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1. Introduction

In this paper, we consider diffusions on an abstract Wiener space (B, H, p),
B is a separable (real) Banach space with a norm ||+||5, H is a separable (real)
Hilbert space that is densely and continuously imbedded in B with an inner
product <+, +>; and a norm |+|z=+/<+, +>p and p is the Wiener measure,
i.e., Borel probability measure with the characteristic function i given by

a) = [ &7 uds) = expt—1113}, 1B

where B* is the dual space of B, (, ) is the natural bilinear form on B X B*
and we regard B* as a subspace of H: B*C H*=H.
Typical example of a diffusion on the abstract Wiener space is the Orn-

stein-Uhlenbeck process. We denote its generator by %L and call L the Orn-

stein-Uhlenbeck operator. We consider diffusions generated by operators of

the form A=-12—L+b where b is an H-valued bounded function on B and we

regard b as a vector field on B. Our main aim is to show the existence of in-
variant measures of these diffusions.

By the way, as is well-known, such a diffusion is obtained by the trans-
formation of the drift for the Ornstein-Uhlenbeck process. Hence our diffu-
sions are closely related to the Ornstein-Uhlenbeck process. But, a calculus
for the Ornstein-Uhlenbeck process, sometimes called Malliavin’s calculus,
was developed by many authors. So our discussion is based on Malliavin’s
calculus, especially on the theories of Ornstein-Uhlenbeck semigroup and
Sobolev spaces over the abstract Wiener space which were studied by P.A.
Meyer and H. Sugita. In this paper, we mainly follow Sugita [10].

Our strategy to prove the existence of an invariant measure is to solve
the equation A*p=0 where 4* is the dual operator of 4. First we solve this
equation in finite dimensional case by using the stability of the index. Second-
ly we solve it in infinite dimensional case by limiting procedure. In the second
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step, Gross’ logarithmic Sobolev inequality (see [2]) plays an essential role.
Furthermore we discuss the symmetry of the semigroup with respect to
the invariant measure and, denoting the invariant measure by », study under
what condition v=p holds.
Connected to the above problems, E. Nelson [7] and A.N. Kolmogorov
[5] considered the diffusions on a Riemannian manifold. They studied the

diffusion generated by %A—l—b where A is the Laplace-Beltrami operator and

b is a C= vector field and obtained the necessary and sufficient condition for
the symmetry of the semigroup and for the equality of the invariant measure
and the Riemannian volume. In their studies, de Rham-Hodge-Kodaira’s
decomposition of the space of 1-forms is crusial. In [9], the author obtained
de Rham-Hodge-Kodaira’s decomposition on the abstract Wiener space. Hence
in our case, parallel argument can be done.

This paper is organized as follows. In the section 1, we construct the
diffusion by the transformation of the drift and define the associated semi-
group on L*B, p). Moreover we decide the domain of the generator. It is
important in order to characterize invariant measures as solutions of A*p=A0.
We prove the existence of an invariant measure in the section 3. We prove it
by two steps; first in finite dimensional case and secondly in infinite dimen-
sional case. In the section 4, we discuss the symmetry of the semigroup.

2. Construction of the diffusion

Let (B, H, p) be an abstract Wiener space and L be the Ornstein-Uhlen-
beck operator. Let b be an H-valued measurable function on B and we as-
sume that b is bounded:

(B.1) Bl = sup|b(x)] y<oo .
In this section we construct a diffusion on B generated by an operator A=

%L—l—b. Here we regard b as a vector field on B:

bf(x) = <b(x), Df(*)>n

where Df is the H-derivative of f.

We characterize this diffusion by a martingale formulation. To do this,
we first prepare a space of testing functions as follows; let 9 be a set of all
functions #: B— R represented as

u(x) = f((x, 1), (%, P2), == (%, Pn))

for some nEN, f€CF(R") and ¢y, ¢y, ***, p,EB* where B* is the dual space
of B and ( , ) is the natural bilinear form on BXxB*. Then for u€9, Au
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is a bounded function on B. Secondly let W(B) be a set of all continuous
paths w: [0, co)—>B. We define a metric p on W(B) by

=1
p(w, v) = E o osél}gn(”wt“vx“zi/\l) .

Then W(B) is a separable complete metric space. We denote by B(W(B))
the topological o-algebra and B,(W(B)), t=0 the sub o-algebra generated by
w,, St.

DEeriniTION 2.1. A diffusion generated by an operator AzéL—{—b is a

family of probability measures {Q,}.cz on W(B) satisfying:
(i) forucs9

w(w,)—u(we)— g:Au(w,)ds

is (B,(W(B)))-martingale under Q, for all xEB,
(i) Quwo=x)=1,

(i) x> Q,(E) is measurable for E € B(W(B)),
(iv) {Q.} is a strongly Markovian system.

