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Abstract
In mathematical physics, Minkowski space (or Minkowski space-time) is a combination of
three-dimensional Euclidean space and time into a four-dimensional manifold.

The hyperbolic surface and de Sitter surface of a curve are defined in the spacelike hyper-
surface M in Minkowski 4-space and located, respectively, in hyperbolic 3-space and de Sitter
3-space. In this study, techniques from singularity theory were applied to obtain the generic
shape of such surfaces and their singular value sets and the geometrical meanings of these
singularities were investigated.

1. Introduction

Submanifolds in Lorentz-Minkowski space are investigated from various mathematical
viewpoints and are of interest also in relativity theory. In recent years, the use of singularity
theory has led to significant progress and many investigations have focused on the classifi-
cation and characterisation of the singularity of submanifolds in both Euclidean spaces and
semi-Euclidean spaces (see [1]-[8] and [10]).The results of the present study have comple-
mented a whole study of the extrinsic geometry of curves in different ambient spaces, as
mentioned above.

We considered a spacelike embedding X : U — R{ from an open subset U c R* and
identified M and U through embedding X, where R‘l‘ is the Minkowski 4-space. For a curve
v : I — M with nowhere vanishing curvature, we defined a hyperbolic surface in hyperbolic
space H*(—1) and a de Sitter surface in de Sitter space S:f associated with curve y. Singularity
theory techniques, and in particular, the classical deformation theory, were applied for the
study of the generic differential geometry of those surfaces and their singular sets.

This paper is organised as follows: Section 2 reviews some basic definitions of Minkowski
4-space, as well as the definition of A;-singularities and discriminant sets, and reports the
construction of a moving frame along y together with Frenet-Serret type formulae; Sections
3 and 5 address the definition of two families of height functions on 7y, namely timelike
tangential height functions and spacelike tangential height functions, which measure the
contact of curve ¢t with special hyperplanes and whose differentiation yields invariants re-
lated to each surface. The hyperbolic surface of y is described as the discriminant set of the
family of timelike tangential height functions (Corollary 3.2) and de Sitter surface of y is the
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discriminant set of the family of spacelike tangential height functions (Corollary 5.2). The
theory of deformations provides a classification and a characterisation of the diffeomorphims
type of such surfaces (Theorems 3.5 and 5.5). The sections also report on an investigation
on the geometrical meaning of the invariants, and the results enable curve y to be part of a
slice surface (Propositions 3.6 and 5.6). When v is not part of a slice surface, the contact of
v with a slice surface is characterised by the singularity types of both its hyperbolic surface
(Proposition 3.7) and de Sitter surface (Proposition 5.7). Sections 4 and 6 provide examples
of curves on spacelike hypersurface in R‘]‘ and the surfaces studied in [3].

2. Preliminaries

Minkowski space R? is the vector space R* endowed with the pseudo-scalar product
(X%, y) = —xoyo + x1y1 + X2y + x3y3, for any x = (x,x1,x2,x3) and y = (Yo, y1,Y2,Y3)
in R‘f (see, e.g., [9]). A non-zero vector x € R‘f is said to be spacelike if {x, x) > 0, lightlike
if (x,x) = 0 and timelike if (x, x) < 0, respectively. y : I — R%, with I ¢ R open interval, is
spacelike (resp. timelike) if tangent vector y’(¢) is a spacelike (resp. timelike) vector for any
tel.

The norm of a vector x € R‘I‘ is defined by ||x|| = V|{x, x)|. For a non-zero vector v € R‘l‘
and a real number c, hyperplane with pseudo-normal v is defined by

HP(v,c) = {x € R‘lt | (x,v) = c}.

We call HP(v, ¢) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if
v is timelike, spacelike or lightlike, respectively. Let us now consider the pseudo-spheres in
R‘l‘: The hyperbolic 3-space is defined by

H3(-1) = {x eR} | (x.x)=-1,
and the de Sitter 3-space is denoted by
s = {xe R} | (x,x) = 1}.

For any x = (xo, 1, %2, %3), ¥ = (o, Y1, ¥2,43)» 2 = (20,21, 22, 23) € RY, the pseudo vector
product of x, y and z is defined as follows:

—ey) €1 ey €3

X X1 X2 X
XANYNZ= 0 ’ >

Yo Y1 Y2 Y3

20 241 22 3

where {e, €1, €2, €3} is the canonical basis of R*.

Considering a spacelike embedding X : U — R‘l‘ from an open subset U C R3, we
write M = X(U) and identify M and U through embedding X. X is said to be a spacelike
embedding if the tangent space T ,M consists of spacelike vectors at any p = X(u). Let
¥ : I — U be a regular curve. Therefore, acurvey : I - M C R‘l‘ is defined by y(s) =
X(y(s)), and is a curve in the spacelike hypersurface M. Since vy is a spacelike curve, it can
be reparametrized by the arc length s, which gives a unit tangent vector #(s) = y'(s). In
this case, we call y a unit speed spacelike curve. Since X is a spacelike embedding, a unit
timelike normal vector field n along M = X(U) is defined by
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X () A Xy, () A Xy ()
") = ¥ 1) A X ) A Xy @]
for p = X(u), where X, = 0X/0u;, i = 1,2,3. nis future directed if (n,ep) < 0. We chose
the orientation of M, such that n is future directed and we defined n,(s) = noy(s), to obtain a

unit timelike normal vector field n, along y. Under the assumption that || {(n,(s), #'(s))n,(s) +
Y (s) ||# 0, we defined

_ Any(8), 7 (s)n, () + 1'(s)

Ky (), 7 ($))ny () + (I

It follows that (¢,n;) = 0 and (n,,n;) = 0. Therefore, a spacelike unit vector is defined by
ny(s) = n, A 1(s) A ni(s), and a pseudo-orthonormal frame {n,, #(s), n1(s), n(s)} is called a
Lorentzian Darboux frame along vy. By standard arguments, the Frenet-Serret type formulae
for the above frame are given by

ni(s)

1, (s) = ku(5) 1(s) + T1(5) n1(5) + 72(5) na(s),

1'(8) = ka(s) 1y (5) + kg(s) n1(5),

n1(s) = T1(5) ny () — kg(8) 1(s) + T4(5) n2(s),

n5(s) = 12(8) ny(s) — 74(s) m1 (),
where  k,(s) = =(n,(s),7'(5)),  71(s) = (n1(s),n, (),  72(s) = (na(s),n)(5)),  Kky(s) =
IKny (), 2 ($))n, (s) + ' (DI = l|=ka($)ny () + '(s)l| and 74(s) = (=n’(s), n1(s)). The invariant
ky 1s called a normal curvature, 7; is a first normal torsion, 7, is a second normal torsion, k,

is a geodesic curvature, and 7, is a geodesic torsion.
By assumption, k,(s) = [[{n,(s), 1 (s))n,(s) + £'(s)|| # 0, so that k,(s) > 0.

