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Abstract

The theoretical onset of the Marangoni convection instability occurring in a half-zone lig-
uid bridge of the floating zone (FZ) growth of Si,Ge;_, (SiGe) has been investigated by
a newly developed method using global linear stability analysis (LSA) incorporated with
direct numerical simulations (DNS). A half-zone model of a liquid bridge between cold
and hot disks is considered. This study is focused on three main aspects, onset of thermo-
solutal Marangoni convection in the case that the same direction of the thermal and solutal
Marangoni forces, onset of thermo-solutal Marangoni convection in the case that the oppo-
site direction of the thermal and solutal Marangoni forces, and flow instabilities in a liquid
bridge of smaller aspect ratios.

In the case that the same direction of the thermal and solutal Marangoni forces, os-
cillatory disturbance patterns appear with different azimuthal wavenumbers for unstable
eigenmodes. For pure thermal Marangoni convection in literature, the primary bifurcation
is two-dimensional (2D) axisymmetric to a three-dimensional (3D) steady flow. On the other
hand, the primary bifurcation in this study was 2D axisymmetric to a 3D oscillatory flow at
the onset as increasing the thermal Marangoni number. The stability range of the present
global LSA is consistent with the previous results on thermo-solutal Marangoni convection
obtained by DNS.

The results were confirmed that the flow is 2D axisymmetric when the solutal Marangoni
force is dominant when the thermal and solutal Marangoni forces are acting in opposite
direction. The results reveal the hysteresis phenomena across thermal Marangoni numbers
due to the coexistence of two stable flow solutions at the same thermal Marangoni number
when thermal and solutal Marangoni convection coexists with opposing forces. The exactly
predicted stability limits of FZ crystal growth by the newly developed method would be
useful to avoid possible flow-induced disturbances and lead to the growth of single crystals
without growth striations.

The effect of aspect ratio (As) of the liquid bridge on thermo-solutal Marangoni convec-
tion has been investigated by 3D numerical simulations. The A drastically affects the crit-
ical Marangoni numbers: the critical solutal Marangoni number has the same dependence
on As as the critical thermal Marangoni number, i.e., it decreases with increasing As. The
azimuthal wavenumber of the traveling wave mode increases as decreasing A, but insuscep-
tible of solutal Marangoni convection. The oscillatory modes of the hydro waves have been
extracted as the spatiotemporal structures by using dynamic mode decomposition (DMD).
The results suggest that the selection of the characteristic length of the Marangoni convec-
tion depends on A of the liquid bridge.
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Chapter 1

Introduction

1.1 Background and motivation

Single crystals with high purity and quality are needed for the design of next-generation
opto-electronic devices. Not only the SiyGej_, (SiGe) alloy is the most prominent in the
manufacturing process of solar cells, photodetectors, thermoelectric power generators, high-
speed temperature sensors, bipolar junction transistors, and field effect transistors but also
the quality and the performance of these devices depend on the quality of SiGe single crys-
tals. Therefore, the availability of high quality, relatively defect and impurity-free, and com-
positionally uniform SiGe substrates is desirable. To achieve high quality SiGe crystals a
variety of melt crystal growth techniques such as Floating zone, Czochralski and open boat
have been utilized [1-8]. Each of these techniques has its issues such as crystal composi-
tional uniformity, crucible contamination, the need of seed, etc. Among those, the floating
zone (FZ) method offers growth of high quality, contamination free SiGe crystals since the
growth is achieved without using a crucible (it is a container-less technique). The absence of
a growth crucible prevents possible crucible contamination and gives rise to the growth of
more homogeneous and purer crystals. However, the presence of a free-surface (the melt-
gas interface) in this technique gives rise to thermal and solutal Marangoni flows in the
growth melt (liquid bridge) along its free surface due to the variation of surface tension.
Such flows in the liquid bridge induce flow velocity fluctuations that may lead to unstable
and non-uniform growth [9]. Therefore, the effects and relative contributions of these flows
on the growth process need to be examined. In FZ experiments, because of gravity, the size
of crystals to be grown is limited. In addition, a strong buoyancy-driven natural convective

flow develops in the melt. This strong flow may not only affect crystal quality adversely, but



also make it difficult to determine the effects and relative contributions of Marangoni con-
vection to the growth process and crystal quality. Thus, in order to determine the effects of
Marangoni convection it is customary to carry out numerical simulations under no gravity.
In order to minimize these adverse effects of gravity, FZ experiments have also been car-
ried out under microgravity. For instance, it was shown that the microgravity environment
may help minimize the adverse effect of natural convection and offer quiescent, diffusion-
limited growth which minimizes undesirable striations [10]. However, it was shown that
even under microgravity, that, as predicted, Marangoni convection may induce undesirable
growth striations into grown crystals [11-13]. Such growth striations observed in the FZ
growth process are caused by the fluctuations of Marangoni flow velocity (time-dependent
flow oscillations) in the melt. Thus, capturing the essential and relevant hydrodynamics of
the FZ growth molten zone is of utmost importance for a better understanding of the effects
of Marangoni convection in minimizing possible undesirable growth striations. Since the
semiconductor melts are opaque, in-situ visualization of flow structures in FZ experiments
is not possible. In FZ growth, the thermal Marangoni convection is normally dominant for
semiconductor melt such as Si. However, the alloy of SiGe shows a significant difference
since surface tensions of Si and Ge are very different. Such a difference of surface tension
also gives rise to a stronger solutal Marangoni convection along with the thermal Marangoni
convection in the SiGe melt. This aspect also makes interesting to study the FZ growth of

SiGe alloy system.

1.1.1 The floating zone method

During the process of the floating zone method, a floating melt zone is grooved by sur-
face tension between the polycrystalline feed rod and the grown single crystal (see Fig-
ure[L.T). The melt zone is locally heated by a ring-type heater as shown in Figure This
floating melt zone is slowly moved relative to the heating device along the rod and the crys-
tal grows right below the melt zone on the seed rod. In this method, the melt zone between
feed and seed rod is stabilized only by surface tension. Therefore the molten zone does not
need to be in contact with a crucible which avoids the contamination and nucleation at the
lateral boundary and allows the formation of perfect and more pure crystals.

In a container-less technique, massive samples can only be processed in microgravity

environments. On the Earth conditions, the floating zone configuration tends to deform
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FIGURE 1.1: Floating zone method

due to its weight and this effect limits the zone height. The development of the technology
to access the microgravity environments makes feasible the floating zone experiments with
greater zone heights. Although the natural convection eliminates from the floating zone
method due to the microgravity conditions, Marangoni flow driven by the temperature and
concentration gradients acting along the axial direction of the liquid bridge causes undesir-

able composition variations (striations) into grown crystals [14} 15].

1.1.2 Numerical modeling

Numerical modeling of the floating zone method has become an advantageous tech-
nique with the development of computer hardware performance in very recent years [16-
18]]. Moreover, the efficiency of computational algorithms has been improved by parallel-
ing the improvement in computer hardware. Experiments on the floating zone method
could only be carried out for transparent liquids as the convection patterns are not visible in
opaque fluids. Most of the semiconductor melts are low Prandtl number opaque fluids. The
cost of performing experiments in space is very high as the preparation of such experiments
needs great accuracy. All these factors combined to make numerical simulations inexpen-
sive and power full tool in contrast to performing experiments in space or ground-based
microgravity laboratories.

Over the years, the half zone configuration has become a very important “paradigm”
model for fundamental research on the floating zone method due to its simplicity and less
computational cost. In this model, the flow in a half of the real floating zone simulates by

assuming the flow is symmetric by reflection about the middle plane between seed and feed
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FIGURE 1.2: Configuration of half zone model

rods. The no-slip condition applies on this symmetric plane does not affect the flow dynam-
ics. Specified heat flux distribution is applied on the free surface with a maximum of the
flux imposed at the equatorial plane by holding the maximum and minimum temperatures
at the end disks of the half zone model, as shown in Figure Surface tension forces drive a

flow along the free surface from hot disk to cold one generating a single toroidal vortex [14].

1.1.3 Objectives

In the past, the instabilities of Marangoni convection in the half-zone liquid bridge have
been analyzed over different configuration ratios from one to two dimensional by either
experiments or numerical simulations. The majority of these researches focus on the high
Prandtl number fluids and considered only pure thermal Marangoni convection [17,[19-22].
But some recent publications have shown the solutal Marangoni convection also signifi-
cantly affects the flow structure in the floating zone method [23, 24]. This leaves the onset of
the thermo-solutal Marangoni convection still an open question in a half zone liquid bridge
under zero gravity. The numerical simulation is a powerful tool for solving this but, nu-
merical simulation results highly depend on the numerical method, discretization scheme,
discretization order, grid refinement. etc.

