitions using standard Kempf-Ness typguments. In fact it is a
consequence of Theorem 2 of Sec. 2 and the Lemma in Sec. 3.

The proof in the general case is divided into two steps. Infitst part we con-
sider formsw whose cohomology classo] is contained in theR-linear span of the
ample cone inHYY(X). The second part of the proof is more involved. It is a reduc-
tion procedure to the first case.

At least implicitly (see e.g. [4], [13], [17]) the ample cormase seems to be
known. In order to be complete we include a proof in the nexagiaph.
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5. The ample cone case

In this sectionG is a connected complex reductive group with a fixed maximal
compact subgrouk and X is a smooth projectives-variety. Letw be a K-invariant
Kahler form and letu : X — ¢ be a K-equivariant moment map. In this section we
prove the following

Proposition. Assume that the cohomology class«ofies in the real linear span
of the ample cone iMHY1(X). Then there exists a very ampi&-line bundle L over
X such that

X(p) = X(L).

Proof. SinceX(u) essentially depends only on the cohomology class dee
Sec. 2 Theorem 2), we may assume that there are equivaribomhdiphic embeddings
' X —> PV, k=1, ...,m, so that

- *
w = § i} wp(y)

wherea, are positive real numbers.
Let:: X — P(Vy) x --- x P(V,,) be the diagonal embedding. Then

w=1* (Z akn:w]p(vk)) s

wherem; : P(V1) x --- x P(V,,) = P(V,) denotes the projection. Hence the moment
map u is the restriction of a moment map di(V1) x --- x P(V,,) with respect to

> armiwpy,) Which also will be denoted by:.. Since X is closed inP(Vi) x --- x
P(V,,), we have

X(w) = (B(V1) x -+ x P(Viu)) () N X.

Thus for the proof of the proposition we may assume tkiat P(V1) x - -+ x P(V,,),
w =) aiwpy,) and theG-action is given by a representatiah — GL(V1) x - - - x
GL(Vin).
Let T be a maximal compact torus K. ThenTC® is a maximal algebraic torus in
G. We now reduce the proof of the proposition to the case wiiere7C as follows.
Let ur : X — t* be the moment map for thE-action which is induced by. and
the embedding — £. Then it follows that

X(u) = (k- X(ur)

keK

by the Hilbert Lemma version in [13] (Sec. 8.8.). Thus it iffisient to show the fol-
lowing
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CLav. There exists a very amplé-line bundleL over X =P(Vy) x - -- x P(V},)
such that

X(ur) = X(L7)

where X(Ly) denotes the set of semistable points with respectk tid one considers
L as aT®-bundle.

The proposition follows from the above claim, since

X(w) = (k- X(ur) = (k- X(Lr) = X(L).

keK keK

In order to prove the claim one may proceed as follows.

Let S = §; x --- x §,, be the maximal torus in GIi;) x --- x GL(V,,) which
contains the image of and u, : P(Vi) — s; the standard moment map @&¢Vy). We
will consider u;, as a moment map with respect $o= S; x - - - x S,, where the factors
of § different from S, act trivially on X =P(Vy) x --- x P(V,,). Sincew = Y arwp(v,),
the moment map: : X — t* is given by

nw=aypurt---+a,u, tc

wherec € t* and u;, now denotes the map froriy to t* which is given byu; : X —

s* composed with the dual of — s. Now if @, are positive rational humbers ard
is rational, thenu™:= ayui +--- + a,ux + ¢ IS @ moment map with respect to =

> armtop,). Sinced, andc¢ are rational, it follows that there is a very ampleline

bundle L over X such thatX(L) = X(ix). Thus we have to show the following

There existsi;, and ¢ such thatX(u) = X(&).