DEeriniTION 2.1. Let F : R‘l‘ — R be a submersion and y : I — M a regular curve. y and
F~1(0) have contact of order k at s¢ if function g(s) = F o y(s) satisfies g(so) = ¢'(s9) =
o= gW(sp) = 0 and g% D(sg) # 0, i.e., g has an Ag-singularity at s.

Let G : RX R, (59, x9) — R be a family of germs of functions. We call G an r-parameter
deformation of f if f(s) = Gy,(s). Supposing f has an As-singularity (k > 1) at sp, we write

oG S ‘
j(k—l) (a_Xi(S, xO)) (SO) = ; G_’ji(s - S())J’

fori =1,...,r. Then, G is a versal deformation if the k X r matrix of coeflicients (a ;) has
rank k (k < r) (see [1]).
The discriminant set of G is

Dg = {X € (R", xo) s

oG
G=—=0at (s,x) for some s € (R, so)}
and the bifurcation set of G is

Bg = {x € (R", xo) = —— =0 at (s,x) for some s € (R, sy)

s 52

G 9*G }

The next result is from reference [1].
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Theorem 2.2. Let G : R X R", (59, x0) = R be an r-parameter deformation of f, such
that f has an Aj-singularity at sg. Supposing G is a versal deformation, Dg is locally
diffeomorphic to

(1) CxR2ifk=2,
(2) SWxR 3 ifk =3,
where C = {(x1,x2) | x? = x;} is the ordinary cusp and SW = {(x1, X2, x3) | x; = 3u* +

U2, X2 = 4’ + 2uv, x3 = v} is the swallowtail surface.

In Sections 3 and 5, special families of functions on curves in M were used for the study
of the hyperbolic surface and de Sitter surface. In fact, such surfaces are the discriminant
sets of those families.

3. Timelike tangential height functions

This section introduces the family of timelike tangential height functions on a curve in a
spacelike hypersurface M, and addresses the definition and study of the hyperbolic surface
given by the discriminant set of this family.

A family of functionsonacurvey: I - M C R‘l‘ is defined as

HI : IxH3(=1) - R; (s,0) = {1(5), ).

We call H! a family of timelike tangential height functions of vy, and (h!),(s) = H (s,v) is
denoted for any fixed v € H3(~1). The family H! measures the contact of the curve ¢ with
spacelike hyperplanes in R*, which is, generically, of order k, k = 1,2, 3.

The conditions that characterise the Aj-singularity, k = 1,2, 3 can be obtained in Propo-
sition 3.1.

The proof of (2) in the following proposition leads to k;(s) > kﬁ(s), therefore, we can
assume that there exists an interval /, such that k;(s) > kﬁ(s) for s € I. Towards avoiding
complicated situations, we have assumed (k, 72 + k,7,)(s) # O for any s € I.

Proposition 3.1. Lety : I — M be a unit speed curve with k,(s) # 0 and (k,T2+k,7,)(5) #
0. Therefore,
(1) (h,T)U(s) = 0 if and only if there exist u, A, n € R, such that —u*> + 2> + n* = =1 and
v = un,(s) + Ani(s) + nna(s).
) (h,T)U(s) = (htT);(s) = 0 if and only if there exists 0 € R, such that

D= Lh@ (kg(s)ny(s) + k,,(s)nl(s)) + sinh 6n,(s).

JK®) - k)
(3) (h),(5) = (R (5) = (B, (5) = O if and only if

p= —oshO (ky()my(s) + ku(s)1(s)) + sinh 6 (s),

K =K (5)

’ 2 2 ’
tanh @ = kgkn + kgT] - knTl - knkg

(s).

(kyTy + kyTy) ké - k2

@) (hD),(s) = (hD).(s) = (K1) (s) = (), (5) = O if and only if
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v= ——BN (1 (g () + u(sImi(5)) + sinh (),

JK&(s) = K2(s)

kgk;l + k;‘(’l - k,lel - knk/

tanh 6 = g () and p(s) = 0, where

(kT2 + kyTy) kg - k2

p(s) = ((—kgk;z, - kgknTg - Zka;Tl - kéTll - kéTgTz + 2Kk, Ty + kﬁT’l - kﬁk@TZ +
k;’kn - kgknTZ)(knTz + kgTy) + (kgky, + kng - kﬁﬁ - k"k.;)(zk;sz +haTiTy + k"T’Z +
2K) 7y + kyTiTa + kyT)))(5).
’ ’” " 4 . .
(5) (h),(5) = (WD), (s) = (hT);/(s) = (WD), (5) = (W)L (5) = O if and only if

o __cosho (ky (5, (5) + k()1 (5)) + sinh G (s),

JE(s) = k2 (s)

Gk BT KT kb =0
: s) and p(s) = p’(s) = 0.
(kyTo + kyTy), /kg - k2

Proof. By definition, (htT)U(s) = 0 if and only if (#(s),v) = 0. This is equivalent to
v = uny(s) + Ani(s) + nna(s), where p, 4, 7 € R and —p> + 22 + > = —1 so that (1)
follows. For (2), (h1),(s) = (h]),(s) = 0 if and only if v = un,(s) + Ani(s) + gna(s) with
-2+ 22 + 7 = -1 and (f'(s),v) = —uk, + Ak, = 0. This is equivalent to

D= __cosho (kg(s)ny(s) + k,,(S)nl(s)) + sinh 6n;(s).

JK2($) = K3 (s)
For (3), (h),(s) = (h]),(s) = (k). (s) = 0 if and only if

po —coshl (ky()ny(5) + kn($)n1(5)) + sinh fny(s) and (¢"(s),0) = 0.

\JKE(s) = k2 (s)
Since 17(s) = (ky(s) = kZ(sN1(s) + (ki (5) + kg()T1()n,(5) + (kn(5)T1(5) + k[ ()1 (s) +
(kn(5)T2(5) + ky(5)T4(5))n2(5), the previous assertion is equivalent to

0= __coshf (kg(S)ny(S) + k,,(S)nl(s)) + sinh On,(s)

JKE(s) = k2(s)

koky, + ko1 =kt — Kok,

tanh @ =

and tanh 8 =

(s).

