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PREFACE

Man exchanges mutually his own ideas by language. Thus,
human beings have accumulated their experiences and have built up
a variety of sciences and techniques.

In the deve1opment of our understanding of complex problems,
the most powerful tool .available to the human intellect is abstraction.
When we have developed an abstract concept to cover the set of objects
or situations in question, we will usually introduce a word or a
picture to symbolize the abstract concept; and any particular spoken
or written words and pictures may be used to represent a particular
or a general instance of the corresponding situations. The last
stage in the process of abstraction is very much more sophisticated;
it is the attempt to symbolize the most general facts about objects and
situations covered under an abstraction by brief but powerful axioms,
and to prove rigorously that the results obtained by manipulating
symbols can also successfuly be applied to the real world.

In another point of view, there exist a lot of problems that
are easily solved through an interaction among some people. In fact,
a well-known quotation "Two heads are better than one", suggests that
such an interaction between two persons could induce more illuminating
ideas.

In this thesis, standing upon the preceeding two viewpoints,

formal models for the utilization of computers are discussed.
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Therefore, this thesis is divided into two parts.

In Part I, the notion of a web grammar is generalized and
discussed. This notion provides a general formalism for modeling
a wide variety of data structures; in particular, relational structures
such as those that arise in many problems.

In Part II, a formal definition of an interaction among some
formal grammars is giQen, where the grammars can be considered as the
formal models of various systems (for example, men, computers and

their combinations, etc.).

February, 1975

Yoshinori Ezawa
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Part I

WEB LANGUAGES AND WEB AUTOMATA



CHAPTER 1
INTRODUCTION

Mankind can not live without any information. Everyone
gathers all sorts of information, and decides his own purpose by
analyzing and synthesizing them. With the progress of civilization,
the amount of information to process would become too large. Therefore,
it would be necessary for correct comprehension of various information
to develop the effective methods of classification, extraction and
storage of information.

Although the early electronic computers were designed simply
as fast numerical calculators, it was soon recognized that they
possessed a more general capability for processing many other types of
suitably coded symbols, and the present computers are used for
library cataloguing, reservation systems, literary analysis, pattern
recognition and other tasks far removed from mathematics.

An important feature of many of such applications is that
the items of information are inter-related in a complex way. .. For
example, the main issue in scene analysis is to find a structural
description by the picture primitives, and to compare it with all
available data. In the computer programs, a well-constructed
structure between the main program and several subroutine programs
facilitates the proof of their correctness. In the case of natural

language processing the thesauri play an important role.



The term data-structures may be used to cover the analysis of‘natural
structures, the definition of suitable storage structures, and the
execution of operations on those storage structures. In fact,
since the amount of data is particularly large for every field of
artificial intelligence, flexibility and inference capability in all
storage structures are prerequisites for obtaining reasonable
performances. It is interesting and essential to search for such
a formal model.

In 1969 Pfaltz and Rosenfeld [1.23] introduced the notion
of a web grammar, whose productions replace subwebs by subwebs. This
notion provides a general formalism for modeling a wide variety of
data structures, in particular, relational structures such as those
that arise in artificial intelligence problems. Although research
in this area is still somewhat tentative, it looks promising Papers
have been published on aspects of web grammars for various classes of
graphs (Montanari [1.19], Rosenfeld and Strong [1.26], Pfaltz [1.22]),
‘Chomsky hierarchies' for such grammars (Pavlidis [1.21], Abe, et al.
[1.2-1.5], Ezawa et al. [1.10]), web (graph) acceptors (Shank [1.31],
Milgram [1.18], Rosenfeld and Milgram [1.27], Ezawa et al. [1.8-1.9],
Mylopoulos [1.207 ), pattern analysis (Underwood and Kanal[1.37]), and
data structure manipulation by web grammars (Torii et al. [1.35],
Yamamoto et al. [1.38]).

Part I of this thesis treats several problems concerning with

web grammars and web automata.



In Chapter 2 the generalized webs that are labelled both on
their nodes and on their arcs are defined. Based on these webs,
web grammars are redefined. In most papers the web rewriting rules
have negative or positive contextual-conditions which are predicates.
It is very difficult, however, to evaluate the predicates mechanically,
because these conditions allow any type of controls depending on the
types of predicates. Instead of these contextual-conditions, the
well-known concept of programming method for the formal grammars
(see [1.28]) is also introduced. Using this programming method,
any normal monotone context-sensitive web grammar is shown to have a
standard form. The concept of a standard form of a web grammar is
developed independently by Milgram [1.18] for general embedding web
grammars. Moreover, parallel web grammars and their languages are
also discussed.

Chapter 3 treats the problems of a web automaton which can
be formulated as a model of structural data-matching. It is shown
that a set of webs is accepted by a web automaton if and only if it is
generated by a normal monotone context-sensitive web grammar. Some
well-known graphic operations are also extended on webs and theijr

closure properties are investigated.



CHAPTER 2
WEB GRAMMARS

2.1 Introduction

The subject of web grammars has received considerable attention
recently because of data processing and data matching. One basic
difference between web and string grammar is the way in which elements
can be juxtaposed in webs while there are only two for strings (right
and left). Therefore, the definition of such relations is crucial
in the description of web grammars and different modelis may result for
different grammars that are simple enough to allow one to prove results
about them and,at the same time, general enough to encompass models
of earlier investigators.

One generalization about web grammars included in this model
is to allow symbols which are not simply on nodes but on arcs.

In this chapter, the generalized webs which have symbols
on all of their nodes and arcs are defined. Based on the cdncept of
these extended webs, the web grammars are redefined and discussed. For
any normal monotone context-sensitive web grammar, the standard form
is established. Moreover, a concept of the parallel web grammar is

introduced and its family of languages is discussed.

2.2 Web Grammars

In this thesis, a web grammar generates a set of directed



graphs having symbols on all of their nodes and arcs.

Definition 2.1. A web W over a finite set of symbols V
(= v,u Vf) is denoted by a triplet ( N, Fw’ Aw), where V. is a set of
node symbols and Vé is a set of arc symbols.

(1) Nw is a finite set of nodes, where integers are
used to distinguish some of them.

(2) Fw js a node labelling function form’Nw into Vf.

(3) A, is an arc labelling function from N X N into 2'a,

Vv ‘
Specifically, when 2 @ has two elements,. this definition coinsides with

that of previous papers [1.23, 1.19, 1.5].
x
A set of all webs on V (=VaU Vf) is denoted as (VaU Vf) .

Definition 2.2. A web grammar is a triplet ( V, I, R ),

where:

(1) vV is a finite set of Symbo]s such that
V = VaU Vf, Va = VaNU VaT and Vf = VfN U VfT‘
*
(2) T is a set of initial webs, I C (V_ U vf) .

(3) R is a finite set of rewriting rules. Every rewriting

rule has a form <a, B, E>. Both a and B are webs and E is a set of



predicates called the embedding method of the rewriting rule. The
predicates of E specify the embedding of B in the host web W-a as

follows. An image function from Na into the subsets of N is

g1
defined as

f: N —s

N
2 Bl
a

CN,.

where NB1 8

The predicates of E specify whether or not each node of W-a
is connected to any node of B by the image function, that is,

< 1> for any Py in N81 and P3 in Nw_a there exists Py in
f'](p]) c N, such that

Ay(Pos p3) © Ayi(pys P3)s

< ii >for any Py in N, - N81 and P3 in No_

B

- _nl
Awl(p4s p3) - Awl(p3’ p4) - Os

where W is a web to be rewritten and W' is a rewritten web.

In an ordinary graph, 0 denotes that there exists no relation
between the corresponding two verticies.



Definition 2.3. Given a web W = (Nw, Fw’ Aw), the web S =
(NS, Fs’ As) is said to be a subweb of W if:

(1) NS is a subset of Nw’

(2) F(p) = F (p), for any p in N,

(3) A (pys Py) = A (pys Py)s for any py and p, in N_.

Definition 2.4. Two webs N] = (Nwl’ Fw]’ Awl) and w2 =

(N s F o, ) are isomorphic if:

w2’ Tw2® w2 1Somorphic
(1) there exists a one to one mapping g from N, onto N o,
(2) for any node p in NW]’ Fw](p) = sz(g(p)),
(3) for any nodes py and p, in N1

A (Pys Po) = A(a(py)s glpy)).

Definition 2.5. A rewriting rule <a, B, E>is applicable

to a web W whenever there exists a subweb of W which is isomorphic to

the web a. When the result of the application of the rewriting rule
to the web W is a web W', we use the notation as W = W'.
G
Definition 2.6. In each rewriting rule <a, B, E> if for

each node p of Na there exists exactly one image node f(p) in NB

and if f is a one to one mapping, then the grammar is said to be

normal.



Definition 2.7. The web. language L(G) characterized by a

web grammar G consists of those webs over (vaT’ VfT) that can be
generated from the initial web by applying the rewriting rules.

Formally,
k3 *
L(G) = {W | We (Vs Ver) s Wy €T Wy m W

* . e e
where derivation chain = follow the same conventional definition

G
as in the one-dimensional phrase-structure grammars [1.14].

Definition 2.8 A programmed web grammar G = (V, I, R, J)

(p-wg) is a quadruplet, and has a set of production labels J. The

production is written in the following format:

(3) < &g Bj, Ej?> S(Tj) F(Uj); Tj’ Uj cJ.

In applying this production to an intermediate web W, W is

scanned to see if the rewriting rule <aj, Bj’ Ej > 1is applicable.

If so, the one occurrence of aj in W is erased and Bj is embedded

according to Ej’ and then the next production to be applied to the

ensuing web is selected from the success field Tj. If <aj, Bj’ Ej>

is not applicable, then no change is made, and the next production is

selected from the failure field Uj.
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Especially if for every production the failure field Uj is

empty, then the grammar is said to be a p-web grammar.

Definition 2.9. A web grammar is said to be a monotone

context-sensitive web grammar (nmcswg), if for any rewriting rule

<o, B, E>, the following two conditions are satisfied.
(a) For any node p of Ny f(p) # ¢.
(b) For any node gq of NB1’ there exists a unique node

f-](q) in N,

Definition 2.10. The order of a web grammar is n, if the
number of nodes of webs in any rewriting rules and that of initial

webs are less than or equal to n.

Example 2.1. Fig. 2.1 shows an example of normal monotone

context-sensitive web grammar which generates a set of all complete

).2

graphs Kn(n =1, 2,... For instance, the complete graphs K

3,
K4 and K5 are generated by this web grammar with the control words
345-13, 344568-12-13 and 344456789-11-68-12+13 respectively. In

general, Kn (n:; 5) is generated with a control word as follows:

2This web grammar is a counter example to Abe's Lemma 18 and
Theorem 19 in [1.2] which say that no nmcswg can generate a set of all
complete graphs.
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VN = {S, Sls As Als Az; A39A B5 #, $n $‘}!

vy = {a}
(1) s => ea (2) .S —_ e
# Sy A S,

(3) S - [ Y (4) .Sl b

# $ # $!

(5) * 5, P o § (G)V — V
A | A,

1 # A2 # A1 a A3

(7)v => (S)V —_

A A, A B

B $ B $ B A B A

VSV VARV
A, (i A, A

8 A # A B §! # §

AVEAVAL VR v
As A As A

Figure 2.1 This nmcswg generates a set of all complete graphs {Kn}.
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n-2

1 . .
34™25 11 (67'89-107"1.11)68-12.13 ,
=n_

i=n-4

where TT denotes concatenation.

2.3 Standard Forms of Normal Monotone Context-Sensitive Web Grammars
In this section, it is shown that for any normal monotone

context-sensitive web grammar (nmcswg) there exists a standard form.

This standard form will be quite useful.for constructing an automaton

which can recognize a web language generated by an nmcswg.

Lemma 2.1. Given an nmcswg G, there exists a S-nmcswg GBZ
of order 2 which is equivalent to G.3
Proof. We assume that the initial web of G is a one-point

web with no loss of generality (see[1.5]).
Since any embedding E is specified by the image function,

hereafter we use the notation [n], n2""] instead of f(n]) = m],

m],m

f(n2) = Mysens for E. 2%

Moreover, any web W = (Nw, Fw’ Aw) such that

N, = (1. 21, F (1) = Ay, F(2) = A

W 2°

3 The two web grammars G] and 62 are equivalent if and only
if L(G]) = L(GZ)’
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Aw(], 1) = aps Aw(l, 2) = 2,5 Aw(2, 1) = a3, Aw(2, 2) = 3

is abbreviated as follows:

Now, we shall shown the proof which is constructed by two
steps. Let a rewriting rule < Qs s Bi’ Ei> be the i-th element of
R of an arbitrary nmcswg G. We shall construct a set of order 2
p-productions which is equivalent to the i-th rewriting rule.

