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Chapter 1

Introduction

The subject of this thesis is the wild McKay correspondence for cyclic groups
of prime power order; especially, studying the v-function and its integral. The
v-function is a key ingredient in the wild McKay correspondence. Furthermore,
it can be considered as a common generalization of the age invariant in the tame
McKay correspondence or of the Artin conductor, which is an important invariant
in number theory (see [37] for details).

The McKay correspondence relates an algebraic invariant of a representation
V of a finite group G with a geometric invariant of the associated quotient variety
X := V/G. Depending on which type of invariant one considers, there are different
approaches to the McKay correspondence. In characteristic zero, Batyrev [3]
showed a typical one and then Denef-Loeser [13] refined it by using motivic
integration. Yasuda [45] generalized their results to arbitrary characteristics, in
particular, including the wild case—that is, the case where the given finite group
G has order divisible by the characteristic of the base field. In what follows, we
work over an algebraically closed field k of characteristic p > 0.

Theorem (The wild McKay correspondence [45, Corollary 16.3]). Assume that a
finite group G acts on an affine space V = AZ linearly and faithfully. Let X =V /G
and A be a Q-Weil divisor on X such that the canonical morphismV — (X, A) is
crepant. (Note that if G has no pseudo-reflections, then A = 0.) Then we have

Mg (X, A) = / L.
G-Cov(D)

Here M (X, A) denotes the stringy motive of the pair (X, A), G-Cov(D) denotes
the moduli space of G-covers of the formal disk D := Spec k[[t]], and v denotes the
v-functionv: G-Cov(D) — Q associated to the given G-action.

To simplify, we consider only the case that G has no pseudo-reflections. We
shall discuss the case that G has pseudo-reflections later, see Remark
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Since the stringy motive M (X) contains information on singularities of

the quotient variety X, the wild McKay correspondence theorem allows us to

. . . . o d—ov

study singularities by computing the v-function v and its integral /G_Cov D) Le.

However, in spite of its importance, it is difficult to compute them in a general
situation.

Example 1.0.1. For the following cases, we have the explicit formulae of the
v-functions.

(1) For the tame case (thatis, p 1 #G), the v-function is exactly the age invariant.

(2) For G = Z/pZ, Yasuda [42] gave it; the v-function can be computed by the
ramification filtration.

(3) For the permutation representations, Wood-Yasuda [37] gave it; the v-
function can be computed by the Artin conductor.

(4) For G = Z/p"Z, Yasuda and the author [33] gave it; this is a topic of this
thesis.

(5) For subgroups G C SL(2, k) isomorphic to (Z/pZ)?, Yamamoto [41] gave
it; this is an example which is not determined by the ramification filtration.

Let us consider the case G = Z/p"Z, which is of our principal interest.

We find out that the v-function in this case can be computed in terms of
ramification jumps of the field extension corresponding to the given G-cover.
Note that values v(E) at non connected G-covers E follow from that of connected
G-covers, thus the case of connected G-covers is essential. Let E be a connected
G-cover of D = Speck[[t]] and let L/k((t)) be the corresponding G-extension.
By the Artin-Schreier-Witt theory, the extension L/k((t)) is given by an equa-
tion ©(go, g1, -, gn-1) = (fo, fi, - -, fa-1), where (fo, fi,..., fa-1) € Wi[k((2))]
is reduced. We can decompose the extension L/k((t)) into a tower of p-cyclic
extensions

L=K, 12K, 2D---DK=k((1)),

where K; = K;_1(g;). The key facts here are first that the value v(E) is expressed
in terms of the ramification jumps of the extensions K;/K;_; (see Lemmas
and[3.2.11), and second that these ramification jumps are determined by the orders
of f; (see Corollary [3.2.13). As a consequence, we get the following.

Theorem 1.0.2 (Theorem [3.2.14). Assume that the given G-representation is inde-
composable of dimension d. With the notation as above, we denote j,, = — ord f,.



The i-th upper ramification jump u; and the i-th lower ramification jump l; are given
by

wi—g = max{p" " "j, | m=01,...,i—1},

li—l = Uy + (u1 — uo)p +---+ (ul- — ui_l)pi,

respectively. Then we have

Z iopn_llo + l-lpn—le +---+ in—lln—l

E) =
o(E) pr

0<ig+igp+-+ip_1 p"1<d,
0<ig,i1see0in-1<p
Since the v-function is additive with respect to direct sum of G-representations
(it is immediate from Deﬁnition see also [37, Lemma 3.4]), the decomposable
G-representation case follows from the theorem above. We remark that for each
positive integer d < p”, there exits exactly one indecomposable G-representation
of dimension d modulo isomorphisms; it corresponds to the Jordan block of size
d with eigenvalue 1, see [11} p. 431, (64.2) Lemma] for example.
In the relation to the minimal model program, it is natural to ask: How can
we determine representation-theoretically when a quotient variety V /G (with G
an arbitrary finite group) is terminal, canonical, log terminal or log canonical?
In characteristic zero, we have the Reid-Shepherd-Baron-Tai criterion (see [23]
Theorem 3.21] for example); by studying the age invariant, we obtain a criterion for
the quotient varieties being canonical, terminal, or not. In positive characteristics,
as an application of the wild McKay correspondence theorem, Yasuda proved the
following.

Proposition 1.0.3 ([45] Corollary 16.4]). We follow the notation of the wild McKay
correspondence theorem. Assume that G has no pseudo-reflections (that is, A = 0).

(1) We have

discrep(center C Xing; X)

=d-1- max{dimeing, dim/ Ld_”},
G-Cov(D)\{o}

where o denotes the point corresponding to the trivial G-cover.

(2) If the integral fG_COV(D) L4 converges, then X is log terminal. If X has a log
resolution, then the converse is also true.

In the case G = Z/p"Z, combining this proposition with the explicit formula
of the v-function (Theorem|1.0.2)), the author [32] give a numerical criterion for



the quotient variety X = V /G being canonical or log canonical. According to
the Artin-Schreier-Witt theory, the integral /G_Cov D) L4=? can be written as an
infinite sum of the form

/ L0 = 3" [G-Cov(D; )L oo,
G—COV(D) ]

Here G-Cov(D) = |] G-Cov(D;j) is a stratification such that the restriction
0|G-cov(pj) of the v-function to each stratum G-Cov(D; j) is constant. It is hard to

compute the above infinite sum directly. However, by expressing the infinite sum
in terms of upper ramification jumps, we show that the integral /G_COV(D) L4

converges if and only if some linear function in upper ramification jumps tends
to —oo (cf. proof of Theorem |4.2.7). For an indecomposable G-representation V of
dimension d, we define the following invariants:

Sy = Z in (0<m<n-1),

0<ig+iypte+ip_1p" 1 <d,
0<ig, 1,0 0rln-1<p

n—1
Dy = pm sy = (p=1) Y p"sy | (0<m<n-1).
I=m+1

We generalize these invariants to the cases when V is decomposable in the way
that they become additive with respect to direct sum of G-representations. Now
we can give a criterion as follows.

Theorem 1.0.4 (Corollary [4.2.10).

(1) X = V/G is canonical if the strict inequalities

.t opO
1-——-Y —Y <0 (0<m<n-1)
p l:mp

hold. Furthermore, if X has a log resolution, then the converse is also true.
(2) X is log canonical if and only if the inequalities

n—1 D(l)

1
1-—— -3 —Y <0 (0<m<n-1)
p l:mp

hold.

Especially, if the given G-representation V is indecomposable, then we can
compute the invariants D‘(,m) explicitly and hence get more simple criterion.
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Corollary 1.0.5 (Theorem4.2.12)). Assume thatV is an indecomposable G-representation
of dimension d.

(1) X =V /G is canonical ifd > p + p"~'. Furthermore, if X has a log resolution,
then the converse is also true.

(2) X is log canonical if and only ifd > p — 1+ p" .

We can generalize immediately these criteria for the case that G is a finite
group whose p-Sylow subgroup is cyclic, see Theorem 4.2.17
. ey . d—ov
As mentioned as above, it is hard to compute the integral fG_COV( D) L% for
general exponent n. Let us focus on the case n = 2 to get precise evaluation of
discrepancies. By computing dim fG_COV( D:j L9472, as an application of Proposi-
tion [1.0.3] we get a refinement of Corollary

Corollary 1.0.6 (Theorem. Assume that V is an indecomposable G = Z/p*Z-
representation of dimensiond (p +1 < d < p?) (with this assumption, V has no
pseudo-reflection and hence V. — X := V /G is crepant). Then,

terminal, d>2p+1,

jcal, d > 2p,

X s { nomea if and only if P
log canonical, d>2p-—1,
not log canonical d<2p-1.

We give more comments on singularities. From the viewpoint of the min-
imal model program, klt singularities form an important class of singularities.
In characteristic zero, klt singularities are rational and hence Cohen-Macaulay
([14,22]); see also [24, Theorem 5.22] and its references). In positive characteristics,
there exist many examples which are klt but not Cohen-Macaulay; they are con-
structed by Yasuda [[42]44], Kovacs [25], Cascini-Tanaka [[9], Gongyo-Nakamura-
Tanaka [[15]], Totaro [36]], Arvidsson-Bernasconi-Lacini [1]], and Bernasconi [4].
Since many quotient varieties by p-groups may not be Cohen—Macaulay (cf.
Proposition [2.1.6), thus we can give more such examples by using Theorem 1.0.4]
or by its corollaries.

Note that we work over an algebraically closed field of characteristic p > 0
throughout this thesis for the simplicity reason; it is straightforward to generalize
our results to any field of characteristic p by base change.

The outline of this thesis is as follows. In Chapter [2] we recall basic facts
and definitions of representation theory, motivic integration, and singularities to
give the statement of the wild McKay correspondence theorem. In Chapter 3] by
using the Artin-Schreier-Witt theory, we describe the moduli space G-Cov(D)
of G-covers of D = Speck|[[t]] and then decompose it to strata G-Cov(D; j).



After that, we see that the v-function in our case is written in terms of valuations
of Witt vectors and by upper/lower ramification jumps of G-extension; we get
an explicit formula for the v-function. In Chapter |4, we apply the formula to
the integral /G_COV(D) L4 ?; we determine when the integral converges. As an
application, we give some criteria for whether associated quotient variety V /G is
canonical (resp. log canonical) or not. In Chapter [5, by restricting ourselves to
the case G = Z/p*Z, we get a refinement of our criteria proved in the previous
chapter.

Notation and convention

Unless otherwise noted, we follow the following notation and convention. We
work over an algebraically closed field k of characteristic p > 0. We denote by
K = k((t)) the field of formal Laurent power series over k. By a k-variety, we
mean it is an integral k-scheme of finite type. The set N of natural numbers is
the set of positive integers (that is, N does not contain 0).
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Chapter 2

Preliminaries

2.1 Representation theory

In this section, we recall some basic facts of the representation theory. Let G be an
arbitrary finite group and k an algebraically closed field of characteristic p > 0. A
G-representation is a group homomorphism p: G — GL(V), where V is a k-vector
space and GL(V) is a group of k-linear automorphisms of V. Throughout this
thesis, we consider only the case V has finite dimension. We simply say that V is
a representation when the finite group G in question is clear from context. As
in the case of characteristic zero, we can define some basic terminologies (for
example, subrepresentation, faithful and so on).

Definition 2.1.1. Let V be a G-representation. We say that V is indecomposable if
it is impossible to express V as a direct sum of two non trivial subrepresentations.
We say that V is decomposable if V is not indecomposable.

Remark 2.1.2. Since we consider only finite dimensional vector spaces, every
G-representation V can be expressed as a direct sum of indecomposable subrep-
resentations. See, for example, [11} p. 81, (14.2) Theorem].

Moreover, for Z/p"Z-representations, we have the following.

Proposition 2.1.3 ([11} p. 431, (64.2) Lemmal]). For each positive integerd < p",
there exists exactly one indecomposable Z | p"Z-representation of dimension d modulo
isomorphisms; it corresponds to the Jordan block of size d with eigenvalue 1.

Remark 2.1.4. It is easy to see that a d-dimensional G-representation is faithful

if and only if p"~! < d < p".

A G-representation V defines a G-action on V. We denote by k[V] the coordi-
nate ring of V (note that k is infinite since it is algebraically closed). The G-action
on V also defines a G-action on k[V].
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Definition 2.1.5. Let V be a G-representation.

(1) We say that g € G is a pseudo-reflection if the fixed subspace V9 has codi-
mension 1.

(2) We say that g € G is a bi-reflection if rank(g — id) < 2.

It is well-known that the invariant ring k[V]€ is Cohen-Macaulay if p 1 #G
(or k has characteristic zero), see [19] Section 2]. In the case p | #G, the following

holds.

Proposition 2.1.6 ([8, Theorem 9.2.2]). Let G be a p-group and let V be a G-
representation. If the invariant ring k[V]° is Cohen-Macaulay, then G is generated
by bi-reflections.