Typical example is the Ornstein-Uhlenbeck process. We can give it
by solving a stochastic differential equation as follows. Let (W,);», be a B-
valued Wiener process on an auxiliary probability space (Q, P, &, (¥,)) with
the mean 0 and the covariance

(21)  EP[(W,, ¢) (W, )] = (AP, YDy for ¢, yEB*CH.D

We may assume that (W) is canonically realized on Wy(B)={weW(B)|w,
=0}, i.e, Q=W (B), F=B(WyB)), F,=B,(W(B)) and W,(w)=w, where
B(WyB)) and B(Wy(B)) are restrictions of B(W(RB)) and B(W(B)) to W,(B)
respectively. We consider the following stochastic differential equation:

1
dX, =dW,— Xt
(2.2) t t 2 t
XO = X.

Then (2.2) has a unique solution, which we denote by (X(¢, x)),5. Let P,
be a law of (X(¢, x)) on W(B). Then {P.,},cp is the diffusion generated by
%L called the Ornstein-Uhlenbeck process.

Next we consider the general case A=%L+b. For xB define a process
(M7?)iz0 by

1) EF stands for the expectation with respect to P. In the sequel, we use this convention
without mentioning.
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Mi = exp {[[(B(X(s, #), aW)— L 160X(s, 9) s}

where X(s, x) is the solution of (2.2) and the first term of the exponent in the
right hand side is the stochastic integral (see, e.g., [6]). Under the assump-
tion (B.I), (M7) is a martingale and then there exists a probability measure
P, on Q=W,(B) such that

P.|\g,= M;P|<, for all 1=0

where |, stands for the restriction to &F,. Let O, be a law of (X{(t, x)) under
P,.. Now the following proposition can be obtained by a standard argument.

Proposition 2.1. {Q.}.cp s a unique diffusion generated by A:%L—l—b.
Let us define the semigroup {7}, associated with 4 as follows:
(2.3) Tu(x) = E%[u(w,)] = EP[u(X(, x))M3]

for ue B, (B) where By(B) is a set of all bounded Borel measurable functions
on B. It is well-known that {7} is actually a semigroup on 3B;(B) but we have
to extend it to LB, w).

Proposition 2.2. T, can be extended to a bounded linear operator on
L¥B, p). Moreover, writing this extension by T, also, {T,} s, forms a strongly
continuous semigroup on L*(B, w).

Proof. We denote the L’-norm by ||, Then for ucB;(B) we have
by the Schwarz inequality and (B.1)

| Tyu| 5
= | Ta(wruar)

_ SBEP[u(X(t, x))exp{S:(b(X(s, %), dW,)— %s: |B(X(s, %)) | s} Pu( i)

I

[, BT wyesp 41 1a(0X0s, ) 15}
x exp | (B(X(5, 2), W)~ 16(X(s, 2)) |5} ()
= | Errux(s =) yexpd[| 10X, ) 15dst]
x B*fexp | (28(X(s, %)), dW) 1 { [26(X(s, %) 55} ]u(d)

< oL, SBEP[u(X(t, x))]
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x E7fexp [ (2b(X(s, 5), dW)— L 126(X(s, ) s} ()
Noting that p is the invariant measure of the Ornstein-Uhlenbeck process and
@4) exp (] (25(X(6, 4)), a1 {1 26X, ) s}
is a martingale, we have
(2.5) | Tyu| §§e’“””5°SBu(x)2p(dx) = elllil% |y 5.

Hence T can be extended to L¥ B, u).

Next we show the strong continuity of 7. Since a set of all bounded
continuous functions on B is dense in L*(B, p), it is enough to show that Tyu
—u in L¥B, ) as t—0 for a bounded continuous function . But T con-
verges to u pointwise. Hence Tu—>u in L*B, p) by Lebesgue’s dominated
convergence theorem. [ ]

Hereafter, to the end of the section 3, we consider {7} as a strongly con-
tinuous semigroup on L*B, p). Let A be an infinitesimal generator of the
semigroup {7} in operator theoretical sense. We denote the domain of A
by D(A). Then we have;

Proposition 2.3. 9D D(A) and A=A on 9.
Proof. By the It6 formula, we have for uc 9,
T u(x)—u(x) = EP[u(X(2, x))M5]—u(x)
- E”[S;Au(X(s, x))Mzds]

- g'T,Au(x)ds .
0
Hence by the Schwarz inequality, we get
t
L (@u—w—auii = 15 7.4u0)— 4u(@) Pu(an

< [, 1 74w — 4u(@) utanas

— lg’| T Au—Au|2ds .
tJo

Now the rest is easy by the strong continuity of the semigroup. []

Next we will get the concrete expression of A. To do this, let us review
Sobolev spaces on an abstract Wiener space. (See, e.g., [10] for details. But
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we use different notations.)

