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In situ wavefront compensation is a promising method to realize a focus size of only a few nanometers
for x-ray beams. However, precise compensation requires evaluation of the wavefront with an accu-
racy much shorter than the wavelength. Here, we characterized a one-dimensionally focused beam
with a width of 7 nm at 20 keV using a multilayer mirror. We demonstrate that the wavefront can be
determined precisely from multiple intensity profiles measured around the beamwaist. We compare
the phase profiles recovered from intensity profiles measured under the same mirror condition but
with three different aperture sizes and find that the accuracy of phase retrieval is as small as λ/12.
© 2010 American Institute of Physics. [doi:10.1063/1.3509384]

I. INTRODUCTION

A coherent and monochromatic electromagnetic wave-
field is characterized by amplitude and phase. Although the
intensity distribution, which is equivalent to the square of the
amplitude, can be detected, the phase distribution of the wave-
field is not directly measurable by any method. For this rea-
son, various methods of wavefront determination using in-
tensity information, such as interferometry based on phase
shifting,1–3 holography with a reference beam,4, 5 and phase
retrieval with iterative calculation,6, 7 have been developed in
the past. One of the purposes of wavefront measurement is
for the compensation of an aberration in an imaging opti-
cal system.8–10 In situ wavefront correction has the potential
to realize diffraction-limited resolution imaging, even if the
performances of focusing or imaging optical devices, such as
lenses and mirrors, are insufficient.

In particular, wavefront correction is an effective tech-
nique for a hard x-ray focusing system, because the hard x-ray
focusing device requires an unprecedented accuracy of fabri-
cation to achieve its theoretical performance.11 The construc-
tion of any interferometric optical system is relatively diffi-
cult from the viewpoint of producing detectable interference
fringes with extremely short wavelength light. On the other
hand, in an x-ray imaging field, coherent diffractive imaging
using iterative calculation is now considered to be promising
for achieving nanometer spatial resolution.12–14 In these meth-
ods, by using the x-ray diffraction pattern originating from a
sample, both the wavefield distribution at a sample and that at
a camera position are reconstructed by iterative calculation.

a)Electronic mail: kimura@up.prec.eng.osaka-u.ac.jp.

The concepts of wavefield reconstruction in coherent
diffractive imaging are applicable to the wavefront measure-
ment in a hard x-ray focusing system. By phase retrieval cal-
culation using only intensity profiles around the focal point,
the determination of wavefields on a focusing device and on
a focused x-ray beam is possible. The in situ wavefront cor-
rection system consisting of wavefront control and measure-
ment has already been proposed and successfully applied to a
sub-10-nm hard x-ray focusing system15, 16 with a newly de-
veloped beam intensity profile measurement method.17

In this study, in order to improve the accuracy of the
wavefront correction system for hard x-ray focusing and ex-
tend the range of application of the wavefront measurement,
we characterized a focused hard x-ray 7-nm beam and investi-
gated the degree of accuracy in recovered wavefront error pro-
files. We performed an x-ray focusing test with a 20-mm-long
multilayer mirror and recovered three wavefront errors using
three different experimentally measured beamwaist structures
obtained by changing the entrance aperture size. Comparing
the independently reconstructed wavefront error profiles, we
clarified the degree of wavefront error of the focused x-ray
beam with an accuracy better than λ/12, which corresponds
to a height of 0.38 nm on the surface of the focusing mirror,
and confirmed that the achieved spot size nearly reached to
the diffraction limit of 7 nm.

II. PHASE RETRIEVAL USING THE INTENSITY
PROFILES OF FOCUSED BEAM

A. Algorithm

Following Fraunhofer diffraction theory, the relation be-
tween the complex wavefield at the entrance pupil and at the
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focal plane is expressed by a Fourier transform and an in-
verse Fourier transform. In an x-ray focusing system using
mirror optics, the intensity distribution at the entrance pupil
is ideal. On the other hand, the phase distribution is distorted
due to the misalignment, figure errors, and imperfections in
the multilayer structures. To characterize this phase distribu-
tion of focused beam, several wavefield reconstruction tech-
niques of focused x-ray beam from far-field diffraction pat-
tern have been proposed and demonstrated.18–20 According
to the Fourier transform relationship, long-spatial-frequency
components of phase distortion at the entrance pupil, namely
aberration, strongly affect the shape of intensity profiles near
the focus. In other words, a phase retrieval method that uti-
lizes intensity profiles near focus is sensitive to long-spatial-
frequency components of phase information at the entrance
pupil; such a method is adequate for a wavefront correction
system. However, in hard x-ray regions, it is difficult to mea-
sure the intensity profile of a focused beam. The measured
intensity profiles include measurement errors, which lead to
an invalid solution in phase retrieval.

In this study, we employed an advanced phase retrieval
algorithm using a nonlinear optimization approach.21 In this
method, many intensity profiles around the focal point are in-
putted into iterative calculations. The nonlinear optimization
calculation is employed for the convergence acceleration. The
phase information near the focus and on the entrance pupil are
outputted when the square error between measured and recon-
structed intensity profiles is minimized.