Corollary 2.1.7. Let V be an indecomposable faithful Z/p"Z-representation of
dimension d. If d > 3, then the invariant ring k[V]Z/P"2 is not Cohen—Macaulay.

Proof. Note that a generator ¢ of Z/p"Z corresponds to the Jordan block of size
d with eigenvalue 1, and hence rank(c — id) = d — 1. By the contraposition of
Proposition [2.1.6, we obtain the desired conclusion. m]

The following is used later.

Proposition 2.1.8 ([8, Theorem 3.8.1]). Let G be a p-group and let V be a G-
representation. Then the invariant ring k[V1° is a unique factorization domain.

2.2 Motivic integration

The wild McKay correspondence theorem is given in terms of motivic integration.
In this section, we introduce the notion of motivic measure and integration. For
general theory of motivic integration, refer [10] if necessary.

2.2.1 The Grothendieck ring of varieties

Motivic integration takes values in a variant of the Grothendieck ring of k-
varieties. First, we recall the definition. We denote by Vary the category of
k-varieties.

Definition 2.2.1. The Grothendieck ring of k-varieties K,(Vary) is the quotient
of the free abelian group @Vark Z[X] generated by isomorphic classes [X] of
k-varieties X by the following scissor relation: If Z C X is a closed subvariety
of X, then [X] = [X \ Z] + [Z]. The multiplication on Ky(Vary) is given by
[X][Y] == [X xY].

11



It is easy to see that Ky(Vary) is a commutative ring with unit. Its additive
identity is 0 = [@] and multiplicative one is 1 = [Speck].

Let X be a k-variety and let Z C X be a closed subvariety of X with the same
underlying topological space. Since X \ Z = 0, by the scissor relation, thus we
have [X] — [Z] = [X \ Z] = [0] = 0 and hence [X] = [Z]. This shows that the
class [X] of a k-variety X is determined independently of the scheme structure.
Therefore, for a closed subset Z C X of a k-variety X, we can define the class [Z]
by considering its reduced induced closed subscheme structure. In particular, the
classes [C] of locally closed subsets C are well-defined.

Let X be a k-variety. By a constructible subset of X, we mean it is a disjoint
union of finitely many locally closed subsets of X.

Lemma 2.2.2. Let X be a k-variety and let C = | |I_; C; € X be a constructible
subset (that is, each C; is locally closed). We define [C] = ), [C;]. The class [C]
is well-defined.

Proof. See, for example, [10, Chapter 2, Section 1.3]. O

We putL := [A}C] Then we can write [G,,] = L—1, where G,, = Speck[t,t7!].

2.2.2 Localization, completion, and modification

Definition 2.2.3. We define M := K,(Vary)[L™!] to be the localization of the
Grothendieck ring of k-varieties K(Vary) by the class of affine line L = [A}C].
We call an element of the form [X]|L" € M with X a k-scheme of finite type and
with n a integer an effective element.

Definition 2.2.4. The dimension of an effective element [X]|L" is defined by
dim[X]L" := dim X + n.

Lemma 2.2.5. The dimension dim[X]|L" of an effective element [X|L" is well-
defined.

Proof. It follows from the property of the Euler—Poincaré polynomial P(X) of a k-
variety X: For a k-variety X, we have deg P(X) = 2 dim X. See [10, Corollary 3.5.1].
O

The dimension gives rise to a natural filtration of the ring M. For each integer
m € Z, we define F,, ¢ M to be the subgroup generated by effective elements
[X]L" of dimension < —m. It is easy to see that the family {F,},, satisfies
FuF, C Fuim and hence {M/F,,} is a projective system of abelian groups.

12



Definition 2.2.6. We define the complete Grothendieck ring of k-varieties M by

M = llmM/Fm5
H

m

which is complete with respect to the induced topology.

We call an image of an effective element in M an effective element again. A
series {xp},s( of effective elements with dim x, — —co (n — ©0) converges to 0,

and the infinite sum }},.( x, converges in the ring M.

Definition 2.2.7. Let I be a countable set and x; € M (i € I) be effective elements
indexed by I. We say that the sum }};.; x; converges if for every integer m, there
are only finitely many x; of dimension > m. If the sum }},.; x; does not converge,
we say that it diverges; in this case, we denote }};c; x; = oo.

Definition 2.2.8. Let }};.; x; be a countably infinite sum of effective elements.
We define its dimension by

dim Z x; = sup dim x;.
iel iel

We say that the sum }};; x; is dimensionally bounded if it has finite dimension.

We remark that being dimensionally bounded does not imply convergence; if
given sum has infinitely many terms of the same dimension, then it diverges.

We give two variants of the Grothendieck ring of k-varieties. The one is
needed for the McKay correspondence.

Definition 2.2.9. A morphism f: Y — X of schemes is called a universal homeo-
morphism if every scheme X’ over X, the induced morphism fx/: Y xx X’ — X’
is a homeomorphism. If this is the case, we say that Y is universal homeomorphic
to X.

We consider the equivalence relation generated by the following: for a mor-
phism f: Y — X of k-varieties and for a non negative integer m € Z,, if every
geometric fiber of f, say over an algebraically closed filed L, is universal homeo-
morphic to the quotient of AT* by some finite group action, then [Y] = [X]L"™.

Definition 2.2.10. We define the ring K;(Vary) to be the quotient of the Grothendieck
ring Ky (Vary) by the equivalence considered above. We denote by M’ = K] (Vary) [L™]
the localization and by M’ the completion of it.

The other is needed to define the invariant called stringy motive for Q-
Gorenstein varieties (see Remark [2.4.4).

Definition 2.2.11. Let r be a positive integer. We define the ring K, (Vary), =
Ko(Var)[L~'/"] to be the localization of the Grothendieck ring K (Vary) by the
r-th root of L. In the similar way, we also define the complete ring M, and M.

13



2.2.3 Jet schemes and arc schemes

Let X be a k-variety of dimension d and let n be a non negative integer. By a n-jet
of X, we mean it is a morphism Spec k[t]/(t"*!) — X of k-schemes. By an arc of
X, we mean it is a morphism Speck[[t]] — X of k-schemes. We denote by Set
the category of sets, by Schy the category of k-schemes, by Affy the category of
affine k-schemes, and by Alg, the category of k-algebra.

Proposition 2.2.12. The following contravariant functor
JnX: Schy — Set, Z — Homgep, (Z Xk Speck[t]/(t"™1), X)

is representable by a k-scheme of finite type; We also denote it by J,X and call it
the n-jet scheme of X. In particular, the set of k-valued points (J,X) (k) is the set of
n-jets of X.

Proof. 1t follows from the fact that the functor is a Weil restriction, see [6] p. 276]
or [[10, Proposition 2.1.3]. We can also prove by a concrete construction for affine
schemes, and then glue them for general k-schemes (cf. [20} Section 2]). O

For non negative integers n and m with n < m, the natural homomorphism
k[t]/(t™1) — k[t]/(t™*") induces a morphism 7y JuX — JuX of k-schemes.
We call it the truncation morphism. The following is an important property of the
truncation morphisms.

Lemma 2.2.13. Let U C X be an open subscheme of X. Then the n-jet scheme J,U
of U identifies with the open subscheme (7,0)~*(U) of J,X. Moreover, the truncation
morphisms 1, , are affine.

Proof. See [10, Proposition 2.2.3 and Corollary 2.2.4]. O

Definition 2.2.14. The truncation morphisms {7y, ,: JnX — J. X}, ,, form a
projective system. We define the arc scheme J.X of X to be the projective limit
of the jet schemes of X:

JoX = lim J,X.

We call the canonical morphism 7,,: JoX — J,X the truncation morphism again.

In general, projective limits of schemes may not exist. However, the arc
scheme J X = lim J, X exists since the truncation morphisms 7, , are affine, see
[17, Proposition (8.2.3)].

Proposition 2.2.15. The following contravariant functor
Aff;, — Set, Spec A — Homg,, (Spec A[[t]], X)

is representable by the arc scheme J.X.

14



Proof. For the case X = SpecR is affine, we have

(JooX) (A) = lim Hompyg, (R, A[t]/(¢"*1))
= Homayg, (R, A[[?]])
= Homge (Spec A[[t]], X).
For the general case, it is the consequence of Bhatt’s theorem below. ]

Theorem 2.2.16 ([5]). Let A be a ring which is I-adically complete for some ideal
I C A. For every scheme X, we have X (A) ~ @X(A/I”) via the natural map.

2.2.4 Motivic measure and integration
Let X be a k-variety of dimension d.
Definition 2.2.17.

(1) We say that C C JX is a cylinder at level n if the image 7,(C) C J,X is a
constructible subset such that C = 7,1 (,(C)). We simply say that C is a
cylinder if it is a cylinder at some level n.

(2) We say that a cylinder C C J. X is stable at level n if C is a cylinder at level n
and if 7,41 (C) — 7, (C) is a trivial Az-bundle for every m > n. We simply
say that C is a stable cylinder if it is stable at some level n.

First, we define a measure pyx of cylinders in the arc space JX of X.

Definition 2.2.18. We set J2 (X) = JoX \ 7" (Joo(Xsing))> Where Xqing is the
singular locus of X. The motivic measure of cylinders in J,X is the map

ux : {cylinders in JoX} — M
defined as follows: For a stable cylinder C at level n, we define
px(C) = [m ()L™

For a general cylinder C, we define
px(0) = lim e (C N JSX).

Indeed, CN ]o(o")X is a stable cylinder and the limit lim,_,., C N ]o(o")X exists in
M. See, for example, [12, Lemma 4.1 and 4.2], [30, Section 4.5], or [10, Chapter 6].
Since we consider stable cylinders C, thus the measure px(C) is independent of
the choice of level n.
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Next, we define measurable subsets of J..X and motivic integral on it. We
consider a semi-norm ||e|| on M defined by

o] : M — Ry, x > 27",

where n = max{m | x € F,} (for the definition of F,,, see Section[2.2.2). From the
triangle inequality, the following holds: For cylinders C, D C JoX, we have

lx (C U D) < max{[|ux (C) I, [l x (D) I}

For subsets A, B C S of a set S, we denote by A A B := (AU B) \ (AN B) the
symmetric difference of them.

Definition 2.2.19. We say that C C JX is measurable if for every positive
real number € > 0, there exists a family {Ci(€)};5, of cylinders satisfying the
following:

(1) (CaCo(e)) € Uiso Cile),
(2) for every i > 0, ||ux(Ci(€))]| < e.

With notation as above, we define the motivic measure of a measurable subset
C C JX by
px () = lim iy (Co(e)).-

Lemma 2.2.20. In the definition above, the limit lim._, ux(Co(€)) exists and is
independent of the choice of the family {C;(€)};so-

Proof. See [2, Theorem 6.18] and [13} Theorem A.6]. O

Definition 2.2.21. Let C C JX be a measurable subset and let F: C — Z U {oo}
a function. We say that F is measurable if each fiber of F is measurable. Then we
define the integral by

LF = “1(n))L" € M U {oo}.
JL5 = Y el e € AU o)

nez
Note that /c LF does not necessarily converge.
As integrands F, we often consider the following order functions.

Definition 2.2.22. Let 7 C Oy be an ideal sheaf. Then we define
ord I : JoX — Z U {0}, y > lengthk[[t]]/y ' T.

For the closed subscheme Z ¢ X defined by 7, we also write ord Z = ord 7.
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2.3 Singularities

We shall briefly recall basic notions concerning singularities, refer [23, Section 2.1]
if necessary. Let X be a normal k-variety of dimension d. We denote by X;ing the
singular locus of it. By a Q-Weil divisor over X, we mean it is a Q-Weil divisor on
some normal k-variety Y with f: Y — X a proper birational morphism.

Let f: Y — X be a proper birational morphism such that Y is normal. When
X is Q-Gorenstein, we can define the relative canonical divisor K¢ in the usual
way, which is a Q-Weil divisor with a support contained in the exceptional locus
Exc(f). Then we can write Ky = > a(E; X)E. We call a(E; X) the discrepancy of
E with respect to X. For a prime divisor E on Y, the closure of f(E) c X is called
the center of E on X and denoted by centery E. We define the discrepancy of X by

discrep(center C Xging; X) = irb;f{a(E; X) | centery E C Xsing},

where E runs through the set of all exceptional divisor over X (cf. [23, Defini-
tion 4.7.4]).

Definition 2.3.1. Let X be a normal Q-Gorenstein k-variety. Then we say that

terminal, > 0,
X is canonical if discrep(center C Xiing; X) =0,

log terminal, smg> > —1,

log canonical, > —1.

Remark 2.3.2. It is well-known that we have either discrep(center C Xgjng; X) >
—1 or = —oo (see [24, Corollary 2.31]). We also remark that for factorial k-varieties
X, its discrepancy discrep(center C Xiny; X) are integers if not —co. Therefore,
by Proposition for X = Ai /(Z/p"Z), being canonical is equivalent to being
log terminal.

