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Analysis of flexural mode focusing by a semianalytical finite
element method
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Focusing is one of the most promising techniques for the detection of small defects in pipe works,
in which guided waves including longitudinal and flexural modes are tuned so that ultrasonic energy
can be focused at a target point in a pipe, and analysis of reflected waves gives information on
defects such as location and size. In this paper, the focusing technique is discussed by way of a
simulation of guided wave propagation in pipe by a semianalytical finite element method~SAFE!.
Experiments and SAFE calculations were compared for waveforms transmitted by a single
transducer and received at different circumferential positions initially, and then the focusing
phenomena were experimentally observed using focusing parameters obtained by calculations.
Calculation and visualization were conducted to clarify focusing phenomena in pipe in investigating
the potential of the focusing technique. These results show that the time-reversal idea helps in
understanding focusing and that resolution of focusing is strongly affected by incident waveforms
as well as the number of channels available in an experiment. ©2003 Acoustical Society of
America. @DOI: 10.1121/1.1543931#

PACS numbers: 43.20.Gp, 43.20.Px@LLT #
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I. INTRODUCTION

Since thousands of miles of tubing and piping are u
in all sorts of power generation, petrochemical, and ma
facturing plants, nondestructive evaluation has become
important subject for reduced inspection time and costs.
trasonic nondestructive evaluation by guided waves pro
gating over long distances in a pipe has recently attrac
considerable attention as a useful means for solving th
issues; many theoretical and experimental studies have
published.1–11

All of these works on guided waves in a pipe are bas
on a theoretical study of the normal mode expansion p
sented by Gazis in 1959,12 in which dispersion curves for a
hollow cylinder with outer- and inner traction-free surfac
were derived and fundamental useful knowledge was p
sented on guided waves in a pipe. In order to achieve our
of practical applications to quantitative evaluation for crac
in a pipe, however, more detailed theoretical or numer
studies have been required. The focusing technique, e
cially, proposed by Li and Rose3,4 is expected to represent
key technique for defect detection in a pipe. The approa
however, is very hard to understand intuitively from the in
tial fundamental theoretical studies.

The basic idea of the focusing technique is as follow
First, a displacement distribution in the circumferential
rection~circumferential profile! is predicted theoretically for
partial loading by a single transducer. Circumferential p

a!Electronic mail: hayashi@megw.mech.nitech.ac.jp
b!Electronic mail: jlresm@engr.psu.edu
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files for multiple transducers can then be expressed b
superposition of this single transducer profile. Then, by t
ing amplitudes and time delays of each channel indep
dently, waveforms are enhanced at some predetermined
get in a pipe. Since ultrasonic energy is converged on
target, a large reflected echo can be detected only whe
defect is located at the target. Scanning various targets
take place by changing amplitudes and time delays. Ob
vation of reflected waves then provides useful informat
on defects in a pipe, such as location and size.

The purpose of this study is to analyze this focusi
technique by way of simulation and visualization of guid
wave propagation.

Numerical calculation modeling such as finite eleme
method~FEM! and boundary element method~BEM! is suit-
able for simulating ultrasonic wave propagation and to inv
tigate it in detail. Moreover, visualizing these calculation r
sults helps our understandings in such complicated w
propagation as guided waves. The semianalytical finite
ment method~SAFE!, in which wave propagation in the lon
gitudinal and circumferential direction is expressed by a
perposition of orthogonal harmonics, is one of the m
effective modeling techniques for carrying out large comp
tations for guided wave propagation in a pipe. This spec
modeling technique designed for bar- and plate-like obje
was developed by Cheng13 and Zienkiewicz.14 Recently,
Datta15–18 and Dong19,20 have made significant progress o
guided waves using SAFE. The authors21 have studied com-
plicated Lamb waves propagating in laminated plates us
calculation and visualization techniques.

In this paper, the SAFE is used for simulation of cyli
1241241/8/$19.00 © 2003 Acoustical Society of America
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 Redistr
drical guided wave propagation. First, calculated wavefor
are compared with experiments to confirm the accuracy
the calculations and SAFE calculations are applied to foc
ing experiments. Next, we investigate the focusing status
its application to defect detection from visualization resu
Moreover, the potential values of the focusing technique
discussed.