(1) We examine whethere the web o is isomorphic to a
certain subweb of W which will be rewritten.

<1.1> First, check up the node 1labelling function Fa with

i
a following set of p-productions.

) "1O1A1 = O:I [] sty F,

. A Bn\ 1 )
TRNG AENG WLy
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Here, {A], A2, cee Am} is a set of node symbols of o and
m is the number of \ nodes :s of Qe The set {B;, Bi, cee s B:‘}

is a set of non-terminal symbols newly added to VfN‘ a3 (1<j<m

is an element of 2Va

<1.2> Next, check up the arc labelling function Aa-
i
sequentially via an arc, that is from a node p of Na to any node
i
q in N_.
%5

, Z, ) S(i,.,) F(@),
. .
O, S o
a m 1 0
(hm) 7 4 " 5 = 4 2 3 [; ‘
Z) 3 z, (i) FU),
i i
. ‘ Y § B —0~J) 12
(|2mo| 21 2 23 = 21 % 3 [3 4]
1T, T, 5(,y.) F(#)
i 5
, B 1
(2, o) @1m =0 2m 2



Here, {a]1, Ao +eos amm} is a set of arc symbols of as s and

Zy5 2, and z4 are any arc symbols of the host web W. Therefore,

these m2+m 6-productions enable one to examine if the web W contains a
subweb isomorphic to a; or not.

(2) Now, the set of productions generating a web Bi is
given.

<2.1> By the assumption, |N“il é:|NBi| and G is normal.
Therefore the image of any node of Na must exist in NB . The

i i
new nodes to be added are generated by the following productions:

B _—o-G
WO - D

(i) FO),

i i
B 0 B
. B1 1 1
Ui 01 d Oi<o X [z]

SCim ) FIP)

Here, [N, [ =m+ k = h, m, = me +mand m, = m, + k. According
B; 1 2 1

to these productions, the node set NB - NB 1 is generated.
i i
<2.2> Successively AB is generated in order by the
. i
following h2 p-productions in the similar way as in step <1.2>.

15
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B 3 |
. 1 .
('mzq ) 01 = b11/‘)21 [2] S('rq;z) F(a),
i i i i
. B‘ 0 Bz'\ B‘l b12 BIZ‘\ 12
g2 "D()kﬁ = ZD< >(\/Z3 [3 2]
. 2 2

. S(imz,a)F(ﬂ),

i i |
(i"'zor? ) Qah => b@?h {]2] S( E» F(g)

Here, {b”, b]2, e s bhh} is a set of arc symbols of the web Bi’

and z], 22 and 23 are the elements of 2Va.

<2.3> Finally, by the following h B—productions, F

- By

is

constructed in the same manner as in step <1.1>.

i |
B D1 1 . F
o R > LY 1Y sty O,

*
L
®

! D
B h i T
(img ) @1 h = ZDZ [ 2] sdih  F@).

- 2 .
Here, ms = m, + h™ and {D1, 02’ cens Dh} is a set of node

symbols of NB . The success field of the last production, { j] },
i
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denotes a set of production labels, all having subscript 1. By
assumption, the image function f is a one to one mapping from Nui onto
N611' The 1image specification in Bi is realized by the co?trol
of node symbols since every node of o is specified with B} (1:§ J
< m) after the step <1.1>.
Finally, the rewriting rule < a5 Bi’ Ei > is simulated at
most by the |Na1_|2 + 1N81| + ZINBi’ order-2 p-productions. If a

ﬁ-programmaed web grammar GBZ has this set of B-productions, then it

is a p-nmcswg such that L(Gﬁz) = L(G). Q. E. D.

From the proof of the previous lemma, it is reasonable to
assume that any production of an arbitrary p-nmcswg G with the order

2 has one of the following forms:

<I>

() x()f‘ =y Y [} st F,

41 . y
A 2 <A B2 5 1 2
o K -0 L
1~ 2 y, 4
3 3

S(Tj) F(g),

B yé B
1 2 1
IS @b ol
2 Y3

S(T;) F(g).



Definition 2.11. For any nmcswg G, an nmcswg 62 which is

equivalent to G and of order two is said to be a standard form of G.

Theorem 2.2. For every nmcswg G, there exists a standard
form.

Proof. Given an arbitrary nmcswg G = (V, I, R), according
to Lemma 1, there exists an equivalent p-nmcswg Gﬁz = (Vﬁ’ Iﬁ’ Rﬁ’ J)
of order two. Therefore, it is sufficient to show that for any
Gﬁz there exists a standard form.

First, a set of productions with markers are constructed by
repeating the procedures (a) and (b) below. Next, the control of
the order of applying the productions is established according to the
subscripts of markers appearing in the procedure |1 and 2

Thus, an nmcswg 62 of order two equivalent to the p-nmcswg Gﬁz is

obtained.

(a) Consider the case that, for a core rewriting rule
<ag, B;s E,> of the production in a set of productions of GSZ (P]),

there exists one node having a symbol S which is a node symbol of

the initial web. If the image node of this vertex has a symbol v,

then a p-production of Pm(i) whose core (i.e. < a%, B%, E;>) is the
same as < a, Bi’ Ei:> except for the symbols Mg and m, used instead

of S and v, respectively, has the same production label, the same

18

success field and faiiure field as well. At this step, for instance,

if the number of node with symbol are S is k, then Pm(l) has k
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elements.

(b) Consider the case k > 1; (i) FB(NB) of a certain
production of Pm(k) contains a marker symbol m,s (i1) there exists a
node whose label is v in oy of the production (j) < Gy Bj’ Ej> ;
(iii) the image of that node has a symbol u in Bj- If the preceding
three conditions are all satisfied, then a p-production of P+(k), whose
core is the same as <'aj, Bj’ Ej> except for replacing the symbols u
and v with markers m, and mv,respectively, has the same production label
and the same success fields. Therefore, let Pm(k+1) = Pm(k) U P+(k).
To apply the procedures (a) and (b) repeatedly for any i 2 1,it is

clear that
P™(i) € PM(n), where n = |V6|°

Let a B—web grammar Gﬁm have a set of productions pM =

Pm(n) u?e Then any production of P™ is one of the preceding forms

1°
(I), (II) and (III).

Now, we construct the rewriting rules R2:
2 = € R
®© Q Oz () A

Here, i denotes the label of the production whose left-hand side, a, is

equal to { S } in Py
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@ Consider the case that F_ (N, ) contains a marker m, ,
By B; J,A]

(A] € Vf) for any k > 1.

<2.1> When Fa (Na ) of production (j) in P™ contains a

i i
marker mA]:
(i) If the form of (j) is (I), then the rewriting rule

m. m 1
xa I y A t.B [2] 5 te]i,

is contained in R2(k+1). But if TJ. is empty, then the rule
O = O ol
1 2 21,

is contained in R2(k+]).

(ii) If the form of (j) is (II), then

X
m.'A1/ A mt'|31/y2
"OQ 5 = %:)Q y) [} 2
1 X 3 y 4 4 3 4
3 3

€ Rz(k"‘1) [y

Here, TJ.(Q t) is a success field of (j). But if TJ. is empty, then



m. X
A‘ 2 AZ Bl y2 B
O XD = AN
4 4 1 /AN I
X Y~ b
3 3

€ Rékﬂ).
(iii) If the form of (j) is (III), then
XO1 . > Nk £
% & Ry(k+1) .

But if Tj is empty, then
1 1 4 2
2 y 3

<2.2>  When F, (Na ) of production (j) in P™ does not
|
contain a marker My

(i) If the form of (j) is (I), then

m. 2z
pv 2 A] - mt’v 22 B] )
SEP S P O}
2 23 :

€ Ry(ks1) ,
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where v in Ve, t in TJ. and z,, z,, z, in oVa oyt if T is empty, then

3

X - o

€ Rz(k’j) .

(i) If the form of (j) is (II), then

3(>Gz=>a(>€f

€ Rz(kn)
O( >u =>Q< 2N L

c-Rz(k+1),
i>< P e =>©( p'els

¢ R (k1).

. AV . . -
Here, Zys 2y, ...5 Zg in 2 aand t in TJ.. But if TJ. ¢ , then the



third rule above is replaced by the following rewriting rule:

\44 4

e Rz(k"I)o

(iii) If the form of (j) is (III), then

S @b cElsep o)1

3 Fyékol)
< 3( R
€ Rylke1),
K- X
“7 | € Ry(ks1),

But if Tj is empty, then the third of these is replaced by the

following rewriting rule:

23
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4 Zy, =
g N 8 {js< >:.G8 il
7 2y
GRz(k’l)o

Now, applying the procedures (:) and (:) repeatedly it is
clear that for any i > 1, R,(K) D R,(i) with K = [V] X |J].
Thus, let G, = (V2, L, R2) be a grammar such that (1) Vo, =V U {mi,v’
m%’v, m' ., mglv | v in Ves i inJ} U {52}’ (2) I, = { -52}, (3) R2 =

i,V

RZ(K)' An nmcswg G2 thus obtained by the preceding procedures is

of the order 2 and it is obvious that L(Gz) = L(G). Q. E. D.
Lemma 2.3. The family of programmed normal monotone

context-sensitive web languages (p-nmcswf) contains the family of
non-normal monotone conext-sensitive web languages (anmcswd).

Proof. Similar to the normal case in previous Theorem 2.2,
we can show that there exists a standard form for any non-normal
monotone context-sensitive web grammar. Then we can suppose with
no loss of generality that every monotone context-sensitive web
grammar is of order 2.

Now, let us show that for any order 2 monotone context-
sensitive web grammar G there exists a programmed normal monotone
context-sensitive web grammar PG which simulates that one. The

main part of this proof is to show that the non-normal rewriting rules
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can be simulated by a set of programmed normal productions.
It is reasonable to assume that any non-normal rewriting

rule has one of the following forms:

w P = >Ej:l<):>:t¥> lezstl
(C) ij(}j)l@ => "13:1<:>j@ [{;,4;],
RS @b OLIS @ Oy ]

The cases (A), (B), (C) and (D) are discussed in a similar way, so

we will show about the case (C).

ba

Let the integer m be 2°° X n (where a is IVAI and n is |VN|).

Consider the following programmed normal productions:



Xy, (%)

2 1
= O 0 b
X3

S(C1) F(C|) s

(X, ,X3) (X5, %,)

123]
Lus6
6 Y
1 S(Cy) F(C,),
25
(X4 X3) (XZ.X4) (x1,x3) (Xps %)
1 Xy 2 4 X
Z, Zmy, zmé.lz 123
(Cpy) 2 2 2, = 2. V7, [455

(X Xg) Xy %)

X y X
z Y. 2 2 12
w D D= TR0
X y3

3
S(dl) F(g),

S(Crey) F(Conay)

26
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It is clear that the above productions just simulate the non-normal

rewriting rule (C). Q. E. D

2.4 Web Languages

Web grammars for various classes of graphs and 'Chomsky
hierarchies' for such grammars are under study by several investigators
(Pavlidis [1.21], Abe et al.[1.5], Montanari [1.19]). In this
section, the concept of a parallel web grammar is introduced. Next,
the more general embedding method for webs (labeled directed graphs)

is also proposed as the direction-sensitive embedding.

2.4.1 Parallel Web Languages

In data processing, a local operation is one which replaces
a given data element by some data whose values depend on the value of
the original element. This type of operation is analogous to a
context-free web rewriting rule. On the other hand, local data
processing operations are often applied to every element of the data
in parallel, that is, using the original value of the element.
Parallel languages for the string grammars have been investigated by
many researchers [1.34], [1.24]. Especially in case of context-
free type, L-systems are well developed field [1.17, 1.29, 1.30].

A lack of report on a parallel web grammar encouraged us to investigate

it.



28

To start with, we shall define a parallel web language.

Definition 2.12. A parallel web lanquage PL(G) is a web
language which is a set of webs derived from the initial web by
applying the rewriting rules of G in parallel: that is, when a
rewriting rule is applied to an intermediate web every occurence of the
left-hand side is replaced by the right-hand side. In this context

G is said to be a parallel web grammar.

Example 2.2. The following is an example of a parallel

normal context-free web language.
/ n a @
/\/./
a .-
PL(G,) = ¢ a< nz0 -\
a

a
GZ: VN = {Sa A}’ VT = {a}.
A
S a 3
(1) o f(1) = {2}
= 2 A ’
4
A a A
(2) . = e f(1) = {2} ,
1 2 3
A a
(3) . = (1) = {2}
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Example 2.3. The following is an example of a parallel

non-normal context-free web language.