(knTo + kyTy)4 /ké - k2
Items (4) and (5) were calculated by Frenet-Serret type formulae of y. Since such calcu-
lations are laborious and long, details have been omitted. O

Following Proposition 3.1, we defined the invariant

p(s) = ((—kgk;[ - kgk,ﬂ'% - 2kgk;‘['1 - k;‘['/l - kérgrz + 2knk;T) + kﬁr’l - k,zlkg‘['z + k;’k,, -

kgkn‘l'é)(k,ﬂ'z +kyTy)+(kyk;, +k§T1 —k,%‘l'l —knk;)(Zk;sz +kyT17y +k,17"2 +2k;7'g +kyT1T2 +kgT’g))(s)
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of the curve y. The geometrical meaning of this invariant will be studied.

Motivated by the calculations of this proposition, we defined a surface and its singular
locus. Lety : I — M be a unit speed curve with k,(s) # 0 and (k, 72 + k,7,)(s) # 0. A
surface Sy : I xR — H3(-1) is defined by

cosh @

JE(s) = k()

We call S, a hyperbolic surface of y. Since we have assumed kj(s) > k;(s) for any
s € I, the hyperbolic surface exists. We now define CH,, = S, (s, 0(s)), where tanh 6(s) =

kyk;, + k;n - k2t - knk,, o ]
' (s), which is generically a curve. We call CH,, a hyperbolic curve

S,(s,6) = (ky()ny(5) + ku(5)n1(5)) + sinh s (s).

(knT2 + kyTy)\ ko — K2
of v. By Theorem 3.5 (1), this curve is the locus of the singular points of the hyperbolic
surface of y.

Corollary 3.2. The hyperbolic surface of y is the discriminant set Dyr of the family of
timelike tangential height functions HY .

Proof. The proof follows from the definition of the discriminant set given in Section 2
and Proposition 3.1 (2). O

In the following proposition, we show the family of timelike tangential height functions
on a curve in M is a versal deformation of an Aj-singularity, k = 2,3, of its members.
Furthermore, we will study the geometric meaning of the invariant p. We write Ayg(s) =
(kyky, + K271 = K2ty = kak) (5).

Proposition 3.3. Lety : I — M be a unit speed curve with k,(s) # 0 and (k,t2+k,7,)(s) #
0.
(@) If (h1),, has an Ay-singularity at sy, then HY is a versal deformation of (hl'),,.
b) If (h,T)UO has an As-singularity at sy and Ao(sg) # O (which is a generic condition),
then H! is a versal deformation of (hl),,.

Proof. The family of timelike tangential height functions is given by
H,T(s, v) = —vox,(8) + v1x](8) + V2x5(8) + v3x5(5),

where v = (vg, 1, 02,03), 1(s) = (x((5), X|(5), X5(s), X5(s)) and vg = /1 + v% + v% + v%.
Thus
T
I (5,0) = X(5) = —x)(s)
(90,' ’ ! ) 0R 2
. . OH] .

fori = 1,2, 3. Therefore, the 1-jet of a—(s, v) at s¢ is given by
i

x;(s0) — s—;xa(sO) + (xi’(sO) - s—;xa'(sO)) (s — s0)

HT
and the 2-jet of a—’(s, v) at s is given by
Vi
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Ui ’ 1 4 L
x;(s0) — —XO(SO) + (X (s0) — —xq (So)) (s —s0) + = (X (s0) — U—Xo (So)) (s — 50).
) 1) 2 [20)

First, we assumed that (h,T)U has an A,-singularity at s = sy, and show that the rank of the
matrix

x1(s0) — xo(sO) x5(s0) — —xo(sO) xX5(s0) — xo(SO)
B= 50 Uo Uo
x{'(s0) — %x 0 (s0) x5 (s0) — —xo(sO) x5 (s0) — U—x 0 (50)

is two.
We calculated the Gram-Schmidt matrix of B = vyB, and denoted the lines of B by

F = (x7(s0)vo — x{(850)v1, X5(50)v0 — x((50)v2, X5(50)v0 — X(S0)V3),

G = (x{ (s0)vo — xg (s0)v1, X5 (50)v0 — X4 (50)v2, X5 (50)v0 — X (50)v3).
Since (v,v) = 1, {1(s), 1(s)) = 1, {1(s),0) = 0, (' (5),0) = 0 and (F'(s),7'(s)) = ky(s) -
k2(s), we have the following Euclidean inner product

F.F =0} - (x})’, F.G=-xjx;) and G.G = v}(k2(s) — ka(s)) — (x{))’.

Therefore, the Gram-Schmidt matrix of Bis
5= - ()’ 3 )
B —xpxy op(k2(s) = ka(s) — (x)* )

Through a Lorentzian motion of the curve, we can assume n,(so) = (1,0,0,0). In this case,

ky(so) cosh 6y ) .
xo(s0) = 0, x;(s0) = kn(s0) and vg = ——————. Therefore, the determinant of Gy is

VK = Ks)

k2(s0) cosh” 6o
k2(s0) = kz(s0)
which is different from zero, since k;(so) > kﬁ(so). Consequently, the rank of the matrix B
is two, and assertion (a) follows.

We now assume (htT)U has an A3-singularity at s = s¢. In this case, the determinant of the
3 X 3 matrix

0§ (k3(50) = kn(50)) (05 — () = 00> (x)* = (K2 (s0) cosh®  — k2(50)) ,

X, (50) — ”—éx@(s()) X)(s0) — ”—zx'o(s()) X(50) — ”—Zx'o(sw
A=| x{(so) - —X J(s0) x5 (so) — —X J(s0) x5 (so) — —OX 0 (s0)

77

x{"(s0) = U—xg”(sO) x5 (s0) — U—xo (so) x5'(s0) — U—X”’(S 0)
is nonzero. Denoting

x4(s0) x.(s0)
a=| xy(s0) |,bi=| x'(s0) |,

x5 (s0) X (50)
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fori =1,2,3, then
[2) U1 %) U3
detA = — det(by by bz) — — det(a by b3) — — det(by a b3) — — det(by b, a).
) Vo Vo Yo

On the other hand,

V' Ay NY")(s0) = (—det(by by b3),—det(a by bs),—det(by a bs),—det(by by a)).
Therefore,
2
Vo Ul Uy U3 cosh g (kgky, + K2y = K271 = kuk )

detA = <(— —, = —) LAY A 7"")(50)> = —(50).

b b b
fo o to Lo vofk2 = K2(kuT2 + kygTy)

If (h,T)U0 has an As-singularity at so and Ag(sg) # O, then detA # 0 and HIT is a versal
deformation of (h!),,, which completes the proof. O

According to Proposition 3.3, if (h!),, has an A3-singularity at so and Ao(so) # 0, then H!
is a versal deformation of (htT)UO. Let us now investigate what occurs if Ag(sp) = 0.

First, we must define a new deformation of (h!),, and prove it is a versal deformation.
Then, the Recognition Lemma is applied for cuspidal beaks, or cuspidal lips given in [6].

