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Abstract

Both dispersion curves and wave structures, which are displacement distributions on a
bar cross-section, are essential for guided wave NDEs. Theoretical dispersion curves and
wave structures for a bar with an arbitrary cross-section are derived in this paper using a
special modeling technique called the Semi-Analytical Finite Element Method (SAFEM).
The guidelines for guided wave NDEs of bar-like structures are also shown based on
wave structure and modal analysis. First, the relationship between the dispersion curves
and their corresponding wave structures were obtained for a square rod. Modes with
longitudinal vibration have higher group velocities and torsional modes have constant
phase and group velocities. Next, the relationship between the dispersion curves and
wave structures for a rail are detailed. The rail is used to represent a bar with a complex
cross-section. Similar to the square rod results, the rail’s longitudinal modes have higher
group velocities. However, the rail contains modes with local vibration. Finally, single
mode detection and excitation techniques are introduced. A single mode can be obtained
by detecting and exciting with a weighted function that corresponds to a specific mode’s

wave structure.

PACS numbers: 43.20. Jr,, 43.20. Mv.

Keywords: guided wave, dispersion curve, wave structure, semi-analytical finite element

method
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1. Introduction

Guided waves in bars or plate-like structures resonate between the boundaries of
their cross-sections, and propagate in the longitudinal direction. Because the energy of
guided waves does not spread like bulk waves, they have the potential for use in long-
range propagation and rapid long-range inspection applications. Although guided wave
inspection could possibly become an epoch-making technique, current theoretical
difficulties, such as multi-mode and dispersion characteristics, prevent the technique from
being incorporated into a variety of practical applications.

Since Rayleigh and Lamb presented their pioneering theoretical studies on
acoustic waves in a bounded object more than one hundred years ago, researchers have
continued to study guided waves in a plate, such as Lamb and shear horizontal plate
waves. The use of guided waves in non-destructive evaluation (NDE) became an
attractive and widely used technique after Viktrov [1] and Rose’s [2] textbooks were
published. These textbooks were based on Mindlin [3] and Onoe’s [4] research in the
1970’s on dispersion curves and wave structures, which are terms used to characterize
the frequency dependence of guided wave velocities and displacement (or stress)
distributions in a bar cross-section, respectively. In 1958, Gazis [5] first presented a
theoretical study on the dispersion curves for a pipe. Following this, many researchers
such as Cawley, Lowe, Alleyne and Rose et.al. [6-9] continued to theoretically and
experimentally study dispersion curves and wave structures in more detail for the purpose
of guided wave pipe inspection. As a result, pipe inspection tools that utilize guided

waves have recently been developed [10-12].
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Thus, in order to establish an NDE technique that utilizes guided waves, detailed
theoretical studies on dispersion curves and wave structures are needed. However, very
few theoretical studies on guided waves in a bar with an arbitrary cross-section, like
railroad rails, have been established specifically for guided wave NDE. This is because a
modeling technique is required to obtain dispersion curves for a bar with an arbitrary
cross-section, unlike for simple structures like plates and pipes that can be obtained
analytically. Before detailed theoretical studies were conducted, Rose et al. [13]
experimentally presented the potential for using guided waves to inspect railroad rails. In
this experiment, an impact hammer produced guided waves in a rail that could be
detected nearly 2000 feet away from the source. After considering the noise level and
attenuation rate, they concluded that guided wave signals could be detected up to 7000
feet away from the source. Wilcox et al. [14] developed a guided wave inspection system
that consisted of a dry-coupling transducer array, a device for pressurizing dry-coupling
transducers uniformly along the rail surface, signal excitation and detection devices, and
signal processing and interface software. They presented a defect characterization
technique based on guided wave structural analysis. Using this technique, the reflection
echoes from different types of defects produce totally different wave structures. More
detailed dispersion curve and wave structure analyses are needed to accurately
characterize defects using the guided wave NDE.

The phase and group velocity theoretical dispersion curves for a square bar and a
rail were obtained using the semi-analytical finite element method (SAFEM) [15]. The
SAFEM involves dividing the cross-section of a bar-like structure into small elements.

The displacement distribution is then represented by nodal displacements, an
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interpolation function on the cross-section, and an orthogonal function exp(i&z) in the
propagation direction (z). The governing equations obtained from this method become an
eigensystem, and the solution of the eigensystem reveals the eigenvalues & that
correspond to the wave number of the resonant modes at a certain frequency. The
dispersion curves obtained by the SAFEM were verified by comparing them with
experimental dispersion curves obtained by a two-dimensional fast Fourier transform.
The results revealed that numerous modes exist in bar-like structures with complex cross-
sections and that the dominant modes are strongly dependent upon the transducers’ input
and receiving setup.

