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Abstract

A semi-analytical finite element method (SAFE) has been widely used for
calculating dispersion curves and mode shapes of guided waves as well as transient
waves in a bar like structures. Although guided wave inspection is often conducted for
water-loaded plates and pipes, most of the SAFE techniques have not been extended to
a plate with leaky media. This study describes leaky Lamb wave calculation with the
SAFE. We formulated a new solution using a feature that a single Lamb wave mode
generates a harmonic plane wave in leaky media. Dispersion curves obtained with the
SAFE agreed well with the previous theoretical studies, which represents that the SAFE
calculation was conducted with sufficient accuracy. Moreover, we discussed dispersion
curves, attenuation curves, and displacement distributions for total transmission modes

and leaky plate modes in a single side and both two side water-loaded plate.
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1. Introduction

When low frequency ultrasonic wave is made incident to such elongated
structures as plates, pipes and rails, we can observe ultrasonic modes propagating in the
longitudinal direction, called guided waves. The guided waves, which are the ultrasonic
modes with resonating within the cross-section, often propagate a long distance of the
order of ten or hundred meters. However, as the ultrasonic energy leaks significantly to
surrounding objects such as water, anti-rust tapes, soil, and concrete, guided wave
inspection is still limited in its application to existing structures [1, 2].

Theoretical studies on guided waves with such energy loss have been done
since long ago. In 1945, Osborne and Hart [3] derived theoretical dispersion curves in a
plate with leaky fluids and presented the existence of non-damping wave appearing at a
solid-fluid interface, called Scholte wave. In the late 1980's, Rokhlin et. al. [4] and
Chimenti and Rokhlin [5] discussed variation of spectrum branches for various density
of leaky medium. Dayal and Kinra [6] calculated and experimentally verified phase
velocity dispersion curves and attenuation curves for both isotropic and anisotropic
plates in water. Lowe [7] and Pavlokovic et. al. [8] showed the matrix technique can
provide guided wave dispersion curves and displacement distributions even for plates
and pipes with leaky media. Nowadays, the software calculating dispersion curves using
the matrix technique has been widely used in the field of guided wave inspection.

A similar numerical calculation technique called a semi - analytical finite
element method (SAFE) has been developed by Liu and Achenbach [9], Gavri¢ [10],
Gry [11], Thompson and Jones [12], and authors [13-18]. Generally, the conventional
calculation techniques such as finite element and finite difference methods, where
whole structure is divided into sufficiently small and large number of elements, requires

large amount of calculation time and memory. On the other hand, as only a cross-section



is divided into small elements in the SAFE, calculations of guided waves propagating in
a long waveguide are efficiently carried out. The SAFE also has many advantages for
guided wave calculation other than the efficiency. For example, the SAFE is useful for
calculating dispersion curve and analyzing wave structures for homogeneous plate like
theoretical techniques as well as laminated plates and pipes, and it is feasible to
calculate transient waves in such elongated structures. Therefore, many researchers have
used the SAFE for guided wave calculation [19, 20].

Recently, the SAFE has been applied for calculating guided waves in a
waveguide surrounded by leaky media. Castings and Lowe [21] and Danerjee and
Kundu [22] used absorbing layers and attenuated materials for the leaky media. Mozaoti
et. al. [23] modeled leaky waves radiating to infinity by using a boundary element
method.

This study also deals with calculation of leaky Lamb waves using the SAFE.
We formulate a new solution using a feature that a single Lamb wave mode generates a
harmonic plane wave in leaky media. Moreover, we calculate dispersion curves and
displacement distributions for an aluminum plate surrounded by water, and discuss

some characteristic modes.