We also need to consider log pairs as is usual in birational geometry. By a
log pair, we mean it is the pair (X, A) of a normal Q-Gorenstein k-variety X and
a Q-Cartier Q-Weil divisor A on X. Replacing Ky by Ky — f*A, we can consider
the discrepancies a(E; X, A) and discrep(center C Xing; X, A). We say that a
log pair (X, A) is Kawamata log terminal (klt for short) or log canonical (Ic for
shot), if discrep(center C Xing; X, A) > —1 or discrep(center C Xing; X, A) > —1
respectively.

A log resolution of a log pair (X, A) is a proper birational morphism f: ¥ —
X such that Y is regular, the exceptional locus Exc(f) is a Weil divisor, and
Exc(f) U Supp f~1(A) is simple normal crossing.
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2.4 The wild McKay correspondence

Let G be a finite group and let V = Ai be a faithful G-representation. Yasuda
proved the wild McKay correspondence theorem.

Theorem 2.4.1 (The wild McKay correspondence [45 Corollary 16.3]). Assume
that a finite group G acts on an affine space V = AZ linearly and faithfully. Let
X =V/G and let A be a Q-Weil divisor on X such that the canonical morphism
V — (X, A) is crepant. (Note that if G has no pseudo-reflections, then A = 0.) Then

we have
Mg (X, A) = / L4,
G-Cov(D)

Here Mg (X, A) denotes the stringy motive of the pair (X, A), G-Cov(D) denotes the
moduli space of G-covers of the formal disk D := Speck|[[t]], and v denotes the
v-functionv: G-Cov(D) — Q associated to the given G-action.

In this section, we introduce notions such as stringy motives, G-covers, and
v-functions.

Remark 2.4.2. For each Z/p"Z-representation, we determine when it has pseudo-
reflections (see Corollary [4.1.4). Moreover, we show that if given faithful Z/p"Z-
representation has a pseudo-reflection, then the divisor A as in Theorem 2.4.1)on
the quotient variety X is irreducible and has multiplicity p — 1. Hence, the pair
(X, A) is not log canonical unless p = 2.

From a viewpoint of applying the wild McKay correspondence to study quo-
tient singularities, we often add assumption that G has no pseudo-reflections for
simplicity.

2.4.1 Stringy motives

Definition 2.4.3. Let X be a normal k-variety of dimension d. We assume that X
is 1-Gorenstein, that is, the canonical sheaf wx of X is invertible. We define the
w-Jacobian ideal Jx by

j(a)x =Im

d
/\ QX/k i wx).

For alog pair (X, A) with X a 1-Gorenstein normal k-variety, we define the stringy
motive Mg (X, A) by

Mst (X, A) — / Lord A+ord Jx .
JooX
When A = 0, we write Mg (X) = Mg (X, 0).

18



Remark 2.4.4. For an r-Gorenstein k-variety X, we can define the w-Jacobian
ideal Jx and hence the stringy motive My (X, A) as an element of a modified
complete Grothendieck ring of k-varieties M, if it converges. For details, see [[10]
Chapter 7, Section 3.2.4 and Definition 3.4.3]. However, for simplicity, we assume
that X is 1-Gorenstein in this thesis. Indeed, in our situation when G = Z/p"Z
acts on AZ linearly and faithfully, the quotient variety X = AZ /G is 1-Gorenstein

(see Proposition [2.1.8).

Stringy motives contain information of the singularities. For example, we can
express the stringy motive M (X) in terms of the discrepancies.

Theorem 2.4.5. Let X be a log terminal k-variety of dimension d. Suppose that
X has a log resolution f: Y — X. We write the relative canonical divisor Ky as
K¢ = Yie1 aiE; (E; are prime divisors and a; € Q \ {0}). Then we have

My (X) = Z[Ej] H H%, where E; = (ﬂ E,-) \ (U Ej).

Jcl Jje] jeJ j¢]
Proof. This is a consequence of the change of variables formula and the explicit
computation of motivic integrals. See [42, Corollary 6.4]. O

Remark 2.4.6. In some works such as [10], the motivic measure of a stable
cylinder C at level n is given by px(C) = [,(C)JL~"*D¢_ Therefore, the explicit
formula of Mg (X) stated above is L¢ times different from one stated in [10,
Chapter 7, Proposition 3.4.4].

Proposition 2.4.7 ([42, Proposition 6.6]). Let X be a normal Q-Gorenstein k-
variety. If the stringy motive My (X) converges, then X is log terminal. If X has a
log resolution, then the converse is also true.

In addition, we can get more precise information of singularities. Let X be a
normal 1-Gorenstein k-variety of dimension d.

Definition 2.4.8. For a measurable subset U C J..X, we define

AU) = dim(/ LOrde),
U

provided that the integral converges. We say that a measurable subset U C JoX
is small if the integral fU LordJx converges.

Theorem 2.4.9 ([44, Proposition 2.1]). Let {C,}, be a countable collection of
small measurable subset C, C Jro_l(XSing), where 7y: JooX — JoX = X denotes the
truncation morphism. Suppose that n;' (Xsing) andJ, C, coincide outside a measure
zero subset. Then we have

discrep(center C Xging; X) =d — 1 —sup A(C;).

19



2.4.2 o-function and its integral

Let G be a finite group and let V be a G-representation of dimension d. We give
the definition of the v-function vy : G-Cov(D) — Q associated to V.

By an étale G-cover E* — D* = Spec K of D*, we mean it is a finite étale mor-
phism of degree #G endowed with a G-action such that E* /G = D*. Algebraically,
for some G-étale K-algebra M, which ia a finite K-algebra of degree #G endowed
with a G-action such that M® ~ K, we can write E* = Spec M. Moreover, there
exists a field extension L/K and a positive integer ¢ such that M = L¢ and hence

we can write
C

Spec M = SpecL U ---LISpecL.

By a G-cover E — D of D, we mean it is the normalization E of D in an étale
G-cover E* — D*. We denote by G-Cov(D") (resp. G-Cov(D)) the set of all étale
G-covers of D* (resp. D). Since there is a one-to-one correspondence between
G-Cov(D*) and G-Cov(D), we sometimes identify them.

For an arbitrary finite group G, the moduli space G-Cov(D) of G-covers
of D is considered in [35]. However, for using motivic integration when G =
Z/p"Z, we can use varieties described in Section See also Remark [3.1.12]and
Remark[3.1.15

Let E be a G-cover of D and let Of be its coordinate ring. There are two
G-actions on Ogad. First, by definition, G acts on E and hence it extends diagonally

to a G-action on O?d. Second, considering the scalar extension k C Of, we get
G — GL(V) = GL(d, k) — GL(d, Og).

Definition 2.4.10. We define the tuning module =g C Ogd of E to be the subset
of elements on which the two actions defined above coincide.

Lemma 2.4.11 ([43] Proposition 6.3],[37, Lemma 3.2]). The tuning module = is a
free k[ [t]]-module of rank d.

Definition 2.4.12 ([39]). We define the v-function vy: G-Cov(D) — Q associ-
ated to V as follows. Let E* be the étale G-cover of D* corresponding to given
G-cover E and let Spec L be a connected component of E. We denote by f; the
inertia degree of L/k((t)). Let x; = (xij)ls]'sd € Oged be a k[[t]]-basis of Ef.
Then we define

Og
(det(xij))

d

f oy
= — length )
s A

vy (E) = #f—é length

#G

20



If E is connected and v denotes the normalized valuation on Og, then we have

Uv(E) = {—év(det(x,-j)) .

Furthermore, in the case G = Z/p"Z, we have either f; = 1 or the length of the
module is zero.

The v-function vy depends on the given G-representation V. We omit the
subscript V referring to the representation when it is clear from context. By abuse
of notation, we write Zg« = Zg and v(E*) = v(E) because E is the normalization
of D in E*.

For the precise definition of the integral /G_COV D) L4=? with G arbitrary finite
group, see [[45] Section 14]. In the case G = Z/p"Z, the integral has a more explicit
presentation as we see in Section 4.1} we can consider as its definition.
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Chapter 3

The v-function in terms of
ramification jumps

3.1 The moduli space of G-covers

In this section, we discuss the moduli space G-Cov(D) of G-covers of the formal
disk D := Speck[[t]], which is the domain of the v-function.

3.1.1 The Artin-Schreier—Witt theory

We describe the moduli space G-Cov(D) by using the Artin—Schreier-Witt theory.
First, let us recall basic facts from the theory of Witt vectors.

Let A be a commutative ring with unit. As a set, we define W[A] = [[ A
as the product of countable copies of A. The elements of W[A] are called Witt
vectors.

Definition 3.1.1. For non negative integers n > 0, we define
1 . n—i
W, (Xo, X, -+ ., Xp) = Zple € Z[Xo, X1, - -, Xo].
i=0

Proposition 3.1.2. For each non negative integer n > 0 and polynomial ® €

Z[X,Y], there exist polynomials ¢; € Z[Xo, X1,..., X, Yo, Y1,..., Y] i=0,1,...,n)
such that they satisfy

Wn(¢0’ ¢13 L] (]Sn) = CID(WH(X())Xl: LR :Xn)3 WH(Y09 Yl’ LRI Yn)),
and they are uniquely determined.

Proof. See, for example, [31} Chapter II, Section 6, Theorem 6]. O
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We denote by S; (resp. P;) the polynomials ¢; associated by proposition above
with the polynomials ®(X,Y) = X + Y (resp. (X, Y) = XY). For Witt vectors
a = (ap,ay,...) and b = (by, by, ...), we define binary operations as follows.

(addltlon) a+b = (So(a(), bo), Sl(ao, ai, b(), bl), Ce ),
(multiplication) a-b := (Py(ao, bo), P1(ao, a1, bo, b1), ... ).
Proposition 3.1.3.

(1) The addition and multiplication defined above make W[A] a commutative
ring with unit. Its additive identity is 0 = (0,0, ...) and multiplicative one
is1 = (1,0,...). The ring W[A] is called the ring of Witt vectors with
coefficients in A.

(2) For each non negative integer m, the subset
I, = {(ao,al,...) S W[A] |a0 =a; =" =an-1 :0}

is an ideal of W[ A]. The quotient ring Wy,,[A] := W[A]/L, is called the ring
of Witt vectors of length m.

From now on, we consider the case A = K. We introduce important morphisms.
One is the Frobenius morphism

Frob: W,,[K] — W,,[K], (ag,a1,...) — (a‘g, ajl),...).

We denote by ¢ = Frob—id the Artin—Schreier morphism. The other is the
Verschiebung morphism

V: W,[K] = Wy [K], (ag, a1,...) — (0,a9,ay,...).

Remark 3.1.4. The Frobenius morphism Frob is a endomorphism of the ring.
The Artin—Schreier morphism g and the Verschiebung morphism V' are homomor-
phisms of additive groups. Moreover, the Verschiebung morphism V commutes
with the Artin-Schreier morphism . We also remark that for each I > 1 the
equality

(ag,ar,...,ai_1,ap...) = (agp,as,...a;-1,0,...) +(0,...,0,a; dj1,...)

holds. We can easily check those properties.
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We denote by K*? the separable closure of K and by Kj,» the maximal abelian
extension of exponent p” over K. As sets, we can describe

G-Cov(D") = Homgont (Gal(K*? /K), Z/p"Z)
= Homcont(Gal(Kp” /K), Z/PHZ)
= Homeont (Gal(Kjn /K), I%Z/ Z)

© Homcont (Gal(Kpn /K), Q/Z)

Y W, [K]/p(Wa[K]).

Since every element of Gal(K,»/K) has order dividing p”, thus the image of any
continuous morphisms Gal(Kj»/K) — Q/Z is contained in (1/p")Z/Z and hence
the equality (©) holds (see [27, pp. 340-341] for details). The equality (&) is a
consequence of [27, Theorem 6.1.9]. More explicitly, we can see the following
(see, for example, [26, Chapter VI, Exercise 50)).

Proposition 3.1.5. For a Galois extension L/K, it is p"-cyclic if and only if there
exists a Witt vector f = (fo, fi,---» fam1) € WL[K] with fo ¢ ©(K) such that
L = K(go0, 91, - - -»gn-1) where the Witt vector g = (go, g1, - - -, gn-1) IS a root of an
equation p(g) = f. Moreover, a generator o of the Galois group Gal(L/K) is given

by o(g) = g + 1. Here we define o(g) = (c(g0), 0(g1); - - -, 0(gn-1))-

Remark 3.1.6. Let E* be the étale G-cover of D* corresponding to a class of a
Witt vector f = (fy, fi, ..., fae1) € Wy[K]. It is clear that E* is connected if and
only if its coordinate ring is a field. Proposition [3.1.5|shows that E* is connected
if and only if f; ¢ p(K).

Next, we find good representations of elements of W, [K]/p(W,[K]).

