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Let R be a ring and 2 a class of right R-modules. Let M be a right R-
module such that for every submodule N of M there exists a direct summand
K of M such that NS K and K/N&2. The structure of M is investigated
in the cases that 2 consists of Noetherian right R-modules, right R-modules
with Krull dimension and right R-modules with finite uniform dimension, re-
spectively.

1. Classes of modules

Throughout this note, all rings considered have an identity and all modules
are unital right modules. Let R be a ring. By a class of R-modules we mean
a collection of R-modules containing a zero module such that if M &2 and
M'=M then M'€X. Any member of X will be called an ¥-module. Let

O-M->M->M" -0

be an exact sequence of R-modules. A class 2 of R-modules will be called

S-closed provided M’'e X whenever M €X,
O-closed provided M"” € ¥ whenever M € X, and
P-closed provided M € X whenever both M'eX and M" €2 .

Moreover, X is called {P, S}-closed provided it is both P-closed and S-closed,
and so on (this terminology is taken from [15]).

Let n be a positive integer and 2, Y, X, ---, X, classes of R-modules.
Then XY is the class of R-modules M which contain a submodule N such that
NeX¥ and M/N €. Inparticular ¥? will denote £¥. Thus X is P-closed
if and only if X?=2. Moreover X,;P---PX¥, is the class of R-modules con-
sisting of all R-modules M,D---DM,, where M;€X; (1<i<n). In case X=
X; (1<i<n) we shall denote ,B---PX, by X™. It is clear that

XUYSXPYcxy, (1)
for any classes X and 4 of R-modules.
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Let X be a class of R-modules. Then HZX is the class of R-modules M
such that M/N& X for every submodule N of M. On the other hand, E2¢ is
the class of R-modules M such that M|N 2 for every essential submodule N
of M. Moreover, DX is the class of R-modules M such that for each sub-
module N of M there exists a direct summand K of M containing N such that
K/NeX. Itis clear that

HXCDXCEX, (2)
for any class X. Moreover,

XNEX=HX, (3)
for any {P, S}-closed class 2. In order to establish (3) we first recall:

Lemma 1.1. Let R be a ring and N any submodule of an R-module M.
Then there exists a submodule K of M such that NN K=0 and NDK is an
essential submodule of M.

Proof. See [1, Proposition 5.21].

Consider (3). Let 2 be any {P, S}-closed class of R-modules. Note first
that, by (2), HXCXNEX. Nowlet MeX NEX. Let N be any submodule
of M. By Lemma 1.1 there exists a submodule N’ such that NN N'=0 and
N@N’ is an essential submodule of M. Now N’'&X (because X is S-closed)
and M/(NPN')eX (because MeEX). Thus M|IN €X, because X is P-
closed. It follows that M e H2. This proves (3).

In this section we shall investigate further relationships between such classes.
First of all we shall give examples to show that (3) fails if 2 is not {P, S}-
closed.

ExampLE 1. Let R be a right nonsingular ring which is not semiprime
Artinian, and let 9, 9’ denote the classes of singular R-modules and nonsin-
gular R-modules, respectively. Let X=9UY’. Then X is S-closed but
not P-closed because if M, is a non-zero 9-module and M, a non-zero '-
module then M=M,@ M, does not belong to X. Let M’ denote the R-module
RP®R. Then M'eXNEZX. Let E be a proper essential right ideal of R and
N the submodule E@O of M’. Then M’|N does not belong to X. Thus M’
does not belong to HZX.

ExamMPLE 2. Let R be any ring and 2 the class of all R-modules of finite
(composition) length z, where z is even. Then X is P-closed but not S-closed.
Let U be any simple R-module. Then M=UQUeXNEZX, but M does
not belong to H 2.