_ 4
PL(Ga) = {sz | p>0}".

G.,: VN = {S}, VT ={a},

S S S
() o => e f(1) = {2, 3},
1 2 3
S a
(2) o« = £(1) = (2},
1 2
Theorem 2.4. A family of parallel context-free web

Tanguages does not include a family of context-free web languages,

and vice versa.

Proof Immediate from the following Lemma 2.5 and the
above Examples. Q. E. D
Definition 2.13. An n-star Sn is a graph in which there

exists a cut node v such that the graph Sn— v consists of a set of n

trees whose each node's degree is at most 2.

4 Kn denotes a complete graph which has n nodes [1.12].
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Lemma 2.5. A set of stars S6 = {S_ | nx 2} is not
a parallel web language.

Proof. Assume that a parallel web grammar G_ = (Vp, I

P p’
Rp) generates a set of stars SG. Consider the arbitrary integer
m which is greater than the number of elements of the vocabulary Vp.
Since the grammar Gp can generate the m-stars, there exists an

intermediate web which contains a node p whose degree is m. There
exist, however, at most [Vpl distinct symbols on this intermediate web.
As for all webs derived from this intermediate web in parallel by G _,

p
there exist at most |Vp| distinct trees which are obtained by removing

the cut node p from this web. This contradicts the assumption
that PL(Gp) equals {Sn | n > 2} Q. E. D
2.4.2 Direction-sensitive Web Grammars

In the original definition of a web grammar, the embeddings
are defined only 1in terms of the image functions and they are
independent of the arc direction. In this section, the direction-
sensitive embedding for web grammars are defined: direction-sensitive
embedding (abbreviated ds-embedding) can distinguish the two types of

arcs (in and out) at each node.

Definition 2.14. Let G be a web grammar (V, I, R) where

R is a set of rewriting rules and its element is formally described as
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a quadruplet (o, B, fI’ fO), where a, B are webs, and two ds-embedding

functions fI and fO indicate the node to be connected as follows:

(2) For any nodes pinW - oandq in a,

Ay(ps ) = Ay(p, fr(a)),
Ayas p) = Ay (fola), p)y

where W is a web to be rewritten and W' is the rewritten web. Then

G is termed a ds-web grammar.

It should be noticed that the string grammars are the special

cases of the above ds-grammars. Therefore, in general we can make
the following propositions:
. £ 5
Proposition 2.6. ds-1wdl 2 {regular set}:
Proposition 2.7. ds-cfwd 2CFL .

Proposition 2.8. ds-meswell 2CSL .

5 ds-1well is a family of direction-sensitive linear web
languages, the same holds for ds-cfweé and ds-mcswé, .



32

Since the ds-embedding is an extention of the original
embedding with respect to node mappings mentioned in Definition 2.2,
generally the ds-web grammars are more powerful than the original web
grammars. For example, the following ds-context-free web grammar

generates a set of all circuits.

Example 2.4.  Let G, = ({S, X} U{a}, { S}, Ry),

a
. 3
co=> f=t1) =2
a
X 4

_ X a X - -

p=g ¢ = ;————); h =2}, Hin={3} ,
X a
’ = ; fﬁ1)= %}1)={2§

According to the above discussion, we have the following

theorem immedistely.

Theorem 2.9. ds-cfwdl 2 n-cfwdl.
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2.5 Conclusions

The generalized webs having symbols on all of their nodes and
arcs are defined. An interesting example of a normal monotone context-
sensitive web grammar which generates a set of all complete graphs is
presented. The standard form of a web grammar is introduced, and
it is shown that there exists a standard form for any normal monotone
context-sensitive web grammar. Moreover, the concept of parallel
web languages is proposed and it is shown that a family of parallel
context-free web languages does not include a family of normal context-
sensitive web languages, and vice versa. It is also shown that
a family of direction-sensitive context-free web languages properly

includes a family of normal context-free web languages.
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CHAPTER 3
WEB AUTOMATA

3.1 Introduction

It is very attractive to consider machines which accept or
recognize various types of graphs. The author believes that there is
inherent merit in defining web acceptors (web automata). A web automaton
in this thesis consists of a finite set of states, a head which traverses
the web and a counter which checks up whethere the automaton's head has
accessed all the nodes and arcs of the web before it halts. Milgram has
defined a web automaton independently [1.18]. And Milgram's
machine can simulate all the general functions such as splitting (o)

merging (p) and negative checking up of the neighborhood's label (§).

The author thinks that it seems very hard for ordinary system to check-
up whethere the neighboring nodes of the subject node have specified

node labels, as for the function § in Milgram's machine.

On the contrary, the web automaton in this thesis can only
check up the labels of its subject nodes and arcs. And it is shown
that a set of webs is accepted by a web automaton if and only if it is
generated by a normal monotone context-sensitive web grammar.
Moreover, the closure properties under some graphic operations of web

languages are also discussed.
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3.2 Web Automata
In this section, the representation of webs are defined, and
it is shown that there exist automata which recognize the representation

of normal monotone context-sensitive web languages.

Definition 3.1. The representation of any web W is denoted

by an (n+1) X n matrix as follows:

b, 1,n
th1t, ton
R(W) =
. tn+],1tn+1,2"‘ tn+1,n
where
(1) n-= INNI.
(2) F is a one-to-one mapping from N, onto {t],], cees t],n}'

(3) t, j = Ap, q), forany n+1 >4 >2and n 2§ 21,
if t]’i_] = Fw(p) and if t1,j = FW(Q)'

Generally speaking, it is useful to distinguish the input
symbols from the other symbols of automata. Therefore, web automata

are defined as follows.



Definition 3.2. A web automaton A is an 8-tuple such as

(Qs Z, T, Z3 M9 6, qO, F). Here,

(1)

(2)

(3)

(4)

(5)
"label".

(6)

Q is a nonempty finite set of states.

T is a nonempty finite set of symbols, # € T.

z is a set of input symbols, £ CT.

Z is a set of nonnegative integers.

M = {r, 2}, where r denotes "relation" and % denotes

2Q XTXZXM

§:QXT XZ—> If &8(q, v, 2)

contains (q', v', z', m), then the web automaton A replaces y by y',

may enter state q' and moves the read-write head to "m", and z'=z or

z-1. Moreover, if y = #, then y' = # and z = z'.

(7)
(8)

Definition 3.3.

9 is an initial state of Q.

F is a set of final states, F C (.

represented as follows:

[t

1,J

i n+l,1"°° n+l,n ]

The configuration C of a web automaton is

36
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Here, R(W) = (ti j)’ q in Q and z in Z. As for the initial
. . ’ _ 2
configuration C0 ’ qti,j = th]’] and z = n + n.
Definition 3.4. The relation |- is defined among all the

A
configurations of any web automaton A as follows.

<1> If &(q, ty 3 z) contains (q', t! ., z', r), then

1,3
€1y e Oty 5 ooty T i -t et
I/ {; 't h 3 Z
KT IR B taelon | the1,1 L tatl,n

where 1 £ h <n.

<2> If §8(q, ti j? z) contains (q', t! ., z', &), then

) 1,J
for i # 1,
tm ...... t],n vrtm qt]’j . t],n
qti,j s Z |‘I—\‘ t%’j ; z'
tn+1,1 ces tn+1,n i tn+1,1 . tn+1,n )

The movement of a read-write head of the web automaton

can be determined according to the above definition. For example,

consider a web automaton A with transition functions listed in Fig. 3.1-

a. If A is in state 9 reading A] on its input web, then it may go to

state 955 replace A] with 81 and move to "r". At this step, there is



Figure 3.1.

§(q, A,2) 9 (a,,8 ,2,r)

§(9,,9,,2) > (93 ,4,,2,¢)

(a)

Head movements of a web automaton.

a o‘5 AS A 05
8 '69 ﬂ }/
a, ﬁ-—“z
r Q3 [qz aa“] ﬁ_ z a Q10
——dy (14 QG '——9 q4 3

By B

% %

(c) (d)

8¢
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no way of specifying to which arc (e.g. a, or a4) the head moves when
8§ is applied. That is, the head movement is non-deterministic.

In the same manner, the web automaton A is in state a3 (Fig. 3.1 - (d))
after the next step.

Between the two configqurations C1 and C2 of a web automaton

A, if a relation exists such that C; =C, or C] = C]O 1X-c1] l;
- * *
L; Cqp = Cy» then the relation is denoted as C, IK- C,.
Definition 3.5. A web W is accepted by a web automaton A,

if there exists a relation between its configurations such as

thl,l ces t],n : ul’] . u]’n
. nl * .
3 NT+n |- Apdy 5 3

t t

i u
n+l,n un+1,1 n+l,n
L 4

ntl,1 °°°

where Qe is an element of F and the integer 0 at the final step
ensures the perfect scanning of the given web W. A set of webs

accepted by a web automaton A is denoted by T(A).

Definition 3.6. A web grammar is bounded if its initial
web I is exactly a one-point web and if, for any rewriting rule < a,
B, E>, |Na| = |NB| except the case that a is isomorphic to I and

N, | < INg -
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This definition is a natural extension of a one-dimensional
bounded grammar (see [1.16]). Therefore the following lemma is obtained

immediately in the same way as in one-dimensional case.

Lemma 3.1. For any nmcswg G of order 2, there exists a

bounded nmcswg G' of order 2 equivalent to G.

Theorem 3.2. If a web language L is generated by an nmcswg,
then L is recognized by a web automaton.

Proof. Let G = (V, I, R) be an nmcswg such that L is equal

to L(G). According to Lemma 3.1 and Theorem 2.2, there is no loss of
generality in assuming that G is of order 2 and bounded. Moreover,
the initial web of G is assumed to be { -S }. A web automaton A =

(Q, z, T, Z, M, &, qo; F) which accepts L is constructed as follows.
(1) Q is a finite set of states given as follows:
<i> 99> 99> 9 and qp are the elements of Q.

<ii> For any v of V, gy q;, r and_ro are the elements of Q.

\'}
(2) =

(3)T

Vat
2'aT y Voo

VU {v', v' | vinV} U {#].

(4) 99 is an initial state.

(5) qp ja an element of F.

(6) Corresponding to the rewriting rules of R in the web grammar G,

the transition function & is defined as follows:



is a rewriting rule of R, then

6(q0’ B'Is z) 3 (qB]’

6(qu, ¥s 2) 3 (q,, X5 z, ),

y
6(qy,

<6.2> If

g

is a rewriting rule of R, then

G(QO, By> z) 3 (qB],
8(a, » ¥1» 2) 9 (q

By 71 N
G(qy], By» 2) 3 %!

S(QBi, Yps 2) 3 ay

(
(

G(qyz, By, 2) 3 (qB
(a,

d(qu, Yo 2) 3

B]s Z, r)s

'I’
s X‘l H]
’ BII
’ x2’
E] BZ 2

9 x4’

B-'I, Z) =] (qO’ A]s zZ, Y').

Z’ r),

z,

L),

r),

2)
r)
2)

s

3

%

[

12
34

e

41



6(qy4, Blz’ z) d (quZ, Az’ Z, Y‘)

G(qu" .Y3, z) 3 (q, X3, z, %)

Y3

8(qy3’ Bll" Z) 9 (qos A'Is Zs Y‘)_

is a rewriting rule of R, then

Moreover,

8(ays Qs 2) 3 (ay5 Qs 2z, 1),
8(a;> 0, 2) 3 (qp, #, z-1, &),
8(ap» Qs 2) 3 (9y. Qs 2, 1),
8(a,> 0, z) 3 (ay, #, z-1, 2),
8(a,> Q' 2) 3 (g5, Qs 2, 7).

8(aps S» 2) 3 (rgs S's z, 1),

8(rgs yy» 2) 3 (ry], Xy Z, L),

G(ry ,» S'y 2) D (rs., s, z, r),

1

§(rgis ¥ps z) 9 (ry s #, z-1, 2),

2
G(ryé, Q, z) 3 (rQ, Q', z, r),

Xy)C ] <w

42



43

S(rqs ¥g» 2) 3 (ry4, #, z-1, %),
G(ry4, Q', z) 3 (rq., #, z-1, r),
8(rqes Y3 z) 3 (ry3, #, z-1, 1),
d(ry3, $", z) 3 (ap, Ss 2, 1),
d(ry3, S, 1) 3 (qF, #, 0, r).

<6.4> For all y in T,
5(q0a Yo Z) 3 (qoa Ys Zs m):
where m is equal to r or 2.