2. Semi-analytical finite element calculation for leaky Lamb waves
2.1 Governing equation in a thin plate

Now we consider Lamb waves propagate in the z direction on a cross-sectional
y-z plane under plane-strain conditions as shown in Fig.1, where a plate is divided into
M layered elements. A semi-analytical finite element method is formulated for a plate

coupled with media of the densities, longitudinal and transverse velocities p,,c,,,C,
and p_ ,C,,C;, on upper and lower surfaces, respectively. When the displacement,

strain, stress, and external traction vectors are written as,
T \T
u:(uy uz) ’ 8:(5yy € 7yz) '

6= (O-yy On Ty )T ’ t= (ty tz)T’ 1)
the virtual work principle gives the following governing equations for the jth elastic

layered element (j=1, 2 ..... M).
J,aurtdc, = [ ar-p,u) da + [, &7 aa, 0

where T in Eq. (1) and (2) denotes transposed matrices, s is a second differentiation

with respect to time t, p, is density in the jth layered element, jc_-dc j and
J

IA_ «dA; are the line integral on the upper and lower boundaries and the surface integral
]

for the jth layered element. The left side of the equation (2) denotes the work done by
the external traction t, and the first and second term of the right-hand side are the
increment of kinetic energy and potential energy, respectively.

When considering a harmonic wave with respect to the space z and time t, the

displacement vector at an arbitrary point in the jth element is expressed as,

u=N(y)U' ep(ig,z-iat). ©)
For a two-node line element, N(y) is the function for interpolating two values on the
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two nodes as,

(L-n)y2 0  Q@+n)2 0 2y-(yli+yl2)
_ y - (4)
0  (@-n)y2 0  (+n)2 ylo—yig

where y is the arbitrary position in the thickness direction within the element, y’; and
yl2 are the y position of the lower and upper nodes of the jth element, respectively. In

Eq. (4), U’ the displacement vector expressing nodal displacements at z=0, consists of

nodal displacement vectors U™ and U'? on y! and y!, as,

- (ur . (Ut L [U)F
u! :[sz} u! :(ijl , Uiz = ijz _ (5)
The strain vector is written with the strain-displacement relation as,

1 0 00
s:{L£+Lg}u,L:OO,L:01. 6)
Yoy oz y :
0 1 10

Substituting Eq. (3) into Eq. (6) yields

e=(B, +i&,B, U exp(i&,z—iat), B, =L N

y Ly

B,=L,N. )

z

where N, is the differentiation of the interpolation function N with respect to y,

giving,
-1 0 10
N y :16—77 y 8—77 = # . (8)
Y20yl 0 -1 0 1| oy yla—-yh
The stress vector ¢ is written with the stress-strain relation as
6 =cCt. %)

where ¢ is an elastic coefficient matrix (3X3). Like the displacement vector u in Eq.
(3), the external traction vector is described using the nodal external traction vector
T as,

t=NT/ exp(i&,z —iat). (10)



Letting an imaginary displacement o6u be

U =N exp(—i&,z +iat), (11)
a strain by the imaginary displacement can be written as,

&=(B,-idB, U exp(-i&,z+iat). (12)

Substituting Eq. (3) - (12) into Eq. (2) gives
‘”jTLj NN dC,T! :&JjTa)szjp,ayjNTN dA,U’
SN B, -i 8,k (B, +iB,") dA U, (13)
where the surface integral in the right-hand side and the line integral in the left-hand

side can be rewritten as,

J'Aj.dAj: jzjyyf-dydz, LIJ\ITN dc, =1 dz, |=((1) cl)j (14)

Then, as the both sides of Eq. (13) commonly have sU T J;o dz, taking the inside of the

integral gives the following governing equations for the jth layered element.

Fi = (K, +igK,' +&7K, U —o’MIU) (15)
Fj=Tj=(Tyj1 T TR TZJZ)T .
K, = LyjjlzBchBldy, sz:Lyjj:(BchBz—BzTcBl}iy , (16)
K;:jynyzTcBZdy, M = jyy Pray, N"Nely )

Calculating all values in Eq. (16) with numerical integration for all elements and
overlapping the values with respect to the common nodes provide the following

governing equations for the total system.