For any ring R, it will be convenient to denote the classes of zero R-modules,
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semisimple R-modules, singular R-modules, nonsingular R-modules, Noetherian
R-modules, R-modules with Krull dimension, and R-modules of finite uniform
dimension by £, C, 9, 9', J1, K, and U, respectively. In addition 4 will
denote the class of all R-modules M such that every submodule is an essential
submodule of a direct summand of M. The class 4 has been studied by a
number of authors ([3], [4], [6]-[13]). Note that, for any ring R,

4J<Dg and 9'NDICY. (4)

The first statement is clear. For the second, let M9’ NDY. Let N be a
submodule of M. Then there exists a direct summand K of M containing N
such that K/Ned. If L is a submodule of K and N N L=0 then L embeds in
K|N, so that L is singular and hence L=0. Thus N is essential in K. It fol-
lows that M belongs to 4.

Lemma 1.2. Let R be a ring and X any class of R-modules. Then
(i) FNEXCDZX, and
(ii) if M DX and M contains no non-ero submodule in X then M € 4.

Proof. (i) Let MedNEX. Let N be any submodule of M. Then
there exist submodules K, K’ of M such that M=K @K' and N is an essential
submodule of K. Then N@K' is an essential submodule of M and hence
KIN=M|(N®K')eX. Thus MeDX. (ii) follows by the proof of (4).

For any R-module M, the socle of M will be denoted soc M. Next we
note the following well known result.

Lemma 1.3. Let R be a ring and M an R-module. Then
(a) soc M= N {N: N is an essential submodule of M}.
(b) The following statements are equivalent.
(i) MeC (ie. M is semisimple).
(ii) Every submodule of M is a direct summand of M.
(i) M is the only essential submodule of M.

Proof. By [1, Theorem 9.6 and Proposition 9.7].
Lemma 1.3 has the following immediate consequence.

Corollary 1.4. For any ring R and class 2 of R-modules, D% —=E%=
CcD.

The next result generalises [8, Proposition 4.3] where it is proved that if
R is a ring such that R,eDC (in particular, this implies that R is right Noe-
therian by [2, Theorem 3.1]) then any cyclic right R-module belongs to 4.
(Note that DC is Q-closed.)

Proposition 1.5. For any ring R, DCC 4.



256 P.F. SmitH

Proof. Let MeDC. Let N be asubmodule of M and let K be a maximal
essential extension of N in M. We shall show that K is a direct summand of
M. Since M &DC it follow that there exists a direct summand L of M such
that K €L and L/ K. There exist an index set A and submodules U,(AEA)
of M, each containing K, such that U, /K is simple for each A in A and L=
> ea Us. Note that, for each A€ A, K is not essential in U, and hence there
exists a simple submodule V, of M such that Uy=K@V,. Let V=X, V,.
Then L=K+V and V is semisimple. By Lemma 1.3 there exists a submodule
W of V such that V=(K N V)W, and hence L=K @W. Thus K is a direct
summand of M. It follows that M < 4.

Combining Lemma 1.2, Proposition 1.5 and (2) we conclude

DC=4NEC,
for any ring R. We have already noted that DC is Q-closed. Now we prove:

Proposition 1.6. Let R be a ring and X a class of R-modules. Then
(i) H2X, EX and DX are all Q-closed, and
(i) HZX and EX are S-closed provided X is S-closed.

Proof. (i) Let M&EX. Let N be any submodule of 3. Let K be any
essential submodule of M/N. Then K=L/N for some essential submodule L
of M containing N. By hypothesis, M/L& 2, and hence (M/N) KeX. It
follows that M/NeEX. Thus EX is Q-closed. Similarly H¥ and D2 are
O-closed.

(i1) Suppose that 2 is S-closed. Let M&HZX. Let N be a submodule
of M. Let K be any submodule of N. Then N/K is a submodule of M/K and
M/Ke2X. Thus NN KeX. Thus NeHZX.

Now suppose MeEX. Let N be a submodule of M. Let K be any
essential submodule of N. By Lemma 1.1 there exists a submodule L of M
such that KN L=0 and K@L is an essential submodule of M. Note that K
essential in N implies NNL=0 and hence N/K=(N@L)[(KHL). But
M|(K@L)eX and hence so too does (NDL)(KDL). Thus NNKeX. It
follows that N e EZE.

Next we give an example to show that DX is not S-closed in general.