To understand the Marangoni convection flow in the floating zone technique it is nec-

essary to find the critical Marangoni number which is independent of the initial conditions



by considering both solutal and thermal Marangoni convection. The present study is in an
attempt to fill the gaps of low Prandtl number three-dimensional thermo-solutal Marangoni
convection in literature. The goal of this thesis is to develop a new method for the exact pre-
diction and clarification of instability of thermo-solutal Marangoni convection in a half-zone

liquid bridge under zero gravity.



1.2 Other research background related to this research

As mentioned earlier the FZ technique being a container-less growth method has the
advantage of growing high purity crystals over other crystal growth techniques. However,
it also has challenges. First, the materials used have high melting points and are opaque for
situ observations. This presents difficulties in experiments. Secondly, the size of the liquid
bridge is limited due to the gravity on Earth. This prevents the growth of larger crystals.
The growth of larger crystals is only possible under microgravity conditions. However,
the possibility of microgravity experiments is very rare and in addition such experiments
are very expensive. Thus, numerical simulation studies under either micro- or zero-gravity
conditions present themselves as very viable and inexpensive alternatives to study various
aspects of the FZ growth technique [15]. In these simulations mostly the half-zone model is
adopted for computational efficiency by considering the half of the full-zone liquid bridge.
The half zone configuration is characterized by a single toroidal vortex developed between

hot and cold disks of the zone.

1.2.1 Numerical simulations

Literature in this area is relatively well-developed. For instance, experiments and nu-
merical simulations (see for instance [17, 25-36]) performed with high-Prandtl-number flu-
ids considering pure thermal Marangoni convection showed that the flow in the liquid
bridge is laminar, steady and axisymmetric for sufficiently small thermal Marangoni num-
bers, but when the thermal Marangoni number exceeds a particular threshold, flow show os-
cillatory three-dimensional (3D) flow patterns. For low Prandtl number fluids (semiconduc-
tor melts), the steady flow breaks the axisymmetry and becomes a 3D-steady flow regime
(stationary bifurcation) before the onset of a 3D oscillatory flow (Hopf bifurcation) (see, for
instance, [17),37-42]]). The direct numerical simulations (DNS) [23], 24}, 43]] on thermo-solutal
Marangoni convection in literature have shown that not only thermal Marangoni convec-
tion, but also solutal Marangoni convection significantly contributes to the flow structures
in the liquid bridge of the FZ method [23, 24, 43-45]. When considering the combined effects
of thermal and solutal Marangoni convections for low Prandtl number fluids, the axisym-
metric steady flow bifurcates to 3D oscillatory with the absence of a stationary bifurcation

depending on the thermal and solutal Marangoni numbers values.



The stability of Marangoni convection in a liquid bridge under zero gravity has been
the subject of researches in recent years. These studies suggest that flow instability in such
configurations may be responsible for the undesirable defects that appear in crystals grown
by floating zone methods, even under conditions of microgravity and normal gravity [46-
50]. However, very few works appeared in the literature related to the instability analysis of
Marangoni flow in the floating zone method, and many of these studies [51H60] were based
on the simplifying assumption of axisymmetric flow. Therefore, due to the experimental
findings of the existence of three-dimensional complex flow states, the role of nonaxisym-
metric disturbances needs to be further investigated. The direct numerical solutions of the
nonlinear and time-dependent Navier-Stokes equations by [19,|61,|62] show that the first bi-
furcation is stationary for liquid metals and the flow regime becomes oscillatory only when
the Marangoni number is further increased. However, the information dealing with fun-
damental properties of Marangoni flow instability and three-dimensional flow patterns are
showing a great lack in literature. Nevertheless, the instability of the first bifurcation steady
to three-dimensional flow may play an important role in the floating zone crystallization

process. This has been proved by experimental studies and some numerical simulations [63].

1.2.2 Linear stability analysis

In addition to DNS, linear stability analysis (LSA), proper orthogonal decomposition
(POD), and dynamic mode decomposition (DMD) are some useful techniques to investigate
the hydrodynamic processes. The LSA has been used ([39, 40, 42, 64-66]) to find the onset of
thermal Marangoni convection by assuming specific forms of perturbation due to the limita-
tion of computational cost. The development of mathematical frameworks yields the global
LSA technique which computes the three-dimensional instability modes by using Arnoldi
iteration ([67]) incorporated with time-stepping DNS solver as in recent previous studies
(see for instance [68-70]). In this method, the three-dimensional instability modes are cal-
culated by solving an eigenvalue problem for 3D perturbation. Approximated eigenvalues
and eigenfunctions were found by constructing the orthonormal basis of Krylov subspace to
overcome the problem of solving the large Jacobian matrix of the right-hand side of the lin-

earized Navier-Stokes equations (the order of dimensions of freedom is more than O(10%).



1.2.3 Dynamic mode decomposition

DMD is also a leading technique in analyzing the spatio-temporal flow patterns in tran-
sitional regimes. The POD extracts a hierarchical set of orthogonal spatial modes ranked
according to their contribution to the total energy of flow modes. The POD is much suit-
able, therefore, for extracting the statistical structures from a complex flow. In compari-
son, DMD assumes physically more relevant modes to the oscillatory growth and decay
in time. DMD is an emerging data-driven technique to obtain linear reduced-order mod-
els for high-dimensional complex systems. In addition to linear reduced-order models, the
spatial-temporal coherent structures or patterns that dominate the observed measurement
data from that dynamical system can also be extracted by DMD. This is initially introduced
in the fluid dynamics community by Schmid [71], and it has later been connected to this
nonlinear dynamical systems theory called Koopman theory by Rowly et al.[72]. This tech-
nique comes out of the fluid mechanics community, but since then, DMD has been applied
to a broad range of systems, including disease modelling, neuroscience, robotics and fi-
nance [73-77]. Part of the reason for the broad application of DMD is that it is pure data-
driven and does not require any description of underlying governing equations. It can be
used as a post-processing tool for analyzing the spatio-temporal structures of experimental
data.

3D flow structures are developing inside the liquid bridge floating zone system due to
Marangoni convection. Investigation of the flow dynamics of those structures is a vital
requirement for producing defect-free crystals. Since the 3D time snapshots by numerical
simulations alone do not help to understand the hydrodynamic process, the DMD is giving

a proper understanding of the dynamical system.

1.2.4 Invarient solutions

A numerical simulation study on the characterization of thermo-solutal Marangoni con-
vection convection driven by opposite Marangoni forces was carried out by [78]. In their
study, the flow transitions were complex, and different flow regimes (steady axisymmet-
ric,3D steady, 3D oscillatory and Chaotic) developed depending on the Marangoni number
values. However, a theoretical investigation of the "onset" of thermo-solutal Marangoni

convection driven by opposing forces is also absent in the literature. The flow states that



keeping the flow behavior exactly the same under some disturbances are known as "in-
variant solutions", recurrent flows, or periodic orbits. Such solutions are important for the
understanding of the basic physics behind the flow phenomena we observe since the DNS
results depend on the initial conditions. Recently, however, the Newton-Krylov method has
been used in several flow systems to find invariant solutions and their stable and unstable
manifolds ([79]]). In this technique, the process of finding exact flow solutions is reduced
to a simple optimization exercise starting from an initial condition (i.e. an arbitrary flow
snapshot) calculated by a DNS solver. In each iterative step, a new solution is obtained by
the aforementioned Arnoldi iteration method. This algorithm is repeated until the relative

error between current and previous flow states satisfies a stopping criterion.

1.2.5 The effect of geometrical aspect ratio

Numerical results of Lappa et al.[80] have confirmed the existence of different behav-
iors of Marangoni flows exist depending on the Prandtl number and the geometrical aspect
ratio of the liquid bridge. A detailed study of the linear stability analysis for low Prandtl
number fluids by Wanschura et al. [40] has found the modes with higher azimuthal wave
numbers critical as the aspect ratio decreases. Similar relationships between the aspect ratio
of the liquid bridge and wavenumbers for high-Prandtl numbers have also been observed
experimentally (see, for instance, [81]). A parametric analysis of the influence of the aspect
ratio of the full zone can also be found in literature [14, 82]. The assumption of the full zone
model is the only way to capture in detail the mechanism of the instability of Marangoni
flow generating in the real floating zone is one of the advantages of the full zone model.
They have concluded that the critical wavenumber increases if the geometrical aspect ratio
decreases but the critical Marangoni number does not change much with the aspect ratio.
However, the full zone model has a disadvantage in that the temperature at the equatorial
cross section cannot be fixed due to convective and heat transfer mechanisms establishing
the temperature difference which is driving the surface flow. In the half zone model, on the
other hand, the temperature difference can be fixed by holding maximum and minimum
temperatures at the end disks. The no-slip condition imposed on the symmetric plane at the
mid-height between the rods of the real floating zone makes the flow dynamics of the half

zone model much closer to the real floating zone. Thus, the half zone model has become
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a very important and computationally inexpensive paradigm model for fundamental re-
search. These studies show that the geometrical aspect ratio of the liquid bridge is as critical
as the Marangoni numbers for the thermo-solutal Marangoni flow developing in the liquid
bridge. To the best of our knowledge, the dependency of flow regimes on the aspect ratio
of the liquid bridge when the thermal and solutal Marangoni convections are co-existing is
still unknown in the literature.