Definition 3.1.7. Weput N’ := {j € Z| j > 0,p 1 j}. Laurent polynomials of the
form

Z g e k[t cK

ieN’
are called representative polynomials. We denote by RPy the set of representative
polynomials.

Remark 3.1.8. More generally, a Witt vector g = (g;); € W,[K] is called reduced
(or standard form) if p £ vk (g;) and vk (g;) < 0 for every [, where vg denotes the
normalized valuation on k.

Lemma 3.1.9. For each Witt vector f € W, [K], there exists a unique g € W, [K]
such that each component g; of g is a representative polynomial and f — g €
©(W,[K]). We call a Witt vector g = (go, g1, - - - gn—1) consisting of representative
polynomials a representative Witt vector.
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We prove Lemma by induction on n. The case n = 1 is proved in [42]
Lemma 2.3], for example. However, we give the proof below.

Lemma 3.1.10. We have p(k[[t]]) = k[[t]].

Proof. It is obvious that p(k[[t]]) c k[[t]]. For the converse, let g = 3, gVt €
k[[t]]. Let us choose inductively the coefficients f) of f so that p(f) = g. Since
k is algebraically closed, thus (k) = k and hence we can choose f(© € p~(g().
If we have chosen f(©, f_ ., fi=D such that p(f) = g (mod t'), then we can

set )

00 —g(_’) ifpth

(FPY —g® ifp | i

This shows that p(f) = g. ]
Proof of Lemma(3.1.9 First, we consider the case n = 1. We denote by £ the
coefficient of ¢! in f. From the previous lemma, we may assume that f) = 0
for i > 0. Let pi (i > 0) be the largest multiple of p satisfying f(=P) # 0 if any.
Replacing f with f — go((f(_pi))l/pti), we get f(*P) = 0 without changing £
for i < —pi. Iterating this procedure, we obtain a desired polynomial g. For
the uniqueness of g, assume that ¢ € k[t™!] satisfies the same condition. If
g # ¢, then p 1 ord(g — ¢’). However, from the conditions of g and ¢’, we have
g—¢ € 9p(K) and hence p | ord(g — ¢’). This is a contradiction.

Next, we consider the case n > 2. Let us denote by f; the I-th component of
given Witt vector f. We choose hy € K satisfying gy = fy + ¢(ho), where g is the
unique representative polynomial. In the ring W, [K] of Witt vectors of length n,
we have

(fo,-..) +p(ho,...) = (fo+9(ho),...) (3.1)
:(go,...).

Without loss of generality, we may assume that f = (go, fi,...). From the in-
duction hypothesis, there exists g1, gz, . . ., gn—1 uniquely such that each g; is a
representative polynomial and

(fis-s fom1) = (g1 -+, gn-1)  (mod (W1 [K])).
holds. Since the Verschiebung morphism commutes with g, thus we have
(01 _fl’ o 9ﬁl—l) = (05 91; G >gn—l) (mOd SO(WI‘L [K]))
Then
(g(),fl, .. .,ﬁl_l) = (go, o,..., 0) + (O,fl, .. .,f;1_1)
= (g0,0,...,0) +(0,g1,...,9n-1) (mod p(W,[K]))
= (gOa gl’ L ,gn—l)-
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The first and last equality follows from the property of the Verschiebung mor-
phism. Therefore, we have proved the existence of g.

And finally, we show the uniqueness. shows that the first entry g, is
uniquely determined. Suppose that (go, g1, ...,9s-1) and (go, 9}, - .., g,_,) satisty
the same condition. Then we have

(0, f1.- s fam1) = (0,91, ,Gn-1) = (0,91, . g, 1) (mod p(WL[KT])).

Again from the induction hypothesis, this shows that ¢, ..., g,—1 are uniquely
determined. O

Corollary 3.1.11. We have a one-to-one correspondence
G-Cov(D*) & G-Cov(D) < (RPy)".

Remark 3.1.12. Corollary [3.1.11] shows that G-Cov(D*) is identified with the
k-point set of the ind-scheme A} := li_r)nnEN A}, where the transition map A} —

AZ” is the standard closed embedding. In fact, the coarse moduli space of
G-Cov (DY) is the inductive perfection (that is, it is the inductive limit with respect
to Frobenius morphisms) of this space A;”, see [18]. To get the fine moduli stack,
we further need to take the product of it with the stack BG, see [35]].

3.1.2 Stratification and parameterization

In what follows, we follow the convention that ord 0 := co. For a Witt vector
f = (fi); € W,[K], we denote ord f := (ord f;); € (Z U {co})". For a G-cover E*
corresponding to the representative Witt vector f € W, [K], we denote ord E* :=

ord f.

Definition 3.1.13. For an n-tuple j = (j;); € (N U {—c0})", we put —j = (—ji);.
We define

G-Cov(D*; j) = {E" € G-Cov(D") | ord E* = —j},
n—1
RPi; = | [{f € RPi|ord f = —ji}
1=0

For the case j = (jo), we write RPy j, in stead of RPy (j,).

When n = 1, we have the following one-to-one correspondences (see [42, 10,
Proposition 2.11])

G-Cov(D™; j) &> RPy; & k™ x ki1-Lilpl,

Here | o | denotes the floor function, which assigns a real number a to the great-
est integer |a] less than or equal to a. We remark that the space G-Cov(D*; —c0)
is a point.

26



Proposition 3.1.14. For j = (j;); € (W U {—o0})", we have one-to-one correspon-
dences
G-Cov(D"; j) & RP; & n (k>< X kj’_l_U’/pJ) :
Ji#—%
We now regard k™ X k" as the variety G, x X A}. Then the correspondence
above gives a structure of k-variety to G-Cov(D"; j). Thus, G-Cov(D*; j) can be
thought of as an infinite-dimensional space admitting the stratification

G-Cov(D") = | | G-Cov(D™; j)
J

into countable finite-dimensional strata.

Remark 3.1.15. Varieties Gy, x X A} are neither fine or coarse moduli spaces of
G-covers (see Remark [3.1.12). However, we can construct families of G-covers
over these spaces in a similar way as in [42, Section 2.4] and get morphisms
from these spaces to the corresponding fine moduli stacks which are bijective on
geometric points. Thus, as justified in [34], we can use the above varieties as our
parameter spaces of G-covers in our context of motivic integration.

3.1.3 Description of G-actions on G-covers

Let f = (fi); € RPy ; be a representative Witt vector of order ord f = —j and let
g = (g1); be aroot of p(g) = f. We assume that the extension L = K(g) is a
G-extension of K and that a generator o of G acts on L by (g) = g+ 1. We can
decompose the extension L/K into a tower of p-cyclic extensions

L=K, 10K, 2D2:--DKyD>K_ 1=K

where K; = K;_1(g;). Indeed, ot |k, fixes Kj_; and its order is p. For each extension
K;/K;-1, the i-th component g; of g is a root of an equation

gf — g;i + (polynomial in gy, g1, . . ., gi-1) = fi.

We denote by vk, the normalized valuation on K;. For each index i, by
Lemma , there exists an h; € K;_; such that f; = (gi + hi)?P — (gi+h),p 1
UK, (ﬁ), and UKiq(ﬁ) < 0. We set g~i =gt hi. and g : (g~l)l' Since g~;l (O < il < p)
form a basis of K;/Kj_;, thus the products §;'g;' - - - ¢, (0 < o, i1,...,in-1 < p)
form a basis of L/K.

Notation 3.1.16. For a k-algebra M endowed with a G-action, we denote § =
o —idys a k-linear operator. For d € Z5(, we write M0 = Ker(8%: M — M).

For an n-tuple I = (ip, | ST in-1) € {0,1,...,p —1}", we use a multi-index
notation g’ = G’} ---g"}. We remark that to give an n-tuple I = (iy); is
equivalent to give an integer a; = 27:_01 ip.
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Proposition 3.1.17. For each integer a; with 1 < ar < p" and for each h € K,
we have 8% (g'h) € kX - h and 6“*(g'h) = 0. Therefore, for each integer d with

0 <d < p", we have
d-1
d
1" =PHK-§'".
ar=0

Proof. We prove the proposition by induction on n. The case n = 1 is just [42]
Lemma 2.15]; we prove this case by induction on iy (1 < iy < p) as follows.
For iy = 1, since o(gy) = go + 1, thus we have §(gh) = (c(g9) — g)h = h and
52(gh) = 8(h) = 0. For iy > 2, we have

ip—1

O'(gf)"h) =(go + 1)i°h = (g(i)o +ipgy  +---+iggo+1)h
and hence . .
8(geh) = (logy ™" + -+ +iogo + 1).
Applying §°~! and §" to this, we obtain the claim.

Let us consider the case n > 2. By direct computation, we get 8" = o?" —id
for 0 < m < n. The Artin-Schreier-Witt theory says that o?” fixes the subfield
Kmn-1 = K(go, g1, - - - » gm—1) and that " (gm) = gm + 1. Furthermore, 5P™ is not
only k-linear but also K;,,_;-linear. For 1 < i,, < p,

5" (G) = (Gm + D)™ = G
= QG G + 1.
Applying (cSi"m)im_1 to this, by the induction on i,,, we get

G

m_ iy, mip,—1

(7)™ (gm) = im - ()

and hence (5Pm)im (gﬁ,T) = I;,!. Therefore, we have

Gthpt i’ (glogh . giap) = g it ((5p") (gt .g;"_;g;nh))
— glottinap™! (gf}o .. .g;"_*i - ip! h),

and the first assertion follows fromn the induction on n. ,
It is clear that L% =0 = [ = EBP K- §' holds. Assume x = Y, x;g' € L° =0,

ar=0
Since L% = ¢ 5= thus we have x; = 0 for a; > d by the induction on
d. From the first assertion, we have §%7!(x) = 5d_1(xjg}] ) = 0, where J is the
index satisfying a; = d — 1. Again from the first assertion, this shows x; = 0.
Therefore, we have 187=0 @ZI_:ZO K- gf . The converse also follows from the
first assertion. O
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Corollary 3.1.18. We denote by Oy, the integer ring of L and by vy, the normalized
valuation on L. For an n-tuple I = (g, iy,...,in—1) € {0,1,...,p —1}", we put
ny = [—or(g')/p™]. Here [®] denotes the ceiling function, which assigns a real
number a to the least integer [a] greater than or equal to a. Then we have

o= [] kg =Ekiar-g'em.
I

o (g't")>0

Moreover, for each integer d with0 < d < p", we have

of= T[] k-g't"= P k- guem.

oL (§'t") <0, 0<ar<d
0Sa1<d

Proof. By definition, vk, (gj’) takes distinct values modulo p when i; runs from 0
to p — 1. Therefore, v7(§') takes distinct values modulo p" when ar runs from

0 to p" — 1. This proves the first assertion. The second assertion follows from
Proposition [3.1.17|and the first assertion. O

3.2 ov-functions of p"-cyclic representation

We follow the notation as in Section[3.1.3

3.2.1 The indecomposable case

Let V be an indecomposable G-representation of dimension d and let E be a
connected G-cover of D = Spec k[[¢]]. In this section, we give a formula of the
value vy (E) of the v-function associated to V at E.

Remark 3.2.1. Since vygw = vy + vy holds, thus the case of indecomposable
representations is essential.

Remark 3.2.2. In the case that the given G-cover E is not connected, by definition,
connected components of E are isomorphic to each other. Let E” be a connected
component of E and let G’ be its stabilizer subgroup. Since G = Z/p"Z is abelian,
the subgroup G’ is uniquely determined (that is, it is independent of the choice of
the component E’). In fact, every components are isomorphic as G’-covers. Then
we have

ov(E) = oy (E),

where V’ is the restriction of V to G’.
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We denote by k[x] = k[x1, x2, ..., x4] the coordinate ring of the affine space
V. We choose the coordinates so that the chosen generator ¢ of G acts by

X; + Xir1 ifi #d,
Xi = .
X4 ifi=d.
It amounts to taking the Jordan standard form of . We have d < p", since the
order of a Jordan block of size m with eigenvalue 1 is the greatest power of p does
not exceeding m. Let E* = Spec L be an étale G-cover of D* = Spec K, where L/K

is a G-extension. We denote by Oy, the integer ring of L. Then the tuning module
Zg+ of E* is written as

Epe = {(0{1,0(2, ..., axq) € Ofd ) o(a;) =a;+aj1(i < d),o(ag) = ad}

- {(a,cS(oc), 8 ) e O ) @< Ogdzo}'

Corollary (3.1.18| gives us a k[ [t]]-basis of Ogd:o‘

Lemma 3.2.3. With the notation of Section[3.1.3, we have

oy (E") = Z {_iOUL(gNO) + 101 (g~1)p‘: ++ +in-10L(gn-1) w

0Si0+i1p+---+in_1pn_l <d,
0<10,i1,ee0rin—1 <p

Proof. Let nj be an integer as in Corollary [3.1.18| By Proposition|3.1.17| we find
that the matrix (5™ (g't")) I 18 a triangular and that the diagonal components

5% (g't") are of the form ht™ (0 # h € k). Then

ov(E") = —gon det (87 (3'1™),,,)
:I% Z o (")

0<ar<d

- S

0<ar<d

which is the desired conclusion. m]

3.2.2 Ramification jumps

We next determine the values vy (g;) by studying ramification of L/K. We begin
with recalling the notions of lower and upper ramification groups. The basic
reference here is [31]]. For a while, we follow the notation below: Let K be a
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complete discrete valuation field with the perfect residue field of characteristic
p > 0, and let L/K be a finite Galois extension with Galois group G = Gal(L/K).
We denote by Oy the valuation ring of L, by p;, the prime ideal of Oy, and by vy,
the normalized valuation on L.

