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Abstract
We study the isentropic compressible Navier-Stokes equations with radially

symmetric data and non-negative initial density in an annular domain. We prove
the global existence of strong solutions for any
 � 1. Moreover, we obtain the
uniform in time L1-boundedness of the density andH1-boundedness of the velocity,
improving therefore the corresponding result in [2], wherethe condition
 � 2 is
required to guarantee the existence.

1. Introduction

The Navier-Stokes equations with external forces for the isentropic motion of a
compressible viscous gas in Eulerian coordinates read:

�t + div(�u) = 0,(1.1)

(�u)t + div(�u
 u) +r p� �1u� (� +�)r div u = � f in �� (0,1).(1.2)

Here� is a domain inRn (n � 2), � and u denote the unknown density and velocity,
respectively,p� p(�) = A�
 (A> 0, 
 > 1) is the pressure,� and� are the constant
viscosity coefficients satisfying the usual physical requirements� > 0, 2� + n� � 0.

In this paper, we are interested in spherically symmetric strong solutions to spherical-
ly symmetric initial boundary value problems. Thus, we consider that the domain� and
the external forcef are given by

� := fx 2 Rn j a < jxj < bg, f (x, t) := f (jxj, t)
xjxj
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for some constantsa, b with 0 < a < b, and the initial and boundary conditions are
imposed as follows:

(�, u)jt=0 = (�0, u0) in �,(1.3)

uj�� = 0, t > 0,(1.4)

where

(1.5) �0(x) = �0(jxj) � 0 and u0(x) = u0(jxj) xjxj for x 2 �.

A spherically symmetric solution to (1.1)–(1.4) is of the form

(1.6) �(x, t) = �(r , t), u(x, t) = u(r , t)
x

r
.

Hence the spherically symmetric solution (�, u)(r , t) should satisfy the following system:

�t + (�u)r + (n� 1)
�u

r
= 0,(1.7)

(�u)t + (�u2)r + (n� 1)
�u2

r
� (� + 2�)

�
ur + (n� 1)

u

r

�
r

+ pr = � f , r 2 (a, b)(1.8)

with initial and boundary conditions:

u(a, t) = u(b, t) = 0,(1.9)

�(r , 0) = �0(r ), u(r , 0) = u0(r ),(1.10)

where f � f (r ) is assumed to be independent of time for simplicity.
The spherically symmetric Cauchy and initial boundary value problems for the system

(1.1), (1.2) have been studied by a number of mathematiciansin the last decades. Global
spherically symmetric solutions of the compressible isentropic Navier-Stokes equations
for the Cauchy problem was obtained by Jiang and Zhang [7] forany
 > 1 provided that
initial data are spherically symmetric. For isothermal flows, Hoff [5] proved the global
existence of spherically symmetric weak solutions for initial density in theBV space,
while Jiang and Zhang [8] obtained the same result to the Cauchy problem when�0 is in
the Orlicz spaceL M (R2).

For the initial boundary value problem (1.7)–(1.10), Weigant [12] constructed a
radially symmetric strong solution (�, u) in (0, 1)� BR in the casea = 0 and 1<
 < 1 + 1=(n � 1), such thatk�( � , t)kL1(BR) ! 1 as t ! 1, where BR := fx 2
Rn, jxj < Rg. Higuchi [4] and Matsumura [9] proved that a global solution to the
problem (1.7)–(1.10) exists for�0(r ) > 0 in [a, b] and converges exponentially to the
corresponding stationary solution as time tends to infinity. Very recently, Choe and
Kim [2] showed the global existence of strong solutions to the problem (1.7)–(1.10)
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under the technical restriction
 � 2 and the compatibility condition

(1.11) ��1u0� (� +�)r div u0 +r(A�
0 ) = �1=2
0 g

for some radially symmetricg 2 L2(�), and moreover, their a priori estimates of the
solutions depend on the time.

The aim of this paper is to drop the technical condition
 � 2 in [2], and more-
over, to give the uniform in timeL1-upper bounds of the density andH1-bounds of
the velocity.