(K, +i&K, +&K,—0®MU =F, (17)



Ull Tll
U12(= U21) S
U= : , F= : (18)
U(M—l)Z(z UMl) TM-D2 | M1
UM2 TMZ

where, for a two-node line element, letting the number of line nodes be N (= M+1), U

and F are 2N vectorsand K,, K,, K,,and Mare 2Nx2N matrices.
When the external traction is applied only on the boundaries between the plate

and leaky media at y=y, and vy,, the nodal traction vectors from T'2+T?! to

TMM-D2  TM1 jn the external force vector F become zero, and letting the nodal
traction applied by the leaky media at y=y, and y, be T** and T"*,
respectively, the following relations are satisfied,

Tll +Tleakl — 0 , TM 2 + -I—Ieak2 — O . (19)
The external force vector results in

_ -I-Ieakl

F= : . (20)

_ -|- leak2

2.2 Leaky waves in elastic media surrounding a thin plate
2.2.1 General description on leaky waves in elastic media

A harmonic wave in a plate with the wavenumber of &, generates a harmonic
plane wave with the same z component of wavenumber in leaky media. From this
feature, ultrasonic wave propagating in lower and upper media can be represented as

following equations by omitting a common term of temporal harmonic wave exp(—iat).

For the lower mediumof y<vy,,



u=A,exp(i&,z+is,,Y)+Anep(s,z+idYy). (21)
For the upper mediumof y>vy,,

U=ALep(is,z+i8,,Y)+ AL exp(i&,z+i8,Y). (22)
In these equations, ¢&,,,and & ., areay direction component of the wavenumber for
longitudinal (L) and transverse (T) waves in the lower (1) and upper (2) media,

respectively. Letting X=1, 2, the following relationships are satisfied in the

wavenumbers,
2 2 2 2 2 2
§yLX =& =&, gyTX =& =&,

Six =£1 Srx =£- (23)

CLX CTX
A, Ay, AL, and A,, arevibration direction vectors for longitudinal and
transverse waves in the lower and upper media, respectively. As shown in Fig. 2, the
vibration directions of longitudinal and transverse waves are parallel and transverse to
the propagation directions. Considering wave propagation in the upper medium

(y=Yy,), first, the vibration direction vector for longitudinal wave A, , is represented

using the wavenumbers &, and &, aswell as an arbitrary constant A, as,

é:LZ
A, =" A, 24
(fz jAL ¢4

Similarly, using arbitrary constant A, , the vibration direction vector A;, is

_ _52
A, = ( £ ]ATZ : (25)

Substituting z=0 and y=y, to Eq. (22), the amplitude vector on the upper surface

U“"z(:(u M2 UZMZ)T) is written as,

y



U™ = AL ep (&, Y,) +An exp(idy,). (26)

From Egs. (24) and (25), UM? is rewritten as,

uM? Z(gyLZJALz exp(icy,Y,) "( 9EZJATz op(ic,rY,)

: &
:@2 ;fj(exp(i%&yz) exp(igmyz)]&j n
=eoi )
where
52@2 f] E(y):(exp(igyuy) exp(izmy)j' %)

From Eq. (27), the arbitrary constants A, and A, are determined as,

v —-1y M2
=E(- ,) B U . 29
(Q2) ( y) ( )

Now, substituting Egs. (24), (25), and (29) to Eq. (22) provides the displacement vector

at an arbitrary position in the upper leaky medium y >y, as,

u :(izu]ALz exp(igzzngyuy){fJAn Op(ic,2+iymY)

AL

=& E(y)( A ]expifzz) =E E(Y)E(-y,) E'U"expi§,z)  (30)

2

=E E(y-y,) E'U" expi¢,2).
Then, the strain vector for leaky wave is represented using the displacement vector as

0 0 0 0 |- —_1y (M2 .
=|L,—+L, —ju=|L,—+L, —|EE(y-Y,)E-U""exp(i&,z).
€ |: yay zaz:| |: y8y+ 262:| (y yz) Xp( éz)

31)
Since the partial differentiation of E(y—y,) with respecttoy is
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aE(Y‘Yz)_ _ iéijz 0
& CEO-Y.). G—( o iémj’ (32)

the strain vector becomes

e=L & GE(y-y,)=2"U" exp(i&,2)

