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On the Complete Cohomology Theory of
Frobenius Algebras

By Tadasi NAKAYAMA

As has been observed by Artin, Cartan, Eilenberg and Tate, homo-
logy groups of a finite group, over its module, may be put into one
whole sequence of positive-, 0-, and negative-dimensional cohomology
(homology) groups in whose back lies a certain complete complex of
the group. The fact has been found by Artin and Tate to be very
useful in cohomological formulation of class field theory [14]. Also
Chevalley has based his foundation of cohomology theory of finite groups
upon the fact [4]. One of the interesting features in this complete
cohomology theory is the generlization of Hochschild’s reduction theorem
[6] to the case of mixed dimensions, which is proved by means of a
certain “contraction” procedure and which reflects the “homogenuity”
with respect to dimension.

Now, in the present paper” we shall show that a similar theory can
be developed for Frobenius algebras. Thus, let A be a Frobenius algebra,
over a field (firstly, for the sake of simplicity), and M a double-module
over A. By means of a certain automorphism x —x* of A introduced
formerly by the writer in connection with his structural study of Frobenius
algebras and uniquely determined by A up to inner automorphisms
([10] cf. also [17, [12]) we shall define a certain modification of homo-
logy groups of A in M. Interpreting these modified homology groups
as negative-dimensional cohomology groups, we shall then connect their
sequence with that of ordinary positive dimensional cohomology groups
through the 0-dimensional cohomology group defined as the residue module
NM)={ueM|au =ua(a € A)}/5,M, where 8, is the map u—> aub,
defined by some bases (a,), (b) of A “dual” with respect to the auto-
morphism *; the module (M), which is a natural analogy to the so-
called normalized O-dimensional cohomology group, has been observed
formerly by Shimura [13] in the special case M=A. The same effect

1) The main portion of the present paper was presented at the Colloque Henri Poincaré,
Paris, October 1954,
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is achieved indeed also by extending the ordinary standard, say, complex
to a complete complex whose augmentation is specified by the auto-
morphism in a certain manner. The cohomology group H?(A, M), with
M=1M1, of any dimension p=0 can then be interpreted as N(C?(A, M)),
where C?(A, M) is the A-double-module of p—cochains under Hochschild’s
operation. This is however a special case of the general reduction theorem
H?(A, CY(A, M))=H?""(A, M), which we shall prove in two ways, one
rather constructive and one axiomatic. The reduction theorem gives a
back ground to the fact that the cohomological dimension of a Frobenius
algebra is oo as soon as it is =#=0; the fact has been observed by Ikeda-
Nagao-Nakayama as an easy consequence of their structural determina-
tion of the cohomological .dimension of an algebra [8] and has been
considered by Eilenberg-Nakayama from a somewhat more general stand-
point [5].

We shall briefly consider, in our final section, the case of Frobenius
algebras over a commutative ring too. Thus, in this generalized for-
mulation our treatment covers the case of (complete) cohomology of
finite groups. Anyway, it clarifies, as it seems to the writer, a back
ground of the last. It also seems to the writer rather interesting that
Frobenius algebras and (quasi-) Frobenius rings, which were introduced
and studied in a different context, have proved to have cohomological
significances as are seen in the present paper and [5].

In closing the introduction the writer wants to say that he admits,
and is quite aware of, that the exposition of the paper is old-fashioned,
particularly in view of the appearance of the book [3] by Cartan-
Eilenberg. But this old-fashioned way, by which he was led to the
result and which he is too lazy to revise, might be of some use too.

§1. Cohomology and modified homology groups of an algebra.

Let A be an algebra over a field K. For any natural number #
we denote by C,(A4), or briefly C,, the tensor product

of n copies of A over K, while we denote by C,(A)=C, the field K
itself. Let M be a double-module over A. By the #—chain group C,(4, M)
of A in M we understand the tensor product

(2) C.(A, M) =C,QM

over Kn=0,1, ---). On the other hand we understand by the n—cochain
group C"(4, M) the K-module
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(3) C"(A, M) =Homg(C,, M) .

For n>1, we denote by 9, the K~-homomsrphism of C,(4, M) into
C,_(A, M) such that

(4 ) 8n(x1®"‘®xn®u) = xz®"‘ ®xn®ux1
+20H—1)%,® - Qx,%,, Q- Qx,Qu+ (—1)"%,Q -+ Qx,_, @x,u

(€M), and by 6, the K-homomorphism of C" (A, M) into C"(4, M)
such that for feC"*(A4, M)

(5) 6, /) (%,®-Qx,) = x,f(x,Q-Qx,)
+202 1 (=1 (2,Q Rx;%;, Q- Rx,) + (= 1)"f (2, Qx,_))x,, .

We have 9,9,,,=0 and §,,6,=0(m=1, 2, ---). The homology and co-

n n+1

homology groups are introduced as usual:

(6) H,(A, M) = (Kernal Z,(A, M) of 9,)/(Image B,(A, M) of 9,.),
(7) H"(A, M) = (Kernel Z"(A, M) of 8,.)/(Image B"(A, M) of 3,).

Now, C,(A4, M) may be identified with M itself and is thus a double-
module over A. We make also C,(4, M) n=1, 2, ---) and C"(4, M)
(n=0, 1, ---) into double-modules over A rather than mere K-modules,
on putting

(8) 0, 1, QU % = %,® - Dx,Qux

(9) 2(%,@ - R, QU) = %,Q - R, QuUx—9,,,,(*Qx, R+ @x, Du)
and, for feC"(4, M),

(10) *f) (6, Qx,) = 2f (1,@ R®,)

(11) (%) (%, Q- @x,) = 2f (#,Q- ®%,) — (6,1, f) *R%, Q- Qx,) .