The above review justifies the development of a new method incorporating DNS with
LSA and DMD is a vital requirement for the exact prediction of instability of thermo-solutal

Marangoni convection in a half-zone liquid bridge under zero gravity.
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1.3 Thesis outline

This thesis consists of five chapters. In the first chapter, the background and motiva-
tion of the research is introduced and previous research works related to experimental and
numerical studies on Marangoni convection in the floating zone liquid bridge are reviewed.

In the second chapter, the configuration of the numerical model and governing equations
are presented.

The third chapter discussed the theoretical details of global linear stability analysis (LSA),
dynamic mode decomposition (DMD) and the validation of LSA code.

The results obtained during the current study are presented and discussed in the chap-
ters four to six.

The seventh chapter summarized and concluded this thesis. Future works are also dis-
cussed in this chapter. In Appendices, we introduce the software used in our calculations
and briefly describe the discretization method for the governing equations and mathemati-

cal algorithm used for computations.
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Chapter 2

Configuration and governing
equations

2.1 Configuration of the numerical model

The model of a half-zone liquid bridge between two parallel concentric cold and hot
disks of radius a with a distance L apart (Figure is adopted. The aspect ratio of the
liquid bridge is defined as As = L/a.

Assumptions:

(i) The liquid surface is non-deformable, cylindrical and adiabatic.

(ii) The melt (a mixture of Silicon and Germanium) is an incompressible and Newtonian
fluid.

(iif) The system is under zero gravity, thus the liquid bridge keeps its cylindrical shape since

we assume zero gravity.

no slip
[
®
= L
a Sampling Point
o (0.994,0,0.05L)
[T}
=
Ll
no slip

FIGURE 2.1: Geometry of a half zone liquid bridge system.
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2.2 Governing equations

The non-dimensional governing equations of the melt are obtained from the overall con-
servation of mass, the balance of momentum, the balance of energy, and the conservation of

species mass,

V-u =0 2.1)
(;l—f—u-Vu = —Vp+Viu (2.2)
oT 1,

St VT = S VT (2.3)
oC 1,
= T VC = Vi (2.4)

where the coordinates (7, 0, z) and time t are, hereafter, nondimensional, and u = (u,, ug, u,),
p, T and C denote the dimensionless flow velocity, pressure, temperature and silicon con-
centration, respectively. The associated field variables namely flow velocity vector u =
(uy; ug; uz), temperature T, and the melt Si concentration C are nondimensionalized with re-
spect to the characteristic variables of length L., time L% /v, velocity v/ L, temperature differ-
ence AT and concentration difference AC (between top and bottom walls) where v(= p/p)
is the kinematic viscosity given in terms of melt density p and melt viscosity u. The associ-
ated Schmidt and Prandtl numbers are defined by Sc = v/D and Pr = v/a, where « and D
represent, respectively, the melt thermal diffusivity and the diffusion coefficient of Si in the
melt.

The characteristic length is chosen as L, = L when the study is carried out by keeping
the aspect ratio of the liquid bridge as a constant in chapter 4.2 and chapter 4.3. In chapter
4.4 since the three different aspect ratios are considered according to three different L values

and therefore, the characteristic length is chosen as L. = a.

2.2.1 Boundary conditions

The boundary conditions on the walls are non-slip (u# = 0) for flow velocity components.
When considering the case of the thermal and solutal Marangoni forces are in the same
direction (chapter 4.2 and chapter4.4), the top cold disk surface (z = As) has T = 0 and
C = Cs; = 1 and, the bottom hot disk surface (z = 0) has T = 1 and C = 0. When

considering the case of the thermal and solutal Marangoni forces are in opposite direction
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(chapter 4.3), the top hot disk surface (z = 1)isat T = 1 and C = Cg = 1, and the bottom
cold disk surface (z =0)isat T =0and C = 0.

These boundary conditions along the free surface are

u, = 0 (2.5)
o [u oT oC
29 (R0 _ 9z 9
r 8r<r) Mar |55 | + Mac | 55 (2.6)
du, 9T aC
o Mart az' + Mac £ (2.7)
oT oC
> = 0 = =0 (2.8)

The Mat and Mac are the thermal and solutal Marangoni numbers, respectively, which

represent the magnitude of the surface tension relative to the viscous force,

(00 ATL, _ ai ACL,
Mar = <8T) w , Mac = <8C> w , (2.9)

where do/9dT(< 0) and do/dC(> 0) are the surface tension coefficients of the temperature
and concentration fields, respectively.

The grid resolution used in chapter 4.2 as N, X Ny x N; = 30 x 120 x 40 and in chapter
4.3 and chapter 4.4 as N, X Ng X N, = 40 x 160 x 60. The details of the non-uniform grid
refinement, numerical schemes, and the validation of transient OpenFOAM solver can be
found in previous study [83]. The physical properties of Si,Ge;_, liquid bridge are from
Abbasog et al. [84]: the kinematic viscosity v = 1.4 x 107"m?/s, the thermal diffusivity
a = 2.2 x 107°m? /s, the diffusion coefficient D = 1.0 x 10~8m? /s, which corresponds to

Pr =6.37 x 1073 and Sc = 14.
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Chapter 3

Numerical methods

3.1 Global linear stability analysis

Global linear stability analysis (LSA) theory has been revealed to play an important role
in the investigation of physical mechanisms behind the laminar flow in complex geometries
through a transition to turbulence [68} 70, 85, 86]. The theory serves the temporal and spatial
evaluation of the growth rate of infinitesimal amplitude perturbations superimposed with
a steady or periodic laminar base flow. Asymptotic instability of such perturbations can be
obtained by a generalized large-scale eigenvalue problem that contains growth/damping
rates and modal frequencies. This large-scale eigenvalue problem can be solved numeri-
cally by a matrix-forming strategy which can access to a full spectrum of eigenvalues. This
matrix-forming framework required large computational memory (RAM). This is because
the Jacobian matrix of the right-hand side of the linearized Navier-Stokes equation is huge
(the order of dimensions of freedom is more than O(10°)) due to the three-dimensional ge-
ometry. To overcome this problem subspace projection-iterative method such as Arnoldi
iteration [67, 69] has been used in recent previous studies to find approximated eigenvalues
and eigenfunctions by constructing the orthonormal basis of Krylov subspace [87-89]. In
this matrix-free /Jacobian-free framework, the leading eigenvalues (eigenvalues with largest
real-part) can be accurately calculated with the reduced order of dimension, O(10-100). The
Stability of a base flow can be predicted based on the real part of the leading eigenvalue.
The real part of the leading eigenvalue gives the growth /decay rate of the infinitesimal

amplitude perturbations superimposed with the base flow.
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In this method, the melt flow is decomposed into a base flow (1, T, E) and three dimen-

sional infinitesimal perturbations (eu/, eT’, eC') with e < 1,

u(r,0,z,t) =u(r,0,z) +eu'(r,0,z,t) (3.1)
T(r,0,z,t) = T(r,0,z) + €T (r,0,z,t) (3.2)
C(r,0,z,t) = C(r,0,z) +€C'(r,0,z,t) (3.3)
where (-)" represents the normalized perturbation (i.e. the L, norm is ||u'|| = 1, ||T’|| = 1,

and ||C’|| = 1). A linearized eigenvalue problem can be obtained by substituting egs. (3.1)-
(3.3) into the governing equations eqs. (2.1)—(2.4) and by ignoring the second-order infinites-

imal terms. We rewrite the governing equations in terms of variable x = (u, T, C) as

ox
Tl f(x) (3.4)

and the governing equation in terms of x’ is expressed as

o' of(®) , .,
T x = Ax (3.5)

where A is the Jacobian matrix. The growth rate A of the infinitesimal perturbation x" (=

X(r,0,z) exp(At)) can be obtained by solving the eigenvalue problem as

AX = AX (3.6)

The real part of A determines the stability of the base flow (x) with respect to the infinitesimal
perturbations: unstable, R(A) > 0; neutral, R(A) = 0; stable, (1) < 0. While the non-zero
imaginary part of A indicates the oscillation of the perturbation. The growth rate A depends
on Mar and Mac The Marangoni number at R(A) = 0 gives the onset (critical) value, and
the corresponding eigenfunctions (X) represent an instability mode with respect to the base
flow considered (x).