, L (33)
+i&,L,E E(y - y,)E UM exp(ig;2)

Using the relationship E(0) = [1 f] at y=y,, the strain vector on the upper surface

0

can be described as,
g(y=Y,)=L,E GE U exp(i¢,z) +i&, L, UM exp(i&, 2)

—(L,E G +ig L, UM exp(i&,2). (34)
The stress-strain relation is described using the stiffness matrix in the upper leaky

medium c'®?

as
6 =c"%, (35)

As a direction normal to the leaky medium region is —y at y=y,, the surface

traction that the leaky medium applies on the upper surface of the Mth layered element

is expressed as,

Oyy

100 .
t=—(o . J o, | =-nc"(y=y,)
Yy Y=Y,
= —nc"2(L E GEL+ig,L, UM exp(ic,2), (36)

where the normal direction matrix nis defined as,

100
nz(o 0 J. (37)

Removing exp(i&,z) from Eq. (36) provides a nodal external force vector that the

leaky medium applies to the plate as,

10



Tlek2 — pM2yM2 - pM2 :—nc'ea"z(L EGE" +i§sz). (38)

y

Similarly, a nodal external traction vector at y=y, can be obtained by
replacing &,,, &, 0 &0 &, —N to n, ¢ to ¢, and UM? to U™
respectively as,

T Z pHYE, PR onc®(L = G'E T +igL,). (39)
where E' and G’ are obtained by replacing &,, and &, in 2 and G to
Sya and &p, respectively.

Substituting Egs. (38) and (39) to Eqg. (20) gives

F=-PU, P=| : co (40)

0 0 .- 0 pPM2
Since the matrix P is a function of &,, the governing equation (15) can be represented
as,
(K, +i&,K, +&7K, —0’M+P(, 0)U =0. (41)

For a certain angular frequency w, Eq. (41) is regarded as a generalized nonlinear
eigenvalue problem with respect to the wavenumber&,. Although a wide variety of
solutions have been developed for many kinds of nonlinear eigenvalue problems [23],
the simplest kind of nonlinear problem is the polynomial eigenvalue problem. Therefore,
in the section 2.3, we transform Eqg. (41) into the form of 3rd order polynomial

eigenvalue problem under the condition that leaky media are non-viscous fluids with the

same sound velocities.

2.2.2  Total transmission and leaky plate mode in liquid media

11



For non-viscous fluid leaky media, P"* and P'" in Eq. (38) and (39) are
obtained in the following simple form by setting transverse velocity in the leaky media

to zero (Cyy,C, > 0),

pu _ 100" [1 O), PW:——ipZ“’Z(l Oj. (42)
fyu 00 é:yLZ 00

Supposing sound velocities in the lower and upper media are the same, Eq. (41) can be

rewritten by using the wavenumber in the y direction of the leaky media

é:y (= é:yLl = ‘fyl_z) as,

2
(K1+i§ZK2+§ZZK3—a)2M—C§—Q]U=O (43)
y
~ip, 0 - 0 0
0 0 0
Q=| F (44)
0 ip,
0 0 - 0 0

For positive wavenumber in the y direction &, , Eq. (44) represents the total

transmission case when ultrasonic wave is incident from the lower fluid and leaks and
radiates to the upper fluid.
Negating the sign of the wavenumber in the lower medium

(&,(=-¢,1, =¢&,12)) can model leaky plate modes where ultrasonic wave leaks to the

both media from the plate as,

ip, 0 - 0 0
0 0 0

Q=| sl (45)
0 ip, O
0 0 - 0 0

Egs. (44) and (45) can deal with leaky media with different densities, and we

can calculate leaky Lamb waves in a plate coupled with fluid medium on a single side
12



by setting p, >0 or p, —>0.