For neZ,, define a norm |+ |, , by
|uli, = |uli+|Duli+ - +|D'u|}, ucd

where Du, -++; D"u are H-derivatives of « and, for example, |D«|, is the norm
of Du: B—H in L*(B, u; H), the space of all square-integrable H-valued func-
tions on B. We denote by W"? the completion of 9 by the norm |«|,,.
Moreover for any separable Hilbert space K, we can similarly define a Sobolev
space of K-valued functions and we denote it by W% K). We also denote
the dual space of W4 K) by W~*%K) and its norm by |+|_,,.

For usW?*?, Lu and Du are well-defined and belong to L¥B, u) and

L¥B, p; H) respectively. Hence Au(x):%Lu(x)—}—(b(x), Du(x)>y is well-defined

as an element of L*(B, u). We extend 4 to W?? in this manner. Now by
Proposition 2.3, we easily have

Proposition 2.4. W22C D(A) and A=A on W**.

Remainder of this section is devoted to the proof of D(A)zW”. Before
proceeding, we need some results on the Ornstein-Uhlenbeck process. Let
{T? U} ;50 be the Ornstein-Uhlenbeck semigroup on L*B, ) and J, be the
projection operator to the space of constant functions:

(2.6) Jout) = | a@)(d)
Then we can define the potential operator G as follows:
@.7) G= S:(T?‘”— Jodt .

Moreover G is the bounded linear operator from W*? into W***% and
(2.8) LG = —id+J, on W*?

for ne Z, where id is the identity mapping.
To show D(A4)=W?*? we need the following Proposition.

Proposition 2.5. The operator A on L*(B, w) with the domain W?*? is a
closed operator and moreover N>>||b||%/2 is in the resolvent set of A.

Proof. Take A>|[b||2/2. We first note that A—A is a bounded linear
operator from W?*? into W*2=L*B, p). We shall show that A—4 is bijective

as a mapping from W?? into W% To do so, define a bilinear form &, on
W x W*2 by

29) @) = | D), Do) u(dx)
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—{ <o), Duw>so(e)pdn) 1] w(wo)us)
Note that if u€ W?%? and v W"? then
@, (u, v) = SB(x—A)u(x)v(x),u(dx) :

It is easy to see that &, is continuous; there exists a positive constant ¢ such
that

(2.10) @\, v)=c|uly,z|v]1-
From the assumption, we can take 0<ar<<1 so that
A>|Bl1%/(2ex) -
Then we have
@11) O, 4) = % | Du| %—SB<b(x), D) () () +-2 |3
= %IDuIE—IIbllmIDulqulerMuI%
— - (1—a) | Dul+O—IBIE/2a) w13
/\/alDu, ”b”eolul)

> ?(l—a)IDulﬁ—i—(?»—llefo/(Za))ng-

Take any vELX(B, p). Note that the linear functional ‘ZOHS w(x)v(x) u(dx)
on W*?is bounded since B

[ p@e@u@ | <|wllol<wll0l,

By (2.10) and (2.11), we can use the Lax-Milgram theorem (see e.g., [11]) and
obtain that there exists & W*"? such that

(2.12) @, (u, ©) = L‘z;(x)w(x)p(dx), we W,
Then, for we LB, p)=W?"? we have that Gwe W?*? and hence
[ e(Ga)u(an)
= @A(u, GZU)

= | <Dut), DGa(x)>uude) | <b(), Dute)>uGro(eude)
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+7\.SBu(x)Gw(x)p(dx)

g ] LG ()| <H(x), Dux)>uGro(w) ()
+ XSBu(x) Gw(x) u(dx)
= %Lu(x)w(x) p(dx)— %Ssu(x) Jowo(x) ()

—SB<b(x), Du(%)>x Gw(x)p(dx)—}—NSBu(x)Gw(x)u(dx) :
Hence
(2.13) SBu(x)w(x),u,(dx)
< 1, @062 Guo(e)(dn) |+ | | () Jro(w)m()|

+1{ <B(w), Du()>Gro(w)u(d)|
< [20—20ul5] Gl [ul] Jow 161l | Dl Gl

= (|27"—27\'u|2“G”W—2,2,W0,2+ I”Iz“]o”w—z,z,wo.z
+116]lw | Du|z”G“W—z,2,Wo.z) [20] 22

where ||+|| 2,2 40,2 is the operator norm from W22 into W*2. 'Thus we have
ucW?? and (\—A)u=v which implies that A—A4 is surjective. Moreover
it is easy to see that A—A4 is injective from (2.11) and hence A—4 is bijective.

Now, by Banach’s closed graph theorem, (A—A4)™ is a bounded linear
operator from W®? into W?% Noting that the inclusion W??< W% is con-
tinuous, we have that (A—A4)™" is a bounded linear operator from W®? into
W2 This implies that X\ is in the resolvent set of 4. Further A—4 is closed
as a linear operator from W®?2 into W2 and hence 4 is closed. [}

Now we can get a main theorem in this section. We denote the dual
operator of 4 by A* and its domain by D(4%*).