ExampLE 3. Let R=Z[x]. Then 4 consists of all torsion R-modules
and 9 is {P, O, S}-closed. Let M=R;, Then M 4< DY, by (4), but
MeMe&H (see [4, Example 2.4]). Let E=E(M), the injective hull of M.
Then E@E is injective and hence EQEc 4 DY. Thus DY is not S-closed
and DISDI+=DI.

Proposition 1.7. Let R be a ring and X any class of R-modules. Then
(i) CHEX=EX, and
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(i) CADX=DX.

Proof. (i) Let MeC®HEX. Then there exist submodules M, M, of
M such that M=M M, M,eC and M,cEX. Let N be an essential sub-
module of M. Since M, is semisimple, it follows that M;S N (Lemma 1.3).
Thus N=M,®(N N M,), and

MIN = (M@ M)[[M,®(N N M,)] =M,/(N N M) .

But N N M, is an essential submodule of M, and M, EX. Thus M/N€X.
It follows that M € E¥.

(i) Let MeCPDX. Then there exist submodules M,, M, such that
M=M,®M, M,C and M,eDX. Let N be any submodule of M. Note
that N4-M,=[(N+M,) N M,|®M,. Because M, is semisimple, it follows that

M, = [(N+M,)NM,]SL,

for some submodule L of M, (Lemma 1.3). Thus N+ M, is a direct summand
of M.

Since M, DX it follows that there exist submodules K, K’ of M,
such that M,=K®K', NNM,cK and K/(N NM,)eX. Now (K+N)/N =
K/(KNN),and KNN=KNM,NN=NNM, Thus

(K+N)/Nex. (5)
Moreover,
K'N(K+N)=K'NnM,N(K+N)
=K'N[K+INNM)]=K'NK=0.

Thus M,+N=K'D(K+N), and hence K+N is a direct summand of M. By
(5) it follows that M € DE.

Note that CRHX=HX implies CCHX and hence CS¥X. Thus CH
H2+HZX in general. On the other hand, by (2) and Proposition 1.7,

COHX DX, (6)

for any class . We have already seen in Example 3 that DXP DX+ DX,
even when X is {P, Q, S}-closed.

Proposition 1.8. Let R be a ring and X a P-closed class of R-modules.
Then

(i) (HX)SHX)=HX)=HZX,

(i) (EX)P(EX)=(EX)HX)=EX, and

(i) (HX)®DX)=(DX).

Proof. (i) By (1), (HX)PHX)<S (HX)?, and HXS(HX)DHX) is
clear. Let Me(HX)’. Then there exists a submodule N of M such that N
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and M|N both belong to HX. Let K be a submodue of M. Then (N+K)/K
=N/(NNK)eZX, and M/(N+K)e X. Thus M/K belongs to X. Thus
MeHX.

(ii) The proof of (EX)HX)=EX<(EX)P(EX) is similar to (i). Let
Me (EX)D(EX). Then there exist submodules M;, M, of M such that
M=M,®M, and M;€EX (i=1,2). Let N be an essential submodule of M.
Then N N M, is an essential submodule of M, so that M,/(N N M,)e2. Thus
(M+N)INeX. But M,+N=M,D[M,+N)NM,], so that

M|(M,+N)=M,[(M,+N)NM],

which belongs to 2 since (M;+N)NM, is an essential submodule of M,.
Since X is P-closed it follows that M/N €. Thus MeEX.

(iii) Let Me(HX)D(DX). Then there exist submodules M,, M, of M
such that M=M,®M,, M,c H¥ and M,eDX. Let N be any submodule of
M. Then (M,+N)/[N=M,|(M,NN)e¥. Moreover M,+N=M,B[(M,+N)
NM,]. By hypothesis there exists a direct summand K of M, such that
(M\+N)NM,=K and K/[(M,+N)NM,)eX. Tt follows that M,PK is a
direct summand of M and

(M@®K)[(M,+N)=K/[(M,+N)N M]€X .
Thus (M;®K)/NeX. It follows that M eDX.