We shall sketch how this web automaton A accepts L(G). An
automaton A in the state 9 reads an arbitrary element of the represen-
tation R(W) of any input web W. Then in the state a5 it reads an
element of R(W') after several atomic actions }: . These actions

A
correspond to the case such that

wl

o Y *
=

for an nmcswg G. Therefore, the web language accepted by A is the

*
set of those webs in (VaT’ VfT) which causes A to enter a final state
when placed in the representation of W with A in state 9 and z = 0.

That is;



# #
: qp# ; 0.
# #
Therefore L{G) includes T(A). Conversely, for every web W of L(G),

there exists a derivation chain such as;

W W

0 1

> D i e >
G G G ". @

where wo js in I and W in L(G).
Accordingly, it is easy to show that T(A) includes L(G)

because there exists a transition function & of A which can simulate

every rewriting rule conversely. Q. E. D.

Theorem 3.3. If a set of webs L is recognized by a web
automaton A, then there exists an nmcswg G which generates L. ‘
Proof. Let A =(0, =, T, Z, M, 6, 99> F) be a web automaton

such that T(A) = L. Here,

Q = {qoa q-l, cees qm}s T = {Y-I’ Y29 ceey Yn}-

(V, I, R) which generates L is constructed as follows.

An nmcswg G
(1y v
v

VT UV Vo=V UV L,

N Y T Vet Y VT T

N VaN U VfN =(r - z)u [Q X T] U {A}.

44
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(2) 1=4{-51}.
(3) R is constructed as follows.
<3.1> If 6(q1., Yo 1) includes (qF, #, 0, m) where 9 is

an element of F, then

[ %1
S 195 1
D1 = 0 2 [2] € R,

S ANS @ e1
' e R,
0 1 0 ) 0 3 70 [2

<3.2> If G(qi, Yo z) includes (qk, #, z-1, r), then

, 194

X i*gﬁm"ﬂ

[y, 3]

R [@,,% 1
[qk'zli>1 = Oz o] e R,

<3.3> If 6(q1., Yj z) includes (qk, #, z-1, 2), then
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Ci"(}C*z X3y

.5

/Oj‘:k,VJ___} ra¥ jD [;] ¢ R,

<3.4> If 6(q1., Vi z) includes (qk, Yis Zs r), then

\ q.,v.
Bzl ) =>Q:"] 1] «n.

<3.5> If G(qi, Yj0 z) includes (qk, Ye» 2s 2), then

9 u]

EARY |
/X 25 ¢ m [32] « &,
Y = Il [ ocR
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<3.6> Foranyi(=1,2, ..., m,

qu O;’n [;] € R,

For any web of T(A), there exists a chain of configurations

as follows, where R(W) = (ti j),
thl,l t],n u]’] .o qa"],j .o u]’n
. . 2 * .
: : 5 no+n - : et : 5 2
tn+1,1 tn+1,n un+1,1 Tt un+1,n
[Up,y <+ U135 -+ Y10 1,1 Yi,n ]
*
- WBY541,4 2 2 l; 9Vk,t 3 24
n+1,1 n+l,n Ve, 1 n+1,n
V1,1 -0 94Y1,¢ -+ V1on IR w]’g -+ W0
I |
- v sz,| 1 ’

vn+1,1 . Vn+1,n Wnt1.1 Tt wn+1,n




Corresponding to these configurations, there exists a derivation

chain (shown as a seqUence of representations of webs) of G as follows:

: A ... ASA
S) * 0 LY
=
0 G
: 0

g*
<—

G k,t
Vn+-"] .
U,1 0 ui,J

*

y O U541, 5]
Unt1,1

@ Y*

0

Wyp oo [qe,w

1,9

1...

W
1,n

48
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[qo,t]’]] e tl,n t]’] - tl,n
5 >
G | - G - .

tn+1,1 ces tn+1,n tn+1,1 Tt tn+1,n

Therefore L(G) includes T(A). Since every rewriting rule of R
corresponds to §, it is clear that T(A) includes L(G). Q. E. D.

According to Theorem 3.2 and Theorem 3.3, there is a one to one

correspondence between a set of nmcswgs and a set of web automata.

3.3 Closure Properties

We are interested in determining what operations preserve
which classes of]angﬂages,the term 'preserve' means that the operations
map Tanguages in a class to languages in the same class. There are
a number of reasons in the interest of this matter. First, knowing
whethér or not an operation preserves a given class of languages helps
to characterize that class of languages. Second, it is often easier
to determine that it is the result of various operations on other
languages in the class, than by directly constructing a grammar for the
language. Third, the knowledge obtained from a study of operations
on languages can be used in proofs of theorems.

In this section we introduce operations such as union, converse,

product, join and composition [1.12][1.10], to web languages of various
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types, and investigate the closure properties of web languages.

Definition 3.7. A converse web WC of the web W = (N, F, A)

is a triplet (N, F, AS) as follows:
AS(p, q) = A(g, p), for any nodes p and q in N.

The following definitions are natural extension of graphic
binary operations. Let assume the operand webs to be w] = (N], F],
A]) and W, = (Ny» Fys A)), with the set of nodes N, and N, being

mutually disjoint.

7 Definition 3.8. The union of the webs W, and W, is defined
- ' u u_

A3(p, q) = A3(q, p) = 0, for any nodes p in N, and q in N,.

Definition 3.9. The join of the webs Wy and W, (Fig. 3.2

. . _ ‘ + +
- ¢ ) is defined as wl + NZ = (N] U N, F] 1] Fz, A"), where A = A] u

A2 u A4 such that for any nodes p in N] and q in N2 there exist
vy in Vy and v, in V, as A4(p, q) = vy and A4(q, p) = Vo

Definition 3.10. The Product of the webs Wy and W, is

Ny X Wy = (N X Ny, Fo X Fy, AX): (see Fig. 3.2 - d).

(1) For any p = (p], p2) and q = (q], qz) in N] X N2’
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if P, = qy then A*(p, q) = A](p], q]), else if Py = ays then Ax(p, q) =
Az(pz, q2), otherwise A%(p, q) = A*(q, p) = 0.
(2) For any p = (pys B,) in Ny X Nyu Fy X Fy(p) = (Fy(py),
Falpy))-
Definition 3.11. The composition of the webs W, and W,
(see Fig. 3.2 - e, f) is defined as Wy * W, = (Ny X Ny» Fq X Fpp A'):

(1) Fy X F2 is the same as previous definition of product.

1
(2) For any p = (py> p2) and q = (q], qz) in Ny X Ny,

* *
A" (ps q) = Ay(p,» a,) if py = qy5 and A (p, q) = A;(p;, q;) otherwise.

It can be immediately known from the above definitions that
the union is the special case of the join, and that’the product is
commutative if the veftex labelling function on N] X N2 is commutative.
Therefore, the extension of the above web operations to web languages

is easy. Then the following theorems can be proved.

Theorem 3.4, The family of normal context-free web
languages is closed under converse and union, but not closed under

join, product and composition.

Theorem 3.5. The family of programmed normal monotone
context-sensitive web languages is closed under converse, union, join,

product and composition.



(a)

(b)

(c)

(d)

W, : N
b %
W, :
b, by
b b
1 A
b b,

Figure 3.2. Operations on webs (continue).
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(e)

()

Figure 3.2.

(by,9,)

Operations on webs.
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To begin with, we have Abe's lemma which follows.

Lemma 3.6 (Abe et al. [1.5]). The blocks of ncfwL L(G)
generated by ncfwg whose initial webs consist of only one-point webs
consist of only the right-hand side webs of the rules of G and the

blocks of the right-hand side webs.

Proof of Theorem 3.4.  Considering the Lemma 3.6 and the
Examples in Fig. 3.2, it is clear that the family of normal context-free
web languages js not closed under operations of join, product and
composition. On the other hand, if the L(G) is a normal context-free
web language, we can obtain a normal context-free web grammar G° such

as L¢(6) = L(6°) by conversing every right-hand side of the rewriting

rule of G. With réspect to union, it is trivial to show its closure
property. Q. E. D.
3.4 Conclusions

A web automaton has been presented for a device to accept a
set of webs. The equivalence relation between a set of webs accepted
by a web automaton and a set of webs generated by a normal monotone
context-sensitive web grammar is established.

And some well-known graphic operations are extended to webs.

The closure properties of some web languages under these operations are



also discussed. The family of normal context-free web languages is
closed under union and converse, but not closed under join, product

and composition.
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CHAPTER 4

CONCLUSIONS

In the extended webs, it is proved that there exists a
standard form for each normal monotone context-sensitive web grammar.
Moreover, parallel web grammars and their languages are also investigated.
It is shown that a family of parallel context-free web languages does
not include a fami]y.of context-free web languages, and vice versa.
Next, a web automaton has been presented as a device to accept a set of
webs. And it is shown that a set of webs is accepted by a web
automaton if and only if it is generated by a normal monotone context-
sensitive web grammar.

The extended webs, in this thesis, are directed graphs having
symbols on all of their nodes and arcs. Consequently, the web
languages can be considered as a model of the languages which describe
general data structures. The systems which recognize web languages
can be considered as a model for explaining the recognition mechanism
of data structures.

Numerous problems can be solved using either the present
model or its modified version. These problems include, for example,
the examination of the relationships between classes of programmed web
languages, and the construction of the systems capable of recognizing

nonnormal web languages.



Part I1

INTERACTIVE LANGUAGES
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CHAPTER 1
INTRODUCTION

The number of computers as well as their power, speed and
memory size, and their applications are continuing to grow at an
increasing rate. Along with this growth, a methodology of interactive
systems is one of the most important problems in developing a system
for the fields of applied computer science such as Artificial
Intelligence, Information Retrieval, Pattern Recognition and so forth.
With the development of computer techniques, the capabilities of
machine problem solving in its general sense has so much increased that
not only its problem solving methods, but also a certain amount of
information which is necessary for problem solving can be gradually
shifted from the human intelligence to the machine intelligence.

This means that the solvable problem space is enlarged by means of an
interactive system with its effective use of the advantageous
characteristics of both sides.

As is hinted above, the object of an interactive system can
be interpreted as the problem solving in any kind of application,

e.g. information retrieval, computer-aided instruction, on-line process
control, information inquiring and so on.

The problems of formalizing an interaction between two
automata are under study by several investigators (Gabrielian [2.7],

Kupka and Wilsing [2.12]). The new formalism of an interaction
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between two formal grammars are presented (Ezawa et al. [2.2-2.6]).
The object of this work is to model such interactions among some
formal grammars by using the well-known concept of control words [2.8].

In this thesis, the notions of interactive systems and
interactive languages are proposed. An interactive language is a
language defined by an interactive system, where an interactive system
consists of two grammars which are controlled by each other with the
words generated by them. Interactive systems may also be used to
define interactions on webs. The problem of formalizing
interactions between formal systems, even if they are purely formal
grammars, is worthwhile to investigate and provides a new field.

Apart from the problem of an interaction itself between
several grammars, another fact encourages the study of an interactive
Tanguage. Recentiy, great efforts have been made to characterize
the derivation chains of formal languages. Among them, L-languages
[2.13], [2.17], [2.18], [2.20], [2.14], SF-languages [2.19] and
Associate languages [2.15] are very interesting. Interactive
Tanguages may belong to that category. A peculiar feature of an
interactive language is that it is generated by an interaction between
two grammars in a simple way.

In Chapter 2 an interactive language is defined as a language
which is generated in the process of a succeeding interaction between
a pair of formal grammars, ana several characterizations of various

classes of interactive languages are discussed. Some classes
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of interactive Tanguages are compared with the so-called Chomsky's
languages. It is shown that the well-known quotation from Homer's
ITiad:

"Two heads are better than one."
is true for formal systems, too. For example, there exists an
interactive system whose language is not a context-free language but
a context-sensitive language, although it consists of two regular (or
context-free) grammars.

It is also shown that the family of interactive languages
is not closed under usual operations; it is an anti-AFL.

Chapter 3 treats an interaction among n grammars. First, a
sequential n-cyclic interaction among n grammars is. introduced.
Next, a parallel n-cyclic interaction among n grammars is also discussed.
It is shown that for any n > 4, there exists a parallel 3-cyclic
interactive system which is equivalent to the parallel n-cyclic
interactive system. This shows the fact that the following
Japanese proverb:

"Three heads may induce the wisdom of Monju," (where Monju
is the bodhisattva of wisdom and intellect.)
is true for formal systems, too.