Using Proposition 3.1 with 4p(sg) = O, (h,T),,0 has an As-singularity at s¢ if and only if

1
0 =0, v(sp) = (kgny + knnl) (50), p(s0) = 0 and p’(s¢) # 0, where

\Jk5(s0) = ki(so)
-1
p'(s0) = (—=35(50)1(50) + A2(s0)) # 0,
\Jk5(s0) = ki(s0)

A1(s) = (k12 + kyy Th + k;Tg + kgT’g)(S),

A2(s) = (kgky!" + 3k) kT + 3K, T kg + KT} + kT, — KoTot1 = kaTiTok, + knT1T2kyT,
= 3kuky/ 71 = Bkak, T} = KTV + k) + o1, + koT1Th — ko175 + ko TaTy — KTy,
— k7)1 + 211k kg — 277K K, )(5).
We now define a deformation H : IxH3(~1)xR — R by H(s,v,u) = H (s, v)+u(s—s)* =
(t(s),v) + u(s — s)>. The germ at (s, vg, 0) represented by H is considered.
Proposition 3.4. If (htT)U0 has an As-singularity at sy and Ao(so) = 0, then H is a versal
deformation of (hl),,.

Proof.

ﬁ(s, v, u) = H[T(s, ) + u(s — s0)* = —00x(8) + v1X](8) + v2x5(5) + v3X5(s) + u(s — 50)%,

where v = (vg, v1, 02, 03), 1(s) = (x((s), X| (), X5(s), X5(s)) and vy = A1+ vf + v% + v%.

Therefore,
OH

o0 (5,0,0) = x/(s) - s—;x{)(S),
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oH
for i = 1,2, 3. Therefore, the 2-jet of G_(S’ v,0) at 50 1s
%

’ v 7 24 U 44 1 244 U 244
x/(50) — —xg(s0) + (x,» (s0) — —x§ (SO)) (s—s0)+ = (x (s0) — —’xo (SO)) (s = 50)%
Vo vo 2 vo
oOH
and the 2-jet of 6_(S’ v,0) at so is (s — 50)>.
u
We assume (h,T)U has an Az-singularity at s = s, and it is enough to show

U1 U2 U3
xj(s0) — —X(')(So) x5(s0) — —x(’)(sO) x5(s0) — _x(,)(SO) 0
0 0 0

rank| x| (so) — gx 0 (s0) x5 (s0) — %x 0 (s0) x5 (s0) — gx 0(s0) 0O
///(SO) _ U_x///(so) x///(SO) _ _x///(so) ///(SO) _ _x///(s ) 1
Vo vo vo
0 0 1
X (s0) - ZOXO(SO) X (So)— "(so> 0
=rankl 4 (so) - () 6 (s0) - U—x (s 0|7
xg<so)—”—0xo(so> X (so>——x '(s0) 0

The rank of the last matrix has the same value of the rank of
1 0
v v
X(50) = —x(s0) X}/ (50) = —x{/(50)
vo Uo

03 0
x5(s0) — U—X{)(So) x5 (s0) — — "(So)
0

o o O =

U3
xX5(s0) — Oxo(s()) X} (SO)— —x ' (S0)
Let us consider

a(so) = (1 x1(s0) — ono(sO) , X5(80) — Zoxa(sO),xg(sO) - Z—Zx()(sO)),

17 U 17 17 U 17 1’7 U "’
b(so) = (0, X/ (50) = — x4/ (50), X4 (50) — =4/ (50), X2 (50) — =X (So))
Uo 0o Vo

955

and c(sp) = (1,0,0,0). a(so), b(sp), c(sg) are linearly independent. Indeed, if a(sg), b(so),
c(so) are linearly dependent, then x{(so) = v—lxg)(so), x5(s0) = U—zx{)(so) and x{(so) =
[2) [2)

U . . .. . .
—3x6(so), that is, #(sg) and v are parallel, which leads to a contradiction, since ¢ is space-
Vo

like and v is timelike. O
The cuspidal beaks are defined to be a germ of surface diffeomorphic to CBK =
{(x1, X2, X3)|X1 = v, X0 = —2u3 + vou, x3 = 3uy — vouy} (see picture in [6]). Using Theo-

rem 2.2, Propositions 3.3 and 3.4, we can obtain the diffeomorphism type of the hyperbolic

surface in the following theorem.
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Theorem 3.5. Lety : [ — M be a unit speed curve with ky(s) # 0, (k,72 + k,7,)(s) # 0
and kj(s) > k2(s). Let S, be the hyperbolic surface of y. Then
(1) S, is singular at (so, 6o) if and only if
kyk, + K2ty — k211 — kK,
tanh 6y = J g ! ! g(so).
— k2(k, T2 + kyTy)

The singular points of the hyperbolic surface are given by S,(s) = S, (s, 0(s)), where
tanh 6(s) satisfies the above equation.
(2) The germ of S, at (so, 0) is diffeomorphic to a cuspidal edge if
koki, + ko1 = k) — Kk,
tanh 6y = (so) and p(sy) # 0.
(kyTy + kyTy) kg -

(3) The germ of S, at (so, 6p) is diffeomorphic to a swallowtail if
kgk;, + ksn — k2t =k, ky
tanh 6y = — (so) Ao(s0) 0, p(so) =0 and p'(sg) # 0.
(kyTo + kyTy) k_g -

(4) The germ of S, at (so, 0) is diffeomorphic to cuspidal beaks if
Ao(s0) =0, A1(s0) # 0, p(so) =0 and p'(so) # 0.
(5) Cuspidal lips do not appear.

Proof. Let us consider the hyperbolic surface
cosh @

JKa(s) = k()

S,(s,6) = (kg () (s) + kn(s)n1(5)) + sinh Oy (s).

Therefore, we have

s, cosh O(=kyk, + kgnk;, + k15 = k71) + sinh 0ra(kg — k) [KG = k3
—(S 0) = (s)ny(s)
(k2 = k2)Jk2 = k2

cosh O(k3 1 — kyT1k2 + K} k2 = kykgk}) — sinh 07, (k2 — k2)[k2 — k2
+ (s)n1(s)
k2 -k Ji2 - 2

N (cosh O(kyt> + kyy7y)

-k

as, h Ok h 6k,
—(s _sinh fky(s) sinh 8k, (s) —— " n1(s) + cosh Ony(s).