Also C°(A, M) may be identified with M by identifying with v € M the
element f in C°(4, M) with f(1)=wu, and our definition of C°(4, M) as
a double-module over A is in accord with this identificaction. Further,
we verify readily the relations

(12) C.4, C,(A, M))=C,,.,(A, M),

(13) C"(4, C"A, M)) =C™"(A, M),

for m, n>0, in the sense of the identifications at hand.
Let now

(14) x —x*

be an automorphism of the algebra A. Then we introduce an new



168 T. NAKAYAMA

boundary operation 9* as a K~homomorphism of C,(4, M) into C,_,(4, M)
such that

(15) a;k(x1®'®xn®u) = xz@"' ®xﬂ®ux>1k
+2021 (1), Q Q1% 1, Q- Qx,Qu+ (—1)"%,Q - %, Qx,u

(n=1, 2, ---). We have 9¥9F ,=0 and we put
(16) H¥(A, M) = (Kernel Z*(A4, M) of 9¥)/(Image B¥(A, M) of 9Ff,)).

(An analogous modification of cohomology groups can be introduced,
if we put
17 @) (1@ ®x,) = 2ff (xR ®x,)

+ 20 (DR @24, @ - @%,) + (= 1) (,Q - %, )%,

and
(18) HL(A, M) = (Kernel Z3(A, M) of &%, ))/(Image B%L(A, m) of &}).

But we shall not use this modified cohomology in this paper, except
perhaps for occasional reference for comparison).

The definition of 8, is more or less (left-right) symmetric and the
definition of H"(A, M) is quite symmetric. On the other hand, the de-
finition of C, (A, M) is not symmetric. But we may establish a K-iso-
morphism between C,(4, M)=C,QM and M®C, by mapping x,Q--Q
x,Qu onto uRx,Q--Qx,. Then 9, induces a boundary operation for
MQ®C,, which is more or less symmetric to 9,. We are then led to the
same (or isomorphic, to be precise) homology groups. Thus also H,(A, M)
are symmetric. As for our modified homology groups H*(A, M), they are
not symmetric. But we can obtain the same homology groups H}(A4, M)
for M®C, too. Indeed we have merely to introduce a boundary
operation (not symmetric to 9¥) which maps #Qx,Q---Qx, € MKC, to
urfR@%,Q - Q%,+ 21— 1D)UR - Qx,:%;,,Q - %, + (—1) "2, uQx%,Q X%, _,.
We note also that the modified cohomology groups H%(A, M) are not
symmetric.

ReEmarRk. We want also to note that another way to define the
modified homology group H¥(A, M), for instance, is to define on M a
new A-double-module structure. Thus retain the original structure of
M as a left-module over A, but define the new operation of x € A on the
right-side of M to be the operation, on the right-side of M, of the element
x*, If we denote the A-double-module thus obtained by M¥*, then
H}(A, M) is nothing but the ordinary homology group H,(A4, M*). So,
there is not much new in H}(A, M). However, our purpose of introduc-
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ing it is to achieve what has been described in the introduction, by
specifying A to be a Frobenius algebra and x to be its particular auto-
morphism as will be precisely prescribed in the next section.

Let now M, P, @ be three double-modules over our (arbitrary)
algebra A and there be an exact sequence

(19) 0>M—-P—->Q—0

of A-A-homomorphisms. Then we have the exact sequences

(20) H"(A, M)—H"(A, P)—H"(A, Q) —H""(A, M)—-H""*(A, P)
(and similarly for the modified cohomology groups) and

(21) HF (A, P)—HE (A, Q—HE (A, M)—H¥(A, P)—~H% (4, Q) ,

proof being habitual.
We now assume that our algebra A possesses a unit element 1.
Then we have

(22) H"(A, M) = H"(A, 1M) = H"(A, M1) = H"(A, 1M1)

for n=1, 2, .-- (Hochschild [6]). (Let us repeat the well-known proof
under the setting of our generalized cohomology groups H% (A4, M). Thus,
for feC”(A, M) with n>=1, define geC" (4, M) by gx.Q--Qx, )=
I-1)/1lx,Q --Qx,_,), where I is the identity operator on M. Then
we see

23)  (Fg(®-®x,) =011, /) 1QxQ - ®%,) + 1 —Df%Q Q).

So, if f€Z¥(A, M) then we have (8%g),® - @x,)=(1—I])f(x® @1,
or

(24) Sig=1g—f.

Now, for any feC"(A, M) with >0, define f’€¢C"(4, 1M) by setting
Q@ Qx,)=1f(*,Q - Qx,) (= 1f)(x,Q--®x,). Then &%, f'=8%.f)
and f—f" induces a homomorphism of H}(A4, M) onto H%(A, 1M) for
n=1,2, ---. It is actually an isomorphism, for we have by (24) f=f'—38%g
(in somewhat loose usage of symbols) for every fi € Z(A, M). Thus we
have the first equality in (22). A similar computation shows H%L (A, M)=
H%(A, M1). Hence H4(A, M)=H3(A, 1M1) too.)
We have also

(25) H}(A, M) = H¥(A, IM) = H¥(A, 1M1) = H}¥(A, 1M1)

for n=1, 2, ---. (To prove this, put w=1R w—vl) for v € C,(A, M) with
n=0,1, .--. Then we have
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(26) o¥ . w = 1Q (¥ (vl—v)) + (v1—v) .
If veZ¥A, M) then
27) oX . w=vl—v.

Now, v—v’=wvl induces a homomorphism of HX¥(A, M) onto H}X(A, M1).
It is in fact an isomorphism, since (27) shows v=v'—0¥ ,w for every
veZ¥(A, M). Further, we get H¥(A, M)=HZ*(A, 1M) by a similar com-
putation and the previous consideration that H:}(A, M) may be obtained
from M®C, instead of C,(A, M)=C,QM).

§ 2. Frobenius algebras.

An algebra A over a field K is called a Frobenius algebra when it
is of a finite rank, say k, over K, has a unit element, and is left A-
isomorphic to A°=Homg(A, K), where we consider A° as a left-module
over A as usual by (x@) (@) =a(ax) (¢ A°; x,a€A). Let (a, -+, a,) be
a basis of A, and let (3,, -+, B,) be the basis of A° which corresponds
to (a,, -+, a,) by our (arbitrary, but fixed) left A-isomorphism of A and
A°. Let (b, ---, b,) be the basis of A dual to (B, -+, B,) (i.e. B.(b) =35..).
Then the left regular represetation x—L(x) = (\..(x)) of A defined by (a,)
is identical with the right regular representation defined by (b,). Thus

(28) x4, = Sad (1) ,
(29) b:.x - Exxm (x)bx .