The previous paper [15] described the derivation of the theoretical dispersion
curves in detail, but the theoretical wave structure analyses were not included.
Considering that the dominant modes vary with measurement conditions, it follows that
the interaction between guided wave propagation and defects should be strongly
influenced by the wave structures of the guided wave modes. This study, therefore,
investigates the relationship between wave structures and phase and group velocity
dispersion curves, and details the guidelines for NDE using guided waves based on single

mode detection and excitation.

2. Brief description on Semi-analytical FEM
Because the derivation of the SAFEM was detailed in [15], only the equations
used in this paper will be briefly explained. When the cross-section of a bar-like material

is divided into small elements, and the displacement field in the longitudinal (z) direction
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is expressed by the orthogonal function exp(i&z), the virtual work principle yields the
following governing equations, similar to an ordinary FEM,

f=(K, +i&K, +£K, U - o'MU, (1)

In this equation, f and U are Fourier transform expressions with respect to the z
direction of a nodal force vector f and a displacement vector U, respectively. K,, K,,
K, and M are regular matrices obtained from the material properties and geometry, &1s
the wave number and @ is the angular frequency. Suppose that M represents three times
the number of nodes. The number of elements in the vectors in Eq. (1) is M, and the
matrices in Eq. (1) are MxM. Eq. (1) can then be rewritten as the following first order

eigensystem with respect to the wave number &,

(A-¢B)Q=p 2)
A{ 0 Kl—sz} )

K, - o'M iK,

K-o'M 0
B{ 0 —Kj ©)
ola) el

al PR _/

Assuming p=0, the solution to the eigenvalue problem gives 2M eigenvalues &, and 2M

right and left eigenvectors, @, (2Mx1 vector) and ®*,, (1x2M vector), where

m=1,2...2M. These eigenvalues contain M forward waves and M backward waves.

This section addresses the characteristics of the right and left eigenvectors ®”,,

and ®*,,. ®%, is a right eigenvector obtained from A — B, and ®",, is a conjugate
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transpose of @*," that is the right eigenvector of A” —£"B” . Here * and T denote
conjugate and conjugate transpose of a vector or matrix, respectively. Using Eq. (16)
from the previous paper [15] and the symmetry of the elastic constant matrix ¢, K,, K,
and M are symmetric matrices and K, is an anti-symmetric matrix. Therefore, A and B
are Hermitian matrices, that is,

A-B=A" B’ @)

Using this property, the following relationship can be obtained between the right and left
eigenvectors for propagating modes with real wave number &,

®F, =", (5)

Using the form of Q in Eq. (3), the right eigenvector ®@*,, can be expressed as

R

R ¢ m
D7, = s 6
L%RJ ©

where @*, (MXxI1 vector) is the upper part of ®*,,. Using the orthogonality of
eigenvector @~ :

RI®R, m=n
(I)RmT(I)Rn = {(D @ ) (7)
0 m#n

then, considering Eq. (6),

R TR, m=n
(pRmT(pRn :{(P o . (8)
0 m+#n

is satisfied for ¢, . Similarly,

(PLm :(PRmT, (9)

so the left eigenvectors satisfy the following equations:



Hayashi Ultrasonics 8.

L - (10)
L @l T 5 —
q)Lm(I)LnT ={(I) ’”Z)I) " Z¢29 (11)
L LT
(I)Lm(anT Z{(p m(op " nm/l¢Z . (12)

The relationships between the above eigenvectors and the nodal displacement

vector U can be applied to a point source at z=zs:

U= a,0" expli&,(z - z)} (13)

m=l1

m

L
_ 5‘; " B —o,BO",. (14)

m

These equations indicate that the displacement vector is the summation of the wave
structure vector at z = zs @~ for resonant modes m = 1-M with weighted constants «,, .
This exponential function describes the phase shift from z = zs for the mth mode, where
m=1-M. In this equation, M represents the modes propagating forward, and «,, 1s the

amplitude for mth mode determined by the external force vector f.