This statement follows from convexity properties ofas follows. Sincel’ is com-
pact, the setx” of T-fixed points inX is smooth. LetX” = U;c;F; be the decom-
position into connected components. Note thatis constant on eveny;, j € J.
For the setJ let P(J) be the set of subsets of. We say thatl € P(J) is u-
semistable if 0e Conv{u(F;),j € L} where Conv denotes the convex hull opera-
tion in t*. Let X, := (x € X;TC.-xNF; # @forall j e L}. Sinceu(TC x) =
Con{u(F;); TC - x N F; # B} (see [1]), it follows that

X(w) = UXL-

Here the union is taken over the elemeiftsof P(J) which are u-semistable. For a
given u denote byl (u) the set ofu-semistable subsets of. We show now that if a
collection of subsets is of the form(w), then I(1) = I(ix) for some positive rational
a; and rationalc.

In order to see this, lef\;; := ui(F;) € t*. Note thatA,; are integral points irt*.
A subset! c P(J) is of the form I(n) if and only if there exist positive real numbers
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a; and c € t* such that for allL € P(J) the following holds.
Oe ConV:ZakAkj +c;j€ L} if and only if £ € 1.
k

This condition is equivalent to a collection of linear inatjties with integral coeffi-
cients in the unknowng,’s and ¢ which have a real solution if and only if they have
a rational one. O

6. Cohomologous Kihler forms on orbits

In this section letG be a connected complex reductive group with maximal com-
pact subgroupk and letX = G - xg be aG-homogeneous manifold. We assume that
there are giverk -invariant Kahler formsw/, j =0, 1, on X which are cohomologous
and set

o' =1 -1’ +10t, t€][0,1].
Moreover, assume that there akeequivariant moment maps
w X = ¢, rel0,1]
with respect tow’ such that the dependence oris continuous.

Remark. We haveu' = (1 — )u® +rut + ¢’ wherec’ e 3*. Herej; is the Lie
algebra of the center oK. The goal of this section is to obtain some control about
the semistable se¥’ := (u')~%(0) if ¢ varies.

Lemma. If M2 # @ for somer, € [0, 1], thenw' = 289" wherep' = (1—1)p°+
tpr and p/ : X - R, j =0,1, are K-invariant smooth functions.

Proof. SinceMy # ¢, the orbitX = G - xo is a Stein manifold (see e.g. [7] or
[9]). Now «° and ! are assumed to be cohomologous. Thus there is-iavariant
smooth functionu : X — R such thatw! — ©® = 2/90u. On the other handv =
2i90 f for some K-invariant smooth functionf : X — R (see Sec. 2 and [9]). Thus
o' =2i30p" where p® = f — fou and p* = f + (1 — ro)u. 0O

Now let Z denote the connected component of the identity of the cerftéf and
let S be a semisimple factor oK. ThusK = §-Z andt = s @ 3 on the level of Lie
algebras. Letu (resp.u,) be the moment map with respect to tleaction (resp.Z-
action), i.e., the composition qf’ with the dual of the inclusios < ¢ (resp.; < ).
We also setM = (u')~1(0), M5 = (u5)"1(0) and M%, = (u',)"1(0).
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Proposition 3. If M # @ and if the setX(u/,) of ZC-semistable points is inde-
pendent off, then there are pluriharmonid -invariant functionsk’ : X — R which
depend continuously onsuch that

Proof. It follows from the definition of a moment map that itusique up to a
constant. Thug.” = ! + ¢’ wherec¢' is a K-invariant constant, i.eg’ € 3*.

The proof of the Proposition will be reduced to the case of mmact Abelian
group T = (SY)X. In this situation we havg© = (C*)* andt = Lie T = R*. Moreover,
foranyc’ e t*, ¢’ = (c}, ..., c}), the fupctionfzf(zl, ooy zk) =y loglza|+- - -+c log |z
is pluriharmonic onZ’C and satisfieg:" = ¢'.

Let xo € M2 and setL := K,,. Then we have the following orthogonal decompo-
sition of the Lie algebrét.