2.3 Linearization of nonlinear eigenvalue problem using the symmetry of Lamb
wave modes

Although Eq. (43) is still a nonlinear eigenvalue problem, the equation can be
deformed in the form of 3rd order polynomial eigenvalue problem using the symmetry
of possible Lamb wave modes and then be linearized in the ordinary way. Letting the

mth eigenvalues and right eigenvector be & . ,¢,., and @, the nonlinear eigenvalue

ym?

problem Eqg. (43) satisfies

[K1+i§me2+§zm2K3_a)2M_i§)_2Q](Pm =0, (46)

ym
where the eigenvalues and right eigenvector correspond to the wavenumbers in the y

and z directions and displacement distribution of the mth mode. &, and &, satisfies
the following equation like Eqg. (23) as,

Em +Em =& (47)
Now, we divide the displacement distribution vector ¢, into two components of

displacement in the y and z directions.

o {"’ij (48)
(-

Then, Eqg. (46) is also satisfied by changing the sigh of the wavenumber and

displacement distribution vector in the z direction like &, —-¢&,, and o,, > —0,,

in order to retain the symmetry in the £z direction, giving

[Kl_igmeZ+§zm2K3_a)2M_i§)_2QJ[ (pym ]:0 (49)

ym P
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When matrices K ,K,,K,;,M,and Q are also divided into two parts with respect to
displacements in the y and z directions like K, =(K,, K,,) , Egs. (46) and (49) are

rewritten as,
({(Kly Klz)+i§zm(K2y KZZ )+§zm2(K3y KSZ)

—w*(M, |\/|Z)—i§’—(Qy Qz)}(q’y’“j:o (50)

ym zm

{(Kly Klz)_igzm(KZy KZZ )+ gzmz(KBy K3z)

~ (M, MZ)—ig’—z(Qy Qz)}("’y’“}o (51)

ym Yz

Considering Q, =0 and calculating {Eq. (50) + Eq. (51)}/2 +¢,,{Eq. (50) — Eq.

(51)}/2 yields
2
H11+§zm2le—iw—Q( Pm ]:o, (52)
éym gzmq)zm
where
Hy=(Ky, Ky, +iKy, )-0? (M, M,), H,=(iK, -K,, Ki). (53)

Substituting Eq. (47) to Eg. (52) and rearranging it provide the following 3rd order

polynomial eigenvalue problem.

(Ho +§ymH1 +§ym3H3}P:n =0

- 2 (pm
H0:_|w2Q1 H1:H11_§f2H12’ H, =-H,,, (l)m:(§ :P J (54)

The general polynomial eigenvalue problem can be deformed to linear

eigenvalue problem as,

14



0 0)[¢. e,
1 0| &nep |=0 (55)
0 1

3

!

-H

_gym 0
0 o

Q and H, have non-zero elements only in the 1st row and 1st column and in the

(2N-1)th row and (2N-1)th column as shown in Egs. (44) and (45). Removing the zero

elements from Eqg. (55) results in the linear eigenvalue problem consisting of (4N+2) x

(4N+2) matrices.

0 H, H -H, 0 0)[¢. 0,
I 0 0|-¢&, 0 1 0l ¢&.0, =0, (56)
o1 o o o 1")| ¢
where
P 0
0 ; 1 0 00
H/ :—l 2 (' I: E 0 ’ I': cee 1
o =70’Q Q (o -0 1 o)
0 p,
0 O
1 0 " ¢r,nlj
IH: ’(Pm: ’ (57)
(O 1} (¢le

¢, and ¢, in Eq. (57) are the 1st and (2N-1)th elements of ¢/, . Solving the

ml

eigenvalue problem yields 4N+2 eigenvalues &, , which corresponds to the

wavenumber in the y direction, and right and left eigenvectors vfn and v'm

(m=1,2...4N+2).

2.4 Derivation of group velocity

Eq. (56) can be expressed using the right and left eigenvectors vRm and v'm

as,

(A—g, BNn =0 (58)
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vin(A-¢,.B)=0 (59)

where
0 H, H ~H, 0 0
A=l 0 0|, B=| 0 I 0] (60)
o r 0 0 o1
Then,
' 2
o dH dHo) —2a;|\/|—2élH12 ~2i0Q
dA do dw W
dw
0 0 0 0 0 0
L (61)
dw

Differentiating Eg. (58) with w gives

B]va +(A—§ym8)%:0. (62)

dA _dg,
do do dw
Applying v'n to this equation from the left, the second term becomes zero from Eq.