Let P be the matrix in K such that

(30) (an "t ak) == (bu ) bk)P/;

where P’ is the transpose of P. If x—R(x)= (p..(x)) is the right regular
representation of A defined by (a,), then P7'R(x)P must be the right
regular representation defined by (b,), which is however L(x). Thus

(31) R(x)P = PL(%) .

It is well known that such P has a form P=(s(a.a)). With pe€A’;
indeed g is the image of 1 € A under our isomornhism of A and A°. Put

for each x=>3),af, € A&, € K)
(32) x* = ZLdté::k’ (giky ) gt) = (51: Sty gk)P/P—l-

Then we see w{x*y) =pu(yx) for every x, y € A, and x—x* is an automor-
phism of A. Further we have

33) R(x)P' = P’L(x*)
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and x*®,, ---, b,) = (b,, ---, b,)R(x), i.e.

(34) x%b, = 2 \cbepu, (%)
along with
(35) ax =2 %pu.(x)a.

(For all these see Nakayama [107]; cf. also Brauer [1], Nesbitt-Thrall
[12]).

We note that the automorphism x—x* of A is determined by A up
to inner automorphisms of A. Further, a group algebra (of a finite
group over a field) is a Frobenius algebra. Indeed, if we take the group
elements as its basis (a,, :-, @,) then we may set (,, -+, b,)=(a7?t, ---, az")
and P may be chosen so as the automorphism x—x* is simply the identity
automorphism ; the group algebra is in fact what is called a symmetric
algebra, i.e. a Frobenius algebra with P'=P (for a suitable choice of
the isomorphism of A and A°).

Now, with a Frobenius algebra A, over K, and a double-module M
over A, we set

(36) MA= {ueM|xu= ux for all xeA},
(37 ou= >, aub, (ueM)
where (a,, :-+, a,), (0., -+, b,) are dual bases of A as described above.

Lemma 1. For every ucM and x € A we have
(38) oux*—xu) =0.
Proof. The left-hand side is equal to
S oa, (uxt —xu)b, =D, @ ubyp, (X) =2, P ®)aub, =0
y (34), (35).
Lemma 2. We have
(39) oM < M4,
Proof. For every x €A and u €M we have, by (29), (28)
(cu)x = D), aub,x = >, @, U\, (%) b = D xaub. = x(ou) .

By this lemma we consider the factor group M“/ocM and denote it
by N(M) :
(40) N(M) = M4/oM .

Lemma 3. If M=1M then N(M)=N(M1). Similarly, if M=M1
then M(M)=N1AM).
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Proof. The assumption M=1M readily implies M4=(M1)#4. Further,
clearly cM=o(M1) (=c(1M)=0c(1M1)) (without any assumption).

§3. 0- and negative-dimensional cohomology of a Frobenius
algdbra.
Taking our automorphism x —x* of the Frobenius algebra A, as

defined in § 2, we consider the boundary operation 9f as was introduced
in §1, (15). Further we introduce a K-homomorphism A of C,(4, M)

into C°(4, M) as follows :

By means of Lemmas 1, 2 we verify readily
42) AD¥ =0,
43) 8,A=0.

Both C,(A, M) and C°(4, M) may be identified with M, and A may thus
be identified with the endomorphism o of M.
Now, we set

(44) C ™A, M)=C,A, M), &_,=0F

for n=1, 2, --- and

(45) H ™A, M) = H¥ (A, M)

for n=2, 3, ---. We put further

(46) 3, =A,

47) H (A, M) = (Kernel of 8,(=A))/Image of &_,(= 2%)),
48) H,(A, M) = (Kernel of 8)/(Image of 8,(= A)).

Thus we have the operation 8, and the cohomology group (in generalized
sense) H?(A, M) for every dimension p=0. (Observe that, according as
p>or = or< 0, 8, maps C*7*(A, M) into C?(A, M), or C?(A, M) into itself,
or C?(A, M) into C***(A, M)).

Theorem 1. If M, P, Q are double-modules over a Frobenius algebra
A and if we have an exact sequence (19) of A—A-homomorphisms, then we
have the exact sequence

(49) H'(A, M) —-H*(A, P)—~H"(A, Q)—~H*"'(A, M)—H""'(A, P)
for any integer p.

Proof. The theorem asserts indeed the exact sequence infinite in both
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directions: ---—H *P)—H *Q)—H *(M)—H '(P)—~H '(Q)—H*(M)— H°(P)
—H(Q)—>H(M)—H"(P)—---, where H?(P) etc. stand for H?(A, P) etc.
The exactness of the parts not explicitly written have been observed in §1.
The exactness of the part explicitly written can also be seen in usual
manner.

Another way of defining cohomology groups H?(A, M), in particular
those for p<0, is to introduce the augmented standard complex as
follows: Let X, ,=X,_,(4), for n=>1, denote the tensor product (over K)
ARC,_ (A)®A under the ordinary A-double-module structure. The
differentiation maps d,: X,—X,_, and the augmentation &: X,—A defined
by (the K-linearity and)

dn(xo® ®xn+1) = T—0 (_ 1)ix0® QXX QD QX
€(x0®x1) = XX,

make >, X, , the ordinary standard complex of A. Now, again with
n>1, denote by X_, the module XJ_,=Hom(X,_,, K) with the ordinary
A-double-module structure induced by that of X,_,. d, and & induce the
maps

d,: X ,—»X ,.,

& A—X .