Definition 3.2.4. For each integer i > —1, we set

i+1

G; = {y €eG | y acts trivially on Oy /p;
={yeG|o(y(a)—a) >i+1forallac O}

and call it the i-th lower ramification group of L/K. For the equality of two
definition, see [31, Chapter IV, Section 1, Lemma 1].

We remark that the lower ramification groups form a descending sequence
{G;i}; of normal subgroups of G, and G; = {1} for sufficiently large i.
Let us next define upper ramification groups. For t € R»_;, we put

Gt = G|'t'|,
(Go:Gy) =1 (t<0).

Then we define the Hasse~Herbrand function ¢ = ¢rjx: R>—1 — Rs_; by

u d
oL () = /0 eTent

This function ¢y is strictly increasing and a self-homeomorphism of R, _;. We
denote ¥ = Yy /x = (pL‘/lK

Definition 3.2.5. For u > -1, we call G* := Gy, () the u-th upper ramification
group of L/K.

As with the lower ramification groups, the upper ramification groups form
a descending sequence {G*}, of normal subgroups of G, and G* = {1} for suffi-
ciently large u.

Proposition 3.2.6. For (normal) subgroups of G, the following hold.
(1) Let H C G be a subgroup. For each integeri > —1, we have H; = G; N H.

2) Let H ¢ H be a normal subgroup. For each real numberu > —1, we have
group.

Here the filtration {H;}; on H is induced from the H-extension derived from L/K.

Proof. See, for example, [31, Chapter IV, Proposition 2 and 14]. ]
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Definition 3.2.7. We say that [ is a lower ramification jump of L/K if G; # Gp41.
Also, we say that u is an upper ramification jump of L/K if G* # G**€ for all € > 0.

We now restrict ourselves to the case of our principal interest where G =
Z/p"Z and K = k((t)). From [31] p. 67,Corollary 3], each graded piece G;/Giy; is
either 1 or Z/p"Z. Therefore, there are exactly n lower ramification jumps and
hence there are exactly n upper ramification jumps.

By definition, we can write

U(u) = ‘/0 (G°: GY)dw.

Let uy < u; < --+ < up—; be the upper ramification jumps. Then, for any real
number u with u;_; < u < u;, we have (G° : G¥) = p'. We remark that uy > 0
because the residue field k is algebraically closed. Therefore, we get

Y(w) = / (G : G*)dw

U U U
:/ +/ +--+ [ (G*:GY)dw
0 Uuo Uj-1

=uo+ (w1 — up)p + -+ + (u; — ui1)p'. (3.2)

Note that {/(u;) are the lower ramification jumps of L/K by definition. In particular,
when G = Z/pZ, the unique lower ramification jumps is equal to the unique upper
ramification jump; we call it simply the ramification jump.

With the notation as in Section [3.1.3] the following is immediate from Propo-
sition

Lemma 3.2.8. The highest lower ramification jump of K;/K is equal to the ramifi-
cation jump of K; /K;_1.

Lemma 3.2.9. The highest upper jump of K, /K is equal to the (m + 1)-th upper
jump up, of L/K.

Proof. Note that the Galois group of K,,/K is the quotient of G = Z/p"Z by the
subgroup p" ™ 1Z/p"Z. From Proposition the upper ramification jump of
K /K are exactly ug, uy, . . ., up, those jumps from a subgroup of G to another
both of which contain p" ™ 1Z/p"Z. The highest one among them is u,,. O

Proposition 3.2.10. The (i + 1)-th upper ramification jump of L/K is equal to the
ramification jump of K;/Ki_;.

Proof. The (i + 1)-th upper ramification jump u; is equal to the highest upper
ramification jump of K; /K, which is equal to the ramification jump of K;/K;_;. O
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Lemma 3.2.11. The ramification jump of K;/K;_; is equal to vk, (g;).

Proof. First, we remark that p { g, , (ﬁ) and ok, , (ﬁ) <0.Letj=-uvg,_, (ﬁ) and
j=pq—-r(qre€Z0<r<p).Since g; is a root of the equation gjf -gi = ﬁ, thus
we have

vk, (Gi) = —j = —gqp+r.

We can take an integer [ € {1,2,...,p — 1} so that Ir = pc + 1 for some non
negative integer ¢ € Z(. Then we have

ok, (197G = p(lg — ¢) — 1
=p(lg—c)—1(qgp—r)
=1,

and hence s := th_cjf is a uniformizer of K;.
By direct computation, we have

o(s) = t197¢(g; + 1)’

= th_cgg + lth_c_(jg_l + higher degree terms

and hence
o(s) —s = [t'7°G™ + higher degree terms.
Therefore
v, (9(s) =s) =p(lg—c) + (I =1)(—gp +71)
=j+1,
which completes the proof. ]

From Lemma vy (SpecL) is expressed in terms of valuations of g;’s,
which are in turn related to upper ramification jumps of L/K by the above results.
To determine vy (Spec L), we now compute the upper ramification jumps in terms
of the corresponding representative Witt vectors.

Theorem 3.2.12. Let L/K be a G-extension given by an equation (g) = f, where
f is reduced. Then, the highest upper ramification jump is given by

max{—p"_l_ivK(ﬁ) | i=0,1,....,n— 1}.

Here we follow the convention that vk (0) = co.
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Proof. For an integer m, we define

W K] = {(fo fov - s foa) | 277 Mok () = m).

From [7, p. 26, Corollary], for f € Wn(_m) [K] \ Wn(l_m) [K], the corresponding
extension L/K has Artin conductor m + 1 (for the character y: G — C of any
faithful irreducible G-representation over C). From [31} Chapter VI, Proposition 5],
the highest upper ramification jump is m. m]

This theorem together with Lemma shows the following corollary:

Corollary 3.2.13. In the same situation as above, the upper ramification jumps of
L/K are given by

— vk (fo) < max{-pog(fo), vk (fi)} <---
-+ < max{—p" Tog(f) | i=0,1,...,n—1}.

We obtain the following as a conclusion of this section.

Theorem 3.2.14. Let E* = Spec L be a connected étale G-cover of D* = Spec K.
Assume that the G-extension L/K is defined by an equation 9(g) = f, where
f € RP\" is a representative Witt vector of order —j (j € (N U {—0c0})") with
Jo # —oo. For1 < i < n, put

ui—1 = max{p" "Mj, |m=0,1,...,i — 1},

iy =up+ (ur —up)p + -+ (s —u1)p'.

Then

o(E") = D rop”‘llo tip "l A il ]

n
0<ig+ig p+-+ip_ p" 1 <d, p
OSio,il,...,in_l <p

Proof. By Corollary u; is the (i + 1)-th upper ramification jump of L/K.
We can conclude that J; is the (i + 1)-th lower ramification jump of L/K by (3.2),
and hence [; is the lower ramification jump of K;/K;_; by Proposition
Lemma shows that vz (g;) = —p" '7'l;. By substituting them to the formula
in Lemma we get the formula desired. i

Remark 3.2.15. The previous theorem in particular shows that the function v is
constant on each G-Cov(D; j).
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Chapter 4

Convergence of the integral and
singularities

4.1 The p"-cyclic wild McKay correspondence

We repeat the wild McKay correspondence theorem.

Theorem ([45] Corollary 16.3]). Let G be an arbitrary finite group. Assume that
GactsonV = AZ linearly and faithfully. Put X := V /G and let A be the Q-Weil
divisor on X such that V. — (X, A) is crepant. Then we have

Mgy (X, D) = / Lo,

G-Cov(D)

We consider the case G = Z/p"Z, which is our principal interest. In this
case, we can describe the measure on G-Cov(D) = [[; G-Cov(D; j) explicitly as
follows. For a constructible subset C ¢ G-Cov(D; j), then the measure v is given
by )

v(C) = [C]l eM,

where M is the complete Grothendieck ring of k-varieties (see Section if
necessary). For a function F: G-Cov(D) — Q which is constant on each stratum
G-Cov(D; j), we put F(j) = F(G-Cov(D; j)). Then we can write

F _ -1 r
/G . LF = ;QV(F (r))L (4.1)

= > v(G-Cov(D; j))L .
J
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By putting j = (jo, ji, - - -, ja-1) € (N U {~00})", we have

v(G-Cov(D; j)) = l_[ (L - 1)LJ'1—1—LJ'1/PJ’
Ji#—0

and hence

( l—[ (L - 1)le—1—[jz/PJ LEG).

Ji#—0o

LF =
-/G-COV(D) Z

J

It is well-known that if the given G-action has no pseudo-reflection, then the
canonical morphism V' — V/G is crepant. If the action is indecomposable, we
can check easily whether G has pseudo-reflections or not as follows.

Lemma 4.1.1. Let A be a square matrix of size d. We denote by C,,(A) the number
of the Jordan block of size m with eigenvalue A in the Jordan standard form of A.
Then we have

Cm(A) = rank (A — AI)™ ! = 2rank (A — AI)™ + rank (A — AI)™",
where I denotes the identity matrix.

Proof. We may assume that A is a Jordan block say with eigenvalue A". If 1" #
A, the formula is obvious. Let us assume A” = A. Then A — Al is nilpotent
and rank (A — A)"™ = max{0,d — m}. By direct computation, we obtain the
formula. O

Lemma 4.1.2. Let ] be a Jordan block of size d with eigenvalue 1 over k. We write
d=gp+r (0 <r < p) Then the Jordan standard form of J* hasr Jordan blocks of
size g + 1 and p — r Jordan blocks of size q; in particular, it has exactly p blocks.

Proof. Since chark = p, it is easy to see that rank (J* — )™ = rank (J — )™ =
max{0,d — pm}. Especially, we have rank (J* — 7' =d - p(g—-1) = p+r,
rank (JP — I)9 = d—pq = r and rank (J* — )?*! = rank (J? — I)?** = 0. Therefore,
by Lemma [4.1.1} we get Cg41(1) = r and Cy(1) = p — r. The equality r(q+ 1) +
(p —r)qg =qp +r = d completes the proof. ]

Lemma 4.1.3. Let J; be the Jordan block of size d with eigenvalue 1 (1 < d < p").
For1<m<n, ]5 is a pseudo-reflection if and only ifd = p™ + 1.

Proof. We shall prove by induction on m. When m = 1, the claim follows im-
mediately from Lemma [4.1.2] Let m > 1. We writed = gp+7r (0 < r < p).
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Then

L=
( o ® ]q@p—r)P

m—1\ ©r m-1\ @p—r
_ " p
= () e ()

where = denotes the similarity equivalence. The matrix ]5 “isa pseudo-reflection
if and only if one of the following holds:

m—1

m—1 m-1
(1) ]5“ is a pseudo-reflection, r = 1 and ]}; =1,
m—1

m—1
(2) ]5 is a pseudo-reflection, p — r = 1 and ]5“ =1

In the latter case (2), by the induction hypothesis, we get ¢ = p™ ! + 1, which

m—1
contradicts the equality ]5 "1 = 1. Inthe former case (1), we get g+1 = p™ '+1and

hence d = p™ + 1. Conversely, it is obvious that ]}fm .1 is a pseudo-reflection. O

Corollary 4.1.4. Let J be a matrix of the Jordan normal form with a unique
eigenvalue 1.

(1) For a given integer m > 0, the matrix JP" is a pseudo-reflection if and only if
J has one Jordan block of size p™ + 1 and all the other blocks have size < p™.

(2) Let p" be the order of ]J. The group (J) = Z/p"Z contains a pseudo-refection
if and only if ] has one Jordan block of size p"~! + 1 and all the other blocks
have size < p"~1. Moreover, if this is the case, the pseudo-reflections in the
groupare JP" 1 <i<p-1.

Proof. (1). The “if” part immediately follows from the last lemma. If there are
at least two blocks say A and B of size > p™, then neither A?" or BP" are the
identity matrix. This shows that J?" is not a pseudo-reflection. If there is no block
of size > p™, then ]Pm = 1, which is not a pseudo-reflection. Thus, for ]Pm being
a pseudo-reflection, J needs to have one and only one block of size > p™ whose
p™-th power is a pseudo-reflection. Again from Lemma [4.1.3] this block needs to
have size p™ + 1.