Our main result in this paper reads:

Theorem 1.1. Let �0 2 H2, r�
 =20 2 L4, u0 2 D1
0 \ D2. Assume that(�0, u0)

satisfies the natural compatibility condition(1.11) for some
 � 1. Then, there exists
a global unique strong solution(�, u) satisfying

sup
0�t�T

(k�( � , t)kH2 + kr�
 =2( � , t)kL4 + k�t ( � , t)kH1) � C(T),(1.12)

sup
0�t�T

�kp�ut ( � , t)kL2 + ku( � , t)kD1
0\D2)

+
Z T

0
(kut ( � , t)k2D1

0
+ ku( � , t)k2D3

�
dt � C(T).

(1.13)

Moreover, there holds

(1.14) k�( � , t)kL1 + kru( � , t)kL2 � C, 8t � 0,

where C is a positive constant independent of t.

REMARK 1.1. Recently, Cho and Kim [1] proved the existence of local strong
solutions when 1< 
 < 2, and thus our paper also improves the result in [1].

By the arguments in [2], we easily see that to prove the globalexistence and
uniqueness in Theorem 1.1, it suffices to derive the a priori estimates (1.12) and (1.13).
Therefore, in Section 2 we only prove (1.12) and (1.13) to complete the proof of the
existence and uniqueness. In Section 3, we prove the uniformin time estimate (1.14).

As the end of this section, we introduce the notation used throughout the paper.
L p(�) and Hm(�) denote the standard Lebesgue and Sobolev spaces in� with the
normsk � kL p and k � kHm, respectively. We will frequently use the following abbrevia-
tions:

L p := L p(�), Hm := Hm(�), k � k := k � kL2.

For a detailed study of homogeneous Sobolev spacesD1
0 = D1,2

0 and Dk, we refer to
the reference [3].
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2. Global existence of strong solutions for
 � 1

To begin with, we first recall the following standard (energy) estimates which can
be obtained by integrating (1.1) and multiplying (1.2) byu in L2((0, t)��):

(2.1)
Z
� �(x, t) dx =

Z
� �0(x) dx,

and

Lemma 2.1.

(2.2)

Z
�
�

1

2
�u2 + p̃(�)� � Z r

0
f (� ) d�� dx +

Z t

0

Z
�[�(ru)2 + (� +�)(div u)2] dx

=
Z
�
�

1

2
�0u2

0 + p̃(�0)� �0

Z r

0
f (� ) d�� dx, 8t � 0.

Here p̃(�) =

�
(A=(
 � 1))�
 , 
 > 1� ln �, 
 = 1

.

The following Lemmas 2.2–2.4 are shown in [2], the proof of which is therefore
omitted here.

Lemma 2.2 ([2]).

(2.3) sup
0�t�T
k�( � , t)kL1 � C1(T),

where C1 is a positive constant depending possibly on T.

Lemma 2.3 ([2]).

(2.4) sup
0�t�T

(ku( � , t)kL1 + ku( � , t)kD1
0
) +
Z T

0
(kp�ut ( � , t)k2 + kG( � , t)k2H1) dt � C2(T)

where G:= (� + 2�) div u� p(�) is called the effective viscous flux.

Lemma 2.4 ([2]).

sup
0�t�T
kr�( � , t)k +

Z T

0
(kru( � , t)k2L1 + ku( � , t)k2D2) dt � C2(T),(2.5)

sup
0�t�T

(kp�ut (�, t)k + ku(�, t)kD2) +
Z T

0
(kut ( � , t)k2D1

0
+ kG( � , t)k2H2) dt � C2(T).(2.6)
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In what follows, we shall use the following Sobolev inequalities for radially sym-
metric functions defined in�:

(2.7) k�kL1 � Ck�kH1, k f kL1 � Ck f kH1, kukL1 � Ckruk.
In the following lemma we give a upper-bound of the density gradient.

Lemma 2.5.

(2.8)
Z
� jr�
 =2(x, t)j4 dx � C2(T), t 2 [0, T ].

Proof. Multiplying (1.1) by�
 =2�1, we obtain

(2.9) (�
 =2)t + u � r�
 =2 +
2
 �
 =2 div u = 0.

Applying �=�x j to (2.9), we arrive at

(2.10) (�
 =2)x j t + ux j � r�
 =2 + u � r(�
 =2)x j +
2
 (�
 =2)x j div u +

2
 �
 =2 div ux j = 0.