Together with d,,, € the maps d_,,, & are A-A-homomorphisms. Consider,
now, an A-left-isomorphism of A and A° and consider the associated
automorphism * of A as in §2. We introduce then into X , a new A-
double-module structure on retaining the old left A-operation but defin-
ing the new operation of x € A on the right to be the old operation, on
the right, of the element x*. If we make the same alteration of the
A-double-module structure in A° then the relations (34), (35) express
nothing but that our A-left isomorphism A—A° is also an A-right-
isomorphism. Denote by d, the product of &: X,—A, this isomorphism
of A to A° and &: A°—X_,. Altogether we get a complex which we
want to call the complete standard complex of A with augmentation :
d d d

_éXl_l,Xo_ﬁ,X_l_‘},X_z__, e
e\, /¢
A—A°

A X ., X_,, -+ are considered under their new A-double-module structure
obtained from the old one by the right-hand side modification by *, and

all the arrows are A-A-homomorphisms.
Then we put, with an A-double-module M,
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(50) CP(A) M) == HomA—A(Xpy M) ’

This is allowed, since for p>1 the right-hand side is essentially the
same thing as that of (3). Moreover, for p< —1 C?(A, M) essentially
coincides with the module C_,_,(4, M) as defined in (2). The differentia-
tion maps d, in our complete complex induces the map 8,: C*7*(4, M)—
C?(A, M) which are old §, for p=>1and old 9 , for p<—1. Indeed, for
p=0 we can readily verify that the cohomology group (Kernel Z?(4, M)
of 8,,,)/(Image B?(A, M) of 8,) is our H?(A, M).

A similar construction may be made in order to get a general
augmented complete complex which is not the standard one.

§ 4. Interpretation of H? by N.

Both C,(4, M) and C°A, M) are identified with M, and §,=A is
nothing but the operation o in §2. Further, for u € M(= C°(4, M)) its
coboundary éu is the mapping (€ C' (A, M)) x—xu—ux of A into M.
Thus M4 is nothing but the kernel of 8§,. So we have

(51) H(A, M) = M4/cM = NM) .
Now we want to show
(52) H"(A, M) = H"(A, 1M) = 2(C"(4, 1M))

(n=1, 2, ---), where we consider C*(4, 1M) as a double-module over A
under the operations (10), (11). Since the first equality has been given in
§ 1, we can, without loss in generality, assume M=1M from the beginn-
ing. Let feC"(A, M). Then

(B3) (A —fx) (xR Rx,) = (xf)(,Q - Qx,) — (*f) (£, Q- R *,)
+ (8n+1 f) (x®x1® ®xn) = (Bni-lf) (x®x1®®xn) .
So feC"(A, M)4 if and only if §,,,f=0. Thus
(54) C"A, M)A=Z"(A, M).
(This is independent of M=1M).
Next we prove oC"(A, M)=46,C" (A, M). To do so, let k€ C**(A4, M)
and ge C"(A, M) satisfy the relation
(55) h(x,Q - @%,.,) = 2,a.80.24,Q - Q%,_,) .
Then
(th) (x1® "'®xn) = xlh(r2® ®x,,) +Z?;%(_1)‘h(x1® "'®xixi+1® "')
+(=D)"h Q- Q%x, )%, = 21,%,0,80,3%,Q - @x,_,) +
212 (—1)aglb.@x,Q @0, @) + (—1)"20,a.80.%,Q - R%,_)X,,.
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Hence

20%a.80.8%,R - Qx,)) = 21,a.80.%,Q%,Q -®x,_,)
by (28), (29). So we have (3,h)(x,Q--Qx,) =, (a.gb.) (x,Q--Qx,), or
(56) S,h =73 azgb,.

Thus, if feoC*(A, M), say =>).a,gb,, then f=06,k with % defined by
(55), whence f€6,C" (4, M).

To prove the converse, let =26,k with h € C""*(A4, M). Let, further
(v,) be a non-singular kxk-matrix in K such that

(57) (al’ ) ak)(uu‘) = (1! ) .
Let (., ---, b’,) be the basis of A such that
(58) b, =2%vubc.

Define now g€C"(A4, M) so as
g0\ %, %, ) = h(%,Q - Q%,_1) ,
gl Rx%,Q--®x%x, ) =0 for ¢=2 - k.
Then, because of M=1M,
2@ ®%, ) = 1h(xQ- Qx, ;) =2 ar.h(xQ - Qx, )

== EL,K a:,ytkg(b,l(@xl@ A ®xn—1) - EL a:.g(ZKymb/x®xl'“®xn—l)
== 2:. ar.g(bt®x1®"'®xn—1) .

So we have (55) and, therefore, 5,A=>",a.gb, by (56).
Thus we have proved

(59) oC" (A, M) =§,C" (A, M) =B"(A, M)

(on using M=1M). Combining this with (53), we have N(C"(4, M)) =
H"(A, M) as desidered.
Next we want to prove

(60) H"A, M)=H"A, M1) =R(C""(A, M1))

(n=1, 2, ---). Again we may, and shall, assume M1=M. Let (c,, -+, C})
be any K-basis of A, and consider an arbitrary element

W= 2YpC, R QcC, QUy., , W ., €M)

of C"(4, M)=C,_,(A, M)=C,_.@M. We put

‘n-1

(61) w§ = ZL,(Li)a®CL1® "'@cl.”_l®uclmz”_1b; .
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Naturally w®€C,QM=C""(A, M), and the mapping w—uS is not only a
(K-)homomorphism but a monomorphism, since w®=0 implies, for each
(), wb,=c,®--®c., Qu,.., b =0 for every t=1, ---, k. Now we have

w§—w§x_zl (L‘)(xaL®CL1® ®an 1®ul,l gy 1 x®a CL1® ®u11 o 1b
+2 ( 1 - 1x®a ®CL1® ®c"tc"t+1® ®ull Ln-lbt+( 1)" 1x®at®c‘1
R RCuy Mgy b—a.RC, Q- @u,,...., b.X) .
Hence 2\ xa.Qc, @ Qu.,..., b.=2"a.Qc, Q- Qu,,.., bx by (28), (29).
So we have
62) x2uwS—wlx =73 (p(—2Qac, @ Q... b+ H—1)TxRQa.Rc,®
@€ R @y, b+ (—1)"THRA.RC, QR0 Uiy, D))
= —xQ>.awb, .

If here n>2 then

2awb, =3 (be, @ Q... b +203H—1)1x®Ra.Qc, Q- Qc.; @
QUi b+ (—1)0. R, Q- R, U, ..t, D) =Z(at®cq®
 @Uyp, €ED+22H 1) R, Q- Q€ R Ry, b
+(—1)"a.Qc., Q- Qc.,_ ..., b))

by (34), (35). The last sum is, however, nothing but (@¥ ,w)$ in the
sense of the mapping § similar as above (with z—1 in place of n). Thus

(63) 2hawb, = (OF w)d = (5,_w)s.
So, combining this with (62), we have
(64) xS —uwSx = —xQ(8,_,w)8 .