Theorem 2.1. D(A)=W?* and hence A=A. Moreover D(A*)< W*2,

Proof. Take A>|[b||2/2. Then A is in the resolvent set of 4 by Pro-
position 2.4 and also is in the resolvent set of A by (2.5). On the other hand,
from Proposition 2.3, we have AcA and hence (A—4)'c(r—A4)". But
(A—4)™ and (M — A)'1 are defined everywhere on L*(B, p). Therefore we
have (\—4)~'=(A—A)™* and hence A=4.

Next we show the second assertion. Take any ucD(4*) and set v=A*u.
Then for we W?*?
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$w, v, = {4w, u,

where < , >, is the inner product of L¥(B, #). Then, substituting Gw for w,
we have

(Gw, 0>, = L(%LGw(x)+<b(x), DG () )u(x) u(d%)
— [, o)1 (o) +<b(x), DG x)u()u(ds)

Hence
[<w, 4]
= | Jowlalu] 42110l | DGw| | #] ,+2| Gwl,| 0],
= “]o||W—2,2:Wo,z|w | 2,2l 2+2”b”m”G”W—1.2,W1,2 || _1,2|%],
+2“G”W—z,2_wo,z [w] 221212
= (Wollg-2,2, 0.2 % 3 +-21Bllc||Gll g -1,2. 51,2 % 2
+2”G”W—z,z,wo,z|7)|2)|wl ~1,2¢

Now it is easy to see that u W% This completes the proof. []

3. Existence of the invariant measure

In the previous section, we constructed a diffusion {Q.},c; generated by

A=~;:L+b. Hence associated transition probabilites are defined by

(3.1 9@, %, dy) = Q(w,Edy) .

Especially, for their importance in our discussion, we denote the transition
probabilites of the Ornstein-Uhlenbeck process by p(¢, x, dy):

(3.2) b2, %, dy) = Px(thdy) .

An invariant measure of the diffusion {Q,},c; is a signed measure » satis-
fying

[ 7 spwtan) = | fo)ate, = dyywiam) = | fopmian)

for any f € B,(B). Throughout the paper, we always assume that signed meas-
ures are of finite total variation. As is well-known, the Wiener measure p
is the unique invariant measure of the Ornstein-Uhlenbeck process. In this
section we shall show the existence of an invariant measure of {Q,}. First
of all, we prepare some results on invariant measures.

Lemma 3.1. Let v be an invariant measure and v., v_ be positive part
and negative part of v respectively. Then v, v_ are both invariant measures.
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Proof. By the Hahn decomposition, there exist Borel sets B, and B_
such that B=B,UB_, B,NB_=¢, v,(+)=v(+ NB,) and v_(+)=—v»(- NB.).
Then we have

»(By) = SBq(t, %, By)w(dn)=< SBq(t, %, By)v,(dx)

< SBV+(dx) — v,(B) = »(B.).

Hence we have

S g2, %, B.)w.(dx) — S v (d).
B B
Noting that ¢(z, », B,)=<1, we have

qt, %, B) =1 wv,-ae.
and hence
q(t, %, B.)=0 w,-ae.

Therefore, for any Borel set E,

SBq(t, %, Ey(dx) = | {q(t, % ENBy)+q(t, % ENB_)}v.(dx)

|
|

I

B
Bq(t, x, EN By )v.(dx)
= Bq(t, x, EN B, )v(dx)

(ENB,)
v.(E).

Similarly we have

SBq(t, %, B\E)v,(dx)=v.(B\E) .
On the other hand, it holds that
SBq(t, , E)v+(dx)—|—SBq(t, #, B\E)v,(dx) = v,(B)
= v,(E)+v.(B\E).
Hence we have
SBq(t, %, Ey(dx) = v, (E)
which implies that v, is an invariant measure. v_ is similar. [}

By the above lemma, it is enough to consider only probability measures
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as invariant measures. First we discuss the uniqueness.

Proposition 3.1. An invariant probability measure that is absolutely con-
tinuous with respect to w, if it exists, is unique. Moreover it is mutually absolutely
continuous with respect to u.

Proof. Let v be such an invariant measure. We denote the Radon-

Nikodym derivative by p=‘diy—. Set
y/

E = {xeB; p(x)>0} .

Then we have

1 = »(E) = Saq(t, x, E)u(dx)éssv(dx) —»B)=1.

Hence
qt, x, E) =1 v-a.e.

Since p is absolutely continuous with respect to v on E, we have
qt, %, E)=1 p-a.e. onk.