(2). For the group having pseudo-reflections, the matrix J needs to be of the
form as in (1) for some m. Because of the order, we have m = n — 1. Conversely,
if J is of this form for m = n — 1, then the group contains the pseudo-reflection
JP"". Thus the first assertion of (2) holds. To show the second assertion, we first
note that when two elements A, B of (J) generate the same subgroup, then A is a
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pseudo-reflection if and only if B is a pseudo-reflection. Therefore we only need
to consider the p-powers JP". The only pseudo-reflection among them is the one
for m = n — 1. The second assertion follows. ]

Proposition 4.1.5. Suppose that G = Z/p"Z acts on Ag linearly and effectively
and that there exists a pseudo-reflection. Let H C Ad be the hyperplane fixed by a
pseudo-reflection in G (this hyperplane is mdependent of the pseudo-reflection from
Corollary . Let H be the image of H in the quotient variety Ad/G with the

reduced structure. Then the map AZ (AZ /G, (p — 1)H) is crepant.

Proof. Let V = AZ and X = V/G. Let v € H be a general k-point whose

stabilizer subgroup S C G has order p and let x € H be its image. To compute
the right coefficient of the boundary divisor on X, it is enough to consider the
morphism Spec (jV,z) — Spec (jx,x between the formal neighborhoods of v and
x. This morphism is isomorphic to the one similarly defined for the quotient
morphism V' — V/S associated to the induced action of S = Z/pZ on V with
pseudo-reflections. In this case, we know from [42] that the coefficient of the
boundary divisor is p — 1. This shows the proposition. O

4.2 Convergence of stringy motives

In this section, we determine when the integral /G-cov D) L4? converges.

4.2.1 Integrals over connected G-covers

First, we consider the integral /G_COVO D) L4V over G-Cov®(D), where G-Cov’(D) =
] j,#-00 G-Cov(D; j) denotes the set of connected G-covers of the formal disk
D = Speck|[[t]]. As we see in Theorem for a connected G-cover E, the
value vy (E) is determined by the upper ramification jumps of the corresponding
G-extension L/K. By abuse of notation, let us consider vy as a function in vari-

ables u = (ug, U1, . .., up—1). The following is well known (see, for example, [28|
Lemma 3.5]).
Lemma 4.2.1. Let u = (ug, uy,...,u,_1) be an increasing sequence of positive

integers of length n. Then u occurs as the set of upper ramification jumps of a
G-extension of K if and only if the following conditions hold:

(1) p 1 uo, and
(2) for1 <i<n-1,either

(2.a) u; = puj_q or
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(2.b) bothu; > pu;—1 and p 1 u;.

Definition 4.2.2. We denote by U the set of increasing sequences of positive inte-
gers of length n satisfying the conditions of Lemma Foru = (ug, uq, ..., Un-1),
set

T @) = {j=Gojts- - jn-1) | tm = max{p™ " 7j; | i=0,1,....,m—1}}.

Then we obtain

d-oy _ ) o | d-ov @
/G -covow)L Z Z [G-Cov(D; j)] |L .

ucU\ je J (u)
In addition, by definition, we have
dim Z [G-Cov(D; j)] =d+uo— [uo/pl +us — [ur/pl+- - +up_1 — [up—1/p].
J€I ()
Therefore, it is enough to study when the function
ug — luo/pl +ur — lur/pl+ - +up—1 = Lun—1/p] —ov(uo, uq, ..., up—1) (4.2)

in variables ug, u1, ..., u,—1 tends to —co as ug + Uy + - - - + U,_; tends to oo and
when the function is bounded below.
Let us define some invariants in order to study the function vy.

Definition 4.2.3. For a positive integer d (d < p") and a non-negative integer m

(m < n—1), we define
S(Em) = Z im.

0<ig+iy p+ip_1p™ 1 <d,
0<ig, 1,0 0rln-1<p

When an indecomposable G-representation V of dimension d is given, we also

(m) _ g(m)
),

write SV =

Namely, S((im) is the sum of the (m + 1)-th digits of the integers 0,1,...,d — 1
in base-p notation. We can write them explicitly as follows.

Lemma 4.2.4. Putd = dy+dip+---+dp_1p" ' 0 < dp <pform=0,1,...,n—2;
0 < dy—1). Then the equality

m+_,,+dn71pn—l—m

m—1
S;m) = p’"SC(iO) + Zpldldm (m > 0)
=0

holds. In addition, we have

p(p—1) N do(do — 1)‘

S((io) = (d1 + dzp + .- dn_lpn—Z) 5 5
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Proof. Letq=dy+dop+---

(m) _ ;
Sd = im
0Si0+i1p+"'l‘n,1pn_l <d,

0<ig,it,..0rin—1<p

-1

5

=

0=0 0<iy+igp+---in_1p"2<q,

+d,_1p""2. By definition, we have

do—1

im+ Y >

ip=0 i1+i2p+---+in_1pn_2:q

im

0<i,i1,ee0in—1<p
o1 dy-1
Z Im + Z dm
ip=0 0<ll+lzp+ ip— 1P i0=0
0<i1,i15ee0sipn— 1<P
0<ig+iy p+-in_op™2<q
0<ip,it,..in-2<p
= psc(lm_l) + d()dm~
Inductively, we get
(m) _ (m-2)
Sd - p(psd2+d317+"'+dn—lpn_3 * dldm) * dOdm

m o(0)

m—1

l
- p S m+dm+1p+ +dn lpn 1-m + ZP dldm,

=0

which is the first equality. Similarly, we have

) _
S, =

2,

0<ip+igp+---in-1p""
,in—l<P

2,

0=0 0<iy+igp+--+ip_1 p"2<
0<iy,ia,...

0<ip,i1,...

_qZ

l<d,

in—l <p

do(do -1)

do(do — 1)

_ qp(pz— D,

and hence we obtain the second equality.
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Definition 4.2.5. Let V be an indecomposable G-representation of dimension d.
We define

n—1
_ “1(
Dy = pm sy = (p-1) Y pmsy .
I=m+1

For decomposable G-representations, we define the invariants S‘(,m) and D‘(/m) in
the way that they become additive for direct sums; that is, for a decomposable G-

representation V = ), V) (each V} is indecomposable), we define S‘(,m) =4 S‘(,;")
and D‘(,m) = D‘(,T) respectively.

Lemma 4.2.6. For integers g, andr, (m=0,1,...,n—1), we have
n—1
ov(qop" + 1o, qip" + 711, .. quoap” +1po1) = Z D‘(/m)CIm +oy(ro, .- Tno1)-
m=0

Proof. Since the function vy and the invariants D‘(,m) are additive with respect to
direct sum of G-representations, we may assume that V is indecomposable of
dimension d.

By a direct computing we obtain from Theorem the equality

ov(qop" +ro,urp" + 11, .. quo1p" + 1)

n—1
= Z Z impn—l—m(qo + (Q1 - qo)p +-+ (CIm - qm—l)pm)

0<ig+ipp+---in_1p" ' <d, m=0
0<igsitsemin_1<p

+oy(ro,r1,...,T-1).
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Moreover, we have

n—1
D imp" (o + (@1 = g0)p+ + (Gm = Gm-)P™)
m=0
=p"ioqo + p" Cir(—(p — 1)qo + pq1) + - - -
+in(=(p=1qo—p(p—1q1 — = p"2(p = 1)qns + p" " qn-1)

=" io—(p—-D(p i+ +p ™ ins1))qo
+p" = (p =D i+ p i) qr + -
+pn_1in—1Qn—1

n—1
Z(iopn_1 - D" (- 1))‘]0

=1
n—1
+ (hp"_l _ Z iip"_l(P _ 1))q1 4.
=2
+ino1p" " oot

and hence

n—1
D D im0+ (@i = qo)p+ -+ (qm = gmo)P™)

0<ig+igp+-in_1p" 1<d, m=0
0<i0,11,..,in—1<p

=DWqy+DWgqy+---+ DI Vg,
The above equalities show the lemma. O
We state the following as a conclusion of this section.

Theorem 4.2.7. LetV be a faithful G-representation of dimension d (not necessarily
indecomposable). The integral /G—COVO(D) L4~ on the space G-Cov’(D) of the
connected G-covers converges if and only if the strict inequalities

n-1 D(l)

1 |4

I=m

hold. If the inequalities < 0 hold, then the integral /G_COV L4=? is dimensionally

bounded.

(D)

Proof. 1t is obvious that the integral /G_COVO D) L4V converges if and only if li
tends to —oo as the all variables u,, increase.
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From Lemma [4.2.6] we have
up — luo/pl +ur — lua/pl + -+ up—1 — un—1/p) —ov(uo, us, ..., up—1)

"
Sbad Uy — Uo/p+ Uy —Ur/p+ -+ Un g —thp 1 /p = Y DY /p"

n—1 D(m) "
( o )um = f(u),

where =p44 means equivalence modulo bounded functions. What we want to
study is the limit of the function f(u). Thus we consider f(u) as a function
defined on

OM

7:{:: {u:(uo,ul,...,un_l) ER”|U0 > 1u; = puj (i:1,2,...,n—1)}

instead of U. For t € Ry, let T:It =UnN {up_1 = t} be the intersection of the
polyhedron U and the hyperplane u,_; = t. Assume ¢ > p" 1 so that U, becomes
non empty. Obviously, U; is bounded, that is, it is a polytope. Since f is a linear
function, thus the maximum value of f|;; is attained at the one of its vertices

(Lp..,p" 20, (Lp....p" 3 t/p.t),.... (¢t)p" .. t]p,t) € U,

By substituting, we have

m

_— D(l) .
FCLpeeasp™ P, 1) Zhas Z( il ==
1 n-1 D‘(/l)
- ( - pn—m - ; p2n—l—l
Therefore, this shows that the function f(u) tends to —co if and only if the
coefficients 1 — 1/p"™" — Y- r:lD‘(,l) /p*"~17! are all negative. m

4.2.2 Criteria of the convergence and singularities

We consider the integral /G_COV( D) L4 over the moduli space G-Cov(D) of all
G-covers with the results in the previous section. An aim of this section is to
prove the following.
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Theorem 4.2.8. Let V be a faithful G-representation of dimension d. The integral

/G_COV(D) L4V converges if and only if the strict inequalities
-1 )
1 © Dy
1-— = —Z L — <0 (m=0,1,...,n-1)
p I=m p

hold. If the inequalities < 0 hold, then the integral /G_COV(D) L4=° is dimensionally
bounded.

Lemma 4.2.9. Let V be an effective G-representation of dimension d and let W be

the restriction of V to H = Z/p" 'Z c G. Then, form = 1,2,...,n — 1, we have
(m) _ y(m=1)

D, =pD,, .

Proof. Since the invariants D‘(/m) are additive with respect to direct sum, thus we
may assume that V is indecomposable. Moreover, by Lemma [4.1.2) we obtain
~ W® ©p-r
W = W:1+r1 S Wq >
whered = r+qp (0 < r < p) and W, denotes the indecomposable G-representation
of dimension e. Putd =dy+dip+- - d,,_lp”_1 0<dy,<pform=0,1,...,n-2).
Note that r = dy and g = d; + dop + ... + d,_1p" 2. By definition, we have

(m-1) _ .
Squ - Z Im—-1

0<ig+igp+tin_op" 2 <q+1,
0<ig,i1,0e0nin—2<p

0<ig+iy p+--+in_ap™2<q, 0<ig+iy pte-Hip_op™ 2=q+1,
0=<ig,i1,000rin—2<p 0<ig,i1,0.0in—2<p

= Z im-1+dm

0<ig+ig p+-+ip_op™ 2<q,
0=<ig,i1,0e0rin—2<p

= S;m_l) +dp,

and hence

rSéTl_l) +(p— r)S(gm_l) = pSém_l) + rdy,.

Therefore, combining S{gm) = pSém_l) + dydp, (see the proof of Lemma(4.2.9), we

obtain

Sy =rsim )+ (p - sy Y.

Now the lemma follows from the definition of D‘(,m). m]
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Proof of Theorem[4.2.8 We prove by induction on n. The case n = 1 is just [42,
Proposition 6.9]; the proof is following. By direct computing, we have

/ L4 = Z[G—COV(D; JLi—eWw
G-Cov(D) J
- Z(L — )Li-1-Lifpl pd-e()
j
= (L -1)L4! Z i-1-Lilp),

J

putting j =gp+r (0 < g < p), we haveov(qp +7) = D‘(,O)q + v(r) and hence

p-1
(0)
— (L _ 1)Ld_1 L(p—l—DV )q+r—u(r)'
rZ:‘; qu

Therefore, we get that the integral fG_COV( D) L4=? converges if and only if the

inequality p — 1 — D‘(,O) < 0 holds.