In Chapter 4, a non-deterministic interactive language and
an interactive web language are introduced. The concept of web
interaction is a generalization of an interaction between two string

grammars.
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CHAPTER 2
INTERACTIVE LANGUAGES

2.1 Introduction
In this chapter, a type of formal system, called an interactive
system, which may be used to define the interactions between two
grammars is introduced.
interactive languages are shown. For example, a context-sensitive
language {aznb | b >0} is generated by the interaction between two
right-linear grammars. The family of interactive languages is
denoted by’ \jﬁ_j if the basis grammar is type i, in Chomsky's
sense, and the type of the associate grammar is j. Then it is shown
that a family uV3_3 is a propér subfamily of Lﬂ;_3 and ~1§_2-
Moreover the families uf2_3 and \73_2 are proper subfamilies of \/’2_2f
In the latter half of this chapter, the non-closure properties
of the family of interactive langhages under usual operations are
presented: union, intersection, complement, the star operation,
concatenation, homomorphism, inverse homomorphism, intersection with

regular sets and mirror image. Therefore, every family of interactive

languages is an anti-AFL [2.18].

2.2 Interactive Languages

First, a definition of an interactive lanquage as a
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formalization of an interaction between several systems is introduced.

For notations not explained in the sequel see [2.10].

Definition 2.1 A phrase-structure grammar is a 4-tuple

G = (VN, V., P, S), where

T’
(1) VN is a finite set of nonterminal symbols.
(2) Vo is a finite set of terminal symbols.
(3) P is a finite set of productions a —> B, with

. %* * d . U *
a in (VN u VT) VN(VN u VT) and B in (VN VT) .

(4) S is a start symbol in VN‘

Let Pz = {p], e pr} be a set of distinct labels for the productions
in P and let

Pj(0)  Pj(1) Pj(m-1)
S=QO=‘==>Q] > e > Q. m__>=1,

m

be a left-most derivation according to G, where for each i (0 < i<ml)
the production labeled by pj(i) is o — B in P and there exist W and

W, such that Qi = WioW, and 01.+1 = w]sz, where o occurs only once as

a substring of Wia. Then the word ¢ = pj(o)...pj(m_]) over the
alphabet Pz (Tabel set) is termed a control word of the derivation, in

*
L

function, since the word Qm is uniquely defined by the control word c.

symbols g.(c) = Q. The mapping g from P, into (V, U VT)* is a

We now introduce the notion of interaction between a pair of

phrase-structure grammars. The interaction is formulated as the



process that two grammars mutually generate the control words each

other for the derivation of another grammar.

p = (V

VT s PZ’ 52) be two phrase-structure grammars, where VT [ Pg R

2 1 2
Tz et P21 (le and P22 are sets of labels of P] and P2 respectively).
Let

Definition 2.2. Let G] =(VN]’ VT]’ P], S]) and G Nz’

)

GG,
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be a relation between W, and Wo s where each of the following conditions

is satisfied:

(1) w, and w, in L(6,) C v© € p*
1 2 1 T] 22
* *
(2) There exists y in L(6,) © Vs P, » such that
2 1

y = QGZ(W]) and w, = gG](y)-
In this context, the grammar G] is named a basis grammar and 62 as

an associate grammar and the word y over the alphabet VT- is called
2
an associate word of w,. The relation - =) is termed an
G,G
172

interactive derivation between G] and G2. A pair of grammars

(G], Gz) is named an interactive system.
If there is no cause for confusion, this relation will be

abbreviated as ©—=> , and its reflexive and transitive closure is

denoted by c:é:i) .
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Definition 2.3. The interactive langquage L(G], Gz; wo)

generated by an interactive system (G], Gz) consists of those words in

V; that can be interactively derived from the initial word Wo in L(G]).
1
“Formally,
*
L(Gys Gy wO) = {we L(G]) | W, cg:%i) wl.
172

A set of associate words generated by the associate grammar 62 such that
A(Gys Gys Wg) = {y |y e L(G,), gG](y) e L(Gy, Gy3 wpy)l,

is called to be an associate language for the interactive language
L(G], Gys WO)'

The family of interactive languages is denoted by kﬁq_j if
the basis grammar G] is type i, in Chomsky's sense, and the type

of the associate grammar is j (i, j € {0, 1, 2, 3}).6

Example 2.1. The following is an example of an interactive

language where G, = ({A}, {a, b}, P], A) and G, = ({8}, {1, 23}, Pys B).

(1) A ——m aA (a) B = 118
P_I = . P2 =

(2 A —> b (b) B = 2

6

A right-linear (or left-linear) grammar is called to be
type 3 in this thesis.



1f ab is an initial word, then there exists an interactive derivation

chain as follows:

Zn
ab = aab —D asaab —=P ... /= a" b /..
\ A \ A \ \ k
\ // \N // \N . /. N

n n+1
112 1112 182 1275 12 2

n
The interactive language L(G], Gz;vab) is {a2 b | n >0}, and this is

a context-sensitive language.

Example 2.2. This example shows that various types of

65

languages can be generated if the appropriate initial words are selected.

Let G, = ({C}, {a, b, c}, Py, C) and G, = ({D}, {1, 2, 3}, P,, D), where

(1) ¢ —= aC (a) D ~——3» 12D
P]= (2) ¢ —» bC, P2= (b) D —3» 2D.
(3 ¢ —» ¢ (c) D ~——p> 3
Case 1. Let the initial word be bc, then there exists an

interactive derivation chain as:

bc = bc == ... T bc =)
\\ ,1‘ \\ /;1 ,4 \\
vy v \ 7/ / '

23 23 23 23
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Thus, the interactive language is L(Gl, GZ; bc) = {bc]. This is a
finite language.
Case 2. Let the initial word be ac, then there exists an

interactive derivation chain as follows:

ac 1:-_;) abc :::}4abbc\c:_:> ...\:34abic :>
\ /

\ } \ / AN
\ ,/ \ / N \ / \
3 i i+
123 1223 1273 12°3 12773
So the interactive language is L(G], Gys ac) = {ab"c | n >0}. This
is a regular language, but not finite.
Case 3. Let the initial word be aac, then the interactive

language L(G], Gy aac) = {ab"ab"c | n >0} is interactively derived
in the same manner as in Case 2. This is a context-free language,
but not a regular language.

Case 4. Let the initial word be aaac, then the interactive
language L(G], GZ; aaac) = {ab"ab"ab"c | n >0} is interactively
derived in the same manner as in Case 2. This is a context-sensitive
Tanguage, but not a context-free language.

In each case, the type of the associate language can be shown
to be the same as that of the interactive language.

The interactive language of Example 2.1 and Example 2.2 are
the elements of a family \62_3, but the following Example 2.3 is an
element of a family \J72_3.
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The following interactive Tanguage is a

well-known context-sensitive language and the associate language is

a regular language.

and G2 = ({T}, {1, 2, 3, 4, 5, 6, 7}, P2, T), where

Let G-I = ({s’ XQ Y, Z}’ {a’ b’ C’ #’ $}, P'I’ S)

(1) S —=> #XYZ$

(2) X —=> aX (#) T 17

(3) Y —> by (a) T T
Py= (4 Z —> «cz (b) T T

(5) X —=> a (c) T 2347

(6) Y —=> b ($) 7 567

(7)) 7 —> ¢

If the initial word is #abc$, then there exists an interactive

derivation chain as:

#abc$ ) #aabbcc$ ::() r::b #a"b"c"$ :>
\ ,4 A \ A

\ /
v o \ v
1234567 1(234)2567 1(238)" 1567

Consequently, the interactive language is L(G], Gz; #abc$) =
{#a"b"c"$ | n > 1} and the associate language is A(G], Gz; #abc$) =
{1(234)"567 | n > 1}.
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2.3 The Family of Interactive Languages
and Chomsky's Hierarchy
In this section, the relationship between the classes of
interactive languages and Chomsky's hierarchy is discussed.
The type of an interactive language L(G], Gz; wo) depends
upon the type of its associate grammar G2 as well as its basis grammar
G]. In particular, the interactive language whose associate grammar

is a linear grammar has an interesting characterstic.

Lemma 2.1. If the language L contains two words w,aa and
*

wzbb (where Wys W, in VT and a, b in VT)’ it is not a member of a family
of interactive languages whose associate grammars are linear grammars.

Proof. Consider the case that interactive language L(Gb,
Ga; wo) contains two words Wqaa and w2bb, and the associate grammar Ga
is a linear grammar. There is no loss of generality in supposing

*

that there exists an interactive derivation chain w,aa —> w2bb.

Since the associate grammar Ga is a linear grammar, its each

production has the following form (i) or (ii).

(i) A —= uBv
and u,v in V; .
a a

. A, B in VN

(ii) A —> u

If the form of production whose label is a is (i), the
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derivation in Ga controlled by wiaa, should generate a sentential form
which contains a non-terminal symbol. This contradicts with the
hypothesis w,aa 1:*::> w2bb.

On the other case, if the production's form is (ii), there
exists no derivation chain whose control word is w,aa. The reason

is that every sentential form derived by linear grammars has at most

one non-terminal symbol. This is also a contradiction with the
hypothesis. Q. E. D.
Corollary 2.2. The interactive language whose associate

grammar is a linear grammar never contains two words Wiaw,a and w3bw4b
- * -

(where Wis Wos Wiy W, in VT] and a, b in VT1)'

Proof. It is clear from the proof of Lemma 2.1.

Q. E. D.

Theorem 2. 3. The family of interactive languages \jf$;3 )
does not include the usual families oCE, and_cI;’ and vice versa.
Proof. It is easy to prove the former part from Lemma 2.1.
The latter part is proved from the Example 2.1, and it is also shown
that the interactive families \/5_3 and o£;3 are not disjoint.
Q. E. D.

Lemma 2.4. \yl;_3 SE \ﬂg_z.

Proof. It is known from Corollary 2.2 and the following

Example 2.4. Q. E. D.



Example 2.4.

Let G, = ({A}, {a, b, c, d}, Pis A) and

Gz = ({Ss T}s {09 ]s 2’ 3, 4},‘P2, S), where

(0) A dA
(1) A ahA (a) § —=> 1ST
(2) A cA (b) T —= 3
P, = , P, =
) (3) A bA (c) S —> 12
(4) A b | (d) S —>> 054
(5) A —> ¢

Then the interactive language is L(G], G,; dc) = {da"ch" | n > 0}.

2
This is a well-known context-free language and in a family \17;_2.

nn.nnn

Lemma 2.5. A language L, = {#a]a2a3a4a5$ | n 2.0} is not
a member of the family of interactive languages \jf3_2.
Proof.

Suppose that there exists two grammars G] and GZ’

the former is type 2 and the latter is type 3, such that L2 = L(G],

For an arbitrary positive integer'i, the word W, =

| I S I |

#a]a2a3a4a5$ is an element of L2. If there exists the following

relation:

----------

70
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then j equals i + 1. Therefore the variation rate in the number of
occurence of the five letters {a], 35, 23> 3y, a5} is independent of
the integer 1. The rest of this proof is divided into two steps
(I) and (II): one is the derivation step of the associate word gGZ(wi)
of Wss and the other is the derivation step of the word wj by the
control word gGZ(wi)t

(1) Since L(G1) is the language on an alphabet which
consists of seven Tetters, the set of rewriting rules of 62 can be

assumed to be as follows:

(#) S, == s,Is,,

(a]) A] —> a,,

(az) A2 —_ Cs

(a3) A3 —_— Q35

(a4) Ay —> oy,

(a5) Ay —> o,

($) D —> 3,
where the nonterminal symbz]s 32’ A], AZ’ A3, A4, A5, D are in VNZ, t:e
strings s, s,, ¢ are in VT2 . 21, Gps Ggs Gy, Op are in (VN2 U VT2) .
and z is in VN2 1] VNZ(VN2 u VTZ) VNZ.

Consequently, the associate word 9 (wi) is represented as
2

*
518182083845, where £1» E5» £5 and g4 are in (VN2 u VTZ) . The

substrings, which are independent of the integer i, are s, 6§

'I’
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and So in this associate word. The number of substrings whose length
can be transformed from i to i + 1 by these three substrings S1s So
and § is at most four: such as E1s &ov &5 and £ For this reason,
it is impossible to control the variation in the length of the five
strings independently of the integer i.

(11) According to the assumption, the basis grammar G]
is type 3. So, let G] be a right-linear grammar, and its production

set be as follows:

(y;) S —= xS,
(v,) S —=> xS,

Wpe1) S = Xy

*
where the nonterminal symbol S is in VN and the strings xj are in V

I
1 1
for 1 < j < k. If the associate word of the word w, is y =

yf(])yf(z)...yf(q), then gGl(Y) is xf(])xf(z)...xf(q). Thus the
control word y should have been completed of variation in the length
of five substrings.

The above discussion is similar if the basis grammar G] is

left-1inear grammar.