The generalized eigenvalue problem of eq. can be solved by Arnoldi method com-
bined with unsteady solve as shown in Appendix Bl The base flow, ¥, has been calculated at
each Marangoni number using a steady-state solver of OpenFOAM. The difference between

the calculated flow fields of transient solver and that of the steady solver is the order of
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magnitude of O(10°). which is less than the perturbation magnitude used in the present

study.

3.2 Dynamic mode decomposition

Dynamic information and coherent structures are significant in an investigation of fluid
flow instability mechanisms. The Dynamic Mode Decomposition (DMD) theory introduced
by [71] has been used in many recent studies to extract dynamic mode information from
complex flow fields. This approach was originally invented as a post-processing tool for
experimental and numerical data. The dynamic mode decomposition is a data processing
method originally developed in the fluid dynamics community which takes large data sets
typically velocity vorticity fields in time of a fluid simulation or a fluid experiment. This
method provides a spatial and temporal decomposition of this data into dynamic modes
that are spatially coherent and oscillate at a fixed frequency in time. For linear dynamical
systems, these modes are analogous to global linear stability modes [72, 90-92]. Although
this technique was invented for the fluid dynamic community, DMD has been applied to
many systems such as neuroscience, finance, robotics, and disease modeling [93-101]. The
major reason for such broad application of DMD is that it does not need to solve any nonlin-
ear governing equations and can be used as a post-processing tool for analyzing numerical
as well as experimental data. In the liquid bridge floating zone system, three-dimensional
flow structures develop due to the Marangoni convection. The numerical simulation data
of the liquid bridge system alone does not help to understand the hydrodynamic process
properly. The DMD essentially gives a coupled system of spatial temporal modes, and re-
cently used to extract an approximate periodic system from unknown data samples. The
Marangoni convection along the free surface of the liquid bridge gives rise to the develop-
ment of periodic flow structures and DMD is useful to analyze the dynamical behaviour of
such structures.

A temporal sequence of data snapshots from numerical simulation are given by a matrix
xV,

XN = {xlleI X3, .eey .X'N} (37)

where x; denotes the i—th flow field (N = 1,2,3, ..., N). A constant sampling time At of the

data sequence is chosen according to the Nyquist criterion (see [71] in details). A linear
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mapping A between a flow field x; and the subsequent flow field x;, is
Xit1 = Axi (38)

which is considered as a linear approximation of solving the governing equations. The
dynamic characteristics of the system is given by the eigenvalues and eigenvectors of the

matrix A. Furthermore, Eq. (3.8) can be written in the matrix form
XN = AXV ! +rel (3.9)

where 7 is the residual vector and ey_; € RN"1. The singular value decomposition (SVD)
is applied since SVD is robust to numerical errors and noises in the data. Substituting the

SVD of XV ~!(= UZW") into eq. , then
ufAau =ufxiwz1=A (3.10)

with U contains the proper orthogonal modes of X {\] ~1. Since the A related to A via a simi-

larity transformation, the dynamic modes ®; can be expressed as
®; = Uy, (3.11)
where v, is the i—th eigenvector of A, i.e. Ay; = u;y;. The logarithmic transform of y;,
Ai = log(pi)/ At (3.12)

represents the stability of extracted dynamics oscillatory mode, where, the real part of the
eigenvalues, R[], represents the growth/decay rate, and the imaginary part, S[A] does the
frequency (wavelength) of each mode. For each case, 250 snapshots of the instantaneous
concentration fields with a sampling rate At = 2 were processed in the present study using

the DMD algorithm.
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3.3 Model validation

The validation of linear stability analysis code has been done by comparing the first
critical thermal Marangoni numbers from the literature [39, 40] for two different low Prandtl
number values 0.02 and 0.01 with the aspect ratio of As = 1. As summarized in Table
the critical thermal Marangoni numbers obtained from the present linear stability code agree
with the critical Reynolds numbers of the literature within 1%. The definitions of the thermal
Marangoni number of the present study and that of the Reynolds number of the literature
are the same. In this study the Krylov subspace dimension k = 20 is sufficient to use for the

recovery of the three first leading eigenvalues.

TABLE 3.1: Comparison of the critical thermal Marangoni numbers with [40].

Pr As; Ref. Present
001 1 1899 1887
0.02 1 2062 2041
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Chapter 4

Onset of thermo-solutal Marangoni
convection when the same direction of
the thermal and solutal Marangoni
forces

A global linear stability analysis has performed to determine the onset of thermo-solutal
Marangoni convection in the half-zone liquid bridge of the FZ growth of SiyGe;_, under
zero-gravity when the thermal and solutal Marangoni forces are acting in the same direction.

Figure [£.Tshows the stability diagram of the axisymmetric base flow together with pre-
vious DNS results (on thermosolutal Marangoni convection) of [45]. For a certain Mar,
when Mac increases, the real part of the leading eigenvalue becomes positive, which indi-
cates that the steady axisymmetric (m = 0) flow (base flow) becomes unstable.

Figure presents an example of the eigenvalue spectrum at Mar = 1750 (and Mac
= 917 and 928) near the onset of thermosolutal Marangoni convection. The critical Mac =
922.5+0.6%

Figures|4.3|and 4.4/ show the vertical velocity disturbances of normalized eigenfunctions
corresponding to the least stable mode and concentration patterns obtained by DNS, respec-
tively.

The azimuthal waves of the unstable modes are observed distinctly in Fig. 4.3/and the
wavenumbers are m = 3, 4, 5, 6, and 7 depending on Mat and Mac. The concentration
patterns obtained by DNS are consistent with the patterns of most unstable modes by LSA.
All primary bifurcations are from 2D axisymmetric to oscillatory modes except for the case
Mac = 0 for the range of thermal and solutal Marangoni numbers considered in the present

study.
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FIGURE 4.1: Stability diagram of the axisymmetric base flow in (Mat, Mac)
(dashed line) together with previous DNS results of [45] at Pr = 6.37 x 1073,
Sc = 14, A; = 0.5. The cases (a-f) are shown in Figs. [4.3]and [4.4]

For the thermal Marangoni convection given in literature [17, 40|, the primary bifurca-
tion is axisymmetric to a 3D steady flow. According to [17] and [40] different oscillatory
behaviors observed as secondary bifurcation, only when changing the aspect ratio and the
Prandtl number. In the present study, all the cases with Mac > 0, the axisymmetric flow
becomes a 3D oscillatory flow as the primary bifurcation when Mac increases with a fixed
Mar for Mat < 2800. For the cases Mar > 2800, the flow becomes 3D oscillatory (m = 3) as
the primary bifurcation when Mar increases with a fixed Mac.

We start DNSs from the axisymmetric base flow disturbed by the unstable eigenmodes
as an initial condition, and, the DNSs converge to stable periodic states as shown in Fig.
The dominant frequencies are calculated by Fourier spectrum of the time-dependent concen-
tration at a sampling point of (r,0,z) = (0.5A;1,0,0.5). The oscillatory frequencies which
are predicted from the imaginary part of the present unstable eigenvalue are in good agree-
ment with those obtained by DNS (Table [£.1).

Figure |4.6| presents the snapshots of DNS results of periodic flow patterns at the middle
plane (z = 0.5) at (Mat, Mac) = (0, 1285) and (1750, 928). The non-dimensional time periods
(Ty) of the m = 3,4,5,6,and 7 are T, = 0.56, 0.37, 0.15, 0.12, and 0.08, respectively. The
oscillation frequency is increasing with the azimuthal wavenumber of flow mode at the

onset of the convection for Mat = 0 — 2800.
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FIGURE 4.2: Eigenvalue spectrum of thermosolutal Marangoni convection on-
set at Mat = 1750.