3. Wave structures in a square rod

Fig. 1 shows the phase velocity and group velocity dispersion curves for a square
steel rod with longitudinal wave velocity ¢, = 5.85 mm/us and transverse wave velocity
cr=3.23 mm/us. The phase velocity dispersion curves were obtained by calculating the
wave numbers &, as eigenvalues of Eq. (2) for all frequency steps, and then converting

them into phase velocities using ¢ = &, /@ . The group velocity dispersion curves were
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obtained using the procedure detailed in [15]. The horizontal axes for both figures
represent the non-dimensional frequency Q (= fh/cr), and the vertical axes are the non-
dimensional phase velocity c¢/cr and group velocity c¢/cr, respectively, where fis
frequency and # is the length of a side of the square cross-section. The wave structure
vector ¢, , a complex value, was obtained for all of the phase velocity dispersion curve
data points. Then, the wave structure on a given cross-section can be animated by
calculating @*, exp(—iwt) and varying time z. Fig. 2 displays the wave structures for
eight representative points in the Fig. 1 dispersion curves. The wave structures at
maximum displacement and the original cross-section (zero displacement) are both
shown to provide a reference. Fig. 2(a)-(d) displays the Fig. 1(a)-(d) wave structures

when the group velocity is ¢, / c; >1.Fig. 2(e) and (f) represent wave structures on a

curve similar to a Lamb wave’s A0 mode. The curve starts from zero velocity,
monotonically increases as f increases, and then approaches the Rayleigh wave velocity

Cr (z 0.93c, )as f — . Fig. 2(g) and (h) represent non-dispersive modes with almost
constant wave velocities of ¢,c, ~ 0.92¢, . Longitudinal vibration dominates the faster

modes with higher group velocities (a)-(d). The entire cross-section of (a) vibrates
uniformly, while (b) contains one nodal point at the center of the cross-section. The
cross-sections of (¢) and (d) contain four and nine nodal points, respectively. Both (e) and
(f) are flexural modes that vibrate the entire cross-section in the diagonal direction. The
other flexural modes with exactly the same phase and group velocities but with different
wave structures exist at the points on the dispersion curves contained in (e) and (f). These
wave structures, however, are symmetric with respect to the cross-section’s centerline.

Considering the symmetry of a square rod’s cross-section, it is expected that these
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symmetrical modes have the same phase and group velocities. Both (g) and (h) are
torsional modes. From these two figures, it is apparent that the form of the square cross-
section changes with higher frequency due to the larger inertia of the corners. Unlike the
torsional mode for a pipe, the torsional mode for a square bar does not exhibit perfectly
constant phase and group velocities [15,17-19].

The wave structures at the other locations are complex and exhibit mixed modes

with flexural, torsional and longitudinal vibrations.

4. Dispersion curves and wave structures for a rail

The theoretical dispersion curves for the rail shown in Fig. 3 were derived in the
previous paper [15] using SAFEM and verified through a comparison with experimental
dispersion curves. In this case, the wave structures are obtained for the same rail
geometry. Fig. 4 displays the theoretical dispersion curves. Compared to the square bar in
Fig. 1, the dispersion curves in Fig. 4 contain a large number of modes in the given
frequency range. Five representative wave structures from the 50kHz frequency were
selected from the dispersion curves in Fig. 4 and are shown in Fig. 5 (a)-(e).

Points (a) and (b) in the Fig. 4 phase velocity dispersion curves resemble the A0
mode of a Lamb wave, but with slightly different velocities. Looking at the wave
structures in Figs. 5 (a) and (b), these two points are flexural modes vibrating at different
locations of the rail cross-section: part of the foot and the web, respectively. Both modes
vibrate in a plate-like region with a uniform displacement distribution in the thickness
direction. Because a similar flexural vibration is seen in the A0 mode of a Lamb wave,

the dispersion curves of these two modes resemble the A0 mode’s dispersion curve. The
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thickness differences in the plate-like regions can be attributed to the differences in phase
velocity.

In Fig. 5(c), the railhead is moving in the diagonal direction due to flexural
vibration in the web. However, there is no deformation in the head. Fig. 5(d) represents
the mode involving compression and dilation to the right and left in the railhead. Mode
(e) experiences much higher group velocity than transverse wave velocity cr, and is
dominated by longitudinal vibration, like in the square rod case. The entire rail cross-
section vibrates in the longitudinal direction and boundary nodal lines exist between the
railhead and the web and between the web and the foot.

A number of similarities and differences between the square rod and the rail were
noted. For both cross-sectional shapes, the modes with longitudinal vibration have higher
group velocity than transverse wave velocity. In addition, the flexural modes that vibrate
in a plate-like region with uniform displacement in the thickness direction produce curves
similar to the A0 mode of the Lamb wave. On the other hand, resonant modes that vibrate
only one part of the cross-section were only evident in the rail structures, and the rail

structures were not able to produce torsional modes with nearly constant velocities.