,/kZ(s) k2(s) ,/k2(s) K2(s)

oS 0
Therefore, the vectors {a—y(so, 6p), a—g(so,eo)} are linearly dependent if and only if
s

)(s)nz(s) and
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koky, + k>T1 — KTy — Kk
J g1 - ‘q(so) and assertion (1) holds.

tanh 6y =
(ks + kg o) 2 = K2
By Corollary 3.2, the discriminant set Dy of the family of timelike tangential height
functions H,T of y is the hyperbolic surface S, . It also follows from assertions (4) and (5) of
Proposition 3.1 that (h!'),, has an A,-singularity (respectively, an A3-singularity) at s = s if
and only if

kghl, + K2ty — 2Ty — ok

tanh 6 = I (s0) and p(so) # 0

(knTa + kyTy) [k = K

kgk;, + kj‘rl — k2 - knk,
(50), p(s9) = 0 and p’(sp) # 0). Therefore,

(respectively, tanh 6y =
(knTy + kyTy) /kg - k2
by Proposition 3.3, we have assertions (2) and (3).

By Proposition 7.5 in [6] and previous Proposition 3.4, H! is a Morse family of hyper-
surfaces.

Calculating ¢ = (3°H[ /0s*)| Dy, we have

O*H/ h6
5 (5.6) = <t"(s), = (ky()my(s) + ku(s)n1(s)) + sinh an(s)>
s JRE(s) = K2(s)
- COSh 0 , 2 2 ’ .
= (kgk, + kgrl -k, - knkg)(s) + sinh 0(k, 5 + ky74)(5).
Je(s) = k(s)
) ) —coshé 2 5 .
The Hessian matrix of ¢(s, 0) = —=(ksk;, +k;71 —k; 71 —knk;)(s)+sinh O(k, T2+
JKa(s) = K2(s)
kyTg)(s) is

%
Hess(¢)(s9,0) = [ @(SO’O) A1(s0) ]
A1(s0) 0

Since A1(so) # 0, detHess(¢)(sg,0) # 0. By Lemma 7.7 in [6], H! is P-K-equivalent
to t* + v%t2 + vt + v° (the notion of generating families, Legendrian equivalence and P-
K-equivalent are given in [6] page 30). The singular set of Dyr is given by ¢(s,60) = 0.
Therefore it consists of two curves that transversally intersect at (sg,0). Therefore, the
normal form is * — v + vyt + v, the surface is diffeomorphic to cuspidal beaks, and we
have assertions (4) and (5). m]

We have three types of models of surfaces in M, which are given by intersections of M
with hyperplanes in R‘l‘. We call a surface M N HP(v, c¢) a timelike slice if v is spacelike, a
spacelike slice if v is timelike, or a lightlike slice if v is lightlike.

In the following proposition, the curve y of the hyperbolic surface is related to the invari-
ant p and a slice surface. In this case, the singular locus of the hyperbolic surface of y is a
point.
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Proposition 3.6. Let y : I — M be a unit speed curve, such that k,(s) # 0, (k,72 +
kyt)(s) # 0 and k;(s) > kﬁ(s) forany s € 1. Let S,(s,0(s)) be the singular points of the
hyperbolic surface of y. Then, the following conditions are equivalent:

(1) S,(s,0(s)) is a constant timelike vector,
(2) p(s) = 0;
(3) there exist a timelike vector v and a real number c, such that Im(y) c M N HP(v, c).

Proof. By definition

kK + k2T — K21y — kK
S,(s,6(s)) = M((kgny)@)ﬂknm)(SH b il ”)(S)nz S)
. /(kg —k2)(s) (ka2 + kyT4)(s)
Thus,
ds, (s, 6(s)) B
ds a
k k' + k21| — K21y — Kk
M [kg(s)ny(s) + k,(s)n1(s) + (koo + o1 il g)(s)nz(s))
,kg(s) _ k%(s) (knTz + kng)
kok! + K21y — k2T) — kok! '
b (kgu)ny(s) Fl(om(s) + et g)(S)nz(s)) |
K2(s) — k2(s) (knTo + ky1y)
g n
Furthermore,
0(s) = X(s)

&2 = I () (K2 = k) (kT + kyTy)? — (kgky, + koT1 — Koty — kak))?)(s)

where X(s) = (kgk; +2kgk; 71 + kgr’l = 2kak) T — kTl — knk;’)(kg — k2) (kT2 + kyTy) — (kyk +
k;n - K1y - knk)(kgky — knk )(knTa + kgTg) + (k; — k(K2 + kT + kT + kgTy))(s).

Using the Frenet-Serret type formulae, replacing 6'(s) in the previous expression of the
derivative and performing some calculations, we have

dsS,(s,0(s)) B

ds
—cosh 6(an, + bn; + cny)p

(s),
k2 = k2 (kT + kyTg) (k2 = K2)(kn T + kyTg)? = (kgky, + K271 — K271 = kk))?)

where a(s) = ky(kjky + kot — ki — kjkn)(s), b(s) = kn(kpky + koT1 — kny — Kjka)(s),

c(s) = (kj — ki) (knT2 + ky74)(s) and p(s) is the invariant.

dsS
Therefore, —- = 0 if and only if p(s) = 0. Therefore, statements (1) and (2) are equiva-

s
lent. We now assume statement (1) holds and has

(v(5), Sy(s,6(5))) =

cosh 6
B (kq(?’a I’l7> + kn<7a I’l]> +

K2 - k2

(kyk, + K271 — K271 = kak!)

knto + kyty

<% n2> (S)
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Let g(s) = (y(s), S, (s, 6(s))). Deriving, by Frenet-Serret type formulae and making long
calculations, we show

g'(s) = g1()¥(5), ny(5)) + g2()(¥(5), n1(9)) + g3(5){y(5), n2(s)),

A(s) cosh 6(s) B(s) cosh 8(s) and g5(s) C(s)coshd(s)
_ D)o 2(s) = 22277

where g, (s) = T Dy g2(s) = D(s) D (s)

with
A(s) =(kg(kgk;, + kot — ko — knk;)[(kgk;; + 2kgk! Ty + ko) — 2kok) Ty — ko Th = kak?))
(k; = k) (kT2 + kyTg) — (kgky, + koT1 — Koy — k,,k;)((kgk; — knk)(kn T2 + kyT,)
+ (kg — ) yra + kT + Ky + kg ))) | = kyegkl) = Rkl nTo + Ky 7g) (k7 = K2
+ ky(kgkly — knkp)(knTo + kyTg)(kokl, + kT — k) — Kk}))” + ((k,,r2 + ko Ty ) (K, +
kaT1) + Tokghly + TokiT) = TokaT1 = Takak) )(kG = k2 (knTa + kgTy)* = (K] + uT1)

(knT2 + kyTy) + Tokgkl, + TokoT) — TokyT1 — Tzknk;)(kj — k) (kgkyy + koT1 = k1 —

knk;>2)(s>,
D(s) :((knrz + kyTy)\J(R2 = k5)3((k§ — k) (knTa + kyTy)* = (kgky, + ko) — k) — knk;)z))(s),