II. PRELIMINARY

A. Semianalytical FEM

In the SAFE used here, waveforms in circumferential~u!
and longitudinal~z! directions represent orthogonal harmon
functions, and the analytical dimensions are then redu
into one dimension in the thickness direction~r!. Therefore,
even guided wave propagation over long distance can
calculated with short calculation times and a small compu
tional memory. Since the basic formulations are written
the references14–18 in detail, only some fundamental and a
ditive equations will be represented in this section. Displa
ment vectorU, containing displacements at nodes divided
the r direction, is represented using orthogonal harmo
functions exp(inu), exp(ijz), and exp(2ivt) in the r, u, andt
~time! direction, respectively

U~u,z,t !5E
2`

1`

Ū~u,z!exp~2 ivt !dv, ~1!

Ū~u,z!5 (
n52`

1`

Ūn~z!exp~ inu!, ~2!

Ūn~z!5E
2`

1`

U! n exp~ i jnz!dj, ~3!

whereŪ denotes the Fourier transform ofU in terms of time
t, and means the complex amplitude for harmonic wave
the angular frequencyv. Ūn is a complex Fourier series ofŪ
in terms of circumferential directionu, U! n is the Fourier
transform ofŪn in terms of longitudinal directionz, andjn is
the wave number propagating into the6z directions for the
nth circumferential function.

Similar to ordinary FEM, the virtual work principle o
Hamilton’s principle leads to the governing equations. T
insertion of Eq.~1! in the governing equations gives eige
systems for thenth circumferential harmonic. Solving thi
eigensystem yields 2M eigenvaluesjnm and 2M right eigen-
vectorsFnm

R (2M vector!, whereM is the dimension of the
nodal displacement vectorU and three times the number o
nodes, andm51,2,...,2M . The eigenvaluejnm corresponds
to the wave number of themth mode andnth family. When it
is real, it means a propagating mode, and an evanesc
mode is represented for complexjnm . Calculating the eigen-
valuesjnm at many frequency steps yields dispersion cur
for the nth family.

Here, following Ref. 19, the displacement vectorŪn for
the nth circumferential harmonic~nth family! is obtained as

Ūn5 (
m51

M

anmFnm
R upperexp~ i jnmz!, ~4!
1242 J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003
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whereanm is an amplitude of the (n,m) mode to be obtained
from boundary conditions, andFnm

R upper is the vector consist-
ing of upperM elements ofFnm

R , representing displacemen
distribution in ther direction. Equation~4! exhibits thatŪn is
described as a superposition of guided wave modes for
nth circumferential harmonic.

Now suppose that a line source is located atz5zs , uuu
,u0 @Fig. 1~a!# and that the displacement vector is describ
as

Ūn
lineS5 (

m51

M

anm
lineSFnm

R upperexp$ i jnm~z2zs!%. ~5!

This solution has been obtained in Ref. 19. Then, the so
tion for the angle wedge transducer of incident angleu i and
located atuuu,u0 , uz2zsu,z0 can be obtained as an inte
gration of Eq.~5!. See Fig. 1~b!. By considering the phase
shift due to incident angle, only amplitudeanm should be
replaced as

anm→anm3
2 sin$~j02jnm!z0%

j02jnm
, ~6!

wherej0 is represented asj05ja sinui when assuming the
wave number in the wedge isja .

When the angle wedge receiver is the same as the tr
mitter with the width 2u0 and 2z0 in the u andz directions,
respectively, the amplitude of the received signal is obtain
as

anm→anm3
2 sin$~jnm2j0!z0%

jnm2j0
3

2 sinnu0

n
. ~7!

When the excitation point isu5us instead ofu50

anm→anm3exp~2 inus! ~8!

gives the solutions.
To summarize, when the angle wedge transmitter w

incident angleu i and width of 2z0 and 2u0 are installed at
z5zs , u5us , displacements at the angle wedge recei
with receiving angleu i and width of 2z0 and 2u0 @Fig. 1~c!#
are given as

Ūn
angleS1angleR5 (

m51

M

anm
angleS1angleRFnm

R upper

3exp$ i jnm~z2zs!%,
~9!

aangleS1angleR5a lineS3
2 sin$~j02jnm!z0%

j02jnm

3
2 sin$~jnm2j0!z0%

jnm2j0
3

2 sinnu0

n

3exp~2 inus!.