Let n > 2 and let H = Z/p"~'Z be the subgroup of G of index p and W the
restriction of V to H. By definition, a non connected G-cover has p components
which are stabilized under H. This means that non connected G-covers are also
H-covers. Let us divide the integral as follows:

/ Ld—vv :/ Ld—UW+/ Ld—vv’
G-Cov(D) H-Cov(D) G-Cov’(D)

where G-Cov’(D) is the moduli space of connected G-covers of D. Note that the
necessary and sufficient condition on convergence of fH_COV D) L4-v is given by

L4V is by Theorem |4.2.7, From

the induction hypothesis, and one of fG_CO

v'(D)

Lemma [4.2.9] we have

-1 0 -1 (-1
- 1 _”Z: Dy, L 1 _”Z:pDW
- 2n—1-1 - 2n—1-1
pnm l:mpn pnm l:mpn
n-2 (I)
=1- <n—1)1—<m—1> B Z 2(nD——‘1A)/—1—l
p I=m-1 p
form =1,2,...,n — 1. Therefore, the convergence of the integral fG-CovO D) Ld-vv

implies that of the integral fH Cov(D) 42w and hence the proof is completed. O

45



Corollary 4.2.10. Let V be a faithful G-representation (not necessarily indecom-
posable) and let X := V /G be the quotient variety.

1) X is canonical if the strict inequalities 1 — 1/p"™™ — Y1 D(l) L )
q p I=m 'V p
(m=0,1,...,n— 1) hold. Furthermore, if there is a log resolution of X, then
the converse is also true.

(2) X islog canonical ifand only if the inequalities1-1/p"™ Y/~ D‘(,l) /p?r1t <
0m=0,1,...,n—1) hold.

Proof. (1). If the strict inequalities hold, then the integral /G_Cov D) L4=? and hence

the stringy motive M (X) converges. From Proposition [2.4.7, we obtain the claim.
(2). Holding the inequalities is equivalent to that the integral /G_COV D) Ld-ov

is dimensionally bounded. Hence, from Theorem [5.0.1}, we obtain the desired
conclusion. O

Example 4.2.11. As an example, that is not covered by previous works, consider
the case p = 2, n = 3 and the indecomposable G-representation Vs of dimension 5.
By direct computing, we get

(0) _ 5 o)) _ o (2 _

S.’ =2,85"=25"=1,
0) _ n _ (2 _
Dy’ =3,Dy’ =6,Dy =4

We consider a decomposable G-representation V := V" (m > 1). Note that V is

not Cohen-Macaulay. Using D‘(,l) = mD‘(,?, we easily see whether the inequalities
in Corollary hold or not. Therefore, we obtain that V /G is log canonical if
m > 1 and that V/G is canonical if m > 2.

4.2.3 Indecomposable cases

We give more precise estimation for the indecomposable cases.

Theorem 4.2.12. Assume that V is a faithful indecomposable G-representation of
dimension d which has no pseudo-reflections. Let X := V /G be the quotient variety.

(1) X is canonical ifd > p + p"~'. Furthermore, if there is X has a log resolution,
then the converse is also true.

(2) X is log canonical if and only ifd > p — 1+ p" 1.

Lemma 4.2.13. We consider the invariants D‘(,m) as functions in variable d. Then

the sum Z?;r:l D‘(,l) /p*"1F s strictly increasing.
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Proof. By definition, we have

n—1
ZPD(I) ZP (p—l) Z pl ]S(J)+S(1)
I=m Jj=l+1

_ pn_l (pmsc(im) " (_(P _ 1)pm—(m+1) +pm+1)sc(im+1)+

+(=(p = D)(p D) 4 pmD=(n=1) | p(n=2)=(n-1)) +pn_1)sc(zn_l))

n—1 -1
=p" ( (-1 p" l+p)5(”

I=m Jj=m
n—-1
_ -1 -1 o)
= Pn (pm -1 +p )Sd
I=m

> pn—l 'pn_lso(in_l) :pn—lD‘(In—l)'

Since D‘(,"_l) = p"—ls(g”‘l) is strictly increasing with respect to d, thus we get the
desired conclusion. ]

Remark 4.2.14. From the proof above, 3" ! lD(l) is monotone decreasing with

N is non-negative, thus D‘(,)

Proof of Theorem The case n = 1 is proved in [44]]; we can easily see when

the inequalities in Corollary |4.2.10 hold by using Sc(lo) = d(d — 1)/2. We may
assume that n > 2.
(2). We consider the case d = p — 1+ p"~!. By direct computation, we obtain

SO - Py (p-Dp-2)

respect to m. Since D‘(, are all non negative.

2 2
sm _ [P p=1/2 ifo<m<n-1,
¢ p-1 ifm=n-1,

and hence
D‘(/n—l) — pn—l(p _ 1),
n— e n—1 _ 1
i = o[ 221).

For m = n — 1, we have

(n-1)
1— 1 - by =1- I p-t_ 0
pn—(n—l) p2n—1—(n—1) - P P -
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Since D‘(,m) are strictly increasing with respect to d, from Corollary 4.2.10|(2), thus
X is not log canonical whend < p — 1+ p" L.
On the other hand, form =0,1,...,n — 2, we have

- (1) n-1 ()
1 n-l Dy, Dy,
1- - <1-
pn—m ;ﬂ pZn—l—l ; p2n—1—l

(n-2) ()
DV DV

Thus we obtain

(n-2) n— n—
Dy sz)_l p—l(p l_p—l)_p—l

1- pn+1 +pn+1 - p2 2 p p

#(Zzﬁ —(p-D("-2(p-1)-2p°(p-1))

2-p(p -1 -9

2p3 '
Therefore, we see that the inequalities in Corollary (2) hold whend > p —
1+ p"~1. Hence the quotient X = V/G is log canonical except when (p, n) = (2, 3).

We remark that if (p, n) = (2, 3), the G-representation V has pseudo-reflections

(see Corollary (2) for details).
(1). We consider the case d = p + p"~!. We similarly have

- ) n-1 O] (n—1)
1 & Dy D, D,
1= Z g <1- Z g <1 —
p i p o P P

By direct computing, we obtain

- -1
sy =p Dy = pn,

and hence "
1 n—1 D n
1= pnm B ZnYI—l B % = 0.
I=m p
Therefore, then the quotient X = V/G is canonical if d > p + p" . ]

Example 4.2.15. Let V be a regular representation of Z/4Z over the field k of
characteristic 2. The invariant ring k[V]° is a first example which is a unique fac-
torization domain but not Cohen-Macaulay. In general, by Proposition [2.1.8] the
invariant rings of p-groups are unique factorization domains. By Theorem [4.2.12]
we get the quotient V /G is canonical.
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Example 4.2.16. Let V be a d-dimensional indecomposable G-representation.
Note that V /G is not Cohen-Macaulay if d > 3. Therefore, by Theorem[4.2.12]
we get V /G is canonical but not Cohen-Macaulay for sufficiently large d.

4.2.4 Finite groups whose p-Sylow subgroup is cyclic

At the end of this chapter, we slightly generalize our criterion for finite groups
whose p-Sylow subgroups are cyclic.

Theorem 4.2.17. Let G be a finite group whose p -Sylow subgroups is G = Z[p"Z,
and let V be a faithful G- -representation. Assume that G has no pseudo-reflections.
We denote by V the restriction of V to G. (Note that V is equal to V as a space.) Let
X =V/G and X := X/G be the quotient varieties.

(1) X is lo terminal if the strict inequalities 1 — 1/p™™™ — 2L pD(l) /pP <o
(m=0,1,...,n—1) hold.

(2) X is log canonical if the inequalities 1 — 1/p"™ — Z;’;:lpD‘(,l)/pzn_l_l <0
(m=0,1,...,n—1) hold.

Proof. Let 7: X — X be the canonical projection. Since G has no pseudo-
reflections, thus the projections V. — X and V — X are both étale in codimension
one, and so is 7 (see [16, Proposition 17.7.7] for example).

(1). According to Corollary [4.2.10] X is canonical if the strict inequalities hold.
Hence, from [40, Theorem 6.5], we see that X is log terminal.

(2). According to Corollary[4.2.10|again, X is log canonical if and only if the in-
equalities hold. If Xis log canonical, from the contraposition of [[40, Theorem 6.4],
X is log canonical. Conversely, with similar proof as in [40, Theorem 6.5], we see
that if X is log canonical then X is log canonical. ]

Remark 4.2.18. There are only finitely many indecomposable G-representation
up to isomorphisms. Moreover, an explicit formula for the number of non iso-
morphic ones is given in [21]].
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Chapter 5

Stringy motives and discrepancies

We now consider an application of Theorem for the case G = Z/p"Z. We
denote X = V/G and §(X) = discrep(center C Xing; X).

The quotient morphism AZ — X and an arc D = SpecK — X induce a
G-cover of D, unless the arc maps into the branch locus of Ag — X; the last
exceptional case occurs only for arcs in a measure zero subset of J..X. For each
j € (W U{-co})" let Mj C ;" (Xsing) be the locus of arcs including a G-cover
E with ord E = —j. Here mp: JoX — JoX = X denotes the truncation morphism.
The collection of M; satisfies the condition of Theorem[2.4.9} Suppose that G has

no pseudo-reflection. As a variant of Theorem [2.4.1] for j # (—co, —0o, ..., —),
we have
/ Lordjx — / Ld—vv — [G—COV(D;j)]Ld_UV(j)
M; G-Cov(D;j)
and

A(M;j) = dim v(G-Cov(D; j)) +d — oy (j).

The case j = (—00, —00, ..., —00) corresponds to the trivial G-cover [[ D — D.
We have

where R C Ai and B C X are the ramification and the branch loci of Ai — X
respectively. In particular,

A(M(_oo)_oow)_oo)) =dimR = dim B.

These formulae for A together with Theorem (or the theorem stated below)
enable us to estimate §(X) in terms of the v-function in theory.
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Theorem 5.0.1 ([45, Corollary 16.4 (1)]). Let G be an arbitrary finite group and let
V be a G-representation of dimension d and let X = V /G be the associated quotient
variety. Assume that G has no pseudo-reflections. Then we have

0X)=d-1- max{dimeing, dim/ Ld_”V},
G

-Cov(D)\{o}
where o denotes the point corresponding the trivial G-cover.

We shall carry it out in the case G = Z/p?Z; computation in this case is already
rather complicated.

5.1 Estimation of discrepancies for G = Z/p°Z

We express given G-representation V as a direct sum @Z{:l Va,, where V; denotes
an indecomposable G-representation of dimension dj,.

To compute the value vy (jo, j1) = vy (ug, u1) of the v-function, we should
decompose (N’ U {—oc0})? into four parts:

{(=00,=00)}, {(=00,j) | j € N'},
{Go» 1) | pjo > ji} {Uos j1) | jo # =00, pjo < j1}-

Note that {(—o0, —c0)} corresponds to the trivial G-cover. Hence, it is enough to
consider the remaining three cases.

5.1.1 The j, = —co part

This part [ [; G-Cov(D; —o0, j) corresponds to the G-covers of D which have p
connected components. Each component is then an H-cover with H = Z/pZ c G
the subgroup of order p. Let E be a such G-cover and let E’ be a connected
component of it. We denote by W the restriction of V to H. Note that, by
Lemma[4.1.2] we have

W (P(wee e wer ™),
o

where dy, = ry + q4p (0 < 1, < p) and W, denotes the indecomposable H-
representation of dimension e. Then we have

vy (E) = ow (E').

We also remark that, from the proof of Theorem4.2.8| the integral /G_Cov (Do) Ld-ow())

is dimensionally bounded if and only if p —1— S‘(,l) < 0 since Dx(,l) = pDI(/S) = pS‘(,l).
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By direct computing, we get

MM~ j)) = dim v(G-Cov(D; =0, j)) +d — vy (=00, j)
= dim v(H-Cov(D; j)) +d — ow (j)
= V).

where N; is defined in the same way as M; for AZ /H. From [[44] Equation (3.1),
(3.2)),ifp—-1- S‘(,I) < 0, then we have

sup A(M;) = b+ max {l; — shty (l;)} (5.1)
1<h<p

Jo=—00

= d - S\ + max {shtw(p — L) + 11},
1<hi<p

where b denotes the number of the indecomposable direct summands of the
induced H-representation W and shty, the function associated to W defined as
follows. For an indecomposable representation W, of dimension e, we define

e—1, .
shtyy, (1) := ZH
i=1

In general, for the case W = @ . We, we define shty, := ., shty,. As for the value
of b, from Lemma [4.1.2] we have

b= dyt+ ) p.

do<p de>p

Similarly, as for the value of shty (1), we have

a qa qa—1, .
shty (1) = Z (ra Z +(p —14) Z M—f|) .
i=1

a=1 i=1
Ifp—1- S‘(/l) > 0, then we have sup; __, A(M;) = .

il
p

5.1.2 The j, # —oco part

Assume that jy; this part corresponds to the connected G-covers. For j = (jo, ji1)
with jo # —oo, we put ug = jo and u; = max{pjo, j1}. Then we already know that

ov (Jo, j1) = oy (ug, uy) = Z Z {(iop —i1(p — 1))ug + ir1puy ‘

2
a=1 0<ip+i1p<dg, p
0<ig,i;<p
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As functions in j = (ji, j1), we define

a

e (o, j1) = €7.(jo) = ) |
a=1 0<iy+ii p<dy,
OSio,il <p

[ pigjo+ (p* — p + 1)irjo
Z p2 ’

Gl =Y Y[Rkt ‘””*”Oﬂ.