TABLE 4.1: The non-dimensional frequencies of disturbances obtained by
DNS and LSA

Matr Mac DNS LSA eigenvalue

0 1285 266 2.68 0.021440.0945i
700 778 415 423  0.02354+0.149i
1400 857 5.05 5.00 0.0221+0.1761i
2100 1000 8.02 791 0.0151+0.2783i
2800 1220 11.88 11.53 0.0327+0.4059i
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FIGURE 4.3: The vertical velocity, u;, in the middle plane (z = 0.5) of eigen-

functions corresponding to the most unstable eigenmodes: (Mat, Mac)= (a)

(0, 1285), (b) (700, 778), (c) (1750, 928), (d) (2100, 1000), (e) (2800, 1220) and (f)
(2926, 500). These cases are also labeled in the stability diagram of Fig.
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FIGURE 4.4: The nondimensional concentration distributions in the middle
plane (at z = 0.5) of DNS

0.90 -
X VRIS A A R A A
g &
.8 :
5 075 :
-t" H
c H
8 . H
S 070 - s :
5 [ -
S BT ¥
0.654 = (&) R i
— (b} -' _,
060 - T T !
0 1 2 3 4
t

FIGURE 4.5: The time evolution of the nondimensional concentration at the
sampling point of (r,0,z) = (0.5A;1,0,0.5) for (Mat, Mac) = (a) (0, 1285), (b)
(1750, 928). The DNSs are initiated from perturbed axisymmetric base flows.
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FIGURE 4.6: The time variation of the nondimensional concentration distribu-

tions in the middle plane (at z = 0.5) of (a) a pulsating periodic flow (m = 4)

with the period, T, = 0.37, and (b) a travelling wave (m = 5) rotating in clock-

wise with the nondimensional phase speed, cy = 271/ (mT),) where, T), is 0.15.
(a) (Mat, Mac) = (0, 1285); (b) (1750, 928).
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Chapter 5

Onset of thermo-solutal Marangoni
convection when the opposite
direction of the thermal and solutal

Marangoni forces

The onset of thermo-solutal Marangoni convection driven by opposing forces in a half-

zone liquid bridge was investigated by the global linear stability analysis.

5.1 Global Stability Analysis

Figure|6.1|shows the stability diagram of the axisymmetric base flow together with pre-
vious DNS results (on thermo-solutal Marangoni convection driven by opposing forces) of
[78]. Figure [5.2] shows the eigenvalue spectrum at Mac = 357 near the onset of thermo-
solutal Marangoni convection. When the solutal Marangoni number is less than or equal
to 360, the imaginary parts of leading eigenvalues (A with the largest real part) are zero.
The leading eigenvalue (A = 0.00032 £ 0.0i) at (—Mar, Mac)=(470, 357) is indicated with an
arrow in Figure Figure 5.3| shows the non-dimensional concentration distribution of Si
in the middle plane (at z = 0.5) of DNS and the least stable eigenmode corresponding to
the leading eigenvalue (A = 0.00032 £ 0.0i) at the onset when Mac = 357. This primary
bifurcation implies that a 3D steady flow bifurcates from a 2D axisymmetric pattern when
—Mar increases. This type of primary bifurcation has been observed commonly in liter-

ature for thermal Marangoni convection (see for instance [17, 42]). When Mac > 360, the
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bifurcation scenario is different and the least stable eigenmode shows an unstable oscillatory
mode. This implies that the 2D axisymmetric flow becomes weakly periodic remaining the
flow pattern axisymmetric as Mar is close to its critical value and eventually flow becomes
chaotic at the onset. This result is consistent with the DNS results by [78]. The stability of
weakly periodic flow solution is analyzed by applying LSA to a recurring base flow. The
real part of the leading eigenvalue of periodic base flow becomes positive at the onset. Fig-
ure (a) and Figure (b) show a detailed example of time snapshots of concentration
distribution of Si in the » — 6 plane at z = 0.5 near the onset when Mac = 893. Figure
(c) shows the vertical velocity, u,, in the middle (z = 0.5) r — 6 plane of eigenfunction cor-
responding to the most unstable eigenmode when Mac = 893. Figure |5.5/ shows the time
evaluation of concentration at the sampling point, (r,6,z) = (0.99A4;1,0,0.5), near the onset
when Mac = 893 and indicates that the flow is weakly periodic and stable before it turns
chaotic.

According to the previous study ([45]), when the thermal and solutal Marangoni forces
act in the same direction, all the primary bifurcations are from 2D axisymmetric to oscilla-
tory modes. And also, the critical thermal Marangoni numbers (Marcy;) are roughly con-
stant, when Mac < 800. According to the present study, —Mar cy monotonically increases
as Mac increases. The stability line exists slightly below the line of Mac = —Mat and
thus, literally that the flow is steady and 2D axisymmetric when the solutal Marangoni
force is dominant. Notably, the flow symmetry breaks, and the flow becomes 3D steady
or chaotic when the thermal Marangoni force is dominant. The results imply that the solutal
Marangoni convection stabilizes the flow behavior when the thermal and solutal Marangoni

forces along the free surface act in opposite directions.

5.2 Bi-stable states of nonlinear equilibria and periodic orbits

To analyze the quasi-periodic flow behavior observed at the onset when Mac > 360,
the global LSA was carried out at various —Mar values at Mac = 893. Figure |5.6/shows
the relative concentration deviation at the sampling point, (r,6,z) = (0.99A, 1,0,0.5) across
—Mat at Mac = 893. In Figure the black crosses represent the relative concentration

deviation, (Cmax — Cmin)/Cavg, calculated by DNS while —Mar with the initial condition
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FIGURE 5.3: (a) The non-dimensional concentration distribution of Si in the

middle plane (at z = 0.5) of DNS at (—Mart, Mac)=(470, 357) and (b) The

vertical velocity , u, in the middle (z = 0.5) r — 6 plane of eigenfunction cor-
responding to the most unstable eigenmode at (—Mart, Mac)=(470, 357).
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FIGURE 5.4: Non-dimensional concentration distribution of Si in the r — 6

plane at z = 0.5: (a) (—Mar, Mac)=(1030, 893) and (b) (—Mar, Mac)=(1040,

893). (c) - The vertical velocity , u, in the middle (z = 0.5) r — 6 plane

of eigenfunction corresponding to the most unstable eigenmode at (—Mar,
Mac)=(1035, 893).
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FIGURE 5.5: Time evolution of concentration at the sampling point (7,6,z) =
(0.99A;1,0,0.5)
being slightly increased (step size in —Mar is 1), and the green crosses are also DNS obser-
vations but the —Mar of the initial conditions are in descending order with decrements of 1
in —Mar. These DNS results show a hysteresis behavior of the flow field with about 1% dif-
ference between the two critical thermal Marangoni numbers. Blue triangles and red squares
in Figure [5.6|represent the theoretically predicted steady and periodic flow solutions of the
fully-nonlinear governing equations obtained by the Newton-Krylov method. The open
and closed symbols represent respectively the unstable and stable solutions. Here "Unstable
steady solutions" means the solution is steady with (1) > 0 ([102]). Figure[5.7)shows some
examples of eigenvalue spectrum of the steady solutions from —Mat = 615 to 618. The
steady solutions at —Mar = 615 and —Mar = 616 are stable, where all their eigenvalues
have R(A) < 0. Meanwhile, when —Mar > 616 all steady state solutions are linearly unsta-
ble since the real part of the most unstable eigenvalue with R(A) > 0 (perturbation grows
asymptotically). We also confirmed that the oscillatory time periods which can be predicted
from the imaginary part of unstable eigenvalues are in a good agreement with time periods
obtained from DNS results as shown in Table The stable periodic flow regime appears
until —Mat = 1030 with the increase of —Mat and flow losses its stability then becomes a

chaotic flow at —Mar = 1040. This implies that a weak and stable periodic flow regime can
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be observed when —Mat and Mac are close enough (—Mat ~ Mac £ 200). As the reason
described in [78], the total combined Marangoni flow strength is weakened because of the
competing effect of roughly equal thermal and solutal Marangoni flow strengths and also
their opposing effects which are responsible for this weak and stable periodic flow regime.
The flow states that keeping the flow behavior exactly the same under some disturbances
are known as "invariant solutions", recurrent flows or periodic orbits. Such solutions are
important for the understanding of the basic physics behind the flow phenomena we ob-
serve since the DNS results depend on the initial conditions. To find the family of peri-
odic solutions across —Mar values, the periodic solution at Matr = —619 was found first.
The periodic solution calculated by the Newton-Krylov method at (Mat, Mac)=(—619, 893)
was used as the initial guess in the search of new periodic orbits in neighboring thermal
Marangoni numbers, in descending order with —Mar = 1. When —Mar < 613, the pe-
riodic solutions are unstable and the flow evolves to a steady solution. The Figure 5.8 is
visualized the stable periodic solutions from —Mat = 613 to —Mat = 619 in the phase
plane (time variation of temperature vs time variation of concentration at the sampling
point, (r,0,z) = (0.99A;1,0,0.5)), where periodic solutions have a characteristic topological
signature and their orbits are simple closed curves. The area surrounded by closed curves
monotonically increased with —Mar as the amplitudes of temperature and concentration at
the sampling point, (r,0,z) = (0.99A;1,0,0.5) were increased with —Mar. As shown in Fig-
ure when descending in —Mar from 619 a stable periodic flow solution was found also
at —Mar = 616. At this particular —Mart both steady and periodic solutions are stable and
two periodic flow solutions with different amplitudes can be obtained by DNS depending
on the initial condition. This observation suggests that the onset of transition from steady
to periodic regime is not at the same —Mar as the transition is in opposite direction. The
results reveal the bi-stability (characteristic of a subcritical Hopf bifurcation) due to the co-
existence of two stable flow solutions at the same Marangoni number. When increasing the
—Mar, once the bifurcation point reaches the flow evolve to a stable periodic solution (black
crosses corresponding to —Mart = 617 and 618 in Figure |5.6| are approaching stable peri-
odic solutions when running DNS for a longer time) and when —Mart decreased below the
lower limit of bi-stability range the flow leads to corresponding stable steady-state solution.
The above described two different transitions indicate that the hysteresis phenomena across