Corollary 1.9. Let R be a ring and € a P-closed class of R-modules. Then
EX=[CD(EX)™HX), for any positive integer n.

Proof. By Propositions 1.7 and 1.8.
Note that
CHX)CEX (7)

for any class X of R-modules. For, let M €C(HX). Then there exists a
submodule N of M such that NeC and M/NeHX. If K is any essential
submodule of M then NCK by Lemma 1.3 and hence M/K 2. It follows
that Me EX. In general, (EX)+EX and (DX)’*DX. For example,
C=EZ=DZ% (Corollary 1.4), but C?*+C in generall. (Example 3 also shows
(DX)+D2x.)

The next two examples illustrate Proposition 1.8.

ExampLE 4. Let R be a ring and 7 any positive integer. Let X denote
the class of R-modules of finite length at most n. Then X is {S, O} -closed but
not P-closed. Thus H¥=2 and

XCXPXC X,
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If R=2Z then XPX+X*. Staying with R=Z, note that for any prime p, A=
Z|Zyp+1 € EX so that ADASEXDEX but AQAEEX. Also B=Z|Z €
(EX)2, but BEEX.

ExampLE 5. Consider the ring Z of rational integers and let 4 denote
the class of torsion Z-modules. Then HI=Y, and

(1) (DLY(HD)=(DIL)9d4<D4, and

(i) EIc(DI)(HI)=(DI)4.

First consider (i). Let M be any Z-module with finite rank. Then there
exists a free submodule F of M of finite rank such that M/Fed. If Nis a
submodule of F and K/N is the torsion submodule of F/N then F/K is finitely
generated torsion free, so free, and hence K is a direct summand of F. Thus
FeDY and Me(D9)4. However, in general, M &DY; consider M in I’
and use (4) and [9, Theorem 14].

For (ii), let M be any free Z-module of infinite rank. Then M eEY, be-
cause any Z-module belongs to FY, but M & (D)9, by Lemma 1.2 (ii) and
[9, Theorem 5].

We complete this section by giving an example to show that CI1 < DT,
in contrast to (7).

ExampLE 6. Let @, R denote the fields of rational and real numbers,
respectively, and let R denote the subring of the ring of all 2 X 2 real matrices
consisting of all matrices of the form

a b]

0 a
where a=Q, bR, Then R,&(CJl. However, it can easily be checked that
the only idempotents of R are 0, 1, and hence R DJI.

2. Modules with finite uniform dimension

Let R be a ring. An R-module M has finite uniform (Goldie) dimension
provided M does not contain an infinite direct sum of non-zero submodules.
The class of all such modules will be denoted U. It is well known that a
module M is a U-module if and only if there exist a positive integer » and
uniform submodules U; (1 <i<n) of M such that U@ --@U, is an essential
submodule of M, and in this case # is an invariant of the module called the
uniform dimension of M (see, for example, [1, p. 294 ex. 2]). Therefore UPHU
=9, for any ring R. Clearly U is S-closed. Moreover, U is P-closed. For,
let Me9?. Then there exists a submodule N of M such that both N and
M]|N belong to U. By Lemma 1.1. there exists a submodule K of M such that
KNN=0and N®K in an essential submodule of M. Since K is isomorphic
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to a submodule of M/N it follows that K€U. Thus NOKeUPU=U.
It follows that M =U. Hence U is P-closed.

Theorem 2.1. For any ring R, EU=C(HU).

Proof. By (7), C(HU)SE9. Conversely, suppose that M EEU. Let
N denote the socle of M. Let K be any submodule of M containing N. By
Lemma 1.1 there exists a submodule K’ of M such that KN K'=0 and KSK'
is an essential submodule of M. Thus

M(K®K)eU, (8)

by hypothesis. Let L=L®L,HL,D--- be a direst sum of non-zero sub-
modules of K’. Since NN K’=0 it follows that, for each >1, L, is not semi-
simple and hence contains a proper essential submodule H; (Lemma 1.3).
Let H=H ®OH,®H,®---. Then H is an essential submodule of L and

L|H =(L,/H))D(L,/H,) D (Ls/Hy)D -

is an infinite direct sum of non-zero submodules. But the submodule L of M
belongs to EQ, by Proposition 1.6, a contradiction. Thus K'eq. Since U
is P-closed it follows, by (8), that M/K&9U. Thus M/N belongs to HU.
Hence M eC(H).