E=t;.Ps

wherej, :=3N(s+1),3=tD3., ands+=sD 3.

Note thatj is the Lie algebra of the grouf /S ands+[ is the Lie algebra of the
subgroupsS - L of K. SinceK is connectedk /SL =(K/S)/(SL/S) =: T is a compact
connected Abelian group. Hence we halie= (S1)f and LieT = (¢/s)/((s +)/s) =
3/3. = t. Now identify ¢ = ¢*, i.e., we have the orthogonal splitting

= o @5

Clam. ' et~

For the proof letxg € MY be given and note thak® - xq is closed inX(u?
X(ut). Thus there arer, € Z€ - xo such thatu!,(x,) = 0. In particular we have' =
w” (x;). Now leté = t+Ar+0, wheret e t, A € 3. ando € s. Then, since the moment
map is unique for a semisimple Lie group, it follows that

0= P«:;(xr) = Mﬁl ().

For A € 31 we haveir = Ag + A, for someis € s andA; € [ and ., A ] = 0. Thus,
using the fact that;, is an LC-fixed point, we have

expisA - x; = €XPisig - EXPisAy - x; = €XPisAs - X;.
This implies

0= M;S(xr)
= M;:S(xr)
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d
T Yre—
ds s=0

:<i> o' (expisi - x;)
ds s=0

= P«f ().

Since

Mgp () =l () + pf () + el (x) = wf (x0),

this implies the claim.

Now, as we already observed, arf there exists a pluriharmonic functiol :
7€ — R such thatu = ¢ = p”(x,) € t*. SinceT® = (K€/5%)/(SCLC/SC) =
KC€/SCLE, the natural map : K€/LC¢ — TC is KC-equivariant. Thush’ := i’ o ¢
is a K -invariant pluriharmonic function oX = K€/L® such thatu” (x,) = ¢. There-
fore p' — h' is a smoothK-invariant function such thap' = 2i35(pf — h') and, since
w'(x) = p " (x,)=0 and X is connectedu’ = u”'~"". O

7. Action of a torus

Let T = (SY)™ be a torus and¥ a complex projective manifold with an algebraic
action of the complexified torug® = (C*)™. Let o’/ be T-invariant Kahler forms on
X with moment mapse/ : X — t.

We say thatw® and o' are cohomologous on the closure of a TC-orbit in X
if there is aTC-equivariant projective desingularizatign: ¥ — Y such that the pull
back of the forms to¥ are cohomologous, i.e., such thatw! — p*w® = 2i35f for
someT-invariant smooth functiory : X — R.

For ¢ € [0,1] we seto’ := (1 — )+t and i’ := (1 — r)u® + rut. Note that
w' is a moment map with respect tod and thatw’ and w® are cohomologous on the
closure of everyr'C-orbit in X if this is the case fow® and w?.

Proposition. If «® and w® are cohomologous on the closure of ever§-orbit
in X, then there is a constant € t* depending continuously onsuch that

X(u%) = X(u' +c").

For the proof of the Proposition we consider first the caseratie = S, i.e.,
we fix a one dimensional subtor® = {expz£;z € R} where& is chosen to be a
generator of the kernel of the one-parameter group- expz&. With respect to this
St-action letXS" = UF, be the decomposition of the set 6t-fixed points of X into
connected components. The set of these components is ethdeitle a partial order
relation which is generated b§, < Fgz. Here we setF, < Fg if and only there is a
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point x € X such that lim_oz-x € F, and lim_  z-x € Fg wherez € C* = (S1)C.
Let u; * X — R whereu; = (u', &) denote the moment map with respect to the
given St-action. Sincedu; = 15,0, the moment magu; is constant on every,.

Lemma. If F, < Fp, then ud(F,) — ud(Fp) = pnt(Fo) — b (Fp).