The discussions (I) and (II) contradict the assumption that

ins L(G], GZ; wo).

Theorem 2.6.

Q. E. D.

The family of interactive languages \Jyé_z

properly includes the family \f13_2, and the family \ﬁ;_3 properly

includes the family

3-3

Proof. This follows directly from Lemma 2.5 and

next Example 2.5.

Example 2.5.

Theorem 2.6. Let G] =

s a5}, P], S) and G2 =

PZ’ Y), where

(1 s —»
(2) X —>
(3) X, —>
(4) X3 —>

' (5) Xg —>
P, =< (6) X —>
(7). X —>
(8) Xy —>
(9) X3 —>
(10) Xg —>
(1) X —>

Q. E. D.

This example may compliete the proof of
({S’ X‘I’ X2’ X3$ X4’ Xs}’ {#’ $’ a"’ az’ a
({vi, 0, 2, 3, 4, 5,6, 7, 8,9, 10, 11},

3’

#X]X2X3X4X5$

a]X]‘

a,X, /(#) Y ~> 1Y
a3X3 (a]) Y —>Y

a4X4 (a2) Y —>» Y

aXe ,P2=<(a3) Y =¥

3 (a4) Y > Y

a Y —> 23456Y

($) Y —> 789-10-11

73
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Thus, L(G], Gys #a]a2a3a4a5$) {#a]a2a3a4a5$ | n > 1}.

Lemma 2.7. J2_3 S \[2_2.

Proof. It is obviously obtained from Lemma 2.1 and

Example 2.4. Q. E. D.

Theorem 2.8. Js-s S \/2_2.

. C c .
Proof. The relations 3.3 \jfé_3 o_p are direct
consequences of the definitions. Therefore, the proof is clear

from Lemma 2.7. Q. E. D.

In our previous examples, the length of the control words
increase monotonously. The next proposition shows that this is not

true in general.

Proposition 2.9. There exists an interactive derivation
chain in which the lengths of the control words do not increase

monotonously.

Example 2.6. This example may complete the proof for the
Proposition 2.9. Let G, = ({S}1, {ao, ays b, a, B}, Py S) and
G2 = ({A}, {0, 1, 2, 3, 4}, P2, A), where



(0) S ~—> S (a,) A —> OA
(1) S —= bS (a;) A —s 1A
Pp=<(2) S — a;s , P, =g (B) A —s 2A
(3) §$ —> « (¢) A —> 4
(4) S —> b8 (B A —s 3

If the initial word is bg, there exists an interactive derivation

chain as follows:

75

b8 > aja;0 C—pbbg /) (aoa])za — b3 —D...

.= b =D (aoa])ia >0 =

The length of control words do not change monotonously as shown in

Fig. 2.1.

Let us consider the properties of languages which are not
members of interactive family to characterize indirectly the family

of interactive languages.

Lemma 2.10. The empty set, ¢, is not an interactive
language.
Proof. Every interactive language contains an initial

word. Q. E. D.
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Word length

5
1 | L 1 I 1 ] i ] l I
0 5 10
initial Interactive derivation steps
word

Figure 2.1. The relationships between the word length

76

and interactive derivation stepsin Example 2.6.
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Lemma 2.11. The language which contains two words
bw]b and cW,C (where b, ¢ in VT and Wis Wy in V;), is not an interactive
language.

Proof. If the interactive language L(Gb, Ga; wo) contains
two words bw]b and CW,Cs there exists an interactive derivation chain

such that
*
bw, b  s— CW,C.

So, we can suppose that there exists a word y in L(Ga) such that

Y *® 9 (bw]b). That is,
a

The production labelled b must have the following form,

(b) Sa —> z; ¢ Pa.
Since the sentential form Z; contains some non-terminal symbols, y also
contains some non-terminal symbols. This contradicts with the

hypothesis that y is in L(Ga). Q. E. D.

In the many characterizations of the interactive languages,
the property mentioned in the next lemma is very interesting and

inherent.
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Lemma 2.12. If the interactive language L(G], Gz; wO)

contains two words w and z where w C——) z, then |z| < K-|w]|.

Moreover the 1ength of the derivation chain of z is less than M- |w|
(K and M are constant numbers).

Proof. Suppose that the interactive language is generated
by an interactive system (G], Gz). Let K] and K2 be the maximum

lengths of the strings on the right-hand sides of the production sets

P] and P2 respectively. From the assumption, there exists a
relation w —p z. Therefore,
646,

196,01 < Kpe I,

and 2] = lg (96, (W) [ < Ky-1gg (W) | < Ky-Kpe Iw.
As the word 95 (w) is a control word for z, if we set K = K]-K2 and
2

M= K2, then the Lemma is clear. Q. E. D.

Corollary 2.13. The infinite language whose every word's
length is represented by n! (n > 0) is not an interactive language.

Proof. Obvious from Lemma 2.12. Q. E. D.

Considering this Lemma 2.12, it is known that the following
well-known context-sensitive grammar GS can not generate the language

L(GS) in the interactive way using any type 0 associate grammar.



EXample 2.7 [2.18]. Let G, = ({Xo, Xys XZ}’ {a, b, c},
Ps’ XO)’ where

(1) X; —=> aXX;X,
((2) X

——3» abX
(3) X2X1 — X]X2

P =
s <(4) bX, —> bb

\(5) sz —> bc

(6) cX2 —>> ccC

The language generated by this grammar is L(GS) = {a""c" | n > 1}.

In general, a word akbkck has the following derivation chain;

X ==*==> ak

-1 k-1 k k-1
o XO(X]XZ) =3 3 b(X2X]) X2

k, yk-T,k * k. kyk * k. k_k

. a“bxS Iy = akb*x

Thus, it requires a control word whose length is longer than
(k2 + 5k - 2)/2 in order to interactively generate the word akbkck by
this grammar and a certain associate grammar. Accordingly it is

impossible to generate interactively the words longer than K-

wol,

where K is a constant number and |w0| is a length of the initial word.

Lemma 2.14. An infinite language {ww | w in V;} is not

an interactive language.

= abec.
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*
Proof. Suppose that an infinite language {ww | w in VT}
is an interactive language. There must exist a derivation whose
control word is ww = a;3,...a,2;3,...a (a, in Vo, 1 <1 < n). The

sentential form derived from a start symbol S with a control word w
must contain at least one non-terminal symbol S so as to apply a
production labelled ay- In that case, the sentential form derived
from S with the control word ww still contains at least one non-terminal

symbol S. This is a contradiction. Q. E. D.

Corollary 2.15. The language L on a one-letter alphabet
{a} is an interactive language if and only if |L| =1 or |L| =2, in

the latter case the initial word is a.

Theorem 2.16. \ﬁg_o EE df%.

Proof. The proper part of the relation is obvious from

Lemma 10. Q. E. D.

In conclusion of this section, we summarize the results

mentioned above in Fig. 2.2.
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——— E
—— .

Incomparable

Figure 2.2. The hierarchy of interactive languages.
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2.4 Closure Properties

Interactive languages are remarkable by their nearly complete
lack of closure properties under the usually considered operations.
Similar to the classes of L-languages [2.17] and SF-languages [2.19],
it seems to be due to the fact that every string appeared in the

interactive derivation processes is also an element of the language.

Theorem 2.17, The family of interactive languages ~v¢;_0

is not closed with respect to

(i) Union,

(i) Complement,

(iii) Intersection,

(iv) The star operator (*),

(v) Concatenation,

(vi) Homomorphism,

(vid) Inverse homomorphism,

(viii) Intersection with regular sets,

(ix) Mirror image (Reverse).

Proof. We shall make use of the following interactive

languages to provide counter example for each operation.
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(1) Gy = ({A}, {a}, Py, A), G, = ({B}, {0, 1}, P,, B)

(0) A —> aA
P, = { . P, ={(a) B —> 12,
(1) A —> a

Thus, Hy = L(G], Gz; a) = {a, aa} and H2 = L(G], Gz; aaa) = {aaal.

(II) G3 = ({C}, {a, b, a}, P3, C), G4 = ({D}, {0, ]9 2},

P4, D), where

(0) ¢ —> aC (a) D —> 0D
'P3= (1) ¢ = o, P4=(b)D—-> 2 .
(2) ¢ —> ab (¢) D —> 1D

Thus, H3 = L(G3, G4; aab) = {aab [ n> 1L

(i) A trivial counter example is Hy U H,; the component
T 2

sets are in but their union is not so {see Corollary 2.15).

0-0°
(ii) Immediate from Corollary 2.15, the comlement of H],
V;] - H], is not an interactive language.
(iii) . - The intersection of H] and H2 is equal to ¢; it
follows directly from Lemma 2.10.
(iv) Again, considering Corollary 2.15, it is obvious that
*
H, is not in \jf .
1 0-0
(v) Obviously, HyH, = {a4, as}, but this is not in \ﬂ;_o.
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(vi) Consider a homomorphism defined by h(a) = ¢, h(a) = o
and h(b) = ¢; h(H3) = {cac | n>1}. This is not an interactive
language.

(vii) Again ¢ can be used as a proof: if hz(b) = aa,

-1 _
(viii) ¢ is a regular set: so intersection with it

provides a counter example.

(ix) As shown in the Example 2.1, the language
oh
{ab | n >0} is in \47;_0. Consider the mirror image of it,
n
{ba2 | n >0}. Is this an interactive language? If it is the

case, there exists next interactive derivation chain for some positive

integers, k, m, r.

bak l:{) ba" :> ba" (k <m<r) (**)

It means that there are two derivation chains according to the associate

grammar.
b ak
2 k
‘ b ak _ amk

Depending upon the former relation in (**), the sentential form Yi
does not contain any non-terminal symbols. According to the latter

one in (**), however, Yk must contain at least one non-terminal symbol.
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Consequently, the desired relation (**) is not realized, and the family
of interactive languages is not closed under mirror image operation.

Q. E. D.

2.5 Conclusions

Using the well-known concept of control words for formal
grammars, we have obtained the notions of interactive systems and
interactive languages. It is shown that a family of context-free
languages does not properly include a family of interactive languages
between two reqgular grammars, and vice versa. The family of

interactive languages is not closed under any of the ordinary operations.
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CHAPTER 3
CYCLIC INTERACTIVE LANGUAGES

3.1 Introduction

In the real world, many cases contain the problem of
inferactions among more than two systems. Lately, the problem
concerned with the interactions for various systems, such as "Computer
Network Systems" and "Time Sharing Systems", are proposed and discussed
by many researchers. Generally speaking, the interactions among
many systems are very complex.

In the present chapter, we shall try to define the cyclic
interactions among n ( > 3) grammars both in sequential case and in
parallel case. In the sequential case, we have shown that there
exists an (n-1)-cyclic interactive system which is equivalent to an
n-cyclic interactive system if the n-cyclic interactive system contains
a type 3 grammar and if it satisffes a non-blocked condition.

In the case of parallel interactions, for any.para11e1 n-cyclic (n > 3)
interactive system there exists a parallel 3-cyclic interactive system

which is equivalent to that one.

3.2 Sequential Cyclic Interactive Languages
In the preceding sections, we discussed on the interactions
between two grammars. But in the real systems, many cases contain

the problem of interactions among more than two systems. In this



section, sequential cyclic interactions among n grammars are defined

and some characteristics of them are also discussed.

Definition 3.1. Let G, G ces Gn (n > 3) be

2°
phrase-structure grammars, and extend the relation t:::::$> in
G,6

Definition 2.2 to 172

where the following conditions are satisfied:

Wy = Xy in L(G]),

gGZ(Xl) = X in L(Gz),

an(xn_]) = x_1in L(Gn),

n
QG](xn) = W, in L(G]).
Note that V. €C P (i <n)and V. &P .
T 2391 Th 4

The sequential n-cyclic interactive language generated by an

ordered n-tuple of grammars (G], GZ’ cers Gn) is defined in the same

manner as in Definition 2.3.

87
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*
n . -
SCL'(Gys 6ps -ou» G5 W) = (w e L(G)) | w, E:é::::§:>W}'
16y - -6

Then a sequential n-cyclic associate language is also defined as

follows:
*
n . -
SCA™(Gy» Gps «.vs G3 Wg) {xzi, cens xni | " ) w,,
GyGy- - -G,

" gﬁg:::i§> Wie1e gGZ(wi) T Xy s oeees Gg (xn.-l) = Xp,o
165+ -G i n i

g, (x_ ) =w, ,}.
G] n; i+1

In this context, the n-tuple of grammars is called to be a sequential

n-cyclic interactive system, and the family of sequential n-cyclic

interactive languages is denoted by SCJn.