The schematic of the optical system used for phase re-
trieval is shown in Fig. 1. Initially, N planes are set around
the focal point. Ij(r) and Ej(r) are the measured intensity pro-
files and the assumed wavefield of the jth plane, respectively.
Ei〈Ej(r)〉 is the wavefield of the ith plane derived from that of
the jth plane, which is calculated using the angular spectrum
method.22

To evaluate the assumed wavefield Ej(r), the error func-
tion is set to be the sum of squared errors of the intensity
profiles as

Error j =
∑
i �= j

∑
r

[
√

Ii (r ) − |Ei 〈E j (r )〉|]2
. (1)

The gradient of the error function with respect to θ j(r) is sim-
ply expressed as

∂Error j

∂θ j (r )
= 2 Im

[
E j (r )

∑
i �= j

E∗
j

〈√
Ii (r )

Ei 〈E j (r )〉
|Ei 〈E j (r )〉|

− Ei 〈E j (r )〉
〉]

. (2)

FIG. 1. (Color online) Schematic of optical system for phase retrieval.

FIG. 2. Block diagram of phase retrieval algorithm.

In Eq. (2), θ j(r) is the phase component of Ej(r), which is
written as

E j (r ) = |E j (r )| exp{iθ j (r )}. (3)

Using Eq. (2), the optimized θ j(r) of the jth plane is calcu-
lated, so that the error function is minimized.

Figure 2 shows the details of the optimization procedure.
The initial wavefield E1(r) consists of the measured intensity
profile I1(r) and the ideal phase profile θ1(r). θ1(r) is pro-
cessed in the nonlinear optimization using Eq. (2). θ1(r) is
increased or decreased in each iteration to reduce the value
of Eq. (1). When the value of Eq. (1) is small enough, the
iterative calculation is stopped.

In the next step, the main plane where the phase is op-
timized is shifted to another plane. The initial wavefield
E2 〈E1

′(r)〉 is calculated by the angular spectrum method us-
ing only E1

′(r). The amplitude of E2〈E1
′(r)〉 is changed to the

measured one. Then, only the phase profile on this plane is
optimized by the method described above.

The shift of the main plane and the optimizations of phase
profiles are repeated until the value of the error function in
Eq. (1) becomes sufficiently small. The final wavefield E f(r)
of the focal plane is propagated to the input pupil in accor-
dance with Fraunhofer diffraction theory

Epupil(x) = exp

{
iπ

λ f
(dx x)2

}
DFT{E f (r )}, (4)

where f is the focal length of the focusing mirror and dx is the
pixel size in the input pupil, which is given by
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TABLE I. Optical parameters of wave-optical simulation of system.

Mirror length (mm) 20
Glancing angle (mrad) 7.0
Focal length (mm) 20

dx = λ f

Mdr
. (5)

Here, M and dr are the array size and scanning pitch of the
measured profiles, respectively.

B. Simulation results

Table I and Fig. 3 show the simulated optical parameters
and the wavefront error on the mirror surface in the demon-
strations, respectively. The focused beam has a full width at
half maximum (FWHM) of 7 nm. Figure 4(a) shows the in-
putted data of the beamwaist structure obtained using a wave-
optical simulator coded on the basis of the Fresnel–Kirchhoff
diffraction integral theory.23 The data consisted of 21 mea-
sured planes. The interval between each plane was 2 μm.
Approximately 2500 iteration calculations (see Fig. 2) were
performed to obtain the optimized phase distribution. The re-
covered intensity distribution obtained by the phase retrieval
calculation is shown in Fig. 4(b). The recovered profile was
in good agreement with the assumed profile.

Figure 5 shows the derived wavefield distribution at the
input pupil located 8 mm upstream of the focal plane. The
complex amplitude of the incident beam is larger than zero
within only the aperture area, which is equal to the assumed
size. The wavefront error profiles are also similar. The dif-
ference between the two profiles was 0.029 rad root mean
square (rms).

III. EXPERIMENT

The experiment for measuring the wavefront error of a
multilayer mirror was performed at the 1-km-long beamline
of SPring-8.24 A schematic drawing of the experimental setup
is shown in Fig. 6. The focusing mirror was a laterally graded
Pt/C multilayer optic16 with a theoretical FWHM spot size
of 7 nm at an x-ray energy of 20 keV. The spatial coher-
ence of the incident x-ray beam was sufficiently high for this
experiment. 25

FIG. 3. Wavefront error profile assumed on focusing mirror surface. The
peak-to-valley wavefront error height corresponds to 1/2λ.

FIG. 4. (Color online) Comparison between original and recovered
beamwaist structures in phase retrieval calculation. (a) Original beamwaist.
(b) Recovered beamwaist.

Conventional knife-edge scan method becomes difficult,
when the depth of the focus decreases shorter than the attenu-
ation length of the edge material. In the focused beam profile
measurement, the dark-field knife-edge scan method17 using
a phase object of platinum was employed. The focal depth of
the 7 nm beam is approximately 5 μm. Thus, the phase object,
which was 1 μm wide in the beam direction, was fabricated
using a focused ion-beam fabrication system (HITACHI FB-
2100). The surface roughness of the phase object was directly
measured with an atomic force microscope (Shimadzu SFT-
3500 SPM) and it was confirmed to have a flatness of rms
1.06 nm.