Proof. Letxp € X be such that lim,oz-xo € F, and lim_ .z - xo € Fg. We
may assume that the map* — C* - xo, z — z - xo IS an isomorphism and extends to
a holomorphic mag : P1(C) — X with 5(0) =x, and b(oo) = xg.

Now since by assumption the pull back of:= o' — »° to the desingularization
P1(C) of C* - xo is cohomologous to zero we have

0= n
C*-xo

- / .
(C*-Xo
:/ lex M
R*’-Xo

= /R d(ut — nd)
= g (xp) — nf(xp) — (pk(xe) — 1g(xa)).

HereR* - xg denotes theR* := {z € R;z > 0}-orbit throughxo. O

Remark. Implicitly we used that under the above assumptighand »® are co-
homologous on the normalization @f - xo.

Proof of the Proposition. The above Lemma implies that thera constant’ e
t* depending continuously onsuch thatu® and " := u’ +¢' assume the same values
on every component of the se&” of T-fixed points in X. Since /i'(TC - x) is the
convex hull of the images of/{F,) where F, N TC.x # ¢ (see [1]) it follows that
X(u0) ={x € X;0e u%TC-x)} = {x € X;0 € @/(TC - x)} = X(i"). O

8. Action of a semisimple group

Let G be a connected complex semisimple Lie group with maximal pamh sub-
group K and X a projective manifold with an algebraiG-action. As in the last sec-
tion we say that two given closed forms® and w* are cohomologous on the closure
Y of a G-orbit in X if there is aG-equivariant desingularizatiop : ¥ — ¥ such that
p*a® — p*ol =2i93 f for some smooth functiorf : ¥ — R.
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Proposition. Letw/ : X — €%, j =0, 1, be two K-invariant Kahler forms onX
which are cohomologous on evefy-orbit closure and lety/ be the unigue moment
map with respect ta’. Then

X(uO) = X(uh).

Proof. Forx e (u°)1(0) setY := G-x and letp : Y — Y an equivariant
resolution of singularities such that*w! — p*@°® = 2iaa_f for a smoothK -invariant
function f. In particular f is bounded onG - x.

SinceG - x is closed inX(u°) it follows from the Exhaustion Lemma that®|G -

x = uf for some K -invariant plurisubharmonic exhaustion functipn G - x — R.

Thereforep + f is likewise an exhaustion and in particular has a minimum on
G - x. Since ut is unique, we havedt = u°+ pu/ = Pt/ Thus X(1°) c X(ub) and
the reverse inclusion follows by symmetry. [

9. Reduction to Levi factors

Let G be a connected complex reductive group with maximal compabgroup
K and letX be a compact connected manifold endowed with a holomorpttioraof
G. We assume that there are giv&ninvariant Kahler formsw/, j = 0,1, on X which
are cohomologous on ang-orbit and set

o' =(1—-1’+r0t, 1e]0,1]
Moreover, assume that there akeequivariant moment maps
w X =, tel0,1]
with respect tow’ which depend continuously on We setM} := (1) ~1(0).
Let Z be the center ok and S the semisimple part oK, i.e., K = Z - S where
Z NS is a finite group and assume the following condition:

(%) X (1) is independent of € [0, 1].

Lemma 4. Assume the conditio(x) and for xo € X let Q := G - xo. Then, for
t €0, 1],

MyNQZY
is an open condition.

Proof. Letty € [0, 1] be such thatM2 N Q # @. It follows that there exists a
smooth curvep’ of K-invariant smooth functions so that = 2i93p’ and ' = u”' on
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Q. Furthermore, since/g N Q # ¢, it follows that p” is an exhaustion of2. For
nearfy the functionp’ has the same convexity properties @ and is therefore like-
wise an exhaustion (see [8], proof of Lemma 2 in Sec. 2). Thatpavhere it has its
minimum are those iy N Q. O

Lemma 5. Assume the conditiof) and for xo € X let Q := G - xo. Then, for
t € [0, 1],

MNQZY
is a closed condition.