(59) and the following relation can be derived.

d
VLm(g—A— jym B)VRm =0 (63)
[0 w
dé: VLm SAVRm
" do (64)

Differentiating Eq. (47) with o gives

d‘/ﬁgym dé dé:f
m g 2 65
fym da) +§zm da) gf dCO ( )
Using the relation of d¢&, /dw=1/c; =&, /w, Eq. (65) becomes
é:fz —é dgym
dgzm ) Yy do . (66)
do -

16



Group velocities of Lamb waves propagating in the z direction are

_do &,
Com = dégzm égfz : d.fym . (67)
ym d

o
Namely, the group velocity Eq. (67) can be calculated from Egs. (60), (61), and (64)

R

using eigenvalues &, &, , right and left eigenvectors vRy and vim.

ym !
3. Calculation results
3.1 Validation of calculation by comparing with theoretical solutions and by
checking energy balance

Solving the eigenvalue problem Eg. (56) yields eigenvalues &, (m = 1,

2...4N+2) and then the wavenumber &, is obtained by the following equation derived

zm

from Eq. (47).

Em =& & (68)

A pair of positive and negative values stands for a pair of the mth modes of
Lamb wave propagating in the *z directions. Solid lines in Fig. 3 (a) and (b) are
frequency spectra of real and imaginary parts of wavenumber &, for leaky Lamb
modes obtained with Eq. (45). The number of layered elements M was set to 64 in this
study. Calculation results with the SAFE indicated (solid lines) agree well with
theoretical solutions (circles) obtained in Ref. [5] by Chimenti and Rocklin, which
designates that the calculation with the SAFE is carried out with sufficiently high
accuracy.

A displacement distribution vector ¢, in Eq. (48) is obtained from a right

eigenvector V", that is calculated by solving the eigenvalue problem Eq. (56) for each

17



mode. Then, substituting a displacement distribution vector ¢, to the nodal

displacement vector in Eq. (3) or (30) gives a displacement vector u at an arbitrary
position and time for the mth mode. Fig. 4 shows a displacement distribution for a mode
at (A) in dispersion curve of Fig. 3 in the area of 4d x 5d at a certain time, where
displacements are magnified to show the wave motion clearly. Color in the figure
represents the displacement in the y direction, which proves that displacement in the y
direction is continuous at the boundary of the plate and water.

The point (A) in Fig. 3 (a) corresponds to two conjugate solutions &, and

§Zm*, which are calculated from a solution pair of & = and —gym* in Eq. (56).

ym
Namely, the possible solution at the point (A) are

gym =é:ymR _igyml ’ gzm = gsz +i§zml (69)

* | *

— & == g, S =& i, (70)

where &, >0,&,' >0,&,%>0,&," >0. Eq. (69) stands for a mode leaking out from
the plate to the water and attenuating as it propagates due to the leakage (Fig. 4 (a)),
while Eq. (70) is a mode propagating inward from the water to the plate and amplifying
as it propagates due to the incident waves (Fig. 4 (b)).

From displacements at an arbitrary position and time, we can calculate velocity,
strain, stress as well as energy flux using the SAFE. Now we calculate energy flux
across the plate cross-section 7 and 737 and the plate-water boundaries with the length

of the plate thickness d, 77 and 73, as shown in Fig. 5. Fig. 6 shows frequency

dependence of energy flux rate B (=E,/E,), P,(=E,/E,), and R (=E;/E,), where

Eo, E1, E2, and E3 are energy flux across the boundaries 7o, /31, 73, and I3, respectively,

taking their positive in the arrow direction in Fig. 5.

18



Since Fig. 6 (a) shows a mode that flows into from 75 and leaks out from 73, />,
and 73, the energy flux rate Py, P, P3 are positive and the energy flux leaking out from
the upper and lower boundaries 77 and 75 are identical. Moreover, P1+P,+P3=1 showing
the natural consequences that the energy flowing into at 7 leaks out from 73, 73 and /3.
While, in the increasing mode (Fig. 6 (b)), the energy fluxes at 77 and 73 (P,, P3) are
negative, which shows that energy flows into at the upper and lower boundaries. And
the energy flux across /7 is larger than the input energy at /5.