Hence wfeC™(A, M)4 if and only if 8, ,w=0. This relation holds
however also when #=1. For, then we M and xu¥—wSx =23 . a,Quwbd,)
— XaQuwb)x=732a.Quwb, —> xQawb, — > a.Qwbx=—>).x @ awb,
= —xQow=—xR 8w, by (28), (29).

Next, let w, e C""(A, M)=C,(A, M). Then

ZL aLwObL == (a;r.kwo)§ = (8—nw0)§

by (63), with #+1 in place of #. Thus, for wec " (A, M) we have
wS €C (A, M) if and only if wedé_,C "4, M).

These considerations show that the mapping w—uw’ of C"" (4, M)
into C™*(A, M) induces a monomorphism of H "(A, M)= H¥ (A, M) into
NC ™A, M)). We want to show that it is an epimorphism. For this
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purpose, write an arbitrary element of C™*(4, M)=C,(4, M) in the form

V=30 0paRC, Q" RCrpsQUuiyo,_, (Ui, , €M) .
Then
(65) xv—vx =72\, (xa.QC, @ Quty,...., ,—XRAC,RC, Q" QUss .,
+ 20 U= ®a.Qc, @ ®C. ;@ Qlhusyon,,_, + (—1)"2RQ AR,
Q- QCu, Uiyt —ARC, R Uiy, X) -

Suppose here v € C™*(A, M)A Then xv—vx=0 for all x€A4 and in
particular 1v—v1=0. Then relation (65) with x=1 gives then >} . (a.c.,
RC,@ @My, + 21 (— 1)@ RC, R RC, 0 R Qoo+ (—1)" @
®c, @ Qc.,_#.,..,_ )=0. Putting this back into (65), we get

EL.O;) (xal®cbl® o ®uu1--w”_1_at®c¢1® T ®uu1---:.n_1x) =0.

Hence, for each (:;), we have
(66) 2 xaQu,..., . —aQ@u.,.., %) =0.

By (28), this (66) reads >3 Qlca®@Ne(®)ty..., —a.Qu x)=0. So

et
zx)\’x(x)uxLl.-.Ln_l—uLll...Ln_lx =0

for each «. By (29), this means that for each () the mapping b.—u,.,....,,_,
(=1, .-+, k) gives a right A-homomorphism of A into M. Let v,,..,, , be
the image of 1 in this homomorphism. Then u =1,,..,_,b. for each
t. Thus we have

Lty g

V= ZL,(Li) aL®CL1®"'®Ctn_l®v:.1m¢”_lbb = (Z(Li)(:”@ "'®Ctn_1®vclmtn_1)§ .

It follows that our monomorphism maps H "(4, M) onto N(C "(A4, M)).
The relation (60) is thus proved.
Taking these in somewhat weaker forms we have

Theorem 2. Let A be a Frobenius algebra and M be a double-module
over A with M=1M1. Then, for any p.

H(A, M) =N(C"(A, M)),

where the A-double-module structure of C?(A, M) is defined by (8), (9) or
(10), (11).

§ 5. Reduction theorem.

We now want to establish

Theorem 3 (GENERAL REDUCTION THEOREM). Let A be a Frobenius
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algebra and M be a double-module over A with 1IM1=M. For p, ¢=0
we have
(67) HP (A, M) = H?*(A, C*(A, M)),

where the A-double-module stricture of C'(A, M) is given by (10), (11) or
8), 9) according as qg=or<_0.

Proof. The case ¢=0 is trivial. The case p, ¢ >0 and the case
p»<—1, ¢g<0 are well-known (except perhaps for the presence of an
automorphism *, in the definition, for the case p< —1, ¢<0). Indeed,
in all these cases the Frobenius algebra property of A has nothing to
do; A and * may be any algebra and its arbitrary automorphism.
Moreover, the assumption 1M1=M is not needed in all these cases. It
suffices perhaps to mention, besides (53), the following formulas (in the
former of which we place an automorphism though not needed for our
present purpose) : with F(x)(x,® - ®x,) =f(x,Q - Xx,)

(68) ((6F*)(x,Q%,) (£,Q - ®x,) = xFF (x,) (£,Q - ®x,) — (F (%:2,)) (£,Q - ®x,)
+ 20 (D) T () (0,Q - QX% 1, Q- +) + (— 1) (%) (0, Q- %, _1) %,
= (6%.1) (% ®2,Q - ®x,) ;

(69 H=*Q®RQ - Qx,0u) = 1,Q - Qx,Quxf— =1 (—1) 7 'x,@ -
QX% @ QU+ (—1)"'x,Q - Q%,,_,Qx,u) = FF(x,Q - R%,Qu) .

(Now we really use the Frobenius algebra property of A, the pro-
perty of our automorphism * expressed in (34), (35), and the assumption
1M1=M). The case p=0 (with ¢=0) has been settled in the preceding
section ((51), (52), (60)). Further, for ¢g< 0 we have H (4, C‘(4, M))=
N(C YA, CUA, M)))=N(C" (A, M))=H*"*(A, M), which proves (67) for
p=—1, ¢<0; observe that C*(A, M)1=C?(A, M) because of M1=M.

Now we turn to the remaining cases. Our C'(A4, M) is Homg(A, M)
with the A-double-module structure defined by (10), (11). We now
introduce another A-double-module structure into Homg(A4, M), putting
simply F € Homg(A4, K)

(70) (vF)(y) =xF(y), Fx)(y) =F(xy).

On doing this we shall denote Homg(A, M) by L(A, M). We have
LA, M)1=L(A, M) always, and 1L(A, M)=L(A, M) when 1M=M.

Lemma 4. H?(A, L(A, M))=0 for p <0.
To prove this lemma, let F € L(A, M)4. Then

0= (xF —Fx) (y) = xF (y) —F (xy)
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for all x,y€ A. Hence x—F(x) is a left A-homomornhism of A into M
and indeed F(x) =xF() (x € A). Let (»,) and @¢',, -+, &’,) be as in §4 ((57),
(58)). Define G € L(A, M) by
G@')=FQ1), G@®)=0 (=1).