B. Focusing algorithm

N transmitters andN receivers are located in the circum
ferential direction and numbered 1,2,...,N from the top of the
pipe as shown in Fig. 2. Then, the complex amplitude o
harmonic wave at the frequencyv traveling from theith
transmitter to thejth receiver is defined asHi j . Hi j is pre-
Hayashi et al.: Flexural mode analysis by semianalytical method
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determined by experiments or calculations, containing
information of amplitude and phase. Controlling the outp
level ~amplitude! Ai and time delayt i of the ith transmitter,
the received signal is described asaiHi j , where

ai5Ai exp~2 ivt i !. ~10!

FIG. 1. Boundary conditions.
J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003 Ha
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Tuning all amplitudes and time delays from 1 toN, sig-
nals at thejth receiverqj can be described as a superpositi
of aiHi j as

qj5(
i 51

N

aiHi j . ~11!

This is represented in the matrix form as

q5Ha,
~12!

q5@q1 q2 q3 ¯ qN#T, a5@a1 a2 a3 ¯ aN#T.

Here, letting the received signals be

q5@1 0 0 ¯ 0#T, ~13!

FIG. 2. Focusing algorithm.

FIG. 3. Dispersion curves for a steel pipe used in this paper; 88-mm o
diameter and 5-mm thickness.~Gray region denotes the frequency spectru
of incident wave, 290 kHz, 7.5-cycle tone-burst waves.!
1243yashi et al.: Flexural mode analysis by semianalytical method
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then we have a complex amplitude

a5H21q. ~14!

Complex amplitude componentsai are represented by ampl
tudes and time delays as shown in Eq.~10!.

From the predefined target amplitudeq and the matrixH
determined by numerical calculations, necessary amplitu
and time delays for each element are calculated. When a
in question is geometrically symmetric like a straight hom
geneous pipe, matrixH becomes a cyclic matrix as

H115H225H335¯5HNN ,

H125H235H345¯5HN1 , ~15!

¯,

and then the deriving Eq.~14! is equivalent to the convolu
tion algorithm developed by Li.4

III. COMPARISON OF SAFE CALCULATION AND
EXPERIMENT

The following two experiments were carried out in th
section in order to verify the SAFE calculations. The fi
one was a comparison between experimental and calcu

FIG. 4. Experimental~black line! and calculated~gray line! waveforms at
different circumferential positions at L5800 mm.
1244 J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003
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flexural modes that were exited by a single transducer
received at various circumferential positions. The second
was a confirmation of the focusing phenomena by using a
plitudes and time delays obtained from the SAFE calcu
tions of circumferential profileHi j and the focusing algo-
rithm.

In these experiments, a steel pipe of 88-mm diame
and 5-mm thickness is used. Eight angle wedge transmit
with an incident angle of 30° are fixed at the end of the p
and an angle wedge receiver with 30° receiving angle can
moved to receive waveforms at different circumferential a
longitudinal positions.

Figure 3 shows dispersion curves of the steel pipe u
in these experiments as well as a frequency spectrum o
cident signals of about 290 kHz center frequency. L and F
Fig. 3 denote Longitudinal and Flexural modes, respectiv
The numbers in parentheses correspond to (n,m) in Eq. ~4!,
representing themth mode of thenth family. The incident
and receiving angles of 30° are suitable for exciting a

FIG. 5. Circumferential profile at focal points of L5400 mm and L5800
mm.
Hayashi et al.: Flexural mode analysis by semianalytical method
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TABLE I. Amplitude and time-delay computation for focusing at the top for L5400 mm and 800 mm.