By the way, from the construction of {Q.}, ¢(¢, x, dy) and p(¢, %, dy) are mu-
tually absolutely continuous. Therefore

pit,x, E)=1" p-ae. onk.
Hence we have
w(B) = | ot % Bu(an) 2| p(t,  Byu(dr) = | ud)
= u(E).
Thus we have
P, x, E) = 15(x) u-a.e.

which implies T'?7Y1,=1; where T?7V is the Ornstein-Uhlenbeck semigroup.
This is equivalent to L1;=0. By the way, the kernel of L is the space of all
constant functions. Hence we have 1;=1 p-a.e., ie., p(E)=1. Thus » and
u are mutually absolutely continuous.

The first assertion follows from the above fact. In fact, assume that »,
and v, be two invariant probability measures. Then, by Lemma 3.1, (»;,—v,)+
and (v,—w»,)_ are both invariant measures and each of them, if it is not equal to
0, is mutually absolutely continuous with respect to u. But (»;—w,), and
(v;—7,). are mutually singular. Hence one of them is equal to 0 which leads
to v,)=v,. []
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Remark. The above proposition show that the uniqueness holds if we
restrict ourselves to probability measures that are absolutely continuous with
respect to u. Hence in finite dimensional case, we can show the uniqueness.
But in infinite dimensional case, we could not exclude the possibility of the
existence of singular invariant measures. Difficulty lies on the fact that tran-
sition probabilities are singular with respect to u. We can only say that as-
suming the smoothness of b, the uniqueness holds in the scope of generalized
Wiener functionals by the hypoellipticity (see e.g., [9]). But probability meas-
ures do not belong to the space of generalized Wiener functionals in general.

Now we proceed to the existence of an invariant measure. To do this, we
characterize invariant measures as follows.

Proposition 3.2. Let v be a signed measure that is absolutely continuous
with respect to p. We assume that the Radon-Nikodym derivative p=:§—v belongs
m

to L¥(B, p). Then, the following three conditions are equivalent:
(1) v is an invariant measure,

(i) <4¢, P>z=SBA¢(x)P(x)M(dx)=0, $€9,
(ili) peD(A*) and A*p=0.

Proof. Equivalence of (ii) and (iii) is clear. We first show the implica-
tion (i)=>(ii). Assume that » is an invariant measure. Then for any ¢ €9,
we have

[, @p@nia) = | s@pEn) .
By noting that
T.p—o = | 1.494s,
we have

(<7249, p>uds = 0.

Hence
.o11(
CAp, 3o = lim [ <T,4, prds = 0.
>0 ¢ Jo

Secondly we show the implication (ii)=>(i). Under the assumption (ii),
we have for any ues W22,

[ 4ux)p()n(ds) = 0.
Hence for p=9
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| To@pan—{ s@mdn =<Tg, =<9,
= [<ar.g, phras = 0.

This implies that » is an invariant measure. []

In the remainder of this section, we will establish the existence of the solu-
tion to (iii) in Proposition 3.2. First we consider the finite dimensional case.

Assume B=R" and
_(1Y? i
py(dx) = (27) e dx .

Then (R", p,) is a finite dimensional abstract Wiener space. In this case, c.o.n.s.
in LR, p,) is constructed as follows. Let H,, ke Z, be Hermite polynomials:

(3.3) Hy(E) = L;'l_)" ot % R EcR.

For a multi-index a=(a,, a,, ***, a,) € Z"%, we define H,: R"—>R by
G4)  Hyx) = H,(OH,(«) - H, ("), &= (@ 2 -, ") ER".

Then {\/a!H,; ac Z"}? forms a c.o.n.s. in LAR", p,). Setting h,=+/a!H,, it
holds that
(3'5) <u’ 'Z)>2 = Ezn<u’ ha>2<v) ka>2 .

On the other hand, it is well-known that £, is an eigenfunction of L for an eigen-
value — |a|=—(a,+a,+ *** +a,) and an inner product in W'? is given by
(3‘6) <u’ '0>l,2 = %<u’ ha>2<'0) ha>2+ EZ 'tl'<1l, ha>2<v’ ha>2 .

a€g, aeZ

Of course, this inner product defines a norm |« |, ,:
(3.7) lulfz = |ul34|Dul} = <u, uD,,
(see e.g., [8]).

Proposition 3.3. Assume that B=R" and

(3.8) () = (i)nﬂe"“mdx .

Then there exists a non-trivial element p & D(A*) such that A*p=0.