3.2 Characteristic properties on leaky guided waves

Fig. 7 shows frequency spectra of wavenumber (real and imaginary parts),
phase velocity, and group velocity calculated with the SAFE for four different cases.
Black lines in Figs. 7 (a) - (d) denote the case without leaky media ( p, = p, =0 in Egs.
(44) or (45)), and blue lines are total transmission modes in the same leaky media as
o, =p, in Eq. (44), and red lines are leaky plate modes in the same leaky media as
o =p, in EQ. (45), and gray lines represents the case when leaky liquid medium
exists at one side by setting p, =0. Unnecessary equations and unknown valuables
appearing in Eq. (56) for p, =0 and/or p, =0 were removed before solving the
eigenvalue problem.

When water exists as leaky media, some characteristic solutions were observed.
The first one is that a mode with phase and group velocities slightly smaller than the
velocity of water, 1500 m/s, appears only when water exists. The second feature is that
group velocity dispersion curves are significantly distorted in the frequency range where
the phase velocities of A0 and SO modes become close in total transmission modes. The

third one is that attenuation curves are significantly different in the conditions of leaky

media. These three features are discussed below in detail.
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3.2.1 Non-dispersive modes with a velocity close to that of a leaky medium
Fig. 8 shows a displacement distribution at (B) in Fig. 7 (c), where the phase

velocity is ¢, = w/Re(&,) =1496.4 m/s, and wavenumbers in the y and z directions are

a pure imaginary number 1.16x10° i and a real number 1.68x10", respectively. As this
mode propagates in the z direction with the energy distribution localized on the solid -
fluid boundaries, its attenuation, the imaginary part of &,, becomes zero. This mode is

known as Scholte waves propagating on solid-liquid boundaries. Since this mode also
has an energy distribution within a solid at the vicinity of the boundaries, the localized
energy distribution affects the opposite boundary gradually as the plate becomes thinner.
Therefore, the Scholte mode exhibit a non-flat frequency range fd = 0.5 MHz mm in Fig.

7(c).

3.2.2 A0 and SO total transmission modes

In total transmission modes designated in blue lines in Fig. 7, distinctive
features were exhibited at the range of fd = 3-5 MHz mm where phase velocities of A0
and SO modes become close. Phase and group velocity dispersion curves, Figs. 7 (a) and
(b) are zoomed around fd=3-5 MHz mm as shown in Figs. 9 (a) and (b). The A0 and SO
modes below about fd = 3.78 MHz mm show similar curves with the cases of non-leaky
media and leaky modes, while the curves of A0 and SO modes merge together at fd =
3.78 MHz mm and vary with the identical phase and group velocities beyond the fd
value.

Fig. 10 represents displacement distributions of four modes calculated for the
point (C) in Fig. 9 (fd = 5). Figs. 10 (a) and (b) are modes with large vibration at a
single side of the plate-water boundaries from which leaky wave flows out, while in (c)
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and (d), incident wave flows into from a large vibrating boundary. Both (a), (b) and (c),
(d) are symmetric with respect to the centerline of the plate, from which we can infer

their phase and group velocities are identical. These modes correspond to the solution

pair of £, and -¢& " as given in Egs. (69) and (70). Although these fundamental

ym
Lamb wave modes are far from antisymmetric and symmetric distributions, we call
them A0 and SO for the sake of convenience.

Around the frequency range where curves of SO and A0 modes merge, group
velocity dispersion curves become discontinuous. We consider that this feature is caused
by non-smooth variation of attenuation coefficient as shown in Fig. 7 (b) and Fig. 11.
Because the attenuation curves suddenly vary from zero to a certain value at the
junction of SO and A0 modes, the differentiation of the curve, corresponding to group
velocity, becomes discontinuous.