Now, multiplying the above equation by [(�
 =2)x j ]
2(�
 =2)x j , integrating then over�

and summing overj , we deduce that

(2.11)

1

4

d

dt

Z
� jr�
 =2j4 dx

� krukL1 Z� jr�
 =2j4 dx +

�
1

4
+

2

�kdiv ukL1 Z� jr�
 =2j4 dx

� 2

Z
� �
 =2

1� + 2�
X

j

(Gx j + p(�)x j )[(�
 =2)x j ]
3 dx

� �krukL1 +

�
1

4
+

2

�kdiv ukL1

� Z
� jr�
 =2j4 dx

+
2
 1� + 2�k�
 =2kL1krGkL4kr�
 =2k3L4,

where we have used the following fact:

2

Z
� �
 =2

1� + 2�
X

j

p(�)x j [(�
 =2)x j ]
3 dx � 0.
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Recalling that by virtue of the Sobolev inequality,

(2.12) krGkL4 � CkGkH2,

we apply the Gronwall inequality to (2.11) and use (2.6) to obtain (2.8). This com-
pletes the proof.

Next, we derive bounds of higher derivatives of� and u.

Lemma 2.6.

(2.13) sup
0�t�T

(k�( � , t)kH2 + k�t ( � , t)kH1) +
Z T

0
ku( � , t)k2D3 dt � C2(T).

REMARK 2.1. In [2], the estimate (2.13) is proved under the technical restriction
 � 2. Here we will use (2.8) to show that it still holds for any
 � 1.

Proof. Applyingr2 to (1.1) and multiplying byr2� in L2(�), and then integrat-
ing by parts, we get

(2.14)

d

dt

Z
� jr2�j2 dx

� C
Z
� jruj jr2�j2 + jr2uj jr�j jr2�j + �jr2 div uj jr2�j dx

� C

�krukH1kr�k2H1 +
Z
� �(jr2Gj + jr2 p(�)j)jr2�j dx

�
� C(krukH1kr�k2H1 + kr2Gkkr2�k + kr2�k2 + kr�kL1kr�kkr2�k)
� C(kr�k2H1 + kGk2H2),

whence, an application of the Gronwall inequality and the use of (2.6) give

(2.15) sup
0�t�T

k�( � , t)kH2 � C(T).

On the other hand, the estimate of�t follows immediately from the continuity equa-
tion (1.1) and (2.15).

Finally, by virtue of

r2 p(�) = p0(�)r2� + p00(�)(r�)2 = p0(�)r2� +
4A(
 � 1)
 (r�
 =2)2

and

(� + 2�)r2 div u = r2G +r2 p(�),
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the estimates (2.6), (2.8) and (2.15) imply

(2.16)
Z T

0
ku( � , t)k2D3 dt � C(T),

which completes the proof.

Now, having had the a priori estimates Lemma 2.1–2.6, we can follow the same
procedure as in [2] to obtain the existence and uniqueness ofglobal radially symmetric
strong solutions. Thus, we have proved Theorem 1.1.

3. Uniform in time boundedness

In this section we will prove the uniform in time boundednessof the density and
velocity. First, we use and adapt the techniques developed by Straskraba and Zlotnik
[10] to obtain uniform upper bounds of the density.

We define the mean value

hwi :=
1

b� a

Z b

a
w(r ) dr

and the operator

Iw(r ) :=
Z r

a
w(� ) d� , I h1iw := Iw � hIwi for w 2 L1(a, b)

and denoteDtw := wt + uwr . It is easy to see that

(3.1) kI h1iwkC(�) � CkwkL1 for any w 2 L1(�).

We will use the following lemma on uniform boundedness of solutions to an or-
dinary differential equation, the proof of which can be found in [10].

Lemma 3.1 ([10]). Let the function y be a solution to the Cauchy problem

dy

dt
= g(y) +

db

dt
on R+, y(0) = y0

with g2 C(R), and y, b 2W1,1(0, T) for all T > 0. If g(1) =�1 and b(t2)�b(t1) �
N0 + N1(t2� t1) for all 0� t1 < t2 with some N0 � 0 and N1 � 0, then

y(t) � y := y(y0, g, N0, N1) < +1 on [0, +1].

(More precisely, y := maxfy0, � g + N0, where� is such that g(� ) � �N1, for � � � .)
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Now, we are able to prove themain resultof this section:

Theorem 3.2. Let f 2 L1(�), then there exists a positive constant C independent
of t, such that

k�( � , t)kL1 � C, 8t � 0.