L5400 mm
Top

Top,
0° 45° 90° 135°

Bottom,
180° 225° 270° 315°

Amplitude @-# 1.00 0.98 0.92 0.87 0.83 0.87 0.92 0.98
Time delay
@ms#

2.38 2.04 1.22 0.00 1.88 0.00 1.22 2.04

L5800 mm
Top

Top,
0° 45° 90° 135°

Bottom,
180° 225° 270° 315°

Amplitude @-# 0.48 0.60 0.72 0.35 1.00 0.35 0.72 0.60
Time delay
@ms#

1.78 2.52 1.39 1.50 0.00 1.50 1.39 2.52
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detecting L~0,2! and F(n,2) modes. In the first single trans
mitter tests, waveforms at eight circumferential positio
~0°,45°,90°,135°,180°,225°,270°,315°! were detected in
through-transmission configurations with a fixed ang
transmitter on the top~0°! of the pipe and a receiving trans
ducer at different positions. In the second focusing test
Matec multichannel system independently tuned amplitu
and time delays for eight angle wedge transmitters locate
regular intervals in the circumferential direction. Circumfe
ential profiles were measured by scanning the receiv
transducer in the circumferential direction.

In the SAFE calculations, solving the eigensystems
termined by given material properties and geometries yie
wave numbersjnm and wave structure vectorsFnm

R upper in
Eq. ~4!, and the boundary conditions give amplitudesanm .
Then, displacements in Eq.~4! were given for each circum
ferential harmonicn and frequency stepv. Waveforms at any
points U(u,z,t) are obtained by substituting displacemen
Eq. ~4! into Eq. ~2! and then into Eq.~1!. Tone-burst signals
of 290 kHz and 7.5 cycles were adopted as an excita
stress on the surface of the pipe so as to meet experim
conditions. So, boundary conditions in these calculations
traction-free on both inner and outer surface of the pipe
tone-burst normal stress applied on the loading region.
other geometric parameters such as transducer widthz0

57.5 mm, u0522.5°) and transducer angle (u i530°) were
adjusted to the experiments. The pipe was divided by e
quadratic cylindrical elements in ther direction as in Ref. 19.
Calculations were done for 11 circumferential harmon
from n525 to 5 and for 1000 frequency steps from 0 to 2
MHz.

Figure 4 shows the comparisons between experime
and computated waveforms~displacements! when the inter-
transducer distanceL was 800 mm. Figure 4~a! presents the
distribution of maximum amplitude of the waveforms d
tected at various circumferential positions~circumferential
profile!. Figure 4~b! shows waveforms obtained both expe
mentally and calculated at various circumferential positio
, Vol. 113, No. 3, March 2003 Ha
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Since the waveforms at the circumferential position of 22
270°, and 315° were very similar to those at these symme
positions 135°, 90°, and 45°, waveforms only at these fi
positions were shown in this figure. These SAFE calculatio
agree well with experiments not only in amplitude distrib
tion and arrival time of waveforms, but also in phase, wh
proves that these calculations were carried out with suffic
accuracy.

Figure 5 shows circumferential profiles at a target po
tion in the focusing experiments. Amplitudes and time dela
were calculated for a target point ofL5400 mm, 0° and of
L5800 mm, 0°~Table I!. Large signals were detected at th
target point of 0° in the both cases. This shows that focus
phenomena occur at the target points given by the SA
calculations and the focusing algorithm. Calculated circu
ferential profiles are also shown in Fig. 4, where the focus
phenomena were simulated using amplitudes and time
lays, these results being visualized later. Main differen
between experimental and calculated profiles were cause
the fact that little excitation signals from eight transduce
were not all well-formed tone-burst identical signals. Th
hardware issue can be improved with little difficulty.

Furthermore, interesting knowledge is obtained by co
paring the amplitudes and time delays given in Table I w
the waveforms shown in Fig. 4. Amplitudes and time dela
obtained from the waveforms in Fig. 5 are shown in Table
where the waveform at 180° is assumed to be standard
addingnT ~n is integer andT is a period; 3.45ms for 290
kHz! into these time delays, values in the lowest row
Table II were obtained. Amplitudes and time delays in Ta
I L5800 and Table II show very good agreement but sig
of the time delays are opposite. This means that the focu
can be realized as following. First, waveforms are detecte
theN receivers, where a single source transducer is insta
at a target point. Then,N received signals are time reverse
In the next step,N receivers are used asN transmitters and
time-reversed signals are excited at these transmitters.
results in the focusing at the target point where the sin
TABLE II. Amplitude and time delaytdelay obtained by waveforms in Fig. 3 and time-delay shifttdelay6nT.

