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Toroidal compactifications and Borel–Serre

compactifications

Kazuya Kato, Chikara Nakayama, Sampei Usui

July 26, 2021

Abstract

We discuss connections of toroidal compactifications and Borel–Serre compacti-

fications in view of the fundamental diagram of extended period domains. We give

a complement to a work of Goresky–Tai.

0 Introduction

In this paper, as an application of the fundamental diagram of extended period domains
introduced in our series [5]–[9] of papers, we give a complement to the work of Goresky
and Tai [2] on the relation of the toroidal compactification and the reductive Borel–Serre
compactification.

Let G be a reductive algebraic group over Q and let h0 : SC/R → GR be a homomor-
phism satisfying certain conditions which are necessary to consider the period domain D
associated to (G, h0). Then the main part of the associated fundamental diagram in [9]
is the following.

Γ \DΣ,[val] և D♯
Σ,[val]

ψ
→ DSL(2),val

η
→ DBS,val

և և և և

Γ \DΣ,[:] և D♯
Σ,[:]

ψ
→ DSL(2) DBS

և և և

Γ \DΣ և D♯
Σ Dred

BS

Here the notation is as in [9] Section 4. In particular, Σ is a weak fan and Γ is a neat
semi-arithmetic subgroup (1.5) of G′(Q) which is strongly compatible with Σ. (G′ denotes
the commutator group of G.)
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Toroidal compactifications and Borel–Serre compactifications

In this diagram, all maps are continuous. All vertical maps and the maps to the left
direction are surjective and the targets of these maps have the quotient topologies. The
vertical arrows except the map DBS → Dred

BS are proper.
Assume further that (G, h0) comes from some Shimura data and that Γ is an arithmetic

subgroup (1.5). Then we have the following two kinds of compactifications of the Shimura
variety Γ \D. On one hand, there is a Σ such that Γ \DΣ is compact and this is a
toroidal compactification of Γ \D. On the other hand, we have the reductive Borel–Serre
compactification Γ \Dred

BS of Γ \D, which is a quotient of the Borel–Serre compactification
Γ \DBS of Γ \D.

Now, Goresky and Tai constructed a space which connects, after replacing Σ by a finer
subdivision, these two compactifications of Γ \D in the following fashion. That is, they
show that, after replacing Σ by a sufficiently finer subdivision Σ′, there are a compact
topological space T which contains Γ \D as a dense open subspace, and continuous sur-
jective maps f : T → Γ \DΣ′ and g : T → Γ \Dred

BS such that f is a homotopy equivalence
and such that f and g induce the identity map of Γ \D:

Γ \DΣ′

hom. eq.
←−−−−− T −−−→ Γ \Dred

BS .

From this, the existence of the canonical maps

Hm(Γ \Dred
BS , A)→ Hm(Γ \DΣ, A)

with A being an abelian group for any m, A being a group for m = 0, 1, and A being a
set for m = 0 follows.

In this paper, we have the following complement to the work of Goresky and Tai
(cf. 3.3). As we have shown in [9] 3.8, under the above assumption, there is a unique
continuous map DSL(2) → DBS which makes the above fundamental diagram still commu-

tative, and the composition D♯
Σ,[:]

ψ
→ DSL(2) → DBS induces the surjection of the quotient

spaces Γ \DΣ,[:] → Γ \Dred
BS . On the other hand, as we will prove in this paper, the

map Γ \DΣ,[:] → Γ \DΣ in the fundamental diagram is proper, surjective, and a weak
homotopy equivalence (Theorem 3.2 (3)):

Γ \DΣ
weak hom. eq.
←−−−−−−−− Γ \DΣ,[:] −−−→ Γ \Dred

BS .

That is, compared to [2], we do not need a subdivision of Σ and our intermediate space is a
concrete one, that is, Γ \DΣ,[:]. Thus we can give an alternative construction of the above
canonical maps between cohomologies (Corollary 3.4). (Probably Γ \DΣ,[:] → Γ \DΣ is in
fact a homotopy equivalence. For this, it is enough to see that Γ \DΣ,[:] is triangulizable,
which is plausible, though we don’t try to show it.)

Further, even not necessarily in the situation of Shimura data, we have

Γ \DΣ
same cohomologies
←−−−−−−−−−− Γ \DΣ,[val] −−−→ Γ \Dred

BS ,

where the first map induces the isomorphisms of cohomologies including H1 with non-
abelian coefficients, and we still have the above canonical maps between cohomologies.