2) al=a,!a,! - a,!
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Proof. Take /&N so that /=8||b||2+1 and set K=—é—+“b|li. Define a
bounded operator 4: W»*—L*R", u,) by

(3.9) Au(x) = %Lu(x)—i—(b(x), Dufs)>a— 35 K<t hOh()
lal st
and a bilinear form ®: W2x W'*—R by

(310) @, v) = | Du(x), Dol)>anldn)—{ <bx), Dux)da0(x)u(d)

+ E K<u’ a>z<’0 ha>21 u, ‘UEWI'Z .

aeZ% +
lalst

Then, for us W22, v W2, it holds that
D(u, v) = —<{Au, v),.
It is easy to see that there exists a constant ¢>0 such that
(3.11) [ Du, v)| <clulyz]v]e -
Moreover we have
(3.12) D(u, u)
= | <Duw), Du)yu(dn)— | 106) | Do)y |u() | )
+ 2 K<u, ho

aEZﬂ_
lal <t
> imulg_.kg (L | Du) 1 5+-211B11 () 1) ()
-2 2J8° 2 -
+2K<u; a>2
P d
- %2 < B3I 33 <o Bid+ 35 K hdS
lal<i
% el h,>z+§(—|a|+l<-nbn 2) Sty by}

lal<t

3 (el —1Bl12) <uy 13
acZh 8

lali

_2 Ial<u) a>2+ E<u ha>2

= |“|¥,2-

oo|.—u %
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By the way, for any v €L R", u,), a linear functional u——<v, u>, on W*? is
bounded and hence, by the Lax-Milgram theorem, there exists we& W2 so that

D(w, u) = —<v, Uy, us Wt

Therefore, by the same argument as in the proof of Proposition 2.5, we have
that we W?*? and Aw=v. Hence A is surjective and moreover injective by
(3.12). 'Thus 4 is a Fredholm operator with the index 0.
Note that
u— 2 K<u, h,)h,

aeZh

lal <t
is a compact operator. Hence, by the stability of the index for Fredholm
operators, we have that 4 is a Fredholm operator with the index 0. But dim
Ker(A4)=1 because A1=0 where 1 is the function identically equal to 1. Hence
codim Im(4)=dim Ker(4)=1 which implies the existence of p such that 4*p

=0. O

Now we proceed to the infinite dimensional case. We will show the exist-
ence in this case by limitting procedure. To this end, take a sequence {e;}:Z;
C B¥*C H such that {¢;} forms a c.o.n.s. in H. Set

fi(x) = <b(=), ey

then we have
b(x) = D fx)e; inH.

For nEN, let H, be a linear span of {e,, e,, -, e,}, Hy be its orthogonal com-
plement in H and B, be a closure of H, in B. Then

B = H,®B, (direct sum).

We denote the projection to H, and B, by =, and =, respectively. By the
above decomposition, writing as

x = g Eieit+y, & =(»¢6), yEB,
it holds that
n/2
uld) = (L) e x ), &= (B B - )

where p; is the image measure po(z;)~'. Clearly (B,, H;, px) is an abstract

Wiener space.
Further we define projection operator z,: LA B, u)—L*B, u) by

() (9) = |, (33 (5, eectn)inady)
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It is easy to see that =, is actually a projection operator and z,—id strongly
as n—>oco. Define

bi(x) = N mafi(x)er
and

1
A,= —L+b,.
n 2+”

Then ||b,||w=1|0||wy b,—>b in LB, u; H) as n—>oco and moreover for ucs W4
Au—Au in LB, p) as n—>co.

For the proof in infinite dimensional case, the following Gross’ logarithmic
Sobolev inequality is essential (see L. Gross [2]). For us W',

(313)  { aayloglue) | w@n) = 1Du() (@) +ul} loglal,
Using this inequality, we can prove the following proposition.

Proposition 3.4. Let {u,},=, be a sequence in W*? such that {Du,} is a
bounded sequence in L (B, w; H) and u, converges in probability to u where u is
a Borel measurable function which is finite a.e. Then wusL* (B, u) and u,—u
in LA(B, u) as n—>oco.

Proof. Taking a subsequence if necessary, we may assume that w,—>u
a.e. Itis well-known (see, e.g., [8], [10]) that

(3.14) [, @)~ [ w0 @)= D@ i) .

We shall show that {S u,(¥)e(dy)}n=1 is bounded. Otherwise, there exists
B

a subsequence {u,} such that

| SBu,,,(y),u(dy) | =00 as n'—o0 ,

Hence by Fatou’s lemma, we have

eo = tim{u ()~ u(m)(dn)}u(av)

B n/-»o

< lim | ()~ wr)m(@)¥uiax)

n/-»o

which contradicts (3.14). Thus {S u,(y)u(dy)} is bounded and hence {u,} is
B

bounded in L*B, p). Then by Gross’ logarithmic Sobolev inequality, we
have

[, wa@7log () (@)= | 1D0s3) i)+ Ly Tog L.
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Since the right hand side is bounded in 7, {#2} is uniformly integrable. Now
it is easy to see that u,—u in LB, u). []

Now we can prove the infinite dimensional case.

Proposition 3.5. There exists a mnon-trivial element peD(A*)S W2
such that A*p=0.