Top, 0° 45° 90° 135° Bottom, 180°

Amplitude @-# 0.64 0.66 0.68 0.30 1.00
Time delay@ms# tdelay 25.21 4.41 21.30 1.98 0.00
tdelay6nT @ms# 21.76 22.49 21.30 21.52 0.00
1245yashi et al.: Flexural mode analysis by semianalytical method
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transducer was installed first. This is nothing other than
application of ultrasonic time reversal.22,23

IV. VISUALIZATION OF FOCUSING TECHNIQUE

Since this focusing technique is based on the algorit
using complicated circumferential profiles, actual wa
propagation status is hard to describe. For example, if fo
points exist at unwanted points, they prevent us from de
mining the location of a crack. In order to apply the focusi
technique to crack detection and defect evaluation, we n
to comprehend wave motions and focusing status. In
section, the focusing technique was investigated by way
visualization results from SAFE calculations.

Figures 6~a! and~b! show the focusing status when am
plitudes and time delays were tuned for focusing atL
5400 mm, 0° andL5800 mm 0°, respectively. Visualizatio
regions are from 20 mm, just after excitation region, to 10
mm, where the grid width in the longitudinal direction is 1
mm. The shift of grid points describes amplitudes of t
wave and the shade is normal stress in the longitudinal
rection. Circle charts in these figures represent circumfe
tial profiles at the maximum amplitude position. As amp
tudes and time delays were calculated for the harmonic w
of 290 kHz, modes were selected by controlling incide
angle, in this case L~0,2! and its neighbor F(n,2) modes,
designed to focus to a focal point. However, it is possible
excite the other unwanted modes due to a frequency b
width of the incident wave with finite width transducers. Tw
wave packets can be seen in both Figs. 6~a! and ~b!, the
faster one being the L~0,2! and F(n,2) modes and the secon
being the L~0,1! and F(n,1) modes. In both L5400 mm and
L5800 mm, L(0,2)1F(n,2) modes are focused to the foc
point as expected, while L(0,1)1F(n,1) modes are not.

Figures 6~a! and ~b! reveal that the focusing phenom
enon does not occur abruptly at the focal point, but g
through the process in which the first wave gradually
creases as it approaches the focal point and decreases
the focal point. Considering the focusing algorithm, comp
displacement amplitudes at the target position are descr
as q5@1 0 0,...,0#T. This means that the focused wav
propagate after focusing like those excited by a single tra
ducer at the focal point. In the vicinity of the focal point
circumferential profiles shows that waves spread with d
tance, while in the far field, complicated circumferential pr
files which cannot be predicted without the aid of calcu
tions are shown in Fig. 6~a! t5220ms. As for the wave
before the focusing points, the time-reversal idea is help
in understanding that the wave propagation is roughly sy
metric with respect to the focal point. As seen in Fig. 6~a!
t5100ms and ~b! t5140ms, circumferential profiles are
similar to those for a single transmitter in the near field, t
is, waves spread with distance from the target, but profi
became more complicated in far field as in Fig. 6~b! t
5180ms. From a crack detection point of view, even if u
expected focusing phenomena occur in the far field from
designed focal point, they do not result in a wrong evaluat
of defects since these focal points are not close to each o
anyway.
1246 J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003
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V. POTENTIAL OF THE FOCUSING TECHNIQUE

Focal spot size strongly affects the sensitivity of late
resolution in crack detection. To make a focal spot small,
following ideas are considered:~1! to increase the number o
channels;~2! to control incident waves by function gener
tors; ~3! to change the location of the transducers.