—Mart when thermal and solutal Marangoni convection coexist with opposing forces.
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FIGURE 5.6: The relative concentration deviation at the sampling point
((r,8,z) = (0.99A;1,0,0.5)) across —Mar at Mac = 893.
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FIGURE 5.7: Eigenvalue spectrum of the family of steady solutions across
—Mar at Mac = 893.
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TABLE 5.1: The non-dimensional time periods of disturbances obtained by
DNS and LSA

—Matr Mac DNS LSA eigenvalue
617 893 0.0469 0.047 0.0013£0.7461i
618 893 0.047 0.0471 0.0016=+0.7452i
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Chapter 6

Flow instabilities in a liquid bridge of

smaller aspect ratios

Under this chapter the dependency of flow regimes of thermo-solutal Marangoni con-
vection in the half-zone liquid bridge on aspect ratios (A;) has been investigated using three-
dimensional numerical simulations under zero-gravity.

The flow diagram (Mac, Mar) for three different aspect ratios As = 0.25, A; = 0.5, and
As = 1 are summarized in Figure including the previous DNS results of Minakuchi et
al. [45] for As = 0.5. The results indicate that, when Mat and Mac are sufficiently small, the
flow in the liquid bridge is steady and axisymmetric (m = 0). When Mar as well as Mac are
larger, the flow becomes 3D oscillatory or 3D steady depending on the aspect ratio of the

liquid bridge.

6.1 Critical Mac at small thermal Marangoni numbers, Mar < 1800A; 1

Present simulations have revealed that, at relatively small Mat < 1800A; 1 all the pri-
mary bifurcations are from steady axisymmetric flows to 3D rotating oscillatory patterns as
shown in the flow maps in Figure This direct transition from an axisymmetric steady to
a 3D time dependant flow has been reported in many numerical works [28] 29] for high-Pr
number fluids. In this study, due to high-Sc number, the primary bifurcation corresponds to
the one of high-Pr number fluids. On the other hand, the Marangoni flow of low-Pr number
fluids becomes oscillatory via a 3D steady flow when considering pure thermal Marangoni

convection [17,38].



40

O
T

M

Mac

Mac

m=0 o m=7 + m=12
e mM=6 x m=11 * m=13
+ XX XXXXXX++ *x 00 o0o0®® o
0O 0 0O 0O OO0 OO0 OO 0O 0O 0 0 o P [e]
3000- O O O OO OOO OO O OO O 0 0 o :. o
© 0O 0 0O 0 0O 0O 00O 00O O 0 0 0 0 o b ®
)
°
2000_ 0O O 0O 00O OO OOOOO O O O O O IP
0O O 0O 00O 0O0OOOOOO O O O O O IO [ ]
O O 0O OO OOO O0OO OO O OO0 090
1000_ 0O 0O 0 000000 00O 0 0 0 0 O e o
O O O OO OOOOOO OO O OO OUO@P®
O O 0O OOO O OO O OO O OO OO oOT®
2500 5000 7500 10000 12500
Ma+t
(b)
o m=0 s m=4 m==6
A m=3 m=5 m=7
25001 = [] [ ] [] ® [ o [e] A
[ ] [ ] [ ] [ ] * [ ] o o A
2000 A
| ] | ] | ] | ] (o] o o o A
1
1500- o (o] o o (o] o o o :A
i
1000_ o] o o o o (e} o o] EA
1
o] o o o o (e} o o] IA
1000 2000 3000 4000 5000 6000
Ma+t
(c)
o m=0 o m =2 Rotating flow
e m=2 Steady
200041 o o o o o o o o o o
o [ [ o o o o o o [ ]
o [ [ o o [m] o o o [ ]
1500- o [ [ o o o o o o [ ]
o [ [ [ o o [ o o [ ]
o [ [ [ o o o ] [ ] [ ]
1000 -
o o o o o o o o [ ] [ ]
o ) ) ) o o o o :0 [ ]
500_ o] o o o [e] [e] [e] o i. [ )
o o o o o o (] o I. [ ]
1000 2000 3000
Ma+t

FIGURE 6.1: Flow map, (Mat, Mac) for (a) As = 0.25, (b) As = 0.5 (Minakuchi

et al. ), and (c) As = 1. The different symbols represent the wavenumbers

of oscillatory modes. The dashed lines represent Marc,; = 315045 1(400 <
MacAs < 800), roughly indicating the critical value.
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For a shorter liquid bridge, As = 0.25, when Mac increases, m-fold symmetric structures
for concentration distributions in the middle plane as in Figure6.2|(a)-(c), and the azimuthal
wavenumbers are m = 11, 12, and 13 depending on Mar. The azimuthal wavenumbers
m = 4,5,6,and 7 dependent on Mat have been reported by Minakuchi et al.[45] at A; = 0.5.
Figure depicted that the azimuthal wavenumber of oscillatory modes drastically de-
creases as the aspect ratio increased. The high-frequency wave mode appears, because there
is not enough space for the large circulation in the liquid bridge for a flatter aspect ratio. Ac-
cording to Lappa et al.[14], in the case of a short liquid zone, Marangoni convection (known
as surface phenomena) is confined to a region near the free surface which prevents the co-
alescence of the opposite convection cell. Thus, several layers of vortices emergence by
continuity in the interior of the liquid bridge which leads to the occurrence of the travelling
waves with high frequency. A similar dependence of azimuthal wave numbers of oscilla-
tory modes (m) on A, has been observed in previous studies in the case of pure thermal
Marangoni convection [39]. The relationship between m and A; obtained from the present
study is of a roughly constant value, mA; = 2.0-2.75 (Figure[6.3). This range is consistent
with those obtained by Chen et al. [39] for the Pr = 0.02 fluid with 0.4 < A; < 2.0, and is
also in good an agreements with those obtained by Wanschura et al. [40] especially in the
present range, 0.5 < As < 1.3. It is evident that mA; becomes nearly constant when the
aspect ratios are relatively smaller than As = 1. The present results also suggest that solutal
Marangoni convection does not affect the azimuthal wavenumber of oscillatory modes at
small Mar < 1800A; L

In the region, Mat < 1800A; 1 the critical values, Mac cyi, are dependent on the aspect
ratio of the liquid bridge. Figure [6.4(a) shows an detailed example at Mar = 0 and Mar =
1400. The Mac cyi decreases with As, which dependency of Mac cyi on Ag corresponds to
the results of pure thermal Marangoni convection for a high-Pr number (Pr = 1) fluids [28]
shown in Figure (6.4 (b) as dashed line.

According to Chun et al. [49], instability mechanism for low-Pr number fluids is not
based on the amplification of temperature disturbance because of high thermal diffusivity
leads to spread out any possible disturbance over the liquid bridge. In the present study, due
to high-Sc number, a concentration disturbance leads to a disturbance of the concentration
gradient and thus to a surface tension gradient that triggers a distortion on the velocity field.

The distortion of the velocity induces distortion of the concentration field. This coupling
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FIGURE 6.2: The non-dimensional concentration distributions in the middle
plane (z = 0.5A;) for A; = 0.25 of DNS: (Mat, Mac)= (a) (2100, 3572), (b)
(1400, 3572), (c) (9100, 3572), (d) (14000, 1786), and (e) (13300, 1786).