The organization of this paper is as follows. Section 1 is a preparation. In Section 2,
we prove the basic result that the fibers of the natural projection from the ratio space
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are weakly contractible. Based on this result, the complement for Goresky–Tai alluded
in the above is an easy consequence of the existence of our fundamental diagram, which
is explained in Section 3. Section 4 is a valuative version of the results in Section 2.
Section 5 is a generalization of the results in Section 3 to the case where (G, h0) does not
necessarily come from Shimura data.

K. Kato was partially supported by NFS grants DMS 1303421, DMS 1601861, and
DMS 2001182. C. Nakayama was partially supported by JSPS Grants-in-Aid for Scientific
Research (B) 23340008, (C) 16K05093, and (C) 21K03199. S. Usui was partially supported
by JSPS Grants-in-Aid for Scientific Research (B) 23340008 and (C) 17K05200.

1 Preliminaries

In this section, we gather terminology and some well-known facts used in the following
sections.

1.1. In this paper, we say that a continuous map f : X → Y of topological spaces
induces the isomorphisms of cohomologies if for any locally constant sheaf F of sets (resp.
groups, resp. abelian groups) on Y , the induced map Hm(Y, F ) → Hm(X, f−1F ) is an
isomorphism form = 0 (resp.m = 0, 1, resp.m ∈ Z). Note that we include the nonabelian
coefficients here, which is essential in the following.

1.2. A topological space is said to be cohomologically contractible if the map to a point
induces the isomorphisms of cohomologies in the above sense, i.e., its cohomology groups
with abelian and nonabelian coefficients are all trivial.

A topological space is said to be weakly contractible if the map to a point is a weak
homotopy equivalence, i.e., its πn (n ≥ 0) are all trivial.

A topological space is said to be locally contractible if each point has a fundamental
system of contractible open neighborhoods.

A continuous map f : X → Y of topological spaces is said to be proper if it is
universally closed and separated.

A topological space is said to be compact if the map to a point is proper. Hence a
compact space is Hausdorff.

1.3. By the Hurewicz theorem, a continuous map f of locally contractible spaces induces
the isomorphisms of cohomologies if and only if it is a weak homotopy equivalence (cf.
[12] Chapter II, Section 3, Proposition 4).

In particular, a locally contractible space is cohomologically contractible if and only
if it is weakly contractible.

1.4. A proper map f : X → Y induces the isomorphisms of cohomologies if each fiber is co-
homologically contractible. In fact, let F be as in 1.1. By the proper base change theorem
([10] Theorem A2.1), Rqf∗G, where G = f−1F coincides with F if q = 0 and vanishes if
otherwise. Hence f induces the isomorphisms of cohomologies by Leray spectral sequences
and the exact sequence of pointed sets H1(Y, f∗G) → H1(X,G) → H0(Y,R1f∗G), where
the first map is injective.

3



Toroidal compactifications and Borel–Serre compactifications

1.5. Let G be a linear algebraic group over Q and let Γ be a subgroup of G(Q). Then Γ is
called an arithmetic subgroup of G(Q) if there are n ≥ 1 and an injective homomorphism
ρ : G→ GL(n) such that Γ is a subgroup of {g ∈ G(Q) | ρ(g) ∈ GL(n,Z)} of finite index.
As in [9], we call Γ a semi-arithmetic subgroup of G(Q) if there are n ≥ 1 and an injective
homomorphism ρ : G→ GL(n) such that ρ(Γ) ⊂ GL(n,Z).

2 Weak contractibility

In this section, we prove that the projection from the space of ratios is a weak homotopy
equivalence.

2.1. Let S be a locally ringed space over E = R or C with an fs log structure MS

satisfying the following conditions (i) and (ii).
(i) For every s ∈ S, the natural homomorphism E → OS,s/ms is an isomorphism,

where ms is the maximal ideal of OS,s.
(ii) For every open set U of S and for every f ∈ OS(U), the map U → E ; s 7→ f(s)

is continuous. Here f(s) is the image of f in OS,s/ms = E.
Then we have a topological space S[:] over S, called the space of ratios. See [8] 4.2 and

[9] 4.3.

In this section we will prove the following theorem, which is the basic result in this
paper.

Theorem 2.2. Let S be as above. Then the following hold:
(1) All fibers of S[:] → S are weakly contractible and locally contractible.
(2) The map S[:] → S induces the isomorphisms of cohomologies (1.1).