The focusing algorithm gives some explanations of

FIG. 6. Visualization results for focusing status. Wave propagation on
pipe surface and circumferential profiles at the location of L(0,2)1F(n,2)
modes.
Hayashi et al.: Flexural mode analysis by semianalytical method
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resolution with regard to the number of channels. As
number of channelsN is large, the number of elements
vectorq becomes large. This means that the circumferen
width covered by one receiver becomes small, and this
sults in a small focusing spot. Detailed descriptions are w
ten in Ref. 4.

Next, let us consider the control of incident waves. W
discussed the use of tone-burst waves for focusing, in wh
amplitudes and time delays were obtained from a predic
circumferential profile by SAFE calculations only for a ce
tain frequencyv ~usually center frequency!. However, if the
circumferential profiles abruptly vary with a small shift o
frequencydv, amplitudes and time delays obtained for
certain frequencyv are not designed to focus a wave of t
frequencyv1dv. Therefore, focus width could not be ob
tained as expected even in noise-less computer simulat
Figure 7 shows circumferential profiles at the focusing po
tion with variable frequency bandwidth~number of cycles!.
As the number of cycles becomes small, that is, freque
bandwidth becomes broad, energy convergence at the f
point become small. This shows that amplitudes and t
delays calculated for a center frequency do not work well
a converging ultrasonic wave at frequencies other than
center frequency.

For this reason, focusing is enhanced by applying a
plitudes and time delays obtained independently for all f
quency steps. Applying different amplitudes and time del
for different frequency steps means that arbitrary incid
waves are excited instead of the tone-burst wave. From
time-reversal point of view,21,22 this can be replaced as fo
lows.N signals emitted from a single transducer and detec
at N receivers are converted intoN time-reversal waves
When the time-reversal waves are emitted back into the p
from the N transducers, the ideal focusings that are not
fluenced by frequency bandwidth like that in Fig. 7 are re
ized. Figure 8 shows received waves~calculation! at L5800
mm when time reversal of calculated waveforms of the g
lines in Fig. 4 is used as excitation signals at eight transd
ers. Large waveforms were observed only at the desired f

FIG. 7. Circumferential profiles for incident waves with different frequen
bandwidth and cycles of tone-burst waves.
J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003 Ha
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point ~L5800 mm, 0°!, and small amplitudes at the othe
points.

Next, let us discuss the transducer location. The foc
ing algorithm can be applied even if transducers are
aligned in the circumferential direction. It is possible th
changing the location of the transducers could improve
cusing. However, since it is not easy to find the general
gorithm on transducer location to optimize focusing, quali
tive discussions will be described here. When the numbe
channels areN, the above-mentioned discussions are appl
in this case, and the resolution does not change. But,
robustness of the solutionH21 is affected, and it results in a
poor focusing characteristic. For example, whenN transduc-
ers are at the same position, this is the same situation
single transducer, and so focusing is not observed. Here
matrix H is nonregular asH115H215¯HN1 , H125H22

5¯HN2 , H135H235¯HN3 ,..., H1N5H2N5...HNN .
Generally speaking, the robustness of Eq.~14! depends on
the independence of each equation in the simultaneous e
tions Eq.~14!. In this sense, aligning transducers in the c
cumferential direction at a regular interval is the best
rangement to keep independence of these simultane
equations and to give good focusing.

VI. CONCLUSIONS

Simulation of guided wave propagation was conduc
using a semianalytical finite element method. This calcu
tion was verified by way of a comparison of waveforms a
an application to the focusing technique. Applying the sem
analytical FEM calculations to focusing technique gave
following conclusions.

~1! Focusing does not occur abruptly at the focal point, b
the amplitude of a wave packet increases as it
proaches the focal point and decreases gradually afte
In the far field from the focal point, circumferential pro
files become complicated. This is just like circumfere
tial profiles from a single source at the focal point.

~2! Controlling incident waveforms, as well as increasi
the number of channels, improves the resolution and s
sitivity of the focusing technique. Using time-revers
signals realizes the ideal focusing in a pipe.

In this paper, circumferential resolutions in the focusi

FIG. 8. Received signals for time-reversal emission tests~calculation! at the
focal point ~L5800 mm, 0°!.
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technique were discussed, but it is necessary to investi
the resolution in the longitudinal direction, for which visua
ization will be helpful.
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