Definition 3.2. A sequential n-cyclic interactive system

(G], GZ’ cees Gn) js called to be non-blocked if there exists an

interactive derivation chain from an initial word W to a word w in
L(G]) then there exists a direct interactive derivation from the word

w to some word w' in L(G]).
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Theorem 3.1. Let (G], cees Gn) be a non-blocked sequential
n-cyclic interactive system, where n > 2 and one grammar in {G, |
1<i<n,i#2}is type 3. Then there exists a non-blocked
sequential (n-1)-cyclic interactive system (Gi, cens G$_1) such that
ScL™ (8, ...s G g3 wh) = SCLM(Gps L.ns B3 W)

Proof. Let the sequential cyclic interaction among 61,
e Gn be shown as iﬁ Fig. 3.1-a and G, (i # 2) be type 3. It is
sufficient to construct a new grammar Gnew which can simulate the
interaction from G, _q to G, (see Fig. 3.1-b). That is, if for any
X in L(Gi-z)’ there exists a unique word y in L(Gi_]) and there exists

a unique word z in L(Gi) such that 9 (x) = y and 9 (y) = z, then
i-1 i

9% ew(x) = z (where y = Yy- oYy Y5 in P for 1 < < m).

J
n i
<i> If Gi is a right-linear grammar, a production labelled
yj in Pi has the form as follows:
. B,
(yJ) A —> o
or (yj) A —> oy
* *
where a. in VT Py and A, B in VN Therefore,
J i-2 i-1 i-2

gai(y) = gGi(y].--ym) = ap...00 = 2.

In general, the production in Pi-1 are supposed to be as



Figure 3.1.

Sequential interaction among n grammars.

06
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(xk) g —> Gs

%*
where B and & are in (VT U VN ) . The substituted grammar G
i-1 i-1 ne
has the following productions:

W

(x) t(B) —=> (3),

where T(B) is a string that each terminal symbol 7z in B is substituted

with aj. In the case that i = 1, let i-1 = n and i-2 = n-1,

Furthermore, if i = 1, then the following production should be contained

).

in Pne

w_s1‘nce the initial word Wy must be in L(G

new

($) S;_y = wy, where {§}n Pzi_z = ¢

After all, we have a new grammar Gne = (V

" » V P _,S. 1).

Ti’ new’ “i-

N.
i-1 ,
<ii> If the grammar Gi is a left-linear grammar, the

above new grammar Gnew should have the following productions
R R
(Xk) T(B ) —_—>> T(G )”

where BR is a mirror image of the string B. Q. E. D.
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Theorem 3.2. For any non-blocked sequential n-cyclic
interactive system (G], vees Gn)’ where n > 2 and each of the grammar
is type 3, there exists a non-blocked sequential (n-1)-cyclic
interactive system (Gy, ..., Gy ;) with

n"] ] ] . ] - n .
SCL (G, e sy Gn_]s wO)"‘SCL (G], ceooy Gn, WO),

where Gy, ..., G _, are also type 3.

Proof. This is really a corollary to Theorem 3.1.
Since the substitution used in the former proof is a homomorphism, the
type of new grammar Gnew is just the same as that of.the grammar Gi-]'

Q. E. D.

It is an open problem whether Theorems 3.1 and 3.2 hold or

not in the case that non-blocked condition is not satisfied.

3.3 Parallel Cyclic Interactive Languages

In the previous section, we have discussed the sequential
cyclic interactions among n phrase-structure grammars. In this
section, its extension is considered: the parallel cyclic interaction

among n phrase-structure grammars.
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Definition 3.3 Let Gys -..s G 4 and G, (n > 3) be
phrase-structure grammars, the following relation is called a_parallel

cyclic interaction among n grammars with respect to the grammar G..

W, P w,,

6.8, .6,

where the following condition (A) or (B) is satisfied:
(A) Wy = Xy in L(Gi)’
(x) = %, in L(6;,4),

gG. j

i+l i
gG_i(XZ) = wz n L(G.i)s

where if i equals n then i+1 means 1.

(B) Wy = X in L(Gi),
g = .
Gi_](X]) X, in L(Gi-l)’
9 (x5) = w, in L(6;),
i

where if i equals 1 then i-1 means n.

The parallel n-cyclic interactive lanquage generated by an

ordered n-tuple of grammars (G], cees Gn) is defined in the same manner

as in Definition 3.1.

%*
PCL(Gys «-s G5 Wo) = (W e L(G)) | wy T wl}.
8,6,...6,



In this context, the n-tuple of grammars is called a parallel n-cyclic
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interactive system, and the family of parallel n-cyclic interactive

languages is denoted by PCJ"

| Example 3.1. Let G = ({s}, {a, b}, Py S), G, = ({A},
{a, b},.P2, A) and G3 = ({B}, {a, b}, P3, B), where
(a) S—> aS
' - | S
(b) S—™> b

(a) A—aA
P, = ,

(b) A—>ab

{a) B —> aaaB
P, ={

(b) B—>b

Then the parallel 3-cyclic interactions among G], 62 and G3 are shown

in Table 3.1.

Examp'le 3.2. Let G4 = ({S}s {a, b9 C}’ P4s S), G5 = ({X}’
{a, b, c}, P5, X) and GG = ({Y}, {a, b, c}, P6’ Y), where
(a) S —> aSa
P4 =L (b) S —>bSb ,

(¢) S—>c



Table 3.1

Parallel 3-cyclic interactions in Example 3.1.

1 2 3
ab ¢ )
¢ aab aaab
aab, aaab aaaab a6b
a%b, 2% a3b, a'b, a’b %, a%b, a'%
a3b, a4b, a6b a5b, a7b, a10b a9b, a]zb, a]8b
a’b, a'b, a'% al3p a2lp, a2%p
a®b, a’b, adb ab, a2, a’b adb, a'%, al% -
a'%, a2, a'3 a8, a'%, aldb a8, a2'p, a27p
18, a2, 227 %, 2%, a2 230, 23 239
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P. = (b) X —> abX ,

(¢) X —> ac

(a) Y —> bY
P.=X(b) Y—> Y ,

(¢) ¥ —> ¢

Then the parallel 3-cyclic interactions among 64, G5 and GG are shown
in Table 3.2.

Thus the following relation holds:

pcL3(6,, G, 6. c) Siwon® | w e {a, b}').
4> B> G

Theorem 3.3. Wn -‘ES@" (n > 3).

Proof. Consider the special case that the intersections

of P. and V are all empty, where i is an integer
1 Ti41 T

less than n. Then the parallel n-cyclic interactive language

, and of Pn and V

PCL"(G], e Gn; wo) equals the sequential n-cyclic interactive
language SCL"(G], cees Gn; wO). The combination of Lemma 2.11,
Example 3.2 and the above discussion constitutes the proof.

Q. E. D.



Table 3.2. Parallel 3-cyclic interactions in Example 3.2.
G4 65 GG
c o ¢
¢ ac c
aca, ¢ ac bc
bcb, aca abac, ac c, bc
abacaba ac, abac bc, bbc
aca
bcb
c
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Theorem 3.4. Let (Go, cees Gn) be a parallel (n+1)-
cyclic interactive system with n > 4. Then there exists a parallel
(n~1)-cyclic interactive system (G\, ..., G ) such that

n"] 1 ] n+] .
L (Ghs +.-s G 2} wo) (GO, cees Gn’ wo).

Proof. Let the parallel interaction among Go, cens Gn

be shown as in Fig. 3.2-a. It is sufficient to construct new

grammars Gq and Ga which simulate the interactions among G], Gz, G,

3 and

G, (see Fig. 3.2-b). For each G, = (Vo 5 Vy, » Pes S.) with
4 T Ni

1 <i<n, let G% be (VT X {i}, VN . P X {1 1} U P x {i+1}, S! ),
: i
where S% is in V& and if i # j then Vﬁ n V' = ¢. P x {k} means
i i
that every production label (j) whose core rewr1ting rule is in P is

changed to (j, k). And, let

G;.' = (an X {n}Q N s Pn X {n‘]} U Pn, S;‘)’

U P, x {2}, S;),

and G"- (v . P x {n} U P x {1}, S )
o"o

Therefore,

n+1 . _ n+1 " ‘.
(G .o Gn’ wo) = (Ghs ... Gn’ wo).

Let Gg = Gi U Gé

= (VT] X {11 u VT3 X {31, '] u V'3 Py UPyx {21 U Py X {2y U
P3 x {4}, {83, Sé}),
and GX = Gé u GA
= (VT2 X {21 U VT4 X {4}, V&z u Vﬁ4 P, x {1} U P, x {31 U

Py X {3} U P, x {5}, {S, Sy}).



Figure 3.2.

Parallel interactions among n grammars.
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Although the number of start symbols of G? and Gz is not one, the
discussion does not lose generality since there exist the equivalent
ordinary formal grammars with one start symbol to them. Consequently,

it is clear that

pcL™ (g, 6

1> G

4, G 9 e ey Gn; wo)

- n+] L} L] i ' [} t 1,
- PCL (G ’ G]’ Gz’ GB, 4’ 59 ss e 9 Gn’ WO).

Remark. Generally, PCLn'](G', G?’ GZ,

given in the above proof is nondeterministic, even if the original

GS’ cess Gn; wo)

system PCL"+1(GO, ceen Gh; wo) is deterministic.

Theorem 3.5. For any parallel n-cyclic interactive system
with n > 3, there exists a parallel 3-cyclic interactive system which
is equivalent to that one.

Proof. In the case that n is odd, the theorem is the
direct consequence of the previous Theorém 3.4, In the case that
n is even, from the Theorem 3.4 it is easy to show that there exists
a parallel 4-cyclic interactive system equivalent to the original one.

Next, we show that for any parallel 4-cyclic interactive
system there exists a parallel 3-cyclic interactive system which is

equivalent to that one. Let (GO, Gys Gys G4) be a parallel 4-cyclic



Figure 3.3.

Parallel 4-cyclic and 3-cyclic interactive systems.

1oL
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interactive system shown in Fig. 3.3-a. If the new grammar Gnew

is G] u G3 as shown in Fig. 3.3-b, then the following relation holds:

3 . = pct? .

Note that in the case shown in Fig. 3.3-b, the interaction among

three grammars is not cyclic: the information goes and refurns from

GO to G2 via Gnew i.e. no information is mutually transmitted directly
between G0 and GZ' But this}is a parallel cyclic interactive System

in a broad sense, too. Q. E. D.

3.4 Conclusions

The interaction among more thén two grammars have been
presented and discussed. It is shown that for any sequential
n-cyclic (n > 3) interactive system, which consists of n regular
grammars, there exists a sequential 2-cyclic interactive system which
is equivalent to that one, if the original system satisfies the
non-blocked condition. For the parallel interactions, it is shown
that any parallel n-cyclic (n > 3) interactive systems are not more
powerful than parallel 3-cyclic interactive systems with respect to

the generative power of the languages.
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CHAPTER 4
NONDETERMINISTIC INTERACTIVE LANGUAGES
AND INTERACTIVE WEB LANGUAGES

4.1 Introduction

As far as the author knows, there are reported few researches
which exb]ore the property of interactions using graphs. In fact,
the concept of interaction using webs may seem to be new. Therefore,
it will be appropriate to develop the interactve web languages.

| Although the primary purpose of these results will be to
provide a basis for solving problems using graphs,'they are of
independent interest and make it possible to derive some significant
results concerning the interactive web languages as well.

Firstly, thé nondeterministic interactive systems are
proposed and investigated. Then, we shall try to define the
interaction using webs and strings. And it is pointed out that
for any nondeterministic interactive system which consists of only
context-free grammars, there exists an interactive web system which
generates the web representation of that languages as directed

series-parallel networks.

4.2 Nondeterministic Interactive Languages
From the preceding concept of parallel cyclic interaction

among many grammars, naturally we can have the notion of nondeterministic
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interaction between two grammars. In general, the concept of

nondeterministics is familiar and important for usual formal systems.

Definition 4.1. Let G be a phrase-structure grammar
such as (VN, VT’ P, S) where each subset of the rewriting rules of P
is distinctly labeled with a set of labels Pz = {p], Cees pr} using

a labeling function f : P Pz‘ Let

p. Dife P./s p.
S=Q]=¥Q»,“ 4Q;$% JQ$,”=#&@Qum;O

be a left-most derivation according to G, where for each i (0 <i<m)
at least one production labeled by pj(i) is a —> B in P and there
exist W, and W, such that Q1 = Wyom, and Qi+1 = WBW,, where o occurs
only once as a substring of w,a. Then the word ¢ = pj(])"‘pj(m)
over the alphabet P, is termed as a nondeterministic control word of
the derivation, in symbol ngG(c) é Qm+1‘ When the grammar G is

deterministic every ngG(c) consists of at most one element.