Since S[:] → S is proper, by 1.3 and 1.4, (2) is reduced to (1).
(1) follows from the following theorem whose proof occupies the rest of this section.

Note that the fiber of S[:] → S on s ∈ S is identified with the space of ratios R(S) of the
sharp fs monoid S = (MS/O

×
S )s, which is defined in [8] 4.1.

Theorem 2.3. For a sharp fs monoid S, the space of ratios R(S) is weakly contractible
and locally contractible.

2.4. Let Φ = {S(i) | 0 ≤ i ≤ n}, where S(i) are faces of S such that S = S(0) ) S(1) )

· · · ) S(n) = {1}. Then by [8] Corollary 4.2.17, the Φ-part R(S)(Φ) of R(S), which is an
open set of R(S), has the following description as a topological space. For 0 ≤ i ≤ n− 1,
take ai ∈ S

(i) such that ai /∈ S
(i+1). Then R(S)(Φ) is homeomorphic to the subspace of∏n−1

i=0 Hom (S(i),Radd
≥0 ) consisting of all elements N = (Ni)0≤i≤n−1 satisfying the following

conditions (i), (ii), and (iii).
(i) Ni(ai) = 1 for 0 ≤ i ≤ n− 1.
(ii) For 0 ≤ i ≤ n − 1, the kernel of Ni coincides with S(j) for some j such that

i < j ≤ n.
(iii) If 0 ≤ i < j ≤ n− 1, the restriction of Ni to S

(j) coincides with Ni(aj)Nj.
We will identify R(S)(Φ) with the set of these N .

4



Toroidal compactifications and Borel–Serre compactifications

2.5. Let R(S)(Φ)>0 be the subset of R(S)(Φ) consisting of all (Ni)0≤i≤n−1 such that
Ker(Ni) = 0 for all i (this is equivalent to Ker(N0) = 0).

Let H be the set of all homomorphisms h : S → Radd
≥0 such that Ker(h) = 0. We have

a surjection

π : H → R(S)(Φ)>0

given by h 7→ N , where Ni is the restriction of h(ai)
−1h to S(i). For h ∈ H , we have

h = h(a0)π(h)0. Hence π induces a homeomorphism {h ∈ H | h(a0) = 1} → R(S)(Φ)>0,
whose inverse map is given by N 7→ N0.

2.6. For 0 ≤ i ≤ n−1, fix a homomorphism pi : S → S
(i)
Q≥0

whose restriction to S(i) is the

inclusion map S(i) → S
(i)
Q≥0

. The existence of such pi is seen by the next lemma, which is

probably well-known.

For an N ∈ R(S)(Φ) and a real number t > 0, define

θt(N) :=

n−1∑

i=0

tiNi ◦ pi ∈ H.

Lemma 2.7. Let S be a sharp fs monoid and let S ′ be a face of S. Then there is a
homomorphism S → S ′

Q≥0
whose restriction to S ′ is the inclusion map S ′ → S ′

Q≥0
.

Proof. By the induction on dimS ′, we may assume that dimS ′ = dimS − 1. Take a
direct decomposition SQ = S ′

Q⊕Q with the first and the second projection being p and l
respectively such that l(S) ⊂ Q≥0. Let a ∈ S

′ and consider the homomorphism pa : S →
S ′
Q ; x 7→ p(x) + l(x)a (the semi-group law is written additively here). Then pa(x) = x

for x ∈ S ′. Hence it is sufficient to prove that there is an a such that pa(S) ⊂ S
′
Q≥0

.

Let x1, . . . , xn be a set of generators of S. If xj ∈ S
′, pa(xj) = xj ∈ S

′. If xj /∈ S ′,
l(xj) > 0 so that if a is an inner point of S ′, l(xj)a is an inner point of S ′

Q≥0
. Replacing

a by ca for c≫ 0, we have pa(xj) = p(xj) + l(xj)a ∈ S
′
Q≥0

for all j.

Lemma 2.8. R(S)(Φ) is contractible.

Proof. Fix an L ∈ H . Consider the continuous map

f : R(S)(Φ)× (0, 1]→ R(S)(Φ) ; f(N, t) = π(tnL+ (1− t)θt(N)).