Proof. Let b,, A, be as above. Then, by Proposition 3.3, there exists
psED(A¥) such that A¥p,=0. By Proposition 3.1 and Theorem 2.1 we

may assume that p, =0, p,€W"* and | p,(x)’u(dx)=1. Moreover, since Ap,
y
B
=0 we get
0= —<Pm A:‘p">2
1
= 5 <DPu@), Dpu(>und)—{ <bu(w), Dn(u pa(utd).

Hence
|Dp, 13 = [ <Dpu(x), Dyl

— 2 B.(3), Dpa()>spula) u(d)

< 211611 Dp, a1 S 21l | Dp, ol 4
Thus we have
(3.15) |Dpal S 21l puls = 211l

Furthermore, since {p,} is bounded in L*B, u), there exists a subsequence
{pw} which converges weakly in L*B, u). Denoting a weak limit of {p,/} by
p, we shall show that p#=0. In fact, if p=0, then

0 = lim <oy, 15> = lim| p.(x)n(d)

and noting that p,=0, we have p,— 0 in L'(B, p). Hence p,— 0 in probability.
Combining this with (3.15), we can use Proposition 3.4 and have that p,—0
strongly in L*B, ) which contradicts |p,|,=1. Therefore we have that
p=*0. Moreover, for any uc W??

<Au, P>2 = I,EE <An’u) Pn’>2 =0

since A, u—>Au strongly in LB, p). Thus 4*p=0.
The inclusion D(A*)S W2 is proved in Theorem 2.1. []

Now we have established the following theorem.
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Theorem 3.1. There exists a unique invariant probability measure v which
is absolutely continuous with respect to w. Moreover, v and p are mutually ab-

solutely continuous and the Radon-Nikodym derivative p=g—" belongs to W2
7

4. Symmetry of the semigroup

In this section, we discuss the symmetry of the semigroup. Let nota-
tions be same as before. We denote by » an invariant measure of the diffusion

{0,} which was guaranteed in Theorem 3.1. We also denote by p=j—v the
W

Radon-Nikodym derivative. Then the semigroup is called symmetric with
respect to v if

4.1) SBT f(%)g(x)v(dx) = SBf(x)T 8(x)v(dx) for f, g=eBy(B).

We want to know whether the semigroup {7} is symmetric with respect to
v or not.

Before answering this question, we consider another diffusion {Q’},c;
generated by A’=%L+b’, b’ being a bounded vector field. We denote by

{T%}, v' and p’ the semigroup, the invariant measure and its Radon-Nikodym
derivative associated with the diffusion {Q/} respectively.

Also, let us review differential forms on an abstract Wiener space (see [9]
for details). Let AL3)(H; R) be a set of all n#-linear functionals on HX -+ X H

N——— ———
n

which are alternative and of Hilbert-Schmidt class. We regard an element
of WY (ALE(H; R)) as an n-form on B and we denote the exterior derivative
and its dual operator by d and d* respectively. Then we have the following.

Theorem 4.1.
(1) v=v'if and only if there exists B W N ALS(H; R)) such that
(4.2) p(b—b") = d*8 .
(i) 1t holds that for f, g = By(B)
(+3) [ 7s@e@man = | forTigpm(a

if and only if log p€ W*? and b+b'=D log p.
Proof. First we show (i). Assume »=»’. Then for uc W??% we have

0= | Au()p(@(dx) = | A'ux)p(x)n(dx)

and
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[ (5 Lu(0)+<0(), Du()>)pl)u(d)

— [, (3 Le)+<5'(3), Du()>a)p(w)ps(d)
Hence, since D=d in this case, we obtain

[ <plo) 0 —b'(), du(@P>ntds) = 0.

This implies that d*(p(b—b'))=0. Therefore, by de Rham-Hodge-Kodaira’s
decomposition (see [9]), there exists € WA ALS)(H; R)) such that

p(b—b') = d*8.
Conversely, if p(b—b')=d*g for some B W' ALE(H; R)), then
D*p(b—b') = D*d*R@ = d*d*3 = 0.
Hence for u€ W22, we have
[ (5 Lu(0)+<5'(3), Du()>)phu(d)
— [, (5 L) +-<o(), Du(>s)p()(d)
—{ <o) 6(0)—b' (), Due)>u(d)
= [ D*p(b—b") (u(x)n(a)
=0.
Hence (4')*p=0 and by the uniquencess of the invariant measure, we have
p=p’
Next we show (ii). Assume (4.3). Then for u, vE 9, we have

<Ttu—u1 Pv>2 = <Pu) T:‘Z)—‘Z)>2

and
1 _ 1 7
<?(Tt“—u); P>, = {pl, "] (Tiv—2)2,.
Letting t— 0, we get
(4.4) <Au, pvp, = {pu, A'v),.
On the other hand, since 4*p=0, we have

CAwo), p,=0.
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But it holds that
A(uv) (x) = Au(x)v(x)+u(x)Av(x)+<Du(x), Dv(x)>g .
Hence we have
{Au, p1)>2+<pu, Alv>2+<P’ {Du, Dv>H>2 =0.
Combining this with (4.4), we have
0 = <pu, A'v>,+<pu, Avd,+<p, <Du, Dvpz,

= <{pu, L7)>2+<Pu, <b+-b', DW>H>2—|—<P» {Du, Dv>y),

== '—<D(Pu)’ D7)>2+<Pu) <b+bla Dv>ﬂ>2+<P) <Dll, D‘v>li>2

= _<uy <DP1 D'U>I{>2—<Pr <Du) D7)>H>2+<Puy <b+b,a D'v>1{>2

+<P) <Du, Dv>H>2
= <u, pb+b", D>y —<Dp, Do)y, .