Definition 4.2. Let G, = (Vg s V- » P, S,) and
1 Ny T
G, = (V 2, VTZ, PZ’ 52) be two grammars, where VT] C P 1 VTz C P t

(Pz and P, are sets of labels of P] and P2 respect1ve1y) Let
1 2

"=

G 2
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be a relation between Wy and Wos where each of the following conditions

is satisfied:
(1) Wy and-w2 are in L(G]).
(2) There exists a word y in L(Gz) such that

y € nng(w]) and.w, € ngG](y).

In this context, the relation t::::} is termed a nondeterministic

interactive derivétion between G] and Gz.

Definition 4.3. The nondeterministic_interactive lanquage
NL(G1, G2; wo) generated by a nondeterministic interactive system
(G], GZ) consists of those words in V;] that can be nondeterministically
and interactively derived from the initial word w, in L(G]).

Formally, we have

*
NL(Gys Gys W) = (w e L(G) | w, tﬁ>w}.
192

The family of nondeterministic interactive languages is denoted

by }K]r.
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Definition 4.4. Let G be a phrase-structure grammar.
Suppose that every word in L(G) is arranged in order of length, i.e.,
L(G) = {w], Wos +o } with Milzi |wi+]l (1 < 1). If there exists

a positive integer K and for any word W, and W, the following relation

+1
holds,

-1 7
Ingg, Wisn) | < Keluy s
then G is called to be simple.

Example 4.1. The following is an example of a nondetermi-
nistic interactive language, where G] = ({S}, {a, b}, P], S) and

G2 = ({A}s {1, 2}: st A)-

(1) S —= aSh (a) A —> 1A
P: . P=
' Y2) s — ab 2 ()(A———>A
: b
A —» 2

If the initial word is ab, then there exists the following nondetermi-

nistic interactive derivation chain:

ab |——=) aabb = ... = gibi > ...
~ N\ \ b
N v \ ~ i1

12 12 111, “qis

7 Ingé](wi+1)| denotes the maximum length of the derivation
2

chain for Wit with respect to GZ'
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Thus, the nondeterministic interactive language NL(G], Gz; ab) is
{a"p" | n > 1} and this is a context-free language, but not a regular
lanquage. Furthermore we see that this is not a deterministic

interactive language.

Example 4.2. This example shows that the well-known
context-sensitive language can be a nondeterministic interactive language.

Let G5 = ({B}, {a, b, c}, P5, B) and G, = ({D}, {a, B, Y}, P4, D), where

[}

() B —> aB (a) D —> aaD
(8) B —> bB (b) D —> B8RAD
P3= . P4=
B — ccB D —» vy
m( (c)(
B —» cc D ~—>» vy

If the initial word is abcc, then there exists a nondeterministic

interactive derivation chain as follows:

\ ,
7 \ /
A N 7 S \

RN A

b 2,38 2! 31 2.4
abcc — a c\|::‘,>...|:\:>a’c !:::{)
’ \ p \
: \

9 16 21 31 4
Y a

B B~ v

Conséquent]y this nondeterministic interactive language is

: n ,n n
NL(G,s Gy abcc) = {a? b3 ™% | n > o).
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Theorem 4.1. The family of nondeternimistic interactive

Tanguages properly includes the family of deterministic interactive

languages.
Proof. Immediately from the Lemma 2.11 and the following
Example 4.3. Q. E. D.
Example 4.3. Let 6 = ({s}, {a}, Pes S) and G6 = ({X3},

{1, 2}, PG’ X), where

(1) §$ —> as A —> 11A

PS =. ? P6 = (a)<

(2) S§S — a A —> 2

If the initial word is aa, then the nondeterministic interactive
n
language is NL(GS, GG; aa) = {a2 + | n > 0}.

Theorem 4.2. For any phrase-strqcture grammar GO, there
exists a grammar Ga such that NL(GO, Ga; wo) = L(GO) if and only if
L(GO) is simple. |

Proof. ( <) 1t is clear from the technique given in
the previous Example 4.3.

(=>) Sjmilar to the deterministic case, Lemma 2.12 holds for the
nondeterministic interactive language. So, this theorem is the -

direct consequence of Definition 4.4 and Lemma 2.12. Q. €. D.
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4.3 Interactive Web Languages

Usually we exchange our ideas not simply by words but by
figures; for éxample well-defined program structures are often
represented by means of flow charts. Therefore, it will be very
interesting to introduce web grammars to interactive systems.

Now we shall investigate the interaction between a web
grammar and a string'grammar in which the basis grammar is a web

grammar and the associate grammar is ordinary string grammar.

Definition 4.6. A parallel direction-sensitive web

grammar (pdswg) is a triplet WG = (V, I, R), where every production

in R is labelled by a set of labels Rz’ hwG : R— -Rz' Moreover,
every embedding function of the rewriting rule in R is assumed to be
direction-sensitive, énd in every derivation stage each rewriting rule

should be applied in parallel to the intermediate webs.

Definition 4.7. Let Wa = (V, UV, , I, R) be a pdswg,
Tw Ny
and Ga_= (VTa, VNa, Pa’ Sa) be a string grammar, where VTa - Rz,
Vy c P (R2 and P, are sets of labels of R and P respectively).
W
Let
W W
1 2
WG,Ga

be a relation between the webs w] and w2 satisfying the following

conditions.
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(1) W, and W, are in L(WG).

2
(2) There exists a directed path p in w] from a node whose
in-degree is zero to a node whose out-degree is zero, and there exists

"aword y in L(Ga) such that gG(p) =y and ng(y) = W,.

Example 4.5, The following is an example of an interactive
web language where WG] = ({S, X, Y} U {a, by ¢, d, e}, { S}, R1)
and 6, = ({A}, {1, 2, 3, 4, 5}, Py, A).

S 3
(N - = a f1= $1)=(2)
1 2
Y
IA
X b X
(2) = > =y, fo(1)é{3}
17 Y |
(3) M = d.(_____.v fl(1)={3), £.(1)={2}
1 2 3 0
(4 ! = ¢ f
) ! P = 0(1)=12\
(5) J = ¢ ()= £(1)={2}
1 2 I''=o

Fig. 4.1 The rewriting rules of NG].



@ A —>5A  (d) A —s 33a
F;= (b) A —> 22A (e) A — 1A

(c) A—-‘>4v

Figure 4.2. The rewriting rules of G].

If a web shown in Fig. 4.3 is an initial web, then theré exists an

interactive derivation chain for the interactive web system (NG], G])
as shown i'n Fig. 4.4. Then, the interactive web 1anguage is shown
in Fig. 4.5 and this is not a context-free web language although we1

is a context-free web grammar.

Figure. 4.3. Initial web in Example 4.5.
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Figure 4.4.

Interactive derivation chain in Example 4.5.

ot
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o
p

b
L s =<
(WG, GsW =< a n2o
d ">~
2" e
Figure 4.5. Interactive web language in Example 4.5.
Example 4.6. The following interactive web language is a

web representation of a well-known context-free language (so called
Knuth-language [2.10]), which is a set of all words consisting of
equal numbers of a's and b's. Let WGZ = ({S, A, B} U {a, b, ¢, d},

{ Com> 0> "d }, R2) and GZ = ({XO’ X]}g {S, A, Bs A" Bl}s P2! Xo)'

S

Thus, if the initial web is shown in Fig. 4.8, then there exists
an interactive web derivation chain as shown in Fig. 4.9. On the web
which is derived in the n-th stage of the above derivation, all words

which have n a's and b's are presented as pathes from c to d.



| 5————33 | 114
(S) ’S = h)={2,4}
1 b A fg1=(3,5)
/// 4 5
4
(A) '1A = f;(1)={2,5)
| | a2 1) =14,5,8}
5 6
A aB N:
R = B 2 3 4
27) (p g > f(1)={2,5)
E‘)'S fd1)={4,5’6}
5 6
) A a
(A) v = 5 §) = H{1)=q2}
-y B b
(B) Yy = h)= 11 =(2}
Figure 4.6. The rewriting rules of NGZ'

(a) Xy —> SABX  (c) Xg—> X,

'Y
i

(b) X, — X, (d) x,— sAg

Figure 4.7. The rewriting rules of Gz.
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Figure 4.8. Initial web in Example 4.6.

b
d => ¢ => .-

a

\ 7/

/
N p
- 3 /

SABSAB (SABFSAR

Figure 4.9. Interactive web derivation chain in Example 4.6.
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Example 4.7. This example shows an interactive web language
which has a cycle on it. Let W6, = ({S, A, B} U {o, a, b, a, B},
{ 'S }, R3) and G3 = ({X0}9 {]’ 2’ 3’ 49 5}’ P3’ X0)°

3 4 A
[ (1) '15 = OAA f(1)= b(1).= 2
2 B

(2) ,1A -~ EA t(1)={2)
2 3 1) ={3}
R = b
31 @) N L
1 2 3 H1 = {3}
A ot
(4) - = ‘, fi(1)= {1) =2}
L (5) B = f HD= 1) ={2)
Figure 4.10. The rewriting rules of NGS'
(0) xo—-> 1X0 (8) XO —> 2345
P =

3 (b) Xy —> 23X,

Fiqgure 4.11. The rewriting rules of G3.
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Thus, there exists an interactive web derivation chain as shown in
Fig. 4.12. The associate words for the n-th stage are expressed

' . n.\*n
as a regular expression o(a a) b 8.

d
of d a
0 =>0 x [=> 0
8 b b
\\s /’z B \\* //ﬂ E’
fOop, Og} O(axj*ba NP
O(aao‘)*bp
= - > 0
\\
b}
ola"uj g

Figure 4.12. The interactive web derivation in Example 4.7.
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Consider the case that the following productions are added to P3,

that is, let the associate grammar G3 be ({XO}, {1, 2, 3, 4, 5},

P3 u P3 s XO).

at the second stage has infinite webs, such that many of them have an

In this case, the web language interactively derived

arbitrary large cycle as shown in Fig. 4.13-b.

o
m
o

(a)

Figure 4.13. Interactive web derivation in the
interactive system (NG3, Gé).

So, the interactive web language IWL(WG3, Gé; wo) is as shown in

Fig. 4.14.
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3
nv
3
nv
o

Figure 4.14. The interactive web Tanguage INL(NG3, G3; wo).

Theorem 4.6. An interactive web system IWS = (WG, G) whose
web grammar WG is a context-free web grammar and the associate grammar
G is a regular string grammar can generate a context-sensitive web

language which is not a context-free web Tanguage.

Proof. See the Example 4.5 and Abe's Lemma in Section 2.2.
Q. E. D.
Theorem 4.7. For any nondeterministic interactive language

NL(G], GZ; WO) with 61 and 62 being context-free grammars, there exists
an interactive web system which can generate the web representations
of ihat language as directed series-parallel networks.

Proof. From the Example 4.6, it is easy to see the way how

to construct an inteactive web system in question, for a given



120

nondeterministic interactive system. Q. E. D.

4.4 Conclusions

The importance of having a method for the simple formal
definition of interactions by means of webs and strings lies in the
broad use of web representation of program structure. For example,
in the formal definition of programming Tanguages some form of directed
graphs are often the basic representation of programs for interactive

execution and formal analysis.
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CHAPTER 5
CONCLUSIONS

The major concern of this part has been the problem of formal
definition of interactions among several formal systems by means of
strings ‘and webs. We have shown that an interactive system provides
simple and elegant means for defining such interactions without going
out far from the well-known concepts of interactive problem solving
using electronic computers.

The concept of interactive systems is a simple one which may
readily be applied to interactions of grammars of many different types.
We have chosen here a particular form of "context-free grammar" as the
basic grammar form of which interactive systems are consisted.

The classes of‘interactive languages are discussed and compared
with so-called Chomsky's hierarchy. - It is shown that the family
of interactive languages is not closed under usual operations.
Furthermore, the sequential and parallel cyclic interactions among n
grammars are also discussed. We have also proposed the notion of
interactive web languages. The importance of having a method for
the simple formal definition of interactions using webs 1ies in the
widespread use of web representation of structure (especially program
structure), both in formal analysis and in computer applications.

In summary, interactive languages should be of interest to those

concerned with the more practical aspects of languages and utilizations
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of computers in interactive modes.

For a future study, the characterization of the cyclic
interactions among n grammars of any types (for example, context-
sensitive grammars), the reasonable different definitions of the
interactions among many grammars, and the interaction among several

web grammars will be the interesting topics.
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