Then
(71) EL (aLGbL) (x) = ZL aLG(be) = 21. xaLG(bL)

= 2L Xara\Gl') = 2 xav, F(1) = 21F(1) = F(x) .
Thus F €sL(A, M), and this shows
(72) N(L(A, M)) =0.

Next we show that for p <0 C?(4, L(A, M)) may be identified with
L(A, C*(A, M)). This is trivial for p=0. For p= —n< 0, we identify
,Q - Qx,QF (F € L(A, M)) with (x,Q - ®x,F), € L(A, C""(A, M)) such
that
(73) 1,QQx,QF(x) = (6,Q - Q%x,QF),(x) .

This is in accord with our A-double-module structures. For,

(0@ @F)y),(x) = (,Q - QFY),(x) = x,Q - Q (Fy) (x)
=x4,Q - QF (yx) = (%,®@--- QF),(y%) = (*RQ - QF),9) (%) ,

(v, Q- QF)),(x) = (y%,Q - QF + 21— 1)yQ - Qx:%; 1, Q- QF
+(=1)"YQRQx,Q - @x,F),(x) = (92,Q - + 25 H—1)'y@ -+
Rx:%;1,Q ) QF (x) + (= 1)"yQx,@ - Q (x,F) () = y2,Q - QF (x)
+ 202 H(=1D)YR - Rx%; 1, @ - QF (1) +(—1)"yRx,Q - Qx,F (x)
= J(*,Q - QF(x)) = y((x, Q- QF),(x)) = (y(, Q- QF),) (x) .

Now we have, for p <0,
(74) H?(A, L(A, M)) = N(C*(A, L(A, M))) = R(L(A, C*(A, M)) =0,

the last equality being implied by (72) with C?(A, M) in place of M;
for the first equality, which is implied by (60) or (51), observe that
L(A, M)1 = L(A, M) as was noted above. Lemma 4 is thus proved.

Lemma 5. Let M1 =M. We have the exact sequence
(75) 0—-M—-L(A, M)—C"(A, M)1—-0

of A-A-homomor phisms. (The assumption M1=M concerns only with the
exactness at M).
To prove this lemma, let F € L(A, M) =Homg(A, M). On considering
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F as an element of C'(A, M), we denote it by F,. The mapping F—F,1
is clearly a K~homomorphism of L(A, M) onto C'(4, M)1. It is in fact
an A-A-homomorphism. For, '

(76)  ((xF)o1)(9) = (xF)o(1y) — (xF)o(1)y = (xF ((y) — (xF)(1)y

= xF(y)—xF(1)y = x(F,(1y) — Fy(1)y) = x(F1)(v) = x(F 1) (v ,
77y (Fx)o1) (v) = (Fx)o(ly) — (Fx),(1)y = (Fx) () — (Fx) (1) y

= F(xy) —F(x)y = Fy(xy) — Fy(x)y = (Fx) (3) = (F,1)%) () .

Now, (F,1)(x)=F,(x)—F,(1)x=F(x)—F1)x. So, F,1=0 if and only if
Fx)=F1)x for all x€A. Associating #€M with an element F of
L(A, M) such that F(x)=wux, we have thus a mapping of M upon the
kernel {F|F,1=0} of our homomorphism L(A, M)—C'(A, M)1. The
elements of L(A, M) associated with yu, uy € M map x onto yux, uyx
respectively. They are nothing but yF, Fy. So our mapping M—{F|F,1
=0} is an A-A-epimorphism. If M1=M then it is a monomorphism
too. Thus we have the exact sequence of our lemma 5.

The exact sequence (74) entails, for any p, the exact sequence

(78)  H'"(A, L(A, M))—~H"""(A, M)1)—>H*(A, M)—~H?(4, L(A, M)) .

If here p <0 then the first and the last terms are 0 by lemme 4. So
we have
(79) H*(A, M) = H*"(A, C'(A, M)1) = H*(A4, C'(A4, M))

for p <0. The repeated application of this gives H?(A, M)= H?""(A, C,
(A, M)) (p <0, n>0), or the case p< 0, ¢ >0, p+g=<0 of (67). As for
the case p<0, ¢_>0, p+¢ >0 we have, by what have just been proved,
H?(A, CY(A, M)=H?(A, C"?(A, C*"(A, M))= H’(A, C***(A, M ))= H?**(A, M).
The case p< 0, ¢ >0 is thus settled

Next we consider AQM with an A-double-module structure different
from the one in C,(4, M)=C'(A, M). We simply put

(80) 2(yQu) = xyQu, (YQu)x =yQux.
On doing this, we denote AQM by L'(A, M).

Lemma 6. H?(A, L'(A, M))=0 for p=0.
To prove this, let >, a.Qu, (u. € M) be an element of L'(A, M)4. We
have
0=2)a@u)— 2 a.Qu)x = 2] () Qu,— 2. a. Qu.x.
=>'a.Q ) (@) u—u.x) .
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with M. (%) in (28). Thus wx = A.(*)u,., for all x € A, and this shows,
in view of (29), that u,—b, gives a right A-homomorphism of A into
M. Let u be the image of 1€ A in this homomorphism, and consider
the element 1®u of L'(A, M). We have

(81) 2a.(1Qub, = >\ a.Qub, =2 a.Qu. .
This shows
(82) NL'(A, M))=0.

Next we show that for p>0 C?(A, L'(A, M)) may be identified with
L'(A, C?(A, M)). This is again trivial for p=0. For p=n">0, we identify
an element >.¢.Qf. (f. €C"(A, M)) of L'(A, C*(4, M)) with the element
f of C*(A, L'(A, M)) such that

(84) Jr®Qx,) =21, Qx,) ,

where (c,, --+, ¢,) is an arbitrary basis of A. Again this does not con-
tradict the A-double-module structures. For, if yo,=3cut(y) (¥ €A),
then

(yf) (x1®"'®xn) — yf(x1®"'®x,.) = yZLCL®fL(x1®'“®xn)
= Zt,xcnl‘l’x(y) ®f(x1® ®xq) - ZKCK®(2L MKL(V)fL(x1®"' ®x”)) .