Proof. Following calculations similar to those in [10], we easily get (see Sec-
tion 4):

(3.2) Dt (M(�) + B0) = �p(�) + B1 + B2,

where

M(�) := (� + 2�) ln �, B0 := I h1i(�u), B1 := I h1i�� f � n� 1

r
�u2

�
,

B2 :=

��u2 + p(�)� (� + 2�)
n� 1

r
u

�
.

By Lemma 2.1 and (3.1), we have

kB0kC(�) � k�ukL1 � k�k1=2L1 kp�uk = k�0k1=2L1 kp�uk � C,

kB1kC(�) � k� f kL1 +
n� 1

a
k�u2kL1 � C,

jB2j � C + Ckdiv uk,
which imply Z t2

t1

(kB1kC(�) + jB2j) dt � C + C(t2� t1).

Now, if we transfer the equation (3.2) to the form in Lagrangian coordinates, and take

y := M(�), g := �p

�
y� + 2�

�
, b(t) :=

Z t

0
(B1 + B2)(� ) d� � B0(t)

in Lemma 3.1, then we obtain the uniform upper boundedness ofM(�) by applying
Lemma 3.1. Consequently, the uniform boundedness of� follows immediately.

REMARK 3.1. If b = 1 (the exterior domain), we can decompose [a,1) =S1
i =0[a + i , a + i + 1), and repeat the above process in each unit interval (a + i , a + i + 1)

to obtain

k�( � , t)kL1(a+i ,a+i +1) � C, 8t � 0,

whereC is independent ofi and t . Hence, Theorem 3.2 also holds for the caseb =1.
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Next, we derive uniform in time bounds of the velocity. In thederivation of these
bounds, we will make use of the following uniform Gronwall lemma [11]:

Lemma 3.3 (Uniform Gronwall lemma). Let g,h, y be three positive locally integr-
able functions on(t0, +1) such that y0 is locally integrable on(t0, +1), and satisfy

dy

dt
� gy + h for t � t0,Z t+1

t
g(s) ds� a1,

Z t+1

t
h(s) ds� a2,

Z t+1

t
y(s) ds� a3 for t � t0,

where a1, a2, a3, are positive constants. Then

y(t + 1)� (a2 + a3) exp(a1), 8t � t0.

By virtue of (2.1), (2.2) and the assumption onf , we easily find that

d

dt

Z
�
�

1

2
�u2 + p̃(�)� � Z 


0
f (� ) d�� dx +

Z
�[�(ru)2 + (� +�)(div u)2] dx � 0,

Integrating the above estimates over (t , t + 1) yields

(3.3)
Z t+1

t

Z
�[�(ru)2 + (� +�)(div u)2] dx dt� C, 8t � 0.

The uniform boundedness of the velocity reads:

Theorem 3.4. Let f 2 L1(�), then there exists a positive constant C independent
of t, such that

(3.4) ku( � , t)kH1 � C, 8t � 0.

Proof. A direct calculation shows that

1u = r div u =

�
ur +

n� 1

r
u

�
r

x

r
,

and thus (1.2) can be rewritten as

�ut + �u � ru� (� + 2�)r div u +r p = � f .
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Multiplying this equation byut , integrating by parts over� and using Young’s
inequality, we infer that

(3.5)

d

dt

Z
�
� + 2�

2
(div u)2 dx +

1

2

Z
� �u2

t dx

� Z� � f 2 dx +
Z
� �juj2jruj2 dx +

Z
� p(�) div ut dx.

Using the continuity equation (1.1), we obtain in the same manner as in [2] that

(3.6)

Z
� p(�) div ut dx

=
d

dt

Z
� p div u dx +

Z
�(div(pu) + (
 � 1)p div u) div u dx

=
d

dt

Z
� p div u dx� Z� pu � r div u dx + (
 � 1)

Z
� p(div u)2 dx

=
d

dt

Z
� p div u dx +

4
 � 3

2(� + 2�)

Z
� p2 div u dx

+

 � 1

(� + 2�)2

Z
� p(G2 � p2) dx� 1� + 2�

Z
� pu � rG dx

=
d

dt

Z
�
�

p(�) div u� 4
 � 3

2(� + 2�)(2
 � 1)
p2(�)

�
dx

+

 � 1

(� + 2�)2

Z
� p(�)(G2 � p2(�)) dx� 1� + 2�

Z
� p(�)u � rG dx.