2
a=1 0<ip+i1p<dg, p
0<ip,i1<p

If j; = —oo, then we have
G-Cov(D; jo, —0) = G, X Ado—1=Lio/p]

Since vy (jo, —0) = ej; depends only on jo, thus we get A(Mj, o) < A(M;, j,) for
—00 < j; < pjo. Therefore, we may assume that j; # —oo to evaluate sup j A(M;).
With this assumption, we write j; = i+mp+n;p? i =1,2;0 < m; < p,1 < [; < p).

Firstly, we consider the case pj, > j;. Since p t uy and u; = puy, by
Lemma 4.2.6} we have

e‘>,(r + qu) = (D‘(,O) +pD‘(,1))q + e‘>,(r), (5.2)
where 1 <r < p.

Lemma 5.1.1. Ifp°> — p — (D‘(,O) +pD‘(,1)) < 0, then we have

sup A(M;) = d +max{(p? — 1)mg + lop — ey, (mop + o) }. (5.3)
Pjo>1

Otherwise, we have SUP, sy A(Mj) = oo,

Proof. Let pjo > ji # —co. The maximum value of A(M;) (pjo > j1) is given when
J1 = pjo — 1, equivalently, ny = nogp + mg, my = ly — 1 and l; = p — 1. Therefore,
we get

/I(MJ) =d+ (p3 —-p- (D‘(/O) +pD‘(,1)))n0 + (p2 - 1)m0 + lop — e;(mop + lo)
Ifp’—p-— (D?, +pD‘(,1)) > 0, then sup,,; . ; A(M;) = co. Otherwise, we have

sup (A(M;)) =d + max {(p® = D)mo + lop — e (mop + o) },

pj0>j1 OSmo,m1<p;1§lo,ll<p

which completes the proof. ]
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Secondly, we consider the case pj, < j;. In this case, by Lemma4.2.6| we have

ey (ro + qop*, 11 + qi1p°) = D(O) D‘(,l)ql +ey(ro, 1), (5.4)

where 1 < r; < p.
Lemma 5.1.2. Ifp*> — p — D(l) <0 (i=0,1), then we have

sup A(M;) = d+ max {(p —Dmo+1ly+ (p—my + 1 — ey (mop + o, mip + ll)}.
Pjo<i Smo,my <p,
l<lo Li<p

(5.5)
Otherwise, we have SUpP, i<, A(M;j) = oo

Proof. By direct computing, we get

AM;) =d+ (p* = p— D\)ng + (p — 1ymo + Iy
+(p°—p- Dl(/l))nl +(p—Dmy+ 1 — ey (mop + lo, myp + ).

Assuming that p* — p — D(i) <0(i=0,1),we get the first assertion. It is obvious

(1 S

thatsupp]0<h)L(M)_001fp -p-Dy m]

Theorem 5.1.3. Ifp—1— S‘(,l) <O0andp®-p- (D‘(,l) +pD‘(,1)) < 0, then we have
sup; A(M;) < oo and

sup A(M;) = max{ sup A(M;), sup A(M;), sup A(M;) ¢,
J Jo=—00 Pio>j1 Pjo<i
where the suprema on the right hand side are given by Egs. (5.1), and (5.5).
Conversely, ifp—l—S‘(/l) > 0orifp’—p- (D‘(,O) +pD‘(,1)) > 0, thensup; A(M;) =

Proof. Since D( ) = pS(l) = pD(O) thus holding p — 1 — S‘(,l) < 0 is equivalent to

holding p? — p — D(l) < 0. Therefore, it is enough to show that p? — p — D‘(,O) <0.
(0)

Assume that p?—p— Dy,” < 0. Then, Lemma|5.1.4shows that the G-representation
V is of the form prx ®Vs (p = 2). However, if this is the case, we have D‘(,O) +pD‘(,l) =

5 < 6 = p* — p, which contradicts to the assumption p> — p — (D‘(,O) + le(,l)) <0.

Consequently, if p — 1 — S(l) <0andp®—p - (D‘(,O) - pD‘(,l)) < 0, then the

suprema sup; A(M; ) supJO>J1 A(M;), and sup,,; _; A(M;) are all finite and
they are given by Egs. (5.1), (5.3) and (5.5). The converse is obvious. O

Lemma 5.1.4. LetV be a faithful G-representation. We have the following.
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(1) The inequality D‘(,O) > p? holds if p > 5.
(2) The inequality D‘(,O) > p® — p holds except if the G-representation V is of the
formVE* & Vs (p = 2).
To prove this, we need the following.

Lemma 5.1.5. For an indecomposable Z| p*Z-representation V of dimension d, we
have

d(P_l)_P_2<S(o)<d(P_1)
2 g ~— d 2
d(d—p)<5<1)<d(d—p)+g
2p 4 T 2p 8

Proof. We writed =r +qp (0 < r < p). By definition, we have

(@-np-1) , rr=1)
2 2
_dp-1 rr—p)
2 2
From the inequality of arithmetic and geometric means,

0>r(r—p)/2
> —(r+(r—p))*/8
=—p°/8.

) _
S, =

Therefore, we get
_ 2
dp-1 p* <50 o
2 g ~ d

dip-1)
2

Similarly, we have

stV = (d—r)(%—l) 47T,

2 p
_dd-p) r(r=p
2p 2p
which completes the proof. O

Proof of Lemmal(5.1.4 (1). Without loss of generality, we may assume V is inde-
composable of dimensiond (p +1 < d < p?). By Lemma we get

0 0 1
DY = p*=pSy" = (p - DSy - p?

~1d  p? d(d -
Zp((pzl) —%)—(p—l)( (zpp)+1§))_pz_
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We denote by ®(d) the last expression above. Let us show that ®(d) > 0. By
direct computation, we have

-1 21 349p? —
q)(d):_p d2+p d—p+p p,
2p 2 8

hence ®(d) is upward-convex with d regarded as a real variable. It is enough to
check the values ®(p + 1) and ®(p?) are both non negative. We get

_P'Gp(p—=3)—-7) +4

d(p+1) 5
o(p?) = pGp(p - f;) t2p+1)

It is obvious that @(p + 1) > 0 and ®(p*) > 0 if p > 5. Consequently, we have
DY - p? > ®(d) > 0.

(2). We may assume p < 3. Firstly, we consider the case that V is indecompos-
able of dimension d > p + 1. When p = 3, d varies from 4 to 9. Checking each
case by direct computation, we get

(0) _ (0) _ 0 _
Dy =7, Dy =8 Dy’ =12,
0) _ 0) _ (0) _
Dy =8 Dy =7 Dy =9,

and hence D‘(,O) > p? — p holds.
If p = 2, we have

0) _ (0) _ (0) _ 0) _
Dy =0, D) =2 Dy =1 Dy =2,
and hence the proof is completed. ]

Example 5.1.6. Let p = 3and let V be the indecomposable G = Z/p*Z-representation
of dimension d (p + 1 < d < p?). Then, according to computations with Sage [29],

we get Table

5.2 Refinement of dimensional criterion for G =
Z]p?*Z

We shall give lower bounds of e}, and ej; and apply them to estimate §(X) =

discrep(center C Xjing; X) more precisely when the given G-representation is
indecomposable of dimension d.
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d=dimV sup, __,, A(Mj) Sup,,; s A(M;) Sup,,; <, AM;)  6(X)
4 00 00 00
5 5 3 4 -1
6 5 2 3 0
7 4 1 4 2
8 4 0 4 3
9 4 -2 3 4
Table 5.1: discrepancies in characteristic 3
Lemma 5.2.1. We have
(0) (D) ;
eyJo) 2 s eyl 1) 22— -
|4 P2 |4 pz
Proof. Tt is immediate from Lemma |4.2.6| see also Eqs. (5.2)) and (5.4). ]

We can now give the upper and bound of sup A(M;). For the j, = —oco part,
from [44, Theorem 1.2], we have the following bounds:

Lemma 5.2.2 ([44]). We have

sup AMj) 2d+p—1-5V. (5.6)

Jo=—00
Furthermore, if S‘(,I) > p, then we have

(1
25\)

sup A(Mj) <d+1-

joz—oo

(5.7)

Proposition 5.2.3. Assume that S‘(,I) > p, D‘(,O) +pD‘(,1) > p3 and D‘(,O) > p?. Then,
we have
(1) (0) (1) (0) (1)
25 Dy’ + pD Dy” +D
sup A(M;) < max d+1——V,d+p—V—2pV,d+2—V—2V )
P P P
Proof. We shall first consider sup,,; .. ;; A(M;). By Lemmal5.2.1} we have

(p® = )mg + lop — ey, (mop + )
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Since we assume D‘(/O) + pD‘(,l) > p3, thus the coefficients of mq and [, in the right
hand side are non positive. Therefore, the right hand side attains the maximum
at mp = 0 and [ = 1. From Lemma |5.1.1 we get

(0) (1)
Dy,” +pD
sup A(Mj) <d+p - V—pv

(5.8)
pPijo>j1 pz

Next, we shall consider sup,,; _; A(M;). By Lemma|5.2.1, we have

(p — 1)m0 + lo + (p — 1)m1 + ll — e‘i(mop + lo, mp+ ll)
(0) (0) (1) (1)
DV DV DV DV
S(p—l—T m0+(1——p2 )l()+(p—1——p )m1+(1——p2 ll-

Note that the assumption S‘(/l) > p implies D‘(/l) > p?. Since we have D‘(/O) > p? and

D‘(/l) > p?, thus the coefficients in the last expression are non positive. Therefore,
the last expression takes the maximum at my = m; = 0 and [, = [; = 1. From

Lemma [5.1.2) we get

(0) (1)
DV + DV

sup A(Mj) <d+2- > (5.9)
Pio<ij1 p
Combining (5.7H5.9), we get the claim. ]

As a conclusion of this section, we get a refinement of Theorem [4.2.12

Theorem 5.2.4. Assume thatV =V, is a faithful indecomposable G-representation
of dimensiond (p + 1 < d < p?) (with this assumption, V has no pseudo-reflection
and hence V. — X = V /G is crepant). Then,

terminal, d>2p+1,

ical, d > 2p,

X is { CAnomea if and only if p
log canonical, d>2p-—1,
not log canonical d<2p-1.

Proof. First, we consider the case d < 2p — 1. From the definition of Sc(il), we get

S‘(,D < p — 1. By Theorem|5.1.3} we get sup A(M;) = oo and hence §(X) = —oo.
Next, we consider the case d = 2p — 1. Since we also assume d > p + 1, thus
we have p > 3. By direct computation, we have Sc(il) =p—1and D‘(,O) + pD‘(,l) =
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2p> —4p? +3p —1 > p> — p and hence §(X) > —oo by Theorem We remark
that by we have

sup A(M;) > sup AMj)>d+p—1- Sc(ll).

Jo=—o
and hence §(X) < —1 by Theorem [2.4.9] Therefore, we get §(X) = —1.
Thirdly, we consider the case d = 2p. Then, we have
1
S‘(,) =p,
DY +pD =2p® —2p* +p 2 p* 2 pP —p+1.

and hence by Corollary the quotient X = V/G is canonical and hence
d(X) > 0. On the other hand, by (5.6), we have

sup A(Mj) = sup A(Mj) >d+p—1-5"=2p-1,

Jo=—00

and hence §(X) < 0. Thus we get §(X) = 0.
Finally, we consider the case d > 2p + 1. When p = 3, the assertion follows
from Example We assume that p > 5. We remark that we have

D‘(/O) +pD‘(,1) = pSc(lo) +(pP—p+ 1)86(11),
DY + DV = ps® + sV,

Since Sa(li) (i = 0,1) are monotonically increasing function in d, so are D‘(/O) + pD‘(/l)

and D‘(,O) + D‘(,l). From Proposition [5.2.3} it is enough to show

in the case d = 2p + 1. In this case, we have

S‘(,l) =p+2
0 0
D‘(,)+pD‘(,) =2p° —p+2,
0 0
D‘(/)+D‘(,) =p’—pP+p+2,
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and hence

(1
28
d+1- _q_q1-2
p p
(0) (1)
D" +pD 2p3 — 2
d+p—Vp—fV:d—1+1+p— d pf+
-2
:d—1+1—p—p2,
(0) (1)
D;,’+D 3_p
d+2- L 5 v _d—1+3—p p2+p+2
P
p+2
=d-1+4-p-
p?
Thus (5.10) holds.
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