B(s) :(kn(kgk,; + kT — kT - knk'g)[(kgk,;' + 2kgki Ty + KoT) = 2kak Ty — KT — k)

(k= )k + kyTg) = (kgki, + K21 = k21 = Kuk (koK) — knk ) (K T2 + Ky T,)
+ (kg — )2 + kT + Ky + kg )| = kallegkl) = Rkl enTo + Ky 7g) (k= K2)
+ kn(kgkl) = kuky)(knTo + kyTg)kokl, + ko1 = kTt = kak!))* + (kgknT1T2 + k)T

+ ToknTy + Takakl) ) (ki — ki) (knTa + kgTg) = (kgknT1 T2 + Kk T2 + TghnTy + Tgkk)

(k; — k) (kgky, + Koty — Koy — knk;)z)(s),

C(s) :( = (knTa + kgTg)(kgky, + ko1 = KTy = Kk )2 (kg2 + kuTy) = (kgk}, + ko1 — KTy
— knk))(knT2 + kgTg)*(kgkly = knky) + (koky, + ko1 — KTy — Kk} (kT2 + knT1Tg+

K 7g + kgTiT2)(ky — ki) (knT2 + kgrg))(s),

Di(s) :( K2 = K2k + kymg)((k7 = k) kuTa + kgTy)? = (kghl, + Koty — Koty = k,,k;)z))(s).

Furthermore, reorganising the calculations in A(s), B(s) and C(s), we show A(s) = B(s) =
C(s) = 0 for all s € I, therefore, g;(s) = 0,i = 1,2,3 forall s € I, (i.e., g’(s) = O for all
s € I), so that g is constant and the statement (3) follows. For the converse, we assume
{y(s),v) = c for a constant vector v and a real number c, therefore, (y’(s),v) = 0, that is,
(h1),(s) = 0 for all s, and (h7),(s) = (h1)(s) = (hT)/(s) = (hT), (s) = O for all 5. By
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Proposition 3.1, v = §, (s, 6(s)) and p(s) = O for all s, and (1) follows. |

In Proposition 3.6, the invariant p = 0 means the curve 7y is part of a spacelike slice
surface. For the next result, we assume p # 0, i.e., y is not part of any spacelike slice surface
M N HP(vy, ¢).

We now consider the hyperbolic curve CH,, of vy, defined in Section 3. We have defined
C(2,3,4) = {(©,,t*) | t € R}, which is called a (2, 3,4)-cusp, and obtained the following
result.

Proposition 3.7. Let y : I — M be a unit speed curve, such that k,(s) # 0, (k,72 +
kyty)(s) # 0 and k;(s) > k,zl(s)for any s € 1. Let vg = S,(s0,6p) and ¢ = (y(s0), vo). Then we
have

(1) y and the spacelike slice surface M N HP(vy, c) have contact of at least order 3 at
so if and only if (hf),,
spacelike slice surface M N HP(vy, ¢) have contact of order exactly 3 at s, then the
hyperbolic curve CH,, of vy is, at so, locally diffeomorphic to a line.

(2) v and the spacelike slice surface M N HP(vy, c) have contact of order 4 at sy if and
only if (htT)U0 has As-singularity at so. In this case, if Ao(sg) # O then, the hyperbolic
curve CH, of y is, at so, locally diffeomorphic to the (2,3,4)-cusp C(2, 3, 4).

has Ag-singularity at so, k > 2. Furthermore, if 'y and the

Proof. Let us consider vg = S,(s0,6) and ¢ = (y(so),v0) and D,, : M — R a function
defined by D,,(x) = (x,v9) — c¢. Then, Dljol (0) = M N HP(vy, c), which is a spacelike slice
surface. Furthermore, D;O' (0) and y have contact of at least order 3 at s¢ if and only if the
function g(s) = Dy, o y(s) = {y(s0),vo) — c satisfies g(so) = ¢'(s0) = g”(s0) = g""’(s0) = 0.
Such conditions are equivalent to g(so) = (h!),(s) = (h!),(s) = (h!),(s) = 0. By Proposition
3.1, they are equivalent to condition

cosh 6 .
vy = = (ky(s0)ny(50) + ku(s0)1(50)) + sinh foma(so).

J(s0) — k2(s0)

koky, + koT1 = ki — Kok, o
: (s0). If y and the spacelike slice surface M N HP(vg, ¢)

tanh 6y =
(knTo + kyTy)4 /k; - k2
have contact of order 3 at s, then

cosh 6, .
vy = = (ky(50)my(50) + kn(s0)1(50)) + sinh Gona(so),

J(50) — k2(s0)

koky, + ko1 = Kty = Kok,
~(sp) and p(sg) # 0. Furthermore, by Theorem 3.5, the

tanh 6y =

(knto + kyTy), /kg - k2
germ of the image of the hyperbolic surface S, at (so,6p) is locally diffeomorphic to the
cuspidal edge. Since the locus of the singularities of cuspidal edge is locally diffeomorphic
to a line, assertion (1) holds.
The first part of (2) follows from assertions (4) and (5) of Proposition 3.1. For the second
part, if y and the spacelike slice surface M N HP(vy, c) have contact of order 4 at sy, then
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cosh 6,

VK2 (s0) = k2 (s0)

kgky, + ko1 = ka1 — Kk},
(50), p(s9) = 0 and p’(sg) # 0. Furthermore, we have the

vy = (ky(50)my(50) + kn(s0)1(50)) + sinh Bona(so),

tanh 6y =

(knTo + kyTy)\Jk2 — k2
assumption Ag(so) # 0. By Theorem 3.5, the germ of the image of the hyperbolic surface S,
at (o, 6p) is locally diffeomorphic to the swallowtail surface. Since the locus of singularities
of the swallowtail surface is locally diffeomorphic to C(2, 3, 4), assertion (2) holds. m|

4. Examples

This section provides two examples of curves on spacelike hypersurface M in RY, namely
M =R3 and M = H3(-1), which is the hyperbolic space.

ExampLE 4.1. We consider M = R? = {x = (xg, X1, X2, X3) € R‘I‘ | xo = 0}. Fory : I — R?,
we have n, = e, 1(s) = ¥'(s), ni(s) = n(s) and ny(s) = b(s). Here {t,n, b} is the ordinary
Frenet frame, and k, = 71 = 7, = 0, k;, = k and 7, = 7. The Frenet-Serret type formulae are
the original Frenet-Serret formulae (see [1]):

ey(s) =0,
7'(s) = k(s) n(s),
n'(s) = —k(s) 1(s) + 7(s) b(s),
b'(s) = —1(s) n(s).
The hyperbolic surface of y in H3(-1) C R? is given by
S,(s,6) = coshfeq + sinh 6b(s)
and the hyperbolic curve of y is given by CH,(s) = ey, which is a constant point.