Substituting (3.6) into (3.5), we have
(3.7)

d

dt

Z
�
�� + 2�

2
(div u)2� p(�) div u +

4
 � 3

2(� + 2�)(2
 � 1)
p2(�)

�
dx +

1

2

Z
� �u2

t dx

� Z� � f 2 dx� 1� + 2�
Z
� p(�)u � rG dx +


 � 1

(� + 2�)2

Z
� p(�)(G2 � p2(�)) dx

+
Z
� �juj2jruj2 dx.

For simplicity, we denote

(3.8) y(t) :=
Z
�
�
(� + 2�)(div u)2� 2p(�) div u +

4
 � 3

(� + 2�)(2
 � 1)
p2(�)

�
dx.

Now, we estimate each term on the right-hand side of (3.7). Recalling kdivuk = kruk,
and using the identity

rG = �ut + �u � ru� � f
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and the obvious inequality

(� + 2�)
2
 � 2

4
 � 3
(div u)2 � (� + 2�)(div u)2 � 2p(�) div u +

4
 � 3

(� + 2�)(2
 � 1)
p2(�)

� (� + 2� + 1)(div u)2 +

�
1 +

4
 � 3

(� + 2�)(2
 � 1)

�
p2(�),

we derive thatZ
� �juj2jruj2 dx � k�kL1kuk2L1kruk2

� Cy2,
(3.9)

Z
� p(�)G2 dx � kp(�)kL1

Z
�((� + 2�) div u� p(�))2 dx

� C + Cy,
(3.10)

1� + 2�
Z
� p(�)u � rG dx� Ck�k
�1=2

L1 kp�uk � krGk
� C(k�utk + k�u � ruk + k� f k)
� C +

1

4

Z
� �u2

t dx + Ckruk2
� C + Cy +

1

4

Z
� �u2

t dx.

(3.11)

Substitution of (3.9)–(3.11) into (3.7) results in

(3.12)
dy

dt
+
Z
� �u2

t dx � Cy2 + Cy + C.

Recalling the definition ofy(t), we use Theorem 3.2 and (3.3) to conclude

(3.13)
Z t+1

t
y(s) ds� C,

which, by applying the uniform Gronwall lemma to (3.12), gives (3.4).

REMARK 3.2. From (3.4), (3.8), (3.12), it is easy to see that

(3.14)
Z t+1

t

Z
�(�u2

t + jrGj2) dx dt� C, 8t � 0.
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4. Proof of (3.2)

This section is devoted to the proof of (3.2).
We apply the operatorI h1i to equation (1.8) and obtain

I h1i(�Dtu)� (� + 2�)I h1i��ur +
n� 1

r
u

�
r

�
+ I h1i(pr ) = I h1i(� f ).

It is easy to compute that

I h1i��ur +
n� 1

r
u

�
r

�
= ur +

n� 1

r
u� �n� 1

r
u

�
,

I h1i(pr ) = p� hpi,
1� (�t + u�r ) + ur +

n� 1

r
u = 0,

which yield

(4.1) I h1i(�Dtu) + Dt M(�) + (� + 2�)

�
n� 1

r
u

�
+ p� hpi = I h1i(� f ).

On the other hand, it is easy to compute that

Dt I (�u) = I (�u)t + �u2,

I (�Dtu) = I (�ut + �uur ) = I ((�u)t � �tu + �uur )

= I (�u)t + I

�
(�u2)r +

n� 1

r
�u2

�
= I (�u)t + �u2 + I

�
n� 1

r
�u2

�
,

which imply

(4.2) Dt I (�u) = I (�Dtu)� I

�
n� 1

r
�u2

�
.

Using (4.2) and noting that

Dt hI (�u)i = hI (�u)it ,
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we deduce that

(4.3)

Dt I
h1i(�u) = Dt I (�u)� Dt hI (�u)i

= I (�Dtu)� I

�
n� 1

r
�u2

�� hI (�u)it
= I h1i(�Dtu)� I h1i�n� 1

r
�u2

�

+ hI (�Dt u)i � �I�n� 1

r
�u2

��� hI (�u)it
= I h1i(�Dtu)� I h1i�n� 1

r
�u2

�
+

�
I

��Dtu� n� 1

r
�u2� (�u)t

��

= I h1i(�Dtu)� I h1i�n� 1

r
�u2

�
+ h�u2i.

Summing up (4.1) and (4.3) gives 3.2.
This completes the proof.
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