—a— Present study at 0<Mat<2500
--eo-- Chen etal.(1997) at Mac=0
- Wanschura et al.(1995) at Mac=0

ac. ci=3392
10+
5
Mac i=2322
€ 61
4] e XMaci=1786
A
. 1350
“eo----o
0.5 1.0 1.5 2.0

FIGURE 6.3: The azimuthal wavenumbers of the bifurcated oscillatory modes
(m) as a function of the aspect ratio of the liquid bridge.
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TABLE 6.1: The dominant eigenvalues obtained from DMD and non-
dimensional frequencies ((i) at As = 0.25 and (ii) at As = 1).

case | A;  Mar Mac eigenvalue (\;) frequency m

(i) | 0.25 14000 1786 0.0002+0.1719i 19 6
13300 1786  0.0002+0.2936i 33 7
2100 3572  0.0052+0.4877i 55 11
1400 3572 0.0219+0.4468i 50 12
9100 3572 0.00006%1.06291 120 13
(ii) 1 3150 1490  0.006£0.0545i 6.19 2
3150 1786  0.00324-0.05561 6.32 2

mechanism is responsible for the growth or decay of the initial concentration disturbance.
Thus, the instability mechanism emerged as hydrosolutal in nature.

The frequency spectrum of the time-dependant concentration at a sampling point of
(r,0,z) = (0.75,0,0.5A5) when (Mar, Mac)= (9100, 3572) in Figure shows that the az-
imuthal travelling waves are associated with harmonics of their fundamental frequencies.
The dynamic mode decomposition results are used to determine fundamental frequencies of
azimuthal travelling waves developed in the liquid bridge. Representative dynamic modes
for A = 0.25 are displayed in Figure 6.6/ using the concentration field in the middle plane
(z = 0.5A5); their respective eigenvalues and calculated frequencies are given in Case (i) of
Table[6.1] The calculated time periods from DMD for A; = 0.25 show good agreements with

the time periods of the concentration at the sampling point of (r,6,z) = (0.75,0,0.54;) as
show in Figure

6.2 Critical Mar under a weak solutal Marangoni convection

When Mac < 700A; 1 as Marg increases, the axisymmetric steady flow becomes 3D os-
cillatory for shorter liquid bridges (As = 0.25 and 0.5). We note thst the flow transition
for a long liquid bridge (As = 1) is from axisymmetric steady (Figure|6.8|(a)) to 3D steady
(Figure 6.8 (b)). The critical thermal Marangoni number Matc,; decreases with the aspect
ratio of the liquid bridge and a similar trend can be observed for the results of pure thermal
Marangoni convection by Imaishi et al.[17] as shown in Figure (b). Under the presence
of weak solutal Marangoni convection, the critical thermal Marangoni number is roughly
MarciAs =~ 3200 at the small solutal Marangoni numbers, 400 < MacA; < 800, as shown

by the dashed lines in Figure[6.1(a-c).
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mE m=4 x m=11

3500 1

3000 1

2500 1

Mac, cri

2000 1

1500 1

12000 1

10000 1

8000 1

Mar cri

6000 1

4000 1

2000 -

025 050 075 1.00 1.25 1.50
As

FIGURE 6.4: (a) Dependency of critical solutal Marangoni numbers, Mac cyi,

on the aspect ratio of the liquid bridge. The lines are the stability curves:

Mar = 0 and Mat = 1400. (b) Critical thermal Marangoni number Mar c,; as

a function of A;: ——, Present (at Mac = 714 and Pr = 0.006); — - —, Present

(at Mac = 0 and Pr = 0.006); - - - - - , Imaishi et al. [17] (Mac = 0, Pr = 0);

————, Yasubhiro et al. [28] (Mac = 0, Pr = 1). The different symbols represent
the wavenumbers of oscillatory modes.
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FIGURE 6.5: The time evolution of the non-dimensional concentration for
As = 0.25 at the sampling point of (r,6,z) = (0.75,0,0.5A;) when
(Mar, Mac) = (9100, 3572) (a) and the frequency spectrum (b).
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FIGURE 6.6: Representative dynamic modes corresponding to the primary

dominant eigenvalues, visualized by contours of the concentration field in the

middle plane (z = 0.5A;) for a flat liquid bridge, As = 0.25: (Mar, Mac)= (a)

(2100, 3572), (b) (1400, 3572), (c) (9100, 3572), (d) (14000, 1786), and (e) (13300,
1786).
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--=-- (Mar,Mac,m)=(14000,1786,6)
---- (Mar,Mac,m)=(13300,1786,7)
—-— (Mar,Mac,m)=(2100,3572,11)
------- (Mar,Mac,m)=(1400,3572,12)
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FIGURE 6.7: The time evolution of the non-dimensional concentration for
As = 0.25 at the sampling point of (r,6,z) = (0.75,0,0.5A;).

] 02 04

|

FIGURE 6.8: The non-dimensional concentration distributions in the middle
plane (at z = 0.5A; and As; = 1) of DNS:(Mat, Mac)= (a) (1050, 1786), (b)
(3500, 1786), and (c) (3150,1786).
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C'<o0

(b)
c'=0
FIGURE 6.9: Representative dynamic modes corresponding to the second
leading eigenvalues, visualized by contours of the concentration field in the
middle plane (at z = 0.5A; and As = 0.25): (Mar, Mac, Ay)= (a) (13300,

1784, 0.00005-:0.2764i), (b) (13300, 2144, -0.0029--0.3518i), and (c) (13300, 2500,
-0.0006-£0.3351).

The higher azimuthal wave numbers (m = 6 in Figure d) and m = 7 in Figure e))
are observed for a short liquid bridge (As = 0.25) as Mar increases due to the limited space
inside the liquid bridge, hence the characteristic length for As < 1 is the height of the liquid
bridge L.

Figure 6.2|shows that the flow patterns with m = 6 and 7 do not distinctly appear com-
pared to m = 11 and 12. This observation is confirmed by Figure [6.7]as the concentration
values corresponding to m = 11 and 12 are relatively higher than those corresponding to
m = 6 and 7. Figure |6.9| shows the representative dynamic modes (m = 6) corresponding
to second leading eigenvalues (A;) for (Mart, Mac)= (13300, 1786), (13300, 2144), and (13300,
2500) at As = 0.25. For these three cases dynamic modes corresponding to dominant eigen-
values (A1) are shown m = 7 (see Figure e)). It is concluded that the azimuthal traveling
waves of m = 6 (passively) and m = 7 are superimposed when (Mar, Mac)= (13300, 1786),
(13300, 2144), and (13300, 2500).

For A; = 1, when Mac > 1250 as Mar increases, after a certain threshold, the steady ax-
isymmetric flow departs to rotating oscillatory flow with m = 2 (Figure[6.§)(c)), and eventu-
ally, the flow becomes 3D steady (Figure (b)) while the azimuthal wavenumber remains
unchanged if Mar further increases. The extracted spatio-temporal coherent structures (Fig-
ure and respective frequencies (case(ii) of Table) of traveling waves associated with

rotating oscillatory flow regime are computed by DMD. The non-dimensional concentration
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FIGURE 6.10: The non-dimensional concentration distributions in the middle
plane at z = 0.5A; obtained DMD analysis for A; = 1: (Mat, Mac)= (a) (3150,
1490) and (b) (3150, 1786).

with respect time calculated by DNS for (Mar, Mac) = (3150, 1490) and (1350, 1786) in ro-
tating oscillatory flow regime at the sampling point of (7,6,z) = (0.5,0,0.5A;) and A; = 1
is presented in Figure 6.1} The frequencies of traveling waves are close each other when

(Mart, Mac) = (3150, 1490) and (3150, 1786) even though Mac increased.
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FIGURE 6.11: The time variation of the non-dimensional concentration for

(0.5,0,0.5A,).

As = 1 at the sampling point of (7,0, z)
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Chapter 7

Conclusions

A new method for the exact prediction of instability of thermo-solutal Marangoni con-
vection in a half-zone liquid bridge under zero gravity was successfully developed. The
global LSA was performed to determine the critical thermal and critical solutal Marangoni
numbers. Stability limits are highly dependent on both the solutal and thermal Marangoni
numbers even at the constant aspect ratio and Prandtl number values. The steady axisym-
metric flows become oscillatory flows (Hopf bifurcations) with azimuthal wave-numbers
m = 3,4,5,6,and 7 at the onset for the range of thermal and solutal Marangoni numbers
considered in the present study. For pure thermal Marangoni convection in literature, the
primary bifurcation is 2D axisymmetric to a 3D steady flow. On the other hand, the pri-
mary bifurcation in this study was 2D axisymmetric to a 3D oscillatory flow at the onset as
increasing the thermal Marangoni number. The stability range of the present global LSA is
consistent with the previous DNS results on thermo-solutal Marangoni convection.