ExampLE 4.2. Let us consider M = H3(-1). For y:l—- H3(~1), we have ny(s) = y(s),
t(s) = y'(s), ni(s) and n,(s). Here {y, t,n;, n»} is the pseudo orthonormal frame, and k,,(s) =
L, 71(s) = 72(s) = 0, ky(s) = ki(s) and 74(s) = T4(s).

Y (s) = 1(s),
1'(s) = y(s) + kn(s) n1(s),
ny(s) = —kn(s) 1(s) + T (s) n2(s),
n5(s) = =Tx(s) n1(9).
Therefore, for kﬁ(s) > 1, the hyperbolic surface of vy is given by
cosh 6

NEOES!

Therefore, the hyperbolic surface is precisely the hyperbolic focal surface of y given in [3].

Sy(s,0) = (kp(s)y(s) + ny(s)) + sinh 6n,(s).
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5. Spacelike tangential height functions

This section introduces the family of spacelike tangential height functions on a curve in
a spacelike hypersurface M and addresses the definition and a study of the de Sitter surface,
given by the discriminant set of the family. The arguments and results are analogous to those
of Section 3, therefore the detailed arguments are not presented.

We define a family of functions on a curve,y : I - M C R‘l‘ as follows:

HY 1 Ix S >Ry (s,0) b {t(s),0).

We call H? the family of spacelike tangential height functions of y, and denote (h),(s) =
H;(s,v) for any fixed v € 7. The family H; measures the contact of the curve  with timelike
hyperplanes in R*, which, generically, can be of order k, k = 1,2, 3.

The conditions that characterise Aj-singularities, k = 1,2, 3, can be obtained in Proposi-
tion 5.1.

We assume k,%(s) > kj(s) for s € I, and towards avoiding more complicated situations,
(knTo + ky74)(s) # O for any s € 1.

Proposition 5.1. Lety : I — M be a unit speed curve, such that k,(s) # 0, (k,72 +
kyt)(s) # 0 and kﬁ(s) > kj(s). Then,

(D (htS)U(s) = 0 if and only if there exist u, A, n € R, such that —u*> + 2> + 7> = 1 and
v = un,(s) + Ani(s) + nna(s).

2) (hf)v(s) = (h,S);(s) = 0 if and only if there exists 6 € R, such that
0
0= L (ky(Iny(s) + (i (s)) + sin Ona(s).

Jie(s) - k(s)

(3) (h),(5) = (B, (s) = (h),(s) = 0 if and only if

= __cos® (kg(s)ny(s) + kn(S)nl(s)) + sin On; (),

K = K (5)

kyk, + K2ty — k211 — kK,
tanf = —2 9! : g(s).
(kT2 + kyTy) [k — K2

(4) (1),(5) = (B (5) = (), (s) = (k) (5) = O if and only if
U= LSG (kg(s)ny(s) + kn(s)nl(s)> + sin On,(s),

ka(s) = k2(s)
kykl + k2ty — K2ty — kok!
gkn T ng n Tl g(S) andp(S) =0, where

tan 6@ =

(ko + kyTy) K2 — k;
o(s) = ((—kgk;’ - kgk,ﬂ'% - 2kgk;T1 - lch’1 - kZTng + 2k, kT + k,%T’l - k,zlkgTz +
k;’k,, - kgknré)(kn‘rz + kyty) + (kgk;, + ké‘rl - kﬁﬁ - k,,k;)(Zk;TZ + kaT17Tg + kT, +

ZkZJTg +kyT1T2 + kgT;))(S).
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(5) (15),(s) = (h5).(s) = (b5 (s) = (h5), (5) = (1) P(s) = O if and only if

U= & (kg(s)ny(s) + kn(S)nl(S)) + 8in Ony(s),

NCTORSAC)

k! + K21y — K21y — k!
om0 L L ) and p(s) = p/(s) = O.

tan @ =
(kT2 + kyTg)([K2 — k;
Following Proposition 5.1, we define the invariant

p(s) = ((—kgk;l’ —kgk,ﬂ'% —2kgk;7'1 —k;T’l —kérgrz +2k, kT +kﬁr’l —k,zlkgrz +k;’kn—kgknré)(kn72 +

kyty) + (kgk;, + k;‘('] -kt - knky )2k, T2 + knT1Ty + KTy + 2k Ty + kgT1T2 + kgT;))(s)

of the curve y, whose geometric meaning will be studied. Motivated by Proposition 5.1, we
define the following surface and its singular locus. Lety : I — M be a unit speed curve with
ky(s) # 0, K2(s) > k;(s) and (k,72 + ky7,4)(s) # 0. A surface DS, : I X J — S? is defined by

cos

JKE(s) — K2(s)

where J = [0, 2r]. We call DS, a de Sitter surface of y. We now define DC, = DS, (s, 6(s)),

kyk;, + ké‘('] — k2t - knk,,
: (s). We call DC, a de Sitter curve of y. By

DS,(s,6) = (ky(5)ny(s) + kn(s)n1(5)) + sin 6na(s),

where tan6(s) =
k2 — k;(knrg + kyt,)
Theorem 5.5 (1), this curve is the locus of the singular points of the de Sitter surface of y

Corollary 5.2. The de Sitter surface of vy is the discriminant set Dys of the family of
spacelike tangential height functions H>.

Proof. The proof follows from the definition of the discriminant set given in Section 2
and Proposition 5.1 (2). O

Proposition 5.3. Lety : I — M be a unit speed curve with k,(s) # 0 and (k,t2+k,7,)(s) #
0.
(a) If (h;g ), has an Ay-singularity at so, then Hts is a versal deformation of (hf)vo.
) If (hf)v0 has an As-singularity at sy and Ao(so) # 0 (which is a generic condition),
then H is a versal deformation of (h),,.

Regarding the de Sitter surface, the result is analogous to that of Proposition 3.4, con-
sidering the deformation H : I X Sf X R — R by H(s,v,u) = HtS(s, V) + u(s — s9)* =
(t(5), v) + u(s — o).

Proposition 5.4. If (h;?),,(J has an As-singularity at sy and Ay(sg) = 0, then H is a versal
deformation of (h5),,.

Propositions 5.3 and 5.4 provided the following result.