Figures 7(a)–7(c), respectively, show the beamwaist
structures measured when the aperture size of the focus-
ing mirror was the full size and restricted to two-thirds and
one-third of its size by the slit just upstream of the focusing
mirror. Each beamwaist structure obtained from 16 intensity
profiles. The interval of the profiles in the direction of the op-
tical axis was 2 μm. When the aperture was fully open, the
minimum focused spot has an FWHM of 7 nm.

Figures 7(d)–7(f) show the beamwaist structures re-
constructed from the measured beamwaist structures in
Figs. 7(a)–7(c), respectively. They agree well with the exper-
imental results, indicating the reliability of the phase retrieval
calculation. The recovered amplitudes at the input pupil lo-
cated 8 mm upstream of the focal plane obtained by uti-
lizing each reconstructed beamwaist structure are shown in
Fig. 8(a). The size of the recovered input pupil increased pro-
portionally with the aperture size. In the case of a fully open
aperture, the size of the recovered input pupil was approx-
imately 70 μm, which is equal to the ideal value. The cal-
culated wavefront errors extracted from the recovered aper-
ture areas are shown in Fig. 8(b). The final wavefront error

FIG. 5. Results of numerical simulation of phase retrieval calculation.
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FIG. 6. (Color online) Schematic of experimental setup.

profiles in the superposition area show good agreement with
each other. The difference in wavefront error between the
three recovered profiles and their average was 0.54 rad peak-
to-valley (P–V).

IV. DISCUSSION

Figure 7(g) shows the beamwaist profile derived from the
input pupil wavefield calculated using the recovered phase
profile in Fig. 8(b) and the ideal intensity profile of the fo-
cusing mirror. The two beamwaist profiles in Figs. 7(d) and
7(g) show good agreement even when the intensity profiles
on the input pupil are different. This result indicates that the
recovered intensity profile of the input pupil is more sen-
sitive than the phase profile to measurement noise.21, 26 In
this study, we applied the algorithm that optimizes only the
measured beamwaist profiles using the evaluation function of
Eq. (1). Measurement errors that result from vibration and the
imperfection of the phase object directly affect the recovered
wavefield of the input pupil. These effects tend to appear in
the measurement of small focused beam with large numerical
aperture. In particular, such effects appear in the values of the
recovered amplitude.

However, compared with the intensity profile of the in-
put pupil, the phase profile of the input pupil should be well
defined. When the numerical aperture is changed, the fringe
patterns observed in the beamwaist structure are markedly
different. The recovered wavefront errors derived from these
beamwaist structures are also entirely independent of each
other. The phase profiles of the common area should be the
same. Although the recovered phase profile in the case of
the fully open aperture seems to be slightly noisy because of

FIG. 7. (Color online) Measured and reconstructed intensity profiles near
focal point. (a)–(c) The beamwaist structures measured under the follow-
ing conditions: the aperture size of the focusing mirror was restricted to full
size, 2

3 and 1
3 by the slit slightly upstream of the focusing mirror. (d)–(f) The

beamwaist structures reconstructed from (a)–(c). (g) The beamwaist profile
derived from the input pupil wavefield calculated using the recovered phase
profile in Fig. 8(a) and the ideal intensity profile of the focusing mirror.

FIG. 8. Comparison of experimental results of phase retrieval calculations.
(a) and (b) The recovered intensity and wavefront error profiles at the input
pupil, respectively.

the measurement errors, the agreement within 0.54 rad P–V
indicates the reliability of the recovered phase information in
the developed method.

When the aperture of the mirror was fully open, the cal-
culated wavefront error was only approximately 0.23λ P–V.
This corresponds to a figure error height of 1.0 nm at the
mirror surface. For this reason, the achieved spot size nearly
reached the diffraction limit of 7 nm. In contrast to our pre-
vious report,16 we successfully focused an x-ray beam to a
sub-10-nm spot size without employing an adaptive mirror.
In this case, both the mirror length and the focal length are
shorter than those in the previous case. Owing to the eas-
ier alignment than in the previous optical system, a nearly
diffraction-limited focusing state was possible without phase
compensation.

In this study, we have developed a wavefront error
metrology using intensity profiles near the focus in hard
x-ray regions. The measurement accuracy was investigated
by varying the aperture size. This method can be expanded to
a ptychographic phase retrieval method.27, 28 The recovered
phase profiles in the superposition area stabilize the phase
retrieval calculations and prevent the occurrence of invalid
solutions. The accuracy of the recovered results is expected
to be higher.

This technique can also be applied to the characteriza-
tion of a focused x-ray beam with a smaller size. The deter-
mination of its wavefront profile using only one beamwaist
structure is expected to be difficult owing to the difficulty of
measuring the intensity profiles with a size of 1 nm. How-
ever, its determination is possible by a stitching method us-
ing a ptychographic phase retrieval method utilizing several
beamwaist structures with different illumination areas se-
lected using a small entrance aperture.
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