Since 9 is dense in LB, p), we get
<Dp, Dvyy = p<b+b', Doy
Taking v(x)=(x, e) for e B*C H, we have
(Dp(x), €35 = pla)BEI+HD(®), €5 ace.

Hence
Dp = p(b+d").
Now for nEN, set

—log(pt- L
fu=log(p+1).

Then
Df, = Dp _ o (5+d").
L1 T
P n P n

Hence |Df,|,=||b+b'|l. and f,—logp a.e. as n—>oco. By Proposition 3.4, we
have that logpe W2 and D log p=b-+b'.

Next we show the converse. By pursueing above argument conversely,
we get, for u, vE D),

(4.5) {Au, pv>, = pu, A'v>,.

But it is easy to see that (4.5) holds for uW?%? and ve4g. Hence, noting
that Tues W?*? for ue 9, we have for 4, ve 9,

(4.6) AT, pvd, = <pTa, A0S, .



Ex1STENCE OF INVARIANT MEASURES OF DIFFUSIONS 57

Similarly (4.6) holds for uc 9 and veW?>2. Therefore for #, vE9), it holds
that

{ATu, pTiv), = <pTu, A'Tiv),.
Now for u, ve 9, define

8() =<T-u, pTiv), 0=s=<:.
Differentiating with respect to s, we have

&'(s) = —<AT_u, pTiv),+<T -, pA'Tiv>,= 0.
Hence we get g(£)=g(0), i.e.,
{Tw, pvd, = <pu, Tiv),.

This completes the proof. []

Now we can answer the problem of symmetry. We consider a diffu-
sion {Q,}.cp generated by A———%L—l—b. As before, v(dx)=p(x)u(dx) denotes

the invariant measure.

Theorem 4.2.
(1) v=up if and only if there exists BE W ALS(H; R)) such that

(4.7) b=d*g.

(i) AT} is symmetric with respect to v if and only if there exists f EW™? such
that
b= Df.

Moreover, in that case, it holds that
p=ce’
where c is a normalizing constant (f has an ambiguity up to constant).

For the proof, we need the following lemma.

Lemma 4.1. Let f be an element of W*? such that Df is essentially bounded.
Then ¢’ € W? and De’ =&’ Df.
Proof. Define a C~ function ¢: R—R so that

(& &=0
¢ =1, £>1
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and for nEN, ¢,(§)=n+¢p(E—n). Set
Ja(%) = da(f(x)) -
Then f,e W2 and
Dfy = $u(f(%))Df(x) -
Hence Df,, nEN are essentially bounded and
[IDfallo =l pallellDf [l = lI9"llcIDf I]-s -
Moreover set
U, = c e’
where ¢, is chosen so that |u,|,=1. Then u,&W"? and
Du, = u,Df, .
Hence
| Dty 3= [t | ol Dyl = 1l |oo[|1 DS o -
On the other hand, since ¢, is clearly non-increasing, setting c=}i+1£ ¢y, We have
u,(x) = ce’®  ae.

Thus we can use Proposition 3.4 and obtain that ce’ €L¥B, u) and u,~>ce’ in

L¥B, p). We will show ¢+0. If not, then u,—0 in L*B, p). But this con-
tradict |u,|,=1. Thus ¢=0 and ¢/ €L*B, p). Moreover, it is not difficult to
see that e/ € W2 and De’ =& Df. O

Proof of Theorem 4.2. (i) is easily obtained from Theorem 3.1 (i). We
will show (ii). The sufficiency is also easily obtained from Theorem 3.1 (ii).
To show the necessity, set

p=e’.
Then, by lemma 4.1, p= W*"? and
Dp = 26’ Df = 2pb .

Hence, for us W2?,

KA, 5, — -;—SBLu(x)p(x) ,u,(dx)—l—SB<b(x), Du(x)> b () (dx)
— —— | <Du), Do) i)+ | H(w), Db}l

= — [ <Dute), P00 (@) + | Bw), Dul)>mb(x)u(d)
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=0.

Thus A*p=0. Hence, by the uniqueness of the invariant measure, we have
p=cp for some constant ¢c>0. Now the rest is easy. []
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