3.2.3 Attenuation curves

Fig. 7 (b) shows that attenuation coefficients significantly differ in boundary
conditions. For the case of non-leaky media (black lines), attenuation coefficients have
non-zero values only below the cutoff frequencies of Al and S1 modes, showing
evanescent modes. Modes with leaky media also have almost identical values with the
attenuation coefficients of evanescent modes, and therefore blue, red, and gray lines are
behind the black line in Fig. 7 (b).

Fig. 11 shows attenuation curves only for AO (solid line) and SO (dashed line)
modes in a water-coupled plate. As shown in the previous section, attenuation curves
abruptly change from zero to a non-zero value at fd =3.78 MHz mm for total
transmission modes and the attenuation coefficients for AO and SO modes are identical,
which corresponds to Figs. 10 (a) and (b).

For leaky plate modes, attenuation in a water-loaded plate on both two sides
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(red lines) is approximately double that in a one sided plate (gray lines) below about fd
= 3 MHz mm. This is caused by the Lamb wave feature that AO and SO modes in the
low frequency range propagate with almost uniform displacement distributions in the
thickness direction with or without leaky media as shown in Fig. 12. As ultrasonic
energy leak out from a single side in Fig. 12 (b), attenuation became half of that in a
water - loaded plate on both boundaries (Fig. 12(a)). While, in the high frequency range
as shown in Fig. 11 (E), displacement distributions were obtained as Fig. 13. When
leaky media exist at both sides of boundaries, the SO mode kept symmetric distribution
with respect to the plate center (Fig. 13 (a)), while for a water-loaded plate on a single
side, the "SO mode" have significantly different displacement distribution where
vibration is localized at the free boundary (Fig. 13(b)). This unique feature results in

reducing attenuation as shown in the solid gray line of Fig. 11 over fd =4 MHz mm.

5. Conclusions

This paper described calculation of Lamb waves in a plate surrounded by leaky
media using a SAFE. The SAFE formulation provided a nonlinear eigenvalue problem
for leaky Lamb waves in a plate coupled with leaky media including elastic solids and
fluids. The nonlinear eigenvalue problem, obtained for a plate coupled with leaky media,
was deformed into the linear eigenvalue problem using the symmetry of Lamb wave
modes under the conditions that leaky media are non-viscous fluids with the same sound
velocities. Dispersion curves calculated with the SAFE agreed well with theoretical
solutions, which proves the validity and accuracy of the SAFE calculations. Moreover,
we discussed displacement distributions for characteristic modes strongly affected by

leaky media.
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Figure

Figure 1

Layered elements and leaky media in the SAFE calculation.
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Figure 2

Wavenumbers and vibration directions.
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Figure 3

Comparison of dispersion curves for leaky plate modes with the previous theoretical solutions
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Figure 4

Displacement distributions at the point (A) in Fig.3(a).
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Figure 6

Energy flow rate for the mode including the point (A).
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Figure 7

Frequency spectra for water-loaded and unloaded aluminum plates.
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Figure 7 (contd.)

Frequency spectra for water-loaded and unloaded aluminum plates.
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Figure 8

T T
T LU L H
HHH

EET T [T,
A LT

ERERPANRRRRRARINARRNY

snanifd BRpASH
O LT T o -l

ARARTANRNRNNRFIIR

Wave structure at the point (B) in Fig.7 (c).



Figure 9

A0 and SO mode dispersion curves for four different boundary conditions.
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Figure 10

Displacement distributions of four modes calculated for the point (C) in Fig. 9 (fd=5)
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Figure 11

Attenuation curves for A0 and SO modes in a water-loaded plate.
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Figure 12

Displacement distributions for the point (D) in Fig. 11.
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Figure 13

Displacement distributions for the point (E) in Fig. 11.
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*Highlights (for review)

We developed a semi-analytical finite element method for calculating leaky Lamb waves. The
calculation results agreed well with the previous theoretical studies. We discussed dispersion curves,
attenuation curves, and displacement distributions for total transmission modes and leaky plate
modes in a single side and both two side water-loaded plate