Then f(N, 1) = π(L). It is sufficient to prove that f extends to a continuous map
f : R(S)(Φ)× [0, 1]→ R(S)(Φ) such that f(N, 0) = N . Assume M ∈ R(S)(Φ) converges
to N ∈ R(S)(Φ) and t ∈ (0, 1) converges to 0. We prove that f(M, t) converges to N .
Let 0 ≤ i ≤ n − 1. Then the restriction of tnL + (1 − t)θt(M) to S(i) coincides with
ti(b(t)Mi+E(t)), where b(t) = (1− t)

∑i
k=0 t

k−iMk(ai) ≥ (1− t)Mi(ai) = 1− t and E(t) is
the restriction of tn−iL+(1−t)

∑n−1
k=i+1 t

k−iMk ◦pk to S
(i). Hence π(tnL+(1−t)θt(M))i =

(Mi+ b(t)−1E(t))(1+ b(t)−1E(t)(ai))
−1. This converges to Ni since b(t) ≥ 1− t and since

Mi and E(t) converge to Ni and 0, respectively.
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2.9. We prove that R(S) is weakly and locally contractible. First, by [9] Proposition
4.2.19, R(S) is a topological manifold with boundaries. In particular, it is locally con-
tractible. Next, R(S) has an open covering by {R(S)(Φ)}Φ, and for any Φ1 and Φ2, we
have R(S)(Φ1)∩R(S)(Φ2) = R(S)(Φ1 ∩Φ2). Together with this, Lemma 2.8 implies that
R(S) is cohomologically contractible. Hence, by 1.3, R(S) is weakly contractible.

Remark 2.10. It is plausible that R(S) is in fact contractible and even is a homeomor-
phic to a closed ball. At least, R(S) is a compact Hausdorff topological manifold with
boundaries whose interior is homeomorphic to an open ball. But the authors do not know
if this implies that R(S) is homeomorphic to a closed ball.

3 On the work of Goresky and Tai

3.1. Let G be a reductive algebraic group over Q. Let h0 : SC/R → GR be a homomor-
phism as in [9] 1.2.13. Assume that h0 is R-polarizable ([9] 1.5.2). Let D = D(G, h0) be
the period domain associated to (G, h0). Let Σ be a weak fan in Lie(G′) ([9] 4.1.7), where
G′ denotes the commutator group of G. Let Γ be a neat semi-arithmetic subgroup (1.5)
of G′(Q). Assume that Σ and Γ are strongly compatible.

Below, the Shimura data case ([1] 1.5) means the case where the Hodge type of Lie(GR)
via h0 is in {(1,−1), (0, 0), (−1, 1)} (as in Shimura data).

Theorem 3.2. Let the notation and the assumptions be as above. Then the following
hold:

(1) All fibers of Γ \DΣ,[:] → Γ \DΣ are weakly contractible and locally contractible.
(2) The map Γ \DΣ,[:] → Γ \DΣ induces the isomorphisms of cohomologies (1.1).
(3) In the Shimura data case (3.1), Γ \DΣ,[:] → Γ \DΣ is also a weak homotopy equiv-

alence.

Proof. (1) is by Theorem 2.2 (1). (2) follows from (1) by 1.3 and 1.4. Then, by 1.3, to see
(3), it is enough to show that, in the Shimura data case, Γ \DΣ,[:] is locally triangulizable
so that locally contractible. Take a local chart of the fs log complex analytic space Γ \DΣ.
Then, by [8] Proposition 4.2.14, Γ \DΣ,[:] is locally a fiber product of two analytic maps
over a real manifold with singular corners. Hence it is locally a semianalytic subset of an
Euclidean space so that locally triangulizable by a theorem of Hironaka.

3.3. As is explained in Introduction, this Theorem 3.2 gives a new interpretation to
the main result of the work of Goresky and Tai on the relation between the toroidal
compactification and the reductive Borel–Serre compactification, which we will explain.

Let the reductive Borel–Serre space Dred
BS be the quotient of DBS by the following

equivalence relation. For p1 = (P1, Z1), p2 = (P2, Z2) ∈ DBS, p1 ∼ p2 if and only if
P1 = P2 and P1,uZ1 = P2,uZ2, where Pi,u denotes the unipotent radical of the parabolic
subgroup Pi (i = 1, 2).