Proof. We have to show tha/i, N Q2 # @ for ¢ < to implies MZ N Q # @.

Since u; depends continuously on and X is compact, it follows thatM® N
G-xo 0. Letygo € MENG-x0. If G-yo # 2, then by Lemma 1 for near
we have thatMi NG - xo C G - yo. However the intersection aff; with G - xo consist
of precisely onek-orbit, which would be contrary tdf;, N Q also being non-empty.

]

Proposition. Assume that conditiofk) is fulfilled. ThenX(u%) does not depend
onr €0, 1].

Proof. Letx € M2 andQ := G - x. From the above two Lemma it follows that
M, NQ # ¢ for all +. Thus, the condition thaf2 is a closedG-orbit in X(u%) is
satisfied for some if and only if this is the case for all. U

10. Proof of the Semistability Theorem

For the proof of the Semistability Theorem we need to asted@ma given Khler
form one whose cohomology class lies in the real span of theleacone. (see [15],
§3). Let X be a smooth projective variety and denote Bye H%(X, R) the cohomol-
ogy class of a hyperplane section.

Let C; be the subspace of the second homology gréifiX, R) which is spanned
by the images of closed analytic curves afd; the subspace oH?(X,R) spanned
by divisors, or, what is the same, Chern classes of holonwoipte bundles.

The following lemma is well known (see e.g. [15]).

Lemma 1. The pairingC; x C,—1 —> R which is induced by associating to a
line bundleL and a curveC the intersection numbek - C := degL. is perfect.
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Lemma 2. Let w be a Kahler form on X. Then there exist a &hler form w
whose cohomology clag#®] lies in the span of the ample cone such that

[=]o

holds for all one-dimensional analytic cycl€s

Proof. Consider the linear map: C1 — R, A(C) = [, w, given by A(C) = [, w.
By Lemma 1 there is a clasB in C, 1 such thatA(C) = D - C for all 1-cyclesC.
Since D is a divisor, the cohomology class @ lies in the span of the ample cone.
Moreover, it follows that the cohomology class O contains a Khler form @ ([15]
§3, see also [14]). O

We need the following elementary observation.

Lemma 3. Let Y be a connected smooth projective variety and assume ¢hat
has an open orbit or¥. Then there are no non-zero holomorphieforms onY for
p=1

As a consequence we obtain the following

Corollary. If « is a smooth closedl, 1)-form onY such that/. « = O for every
one-dimensional analytic cycl€, thena = 2199 f for some smooth functiof : ¥ —
R.

For the proof of the semistability Theorem we also need

Lemma 4. If the K-action on X is Hamiltonian with respect to th& -invariant
Kahler form w, then it is also Hamiltonian with respect to any oth&r-invariant
Kahler form &.

Proof of the Semistability Theorem. Given a smodfhinvariant Kahler formw
on a smooth projectivés-variety X we already know from Lemma 2 that there is a
Kahler formo on X which lies in theR-span of the ample cone of such that

[

on every analytic curv& in X. SinceK is assumed to be connected the cohomology
class ofw'is K-invariant. Hence, after integration over the compact gr&y we may
assume that is K invariant and still satisfiesk].

Now it follows from Lemma 4 just above, the Proposition in Sécand the exis-
tence of a moment map in the semisimple case that there is aenmtamapu’ : X —
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£* with respect tow’ wherew' = (1 — t)@ + tw such that theu’ depends continuously
on ¢ and such thatX(u’,) = X(u%) for all + € [0, 1]. Here Z denotes the connected
component of the center of.

Moreover §) implies

(%) fca)’:/ca).

Since the closure of everg-orbit in X has an equivariant algebraic desingularization,
it follows from the above Corollary that the forms are cohdmgous on the closure
of every G-orbit. The statement of the theorem now follows from theg@sition in
Sec. 9 and the Proposition in Sec. 5. [l
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