Hence 33.cc@ 0 e (9) f) =3(20.c®f) is the element of L'(A, C"(A4, M))
identified with yf.
Further

(fy) (x1®®xn) = f(vx1®x2®) + ?:%(_1)’f(y®x1® ®x xz+1® )
+ (=1 (vRx,Q )%, = D c.Q(f(y2,R%,Q ) + > G H(— 1. (Y-
QX% 11 Q) + (=D (yRx,R--+)x,) = 2. c.Q(f.)) (*,Q--*)

So e ®fy=0Q1c.Qf.)y is identified with fy.
Now we have, for p >0,
(84) H*(A, L'(A, M)) = RN(C*(A, L'(A, M)) = NR(L'(A, C*(A, M)) =0,
since clearly 1L/(A, M)=L’(A, M). Lemma 6 is thus proved.
Lemma 7. Let IM=M. We have the exact sequence
(85) 0—-1C"Y(A, M)—L'(A, M) ->M—0

of A-A-homomorphisms. (The assumption 1IM=M concerns only with
the exactness at M).

To prove this, map each element >3, c.Qu, of L'(A, M) onto >lc.u. € M,



182 T. NAKAYAMA

where again (c) is an arbitrary basis of A. The mapping is evidently
A-A-homomorphic. Any element of form >, (c.Qu.,—1Rc.u.) is mapped
on O, while an element of form 1®u is mapped on O clearly if and only
if u=0. Thus the kernel of our mapping is the totality of elements
(. Qu.—1Rc.m,), which is nothing but 1C'(4, M). On 1C*(4, M)
the A-double-module structures induced from C (4, M) and L’(4, M)
coincide. Further, if 1M =M then every element of M can be expressed
in a form >\.cu#. Lemma 7 is thus proved; cf. [11], §4.
Our exact sequences (85) entails, for any p, the exact sequence

(86) H?(A, L'(A, M))—H?(A, M)—H"" (A, 1C"(A, M))—H?"' (A, L'(A, M)).

If here p=0 then the first and the last terms are 0 by Lemma 6. So
we have

@7) H*(A, M) = H*"(4, 1C"(4, M)) = H**'(4, C"(4, M))

for p=0. Now the case p >0, ¢< 0 of (67) is settled easily in the same
manner as the case p< 0, ¢_>0. Theorem is thus completely proved.

§ 6. A second proof to the general reduction theorem.

The above proof to our general reduction theorem is rather con-
structive. Now we want to give a second proof which depends on the
Cartan-Eilenberg axiomatic characterization of cohomology groups. To
do so, we first observe that for a Frobenius algebra over a field the
notion of injective left-(say) modules coincides with that of projective
left modules (cf. [9]). Since an algebra inverse-isomorphic to a Frobenius
algebra is a Frobenius algebra and since the tensor product of two
Frobenius algebras is again a Frobenius algebra, the same remark holds
also for projective and injective double-modules over a Frobenius algebra.

Lemma 8. If Mis a projective double-module over a Frobenius algebra
A, then (M) =M*/cM=0, the notation being as in §§2, 4.

Proof. We first consider the case M=AQ®A, regarded as A-double-
module under ordinary operation. With an element #=3)\a.Qx. (x. € A)
of M we have, for y€ A,

yu=213Ya.Q%, = 2% 8. QNu()%.

by (28). So, if u € M4, whence yu=wuy, then > \.(y)x.=x.y for each ¢,
and b—x is, by (29), an A-right-homomorphism of A onto the module
spanned by (x.). There exists therefore an element ¢ in A such that
x.=cb, for every . Hence u=>a.x.=>1a.(1Qc)b. €M, and this
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settles our lemma in case M=AR®A. As every projective A-double-
module is a direct summand of a direct sum of modules isomorphic to
AR®A (and is indeed a direct sum of modules isomorphic to direct
summands of ARA [9]), the lemma follows then generally.

Lemma 9. If M is a projective double-module over an algebra A,
with unit element 1, then for every p <0 the A-double-module 1C*(A, M)
=1C?(A, M)1 is projective.

Proof. Let n= —p, and consider again the case M=ARA first. We
have C?(A, M)=C, (A, AQA)=C,(A, A)QA and 1C?(A, M) =1C, (4, A)RQA.
Now, if we consider C,=ARAR --- XA under ordinary operation as
A-left-module,

0 A(=C)«—C,«Cy« -

gives an A-left projective resolution of the A-left-module A, where
%,Q%,Q-®x, €C,, is mapped upon 2177 (—1) 7' (%@ QX% Q@ X,,)
€C,,_,. The kernel of the (#+1)-th mapping is 1(C,QA4)=1C,(4, A),
where the operation of 1 is now in the sense of our lemma, ie. in the
sense of (9). As A is naturally A-left-projective, the same must be the
case for 1C,(A, A). Hence 1C,(4, A)®A is A-two-sided projective, and
our assertion is proved for M=AQ®A. The general case follows again
by the direct sum argument.

Lemma 10. If M is an injective double-module over an algebra A,
with unit element, then for every p=>=0 the A-double-module C*(A, M)1
=1C?(A, M)1 is injective.

Proof. We first consider M= (A® A)’ =Hom(ARXR A, K) (K being the
ground field) regarded as A-double-module by (ypz)(x,R%,) =@ (2x,Qx,¥)
(P e (ARA)Y); (ARQA)® is an injective A-double-module and indeed every
injective A-double-module is a direct sum of modules isomorphic to
direct summands of (ARA)" (cf. [9]). C?(A, M) =C?A, (ARA)°) =
Homg(C,, (A®A)°) and this may be identified with (C,QARA)’ =
Homg (C,(A, AR A), K) if we associate vy in Homg(C,, (ARA)°) to ¢ in
the latter module with @(x,® - Qx,QyR2) =V (*,Q - Rx,)(YRz2). We
then verify that the A-double-module structure of Hom(C,(4, AR 4), K)
induced by that of C,(4, A®A) defined in (8), (9) corresponds to the
A-double-module structure of Homg(C,, (AR A)°) =C?(4, (AR A)°) given
in (10), (11). Now, 1C,(A4, AR A) is a projective A-double-module, as
was seen in Lemma 9. It follows that Homg(C,(4, ARQA), K) is a
direct sum of an injective A-double-module and an A-double-module
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annihilated by 1 on the right-hand side. Thus Homg(C,(4, AR A), K)1
=C,(4, (A®A)’1 is an injective A-double-module. This settles the case
M=(A®A)° and the general case follows by the direct sum argument.