Let 2 be a class of R-modules such that XC9U. Then F2 will denote
the class consisting of all Z-modules together with all R-modules M such that
there exist a positive integer # and uniform submodules U, (1<7<n) of M with
M=U,®--®U, and U,cEX¥ (1<i<n). Note that a uniform module UEEX
if and only if U/V €2¥ for all non-zero submodules V of U. Note that

F71cJl and FKXCX, (9)

for any ring R. For any ordinal @>0, let X, denote the class of all R-modules
with Krull dimension at most &«. Then FX,ZX,,,, and a module MeFX,
if and only if M is a direct sum of K,-submodules and (¢ +1)-critical submodules
(see [5]). Note that if 2 is a P-closed class of R-modules then

(COHFX)YHX)SEZX, (10)
by Corollary 1.9.

Corollary 2.2. Let R be a ring and X an S-closed class of R-modules such
that X<U. Then EXC[CHFX)HX).

Proof. Let MeEX. Then ME9. By the theorem there exists a
submodule N of M such that NeC and M/N €U. By Lemma 1.1 there exists
a submodule K of M such that NN K=0 and NPK is an essential submodule
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of M. By [1, p. 294 ex. 2], there exist a positive integer » and uniform sub-
modules U; (1<7<#) of K such that U=U,@---PU, is an essential submodule
of K. By Proposition 1.6, U, EX (1<i<n) and hence U€F2X¥. Finally
N@U is an essential submodule of M and hence M/(NPU)ecHZX.

Note that if ¢ is a {P, S}-closed class of R-modules, such that X< U, then
EX = (CPFX)HX) (11)
by (10) and Corollary 2.2. Now suppose further that F XCHX=2 (for
example this happens when X=3J] or K). Then
CXC(CHFX)HX)S(CPHX)XCCX =X,
and hence EX=CX.
Corollary 2.3. For any ring R and ordinal a >0,
EN=CI, EX=CK and EX,SCK,,, .

Proof. EJl=CJl and EX=CX by the above argument. Moreover, by
(11),

EX, = COFK,)HXK,) = (CHOFK,)X,
C (CPHHKyr)) Ko SC( Ko} = C Koy, -

3. DU-modules

The main result of this section is the following theorem.
Theorem 3.1. For any ring R, DU=COHU.
In order to prove this result we first establish:

Lemma 3.2. Let MeDU. Then M U if and only if the socle of M is
contained in a finitely generated submodule of M.

Proof. Let S=soc M, the socle of M. If M &U then S is itself finitely
generated. Conversely, suppose S is contained in a finitely generated sub-
module N of M. By (2) and the proof of Theorem 2.1, M/S&U. We shall
prove that M €U by induction on the uniform dimension z of M/S. If n=0
then M=S and M is finitely generated, so that M U. Suppose n>0. Sup-
pose M is not a U-module. Then S is not finitely generated. There exist
non-finitely generated submodules S}, S, of S such that S=S,P.S,. Since M is
a DU-module it follows that there exist submodules M,, M, of M such that
M=M,®M,, S;SM, and M,/S, belongs to U. Note that soc M,=S,P S’ for
some submodule S’ of M,. Since S’ can be embedded in M,/S, it follows that
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S’€ 9 and hence S’ is finitely generated. Now
S,6.S,=soc M=soc M,Psoc M,=S,HS'Psoc M,,

and this implies S,=~S'@Psoc M,. Thus S'@Psoc M,, and hence soc M,, is not
finitely generated.

Thus M=M,@®M, and soc M, is not finitely generated for /=1, 2. Note
that

M]S = [M,|(soc M,)]®[M,/(soc M,)] .