The onset of thermo-solutal Marangoni convection driven by opposing forces in a half-
zone liquid bridge was investigated by the global LSA. The stability curve exists slightly
below the line of Mac = —Mar confirming that the flow is 2D axisymmetric when the so-
lutal Marangoni force is dominant. A family of steady flow solutions along with a family of
periodic flow solutions across various —Mar values were calculated by the Newton-Krylov
method for the first time at the onset of thermo-solutal Marangoni convection driven by op-
posing forces. The eigenvalues instability was evaluated across —Mar values to investigate
the bifurcation point. The onset of transition from steady to a periodic flow and that of its
reverse transition do not occur at the same Marangoni number, which reveals the subcritical

Hopf bifurcation of steady and periodic flow regimes. This indicates that the stable steady
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and periodic flow solutions may coexist over a short Mat range. Thus, the results were con-
firmed hysteresis phenomena across thermal Marangoni numbers when thermal and solutal
Marangoni convection coexists with opposing forces.

The computed stability limits presented in this study would be useful to avoid possible
flow-induced disturbances and lead to the growth of single crystals without growth stria-
tions, in FZ experiments under normal and microgravity gravity conditions.

The dependency of flow regimes of thermo-solutal Marangoni convection in the half-
zone liquid bridge on aspect ratios (As) has been investigated using three-dimensional nu-
merical simulations under zero-gravity. The dependency of Mac i on As for weak solutal
Marangoni convection is in good agreement with the previous results of the case of pure
thermal Marangoni convection for high-Pr number fluids. Marc,; values are decreased as
A, increases, which is similar to the previous results for the case of pure thermal Marangoni
convection. From our results, for a short liquid bridge (As; < 1), the critical MarciAs in
the case of a weak solutal Marangoni convection is roughly constant 3200. The Marangoni
convection is limited by the height of the liquid bridge which determines the characteristic
length of the Marangoni convection that becomes comparable to the radius with increas-
ing As (the flow behaviour changes at A; ~ 1), consistent with the previous analysis of the
pure thermal Marangoni convection in tall liquid bridges with A; 2 1. The flow pattern
in the flat liquid bridge is analyzed by DMD. The azimuthal wavenumbers of oscillatory
modes are increased when the aspect ratio of the liquid bridge gets smaller. From results of
present study, mA; ~ 2.0-2.75 is obtained, which is a similar relationship obtained in previ-
ous studjies in the case of pure thermal Marangoni convection. The azimuthal wavenumbers
of oscillatory modes are insusceptible of solutal Marangoni convection. The results suggest
that the selection of the characteristic length of the Marangoni convection depends on A, of

the liquid bridge.
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7.1 Future works

This thesis demonstrated the instability mechanisms behind the thermo-solutal Marangoni
convection in the half-zone liquid bridge under zero-gravity conditions. This study can be

further investigated with the following aspects.

1. The present work is done by considering the half-zone model of the floating zone
method under zero gravity. Under normal gravity, the natural convection applies to-
gether with Marangoni convection and the flow behavior becomes more complex than
zero gravity conditions. It is important to study flow instabilities under normal gravity
conditions by considering free surface deformation of the liquid bridge as the geome-

try is not perfectly cylindrical under normal gravity conditions.

2. The investigation of the relative contribution of the aspect ratio of the liquid bridge on
the convection onset of half zone liquid bridge under normal gravity conditions is also

important to be studied in the future.

3. In the real floating zone system, the heating coils are placed outside the melt, moving
together with the growing crystal and providing the temperature distribution to the
free surface. Given this situation, the electromagnetic field generated by the heating
coil directly affects the main flow. The effect of electromagnetic field by heating coil
on the instability of thermo-solutal Marangoni convection can be further investigated

in the future.
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Appendix A

Introduction to finite volume method

In numerical mathematics, partial differential equations are solved by first converting
them to a corresponding set of algebraic equations. This is done by a method called dis-
cretization. There are a number of discretization techniques available such as finite volume
method, finite element method, finite difference method, spectral element method, bound-
ary element method and high-resolution discretization schemes. In the present study, the
equations are discretized by finite volume method using the built in libraries of the CFD
tool OpenFOAM. Finite volume discretization process can be divided into three main steps

(103],
e Discretization of time
¢ Discretization of space

* Discretization of Equations

A.1 Discretization of time

Time is discretized by separating the time domain over which the solution is required
into a set of time steps At, which may change during the simulation. During the solution

procedure, time is marched from a prescribed initial condition.

A.2 Discretization of space

Discretization of space is achieved by sub dividing the solution geometry into a number
of cells called control volumes. These cells should not overlap with one another and should

fill the computational domain. The centroids of these cells determine the points of space at
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FIGURE A.1: A typical control volume in finite volume method

which the solution is required. A typical control volume and its associated properties are
presented in Figure The control volume is bounded by flat faces, represented by letter f.
Cell faces belong to two main categories, internal faces and boundary faces. Internal faces
are the faces between two control volumes and boundary faces coincide with boundaries
of the solution domain. Each face of internal cells is shared with only one neighbour cell.
Properties are usually defined at cell centroids, P. The face area vector, S ris of magnitude
equal to the area of the face and points outwards from the control volume perpendicular to

the face [103].

A.3 Discretization of equations

The general form of the conservation equation for a scalar property can be written as,

aaqtb + div (o¢u) — div (tgradp) = Sy (A1)

The finite volume method requires that this equation should be satisfied in integral form

over the control volume around the point at which the solution is sought [103]]. This requires:

/ttw [aat / ppdV + / v (0T 7 ) dV} dt = /t o < / sq,,dv) dt (A.2)
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A.3.1 Spatial discretization

The first spatial term of equation (A.2) is discretized as,

[ ogav =pg,v, (A3)

The volume integrals of the above equation are converted into surface integrals over control

volume surface using the following identities of vector calculus;

/v-AdV:/A-dS/V-fl?dV:/(P'dS (A4)

This results in following relationship for convective and diffusive terms of the general con-

servation equation,

/V (pU¢)dV = / (oUg) - dS (A.5)

Since the control volume is bounded by a series of flat faces, the surface integral on the

right-hand side can be written as a sum of integrals over separate faces. Therefore

[ (oug)av =x; [ (oug)-as (A6)

The face integral is evaluated using face value of ¢ and pU and is given by

[ (oug)ds = (o) - Sy (A7)

This provides the discretized form of the convective term as,

/V - (pUg) dV = Ls (oU) - Spopy (A.8)

Using the above procedure, the laplacian term is discretized as,

/v-(pfv¢)dV=/(vacp)dS/v-(pqub)dV:Zf/(vacP)dS (A9)
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Therefore,

/v (pT'7 ) dV = Zppl (V) - S (A.10)

The discretized form of integral terms can be evaluated using face values and face centre
values of neighbour cells. The entire set of discretized equations written over the solution
domain represents a system of simultaneous linear equations. This linear set of equations
is solved during each iteration of solution algorithm using numerical procedures for linear

systems.
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Appendix B

Arnoldi method

The Jacobian A is N x N real matrix, here N is the number of freedom of a flow state x
and the freedom is N &~ O(10°). To overcome to obtain the eigenvalues of the huge size of A,
we use the Arnoldi method to find some largest eigenvalues and corresponding eigenvec-
tors approximately from a reduced matrix in Krylove subspace. The features of the Arnoldi
method are,

(i) We do not need to store A on memory in the machine.
(ii) Arnoldi methods approximate the larger eigenvalues accurately
(iiif) The algorithm of the Arnoldi process requires matrix-vector products, Ax which is com-

puted by using a DNS code.

Let the krylov subspace K; = span(dx, Adx, A%5x, ..., A"ox)(n < N) is spanned by or-

thonormal set g, (k =1, ..., n), then the algorithm of Arnoldi process is

x1 = initial vector (arbitrary)

q, = x1/+/(x1-x1)
Per form until convergence (k =1,...,n)
X1 = Agy — S by
hix = (q;- Aqy)
M1, = (X1 - Xkt1)
Gri1 = Xk1/ Mrgrk
here H = h;j is a Hessengerg matrix. Some least unstable eigenvalues of A are approxi-

mately shared with those of H. Matrix-vector product Aq, is given by
Aq, ~ Jo (f (x+eqe) —f(x))dt

€
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Which is performed by using DNS code, because f(x) is obtained by calculation of the
time integration of right hand side of Navier-Stokes equation from the initial condition x.
Note that |qx| = 1 and |¢| should be small to be in the linear regime (|¢| ~ O(10~%), practi-

cally).
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