Lemma 11. Let A be a Frobenius algebra. If M is a projective (or
injective) A-double-module, then H?(A, M) =0 for every p=0.

Proof. Since H?(A, M)=N(C?(4, M))=N(1C?*(A, M)1) by §4, we
have the assertion by virtue of Lemmas 8, 9, 10 and the remark at the
beginning of the present section. (As a matter of fact, the parts p >0,
»<0 of the lemma are clear from the general theory).

With the same remark and the lemma just proved in mind, we see
readily that cohomology groups (the O- and negative-dimensional ones
being those defined in the present paper) of a Frobenius algebra A may
be characterized by the following axioms :

(I) To every A-double-module M and to every integer p=0 there
is associated a module H?(M) ;

(I) If : M—N is an A-two-sided homomorphism of M into N,
then there is, for each p, a homomorphism ¢ : H?(M)—H?(N) ;

(Irn)  If 0—>M—‘>N—£>Q—>0 is an exact sequence of A-double-

modules, then there is, for each p, a homomorphism & : H?(Q)—H?*"'(M) ;
here the sequence

+ = HP Q) —2> HY (M) —> H? (N) —> HY(Q) —> HP (M) — -
is exact; if the diagram

0-M—->N—-Q—0 (exact)

4 A
0—-M,—N,—»Q,—0 (exact)

is commutative, then the diagram

HYQ) —> H" (M)

I
H(Q,) — HPH(MJ

is commutative ;

(IV) If M is A-two-sided projective (or injective) then H?(M)=0
for any p=0;

(V) H(M)=2(M).

The proof runs similarly as in the first chapters by Eilenberg in
[2], the above observations being kept in our mind. As a matter of
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fact, if we take a specific integer s arbitrarily, then (V) may be replaced
by

V) H'M)=H'(A, M).

Here the right-hand side is our cohomology group which is now assumed
to be known (for the specific dimension s).

Now we want to show that these considerations lead to a second
proof to our general reduction theorem ; observe that we have used, in
our above considerations, only the results of §4 (i.e. the case p=0 of
the reduction theorem). Thus, let ¢ be any fixed integer and consider
the modules H'(A4, C‘(4, M)). We put

H?(M) = H'(A, C*"Y(4, M)).

As an exact sequence 0—>M—>N—>Q—0 of A-double-modules entails the
exact sequence 0—C?(A, M)—C?(A, N)—C?(A4, Q)—0 for every g, we see
readily that our modules H?(M) satisfy the axiom (I)-(III). They satisfy
(IV) by lemma 11. Now, take s=t¢ in (V). Then (V’) is satisfied too.
So we have H?(M)=H’(A, M) for any p, or H'(A, C*"/(A, M)) = H?(A, M)
for any pair p and ¢, which proves the general reduction theorem in §5.
(Considering the reduction theorem for non-mixed dimensions rather
obvious and the case =0 settled in § 4 (the case having been used above
also), we could also take any s with s>¢ or s<t according as ¢ >0 or

$<0.)

§7. Case of Frobenius algebras over a commutative ring and supple-
mentary remarks.

Let now K be a commutative ring with unit element, and let A be
an algebra over K. Let us call A a Frobenius algebra when the follow-
ing conditions are satisfied :

i) A possesses a linearly independent finite basis (¢, c,, =*-, Cp)
over K such that ¢, is the unit element 1 of A;

ii) there exist a second (necessarily linearly independent) basis
d,, d,, -+, d,) and a K-linear mapping # of A into K such that

/*"(dncx) = Suc .

Under this definition of Frobenius algebras over a general commuta-
tive ring K (with unit element), we see readily that our results remain
valid for them; for the proof of the general reduction theorem, in
particular, we employ the method in §5; the argument in §6, as it
stands, fails to be transferred directly to the present general case, though
a certain modification of it probably would.
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It is evident that a group algebra of any finite group over any
commutative ring (with unit element), and in particular a such over the
ring of rational integers, is a Frobenius algebra in our present sense.
Thus our treatment includes the case of complete cohomology of finite
groups.

In closing we want to make the following remarks. As was observed
in a remark in §1, H ™A, M)=H}¥ (A, M) (n”>1) is nothing but
H, (A, M*), where M* is obtained from M by a modification of its
structure as A-right-module. It is naturally also possible to develop a
theory similar as above by considering homology groups on the A-
double-module *M obtained from M by a modification of its A-left-module
structure, indeed with the automorphism t+ inverse to *.

In order to get a complete sequence of cohomology groups, it is
also possible to interprete the homology groups themselves as negative-
dimensional cohomology groups, indeed H,(A, M) as — (n+1)-dimensional
one, but to modify (positive-dimensional) cohomology groups by our
automorphism, as was indicated in §1. This amounts, however, to con-
sider the A-double-module *M (in the sense similar as above) instead
of M and then to adopt the above described system of modifying
homology groups by t on the left. Needless to say that the system
adopted in the present paper is equivalent to considering M7 instead of
M and modifying cohomology groups, rather than homology groups, by
* on the right.

Finally we want to note that, though we have dealt with Frobenius
algebras only, the consideration in §6 already indicates that the proper
setting for complete cohomology theory must be quasi-Frobenius algebras
rather than Frobenius algebras (as are defined in [10] in case of algebras
over a field and as should be defined suitably in case of algebras over
a general commutative ring). Indeed, it is rather easy, for a quasi-
Frobenius algebra A, to see the existence of an acyclic augmented
complete complex :

. -QXILXO_EL)X_I.&;XJ%...

&N e
A

similar to that of a Frobenius algebra in §3 (but lacking A° in which
X, are A-A-projective, all arrows are A-A-homomorphisms, &, x4 are
respectively onto and into, and which will provide us a complete
cohomology theory for A. What we have to do is, perhaps, to derive a
concrete description of H°(A, M), for instance, which is a generalization
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of our module N(M) in §§2, 4, and to this we shall come back else-
where.
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