5. Necessary receiving and loading conditions for single mode detection
and excitation

Because the wave structures are different for each mode, the interaction of each
mode with defects in a bar-like structure should be different. Therefore, it is important
to use a single mode detection and excitation technique to characterize defects using

modal analysis.
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Multiplying both sides of Eq. (13) by Ce", and utilizing the orthogonality of

¢”, described in Eq.(8), Eq.(13) becomes

Co"'U=a,0". 0" explié, (z - z4)}, (15)

where C is an arbitrary constant. The left side of Eq. (15) represents a series of

waveforms measured at all nodes on cross-section U summed up with a weight function
consisting of the right eigenvector for the mth mode of ¢*, . The right side of Eq. (15)

represents the extracted waveform of the mth mode. So, if we can measure waveforms at
all nods on the cross-section, the waveform obtained by summing up with a weight
function corresponding to the wave structure of mth mode gives the extracted signals for

the mth mode.

The loading conditions for single mode excitation are now considered. The nodal

force vector 1s assumed to be defined as
f:C(PRm :C(meT, (16)

where C is an arbitrary constant. Using the orthogonality of ¢, in Eq. (12), the

amplitude of the nth mode «, in Eq. (14) is
L L T
_ C g(p m(P m m = n
a, = B . (17)

! m m#n

0

This equation implies that when a nodal force f is applied on the cross-section z = zs with
the distribution corresponding to the wave structure of mth mode ¢*,, the single mth

mode is excited and the other unwanted modes are zero. As an example, the necessary
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nodal forces for exciting the modes in Figs. 5(a) and (b) are shown in Figs. 6(a) and (b),
respectively. The arrows vary with time. After 1/4 of a period, the necessary nodal forces

are zero, and after 1/2 of a period, all of the arrows point in the opposite direction.

In the previous exercise, both receiving and loading at a certain cross-section z =
zs were considered. However, in practice, ultrasonic transducers can only be installed on
the surface of bar-like structures, as shown in Fig. 7. In the case of a rail, the railhead
surfaces and the web are accessible areas. Also, since only a limited number of
transducers can be installed on the cross-section of a bar-like structure, a perfect single

mode detection and excitation procedure is impossible.

In light of these restrictions, a single mode detection and excitation experiment
can be conducted by arranging transducers in the longitudinal direction, as shown in Fig.
7. Using Eq. (13) to calculate the displacement distribution of the mth mode in the z-

direction as exp{i&, (z -z, )}, a phase shift of &, z, should be applied to the transducers

at z = z to synchronize the signals. This is the same principle used by angle beam

transducers, corm type EMAT and PVDF sensors for Lamb waves.

6. Conclusions

This paper used a square rod and a rail to examine dispersion curves and wave
structures in bars with arbitrary cross-sections. A semi-analytical finite element method
was employed, and the resulting characteristics were examined. In both cases, modes
with higher group velocities than transverse wave velocities were dominated by

longitudinal vibration. On the other hand, modes with lower group velocities were
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dominated by torsional and/or flexural vibrations. The rail structure cross-section also

experienced some modes with partial vibration.

A single mode detection and excitation technique was also investigated. Single
mode extraction is conducted by adding a series of waveforms measured on the cross-
section of a bar-like structure with a weighted function corresponding to the wave
structure of the necessary mode. A single mode can be excited by applying forces
corresponding to the wave structure of the target mode. Even more efficient and practical
detection and excitation of a single mode can be realized by considering the displacement

distribution in the longitudinal direction.
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Figure Captions

FIG. 1. Dispersion curves for a square steel bar.

(a) phase velocity (b) group velocity

FIG. 2. Wave structures for a square bar at eight representative points on
dispersion curves FIG.1.

(a) Q=0.1, c/c7=1.599, uniform longitudinal vibration

(b) Q=1.5, ¢/c7=1.720, longitudinal vibration with one nodal point

(c) Q=2.6, c/c=1.808, longitudinal vibration with four nodal points

(d) Q=3.9, c¢/c7=1.848, longitudinal vibration with nine nodal points

(e) Q2=0.5, ¢/c7=0.804, flexural vibration at the lower frequency

() Q=2.0, ¢/c7=0.927, flexural vibration at the higher frequency

(g) O=0.5, c¢/c7=0.922, torsional vibration with the lower frequency

(h) Q=2.0, ¢/c7=0.933, torsional vibration with the higher frequency

FIG. 3. Rail geometry and sub-divisions

FIG. 4. Dispersion curves for rail (a) phase velocity, (b) group velocity
FIG. 5. Wave structures for a rail at five representative points on the dispersion
curves FIG 4.

(a) 50kHz, c=2.28mm/us, (b) 50kHz, ¢=2.55 mm/us, (c) 50kHz, ¢=2.97 mm/ps, (d)
50kHz, ¢=3.52 mm/ps, (e) 50kHz, ¢=5.43 mm/us

FIG. 6. Necessary nodal forces for a single mode excitation.

(a) For the mode in FIG.5 (a), (b) For the mode in FIG.5 (b)

FIG. 7. One example of the sensor set-up
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