In the case where D is a Griffiths domain [3], this Dred
BS is denoted by D♭

BS in [10]
Section 9. If Γ is semi-arithmetic (resp. arithmetic), then Γ \Dred

BS is Hausdorff (resp.
compact). The proof is similar to that in [10] Section 9.2.
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In the Shimura data case, for an arithmetic Γ, Γ \Dred
BS is the well-known reductive

Borel–Serre compactification of the symmetric domain Γ \D studied in [13].
Now assume that we are in the Shimura data case. Then we have the natural morphism

DSL(2) → DBS in the fundamental diagram ([9] Theorem 3.8.2) and hence the CKS map

D♯
Σ,[:] → DSL(2) induces a continuous map D♯

Σ,[:] → DBS, which induces a continuous map

Γ \DΣ,[:] → Γ \Dred
BS .

On the other hand, the map Γ \DΣ,[:] → Γ \DΣ is a weak homotopy equivalence
(Theorem 3.2 (3)). Thus the formation of these maps are regarded as a variant of the
construction by Goresky and Tai.

Corollary 3.4. Let A be a set (resp. a group, resp. an abelian group). Then, in the
Shimura data case (3.1), there is a canonical map

Hm(Γ \Dred
BS , A)→ Hm(Γ \DΣ, A)

for m = 0 (resp. m = 0, 1, resp. m ∈ Z).

4 Valuative version

In this section, we consider the valuative version of the results in Section 2.

Theorem 4.1. Let S be either an object of B′
R(log) ([6] 3.1, [8] 1.3, [9] 3.4.1) or an fs

log topological space whose structural sheaf of rings is the sheaf of all continuous R-valued
functions. Let Sval (resp. S[val]) be the topological space defined as in [8] 3.1.2 and [9] 4.4
(resp. [8] 4.3 and [9] 4.7). Then the following hold:

(1) All fibers of Sval → S and all fibers of S[val] → S are cohomologically contractible.
(2) The map Sval → S and the map S[val] → S induce the isomorphisms of cohomologies

(1.1).

Proof. Since Sval → S and S[val] → S are proper, (2) is reduced to (1) by 1.4. Because
S[val] → S is the composition S[val] → S[:] → S and S[val] = (S[:])val for the new log
structure of S[:], the S[val] case is reduced to the Sval case by Theorem 2.2 and the proper
base change theorem.

Thus it suffices to show the Sval case of (1). It is sufficient to prove that for f, g ∈ S,
the log blowing-up B of S by (f, g) is contractible, where S is a sharp fs monoid and
S is a point with the ring R and the log structure defined by the local homomorphism
S → R≥0 (cf. [4] p.311). If either f/g ∈ S or g/f ∈ S, B = S and hence B is contractible.
Otherwise, B is homeomorphic to the interval [0,∞] and hence B is contractible.

Remark 4.2. The Sval part of (1) gives an alternative proof of Theorem 2.2 without
constructing homotopies, which we sketch here. It is enough to show that Sval → S[:]

induces the isomorphisms of cohomologies, where S is as in the last paragraph in the
proof of the theorem. By 1.4, it is enough to show that any fiber X of the last map is
cohomologically contractible. This X is the closure of a stratum Y of Sval. For each log
modification S ′ of S, the closure of the image of Y in S ′ is homeomorphic to a closed ball,
and X is the inverse limit of these closures. Hence X is cohomologically contractible.
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The above proof of Theorem 4.1 shows the following.

Theorem 4.3. For an S as in Theorem 4.1, for every log modification of S, all fibers are
cohomologically contractible.

Remark 4.4. The fibers in Theorem 4.3 are in fact contractible because they are trian-
gulizable by the theory of toric varieties. See [11]. One can ask if it is homeomorphic to
a closed ball.

5 Relation to extended period domains

We can generalize 3.3 to the non-classical (without Shimura data) situation, where we
may not have DSL(2) → DBS. Here we only assume that G is reductive.

5.1. By Theorem 4.1 (1), all fibers of

Γ \DΣ,[val] → Γ \DΣ,[:] → Γ \DΣ

are cohomologically contractible. Hence, by 1.4, this map induces the isomorphisms of
cohomologies (1.1).

5.2. On the other hand, we have continuous maps

Γ \DΣ,[val] → Γ \Dred
BS

induced by the continuous map

D♯
Σ,[val] → DSL(2),val → DBS,val → DBS → Dred

BS

in the fundamental diagram.

Corollary 5.3. Let A be a set (resp. a group, resp. an abelian group). Then, there is a
canonical map

Hm(Γ \Dred
BS , A)→ Hm(Γ \DΣ, A)

for m = 0 (resp. m = 0, 1, resp. m ∈ Z).
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