If M,=soc M, then M,C N and hence N=M,P(N NM,). It follows that M,
and hence soc M,, is finitely generated. Thus M, =soc M, and similarly M,=+
soc M,. Therefore the modules M,/(soc M,) and M,/(soc M,) have smaller
uniform dimensions than M/S. By induction on the uniform dimension of M/S
it follows that M,eU and M,eU. Thus M, a contradiction. Thus
M e U, as required.

Proof of Theorem 3.1. By (6), COHU<DU. Conversely, suppose that
MeDU. By (2) and the proof of Theorem 2.1, M/S €U, where S=soc M.
We shall prove that M belongs to C@H U by induction on the uniform dimen-
sion z of M/S. If n=0 then M=SC<cCHHU. Suppose n>>0. Suppose
M does not belong to CGHU.

Suppose M = M,@®M, for some submodules M,, M, of M. Then S=
(soc M) (soc M,), so that

M]S == [M,|(soc M)|D[M,/(soc M,)] -

If M,=%soc M, and M,=soc M, then both M,/(soc M,) and M,/(soc M,) have
smaller uniform dimensions. than M/S, so that both M, and M, belong to CH
HU, and in this case M eCHHU. Thus M,=soc M,eC or M,=soc M,&C.
Because M = .S there exists me M, meES. By hypothesis, there exist sub-
modules M,, M, of M such that M=M,PM,, mR< M, and M,/mReU. By
the argument in the previous paragraph it follows that M,eC. Let S,=soc M,.
Then S,=(S,NmR)P S’ for some submodule S’ of M;. Now S’=<(S,+mR)/mR,
a submodule of M,/mR, so that S'& U and hence S’ is finitely generated. Thus
S,EmR+S’, a finitely generated submodule of M,. By Proposition 1.6 and
Lemma 3.2 it follows that M,eU. Now M,eUNEU=HU by (3). Hence
M=M&&M,cCHHU, a contradiction. Thus MeCHHU.

Corollary 3.3. Let R be a ring and X a {P, S}-closed class of R-modules
contained in U. Then DX=CHHX)D(FNEX).

Proof. Let MeDX. In particular, this means that M DU, so that
M eCU, by Theorem 3.1. Thus we can suppose, without loss of generality,
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that M €U. We claim that
MeHX)DYNEX). (12)

We shall prove (12) by induction on the uniform dimension of M. Suppose
first that there exists a non-zero submodule N of M such that Ne2X. By
hypothesis, there exist submodules K, K’ of M such that M=K@K’', NCK
and K/[Ne2X. Since ¥ is P-closed it follows that K€ 2X. By Proposition 1.6,
K and K’ both belong to DX. By (2) and (3), K&HX. Moreover, K’ has
smaller uniform dimension than M so that, by induction, K'e(HX)B(4 N EX).
It follows that M e (HX)PHX)P(F NEX)=HX)B(J NEX), by Proposi-
tion 1.8. Now suppose that M does not contain any non-zero submodule in 2.
By (2) and Lemma 1.2, Me SN EX. This proves (12).
Conversely, note that SN EXC DX, by Lemma 1.2, and hence

COHX)B(INEX)SCHHX)P(DX)SCH(DX)S DX,
by Propositions 1.7 and 1.8.

Note that, in fact, the proof of Corollary 3.3, gives:
DX =COUNHX)D(UNINEX), (13)

for any {P, S}-closed class 2 of R-modules such that X¥CU. Let MeUnNJ4.
Let V be any uniform submodule of M. Because M 4, there exists a direct
summand K of M such that V is an essential submodule of K. It follows that
K is uniform. Thus, by induction on the uniform dimension of M, M is a
finite direct sum of uniform submodules. Thus, (13) gives

DEXCCH(UNHX)D(FX), (14)

for any {P, S}-closed class X of R-modules such that S, by Proposition
1.6.

Combining (9), (13), and (14), the above discussion gives, at once, the fol-
lowing theorem which extends [2, Theorems 3.1 and 4.1] and [15, Corollary
2.8].

Theorem 3.4. For any ring R and ordinal a=0,

DI =CHT, DX=CHK, and DK, CCPHHK,.,.
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