Theorem 5.5. Lety : I — M be a unit speed curve, such that k,(s) # 0, k%(s) > k;(s)
and (k,7t + ky74)(s) # 0, and DS, the de Sitter surface of y. Therefore,
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(1) DS, is singular at (so, 6o) if and only if

kol, + K2ty = K27y — ko)

tan Gy = (50),

k2 — k2(kyT + kyTy)
i.e., the singular points of the de Sitter surface are given by DS, (s) = DS, (s, 0(s)),
where tan 0(s) satisfies the above equation.

(2) The germ of DS, at (so, o) is locally diffeomorphic to the cuspidal edge if

kok! + k2t — k211 — k,k!
J g 1 : g(so) and p(sg) # 0.

tan 6y =
(kyTo + kyTy) K2 — kﬁ

(3) The germ of DS, at (so,6) is locally diffeomorphic to the swallowtail if

kghl, + K2ty = 2Ty — ko)

tan 6y = (s0), Ao(so) # 0, p(sp) = 0 and p'(sp) # 0.

(knTo + kyTy) (k2 — K2
(4) The germ of DS, at (so,6) is diffeomorphic to cuspidal beaks if
Ao(s0) =0, A1(s0) #0, p(so) =0 and p’(so) # 0.
(5) Cuspidal lips do not appear.

In the next proposition, the curve y of the de Sitter surface is related to the invariant p
and a timelike slice surface. In this case, the singular locus of the de Sitter surface of y is a
point.

Proposition 5.6. Lety : I — M be a unit speed curve, such that k,(s) # 0, (k,72 +
kyty)(s) # 0 and k,%(s) > k;(s) for any s € I, and DS, (s, 0(s)) be the singular points of the
de Sitter surface of y. The following conditions are equivalent:

(1) DS, (s,0(s)) is a constant spacelike vector,

(2) p(s) =05
(3) there exist a spacelike vector v and a real number c, such that Im(y) Cc MNHP(v, ¢).

In the previous result, the invariant p = 0 means the curve v is part of a timelike slice
surface. For the next results, we have assumed p # 0, i.e., y is not part of any timelike slice
surface M N HP(v, c).

Proposition 5.7. Let y : I — M be a unit speed curve, such that k,(s) # 0, (k,72 +
kyty)(s) # 0 and kﬁ(s) > k;(s) forany s € I, and vy = DS,(s0,6p) and ¢ = (y(so), o).
Therefore, we have

(1) v and the timelike slice surface M N HP(vy, ¢) have contact of at least order 3 at sy if
and only if (hf)vo has Ag-singularity at so, k > 2. Furthermore, if vy and the timelike
slice surface M N HP(vy, c) have contact of order exactly 3 at sy, then the de Sitter
curve DC, of vy is, at so, locally diffeomorphic to a line at s.

(2) v and the timelike slice surface M N HP(vy, c) have contact of order 4 at sy if and
only if(hf)v0 has As-singularity at sy. In this case, if 1o(so) # O, then the de Sitter
curve DC, of vy is, at so, locally diffeomorphic to (2,3,4)-cusp C(2,3,4).
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6. Examples

This section provides two examples of curves on spacelike hypersurface M in R¥, namely
M =R3and H3(-1).

ExampLE 6.1. We consider M = R3, y : I — R3, the Frenet frame {, n, b} and the Frenet-
Serret formulae, as in Example 4.1.

e(s) =0,

1'(s) = k(s) n(s),

n'(s) = —k(s) t(s) + 7(s) b(s),
b'(s) = —1(s) n(s).

In this case, the de Sitter surface of y in 7 ¢ R} cannot be defined.

ExampLE 6.2. We consider M = H3(-1), y : I — H3(~1) and the pseudo orthonormal
frame {y, t,n;, ny}, as in Example 4.2.

Y (s) = 1(s),
1 (s) = y(s) + kp(s) n(s),
ny(s) = —kp(s) 1(s) + Th(s) na(s),

ny(s) = =Tp(s) n1(s).
Therefore, for ki(s) < 1, the de Sitter surface of y is given by

DS, (5,6) = _COS0 u()y(s) + my(s)) + sin Bina(s).

1= K(s)

It follows de Sitter surface is precisely the de Sitter focal surface of y given in [3].

References

[1] J.W. Bruce and PJ. Giblin: Curves and Singularities, a geometrical introduction to singularity theory,
Cambridge University Press, Cambridge, 1992.

[2] S.Hananoi, N. Ito and S. Izumiya: Spherical Darboux images of curves on surfaces, Beitriage zur Algebra
und Geometrie/Contributions to Algebra and Geometry, (2015), 1-11.

[3] R. Hayashi, S. Izumiya and T. Sato: Focal surfaces and evolutes of curves in hyperbolic space, Commun.
Korean Math. Soc. 32 (2017), 147-163.

[4] S. Izumiya, A.C. Nabarro and A.J. Sacramento: Horospherical and hyperbolic dual surfaces of spacelike
curves in de Sitter space, J. Singul. 16 (2017), 180-193.

[5] S.Izumiya, A.C. Nabarro and A.J. Sacramento: Pseudo-spherical normal Darboux images of curves on a
timelike surface in three dimensional Lorentz-Minkowski space, J. Geom. Phys. 97 (2015), 105-118.

[6] S. Izumiya, K. Saji and M. Takahashi: Horospherical flat surfaces in hyperbolic 3-space, J. Math. Soc.
Japan 62 (2010), 789-849.

[7] S. Izumiya and T. Sato: Lightlike hypersurface along spacelike submanifolds in Minkowski space-time, J.
Geom. Phys. 71 (2013), 30-52.

[8] A.C. Nabarro and A.J. Sacramento: Focal set of curves in the Minkowski space near lightlike points, Publ.
Math. Debrecen 88 (2016), 487-510.



966

S. Izumrva, A.C. NABARRO AND A.J. SACRAMENTO

[9] J.G. Ratcliffe: Foundations of hyperbolic manifolds, Graduate texts in Mathematics 149, Springer, New

York, 2006.

[10] T. Sato: Pseudo-spherical evolutes of curves on a spacelike surface in three dimensional, Lorentz-
Minkowski space, J. Geom 103 (2012), 319-331.

Shyuichi [zumiya

Department of Mathematics, Hokkaido University
Sapporo 060-0810

Japan

e-mail: izumiya@math.sci.hokudai.ac.jp

Ana Claudia Nabarro

Departamento de Matematica, ICMC Universidade de Sao Paulo
Campus de Sao Carlos, Caixa Postal 668

CEP 13560-970, Sao Carlos-SP

Brazil

e-mail: anaclana@icmc.usp.br

Andrea de Jesus Sacramento

Departamento de Matematica, ICMC Universidade de Sao Paulo
Campus de Sao Carlos, Caixa Postal 668

CEP 13560-970, Sao Carlos-SP

Brazil

e-mail: anddyunesp @yahoo.com.br



