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1 Introduction

Kazdan and Warner [KW] studied the following elliptic PDE on a Rieman-
nian manifold (M, gas) which is now called the Kazdan-Warner equation in
connection with the prescribed Gaussian curvature problem on a compact
real surface:

Ay, f+hel = (1.1)

where h and ¢ are given real functions over M and Ay, = d*d denotes
the geometric Laplacian and f is a solution of (1.1). Although the primary
motivation in [KW] to introduce this equation was to solve the prescribed
Gaussian curvature problem, the Kazdan-Warner equation itself has been
studied in various contexts [Ber, Brl, JT, Mor, MP, Tau].

In this paper, we introduce a generalization of the Kazdan-Warner equa-
tion (1.1) which we call the generalized Kazdan-Warner equation from the
point of view of the moment maps for linear torus actions. The generalized
Kazdan-Warner equation is defined as follows: Let T := U(1)¢ be a compact
connected torus of dimension d. We denote by t? the Lie algebra of T¢. We
take a closed connected subtorus K of 7¢ with Lie algebra k. Let ¢ : k — t¢
be the inclusion map and ¢* : (t4)* — k* the dual of . Let uy,...,us be a
basis of t¢ defined as

(51 ::<\/ —1,0, c ,O),
us =(0,v/—1,0,...,0),

ug =(0,...,0,v/—1).

We denote by u!,...,u? € (t7)* the dual basis of uy, ..., uq. We fix a metric
(+,+) on k*. Let aq,...,aq be R-valued functions and w a k*-valued function
over M. Then the generalized Kazdan-Warner equation is the following:

d
Ag, &+ Z a;e )yl =, (1.2)
=1

where € is a k*-valued function on M which is a solution of (1.2). Weset d =1
and K = U(1). Then (1.2) coincides with the Kazdan-Warner equation (1.1).
Examples of (1.2) also includes the multi-monopole equation on a Ké&hler
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surface [BW] (see also [Doa, HW]) and the Hitchin equation for a diagonal
harmonic metric on cyclic Higgs bundles which is called the two-dimensional
periodic Toda lattice with opposite sign [GL] (see also [AF, Barl, Bar2, DL,
GH, LM1, LM2]). Our equation (1.2) is considered as a generalization of
these equations.

We solve the equation (1.2) on any compact Riemannian manifold under

the following assumption on aq, ..., aq and w:
(%) The given functions ay,...,a; and w are all smooth and for each j =
1,...,d, a; is a non-negative function and if a; is not identically 0, then

aj_l(O) is a set of measure 0 and loga; is integrable.
Our main theorem is the following:

Theorem 1.1. Suppose that ay,...,aq and w satisfy (x) and their domain
M is a compact connected manifold. Then the following (1) and (2) are
equivalent:

(1) The generalized Kazdan-Warner equation (1.2) has a C*-solution &;

(2) The given functions aq, . ..,aq and w satisfy

/ w dpg,, € Z Root*u?, (1.3)
M j€Ja

where J, denotes {j € {1,...,d} | a; is not identically 0} and p,,, de-
notes the measure induced by gy.

Moreover if & and & are C*-solutions of equation (1.2), then & — &' is a

constant which lies in the orthogonal complement of Zjeja R ul.

Remark 1.2. In the definition of the generalized Kazdan-Warner equation
(1.2), we have only used the Lie subalgebra k of the Lie algebra t¢. This
means that our equation (1.2) can be defined not only for a compact con-
nected subtorus K of T but also for an arbitrary Lie subalgebra k of <.
Note that in general, the Lie subgroup which corresponds to a Lie subal-
gebra k of t¢ is not a compact subtorus of 79 We also note that from a
pair (R™, vy,...,vy) consisting of a real vector space R™ and its d-generators
v1,...,03 € R™ we have a Lie subalgebra of t?. Indeed, the dual of the
following surjection p defines an embedding of (R")* to t%:

p: (9 — R"

1 d
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Conversely, from a Lie subalgebra k C t¢, we have a pair (k*,*u, ..., *u?)
consisting of a real vector space k* and its d-generators t*u', ..., *u?. There-
fore one can consider that our equation (1.2) is defined for a real vector space

R™ and its generators vy, ..., v,.

Remark 1.3. Theorem 1.1 also holds even if the equation (1.2) is defined for
a Lie subalgebra k C t? whose corresponding Lie subgroup is not a compact
subtorus of T

Remark 1.4. The definition of our generalized Kazdan-Warner equation
(1.2) comes from the moment map for the diagonal action of a compact
torus K on C¢, and the condition (2) of Theorem 1.1 is related to the stability
condition of the diagonal action of the complexification K¢ of the torus K
on C?. We will explain this in Appendix A.

Remark 1.5. The same condition as (2) is obtained by Baptista [Bap] as
the stability condition of the Abelian GLSM.

We note that (1) of Theorem 1.1 immediately implies (2): If (1) holds,
by integrating both sides of (1.2), we have

d

Z </ a]e(L*uJ,é) d,UgM) L*/U/] :/ w dugﬂ/l'
- M M

7j=1

Hence it suffices to solve equation (1.2) under the assumption of (2) and
to prove the uniqueness of the solution up to a constant which lies in the
orthogonal complement of a vector subspace > ieda Re*u/. We give a proof
of Theorem 1.1 in Section 3 by using a variational method inspired from the
theory of moment maps for linear torus actions.

As already mentioned, an important example of our equation (1.2) is
the two-dimensional periodic Toda lattice with opposite sign, which is the
Hitchin equation for a diagonal harmonic metric on a cyclic Higgs bundle.
In Section 2, we give a brief review for Higgs bundles and harmonic bundles
and we recall the definition of the cyclic Higgs bundle introduced by Baraglia
[Barl, Bar2]. In Section 4, we give the necessary and sufficient condition for
the existence of a diagonal pluriharmonic metric on a G-Higgs bundle on a
compact Kahler manifold by applying Theorem 1.1 to the Hermitian-Einstein
equation for G-Higgs bundles. In particular, we show the existence of the
solution of the two-dimensional periodic Toda lattice with opposite sign on
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a compact Riemann surface from this point of view. We also show that the
pluriharmonic map associated with a diagonal pluriharmonic metric lifts to
a pluriharmonic map to G/T, where T is a maximal compact torus of a
complex connected semisimple Lie group G.

In Section 5, we extend Theorem 1.1 on compact foliated manifolds. Our
motivation for considering the generalized Kazdan-Warner equation on foli-
ated manifolds comes from the recent progress in the study of the gauge the-
ory and the Kobayashi-Hitchin correspondence on foliated manifolds [BHI,
BH2, BK1, BK2, KLW, WZ]. In Section 5, on a compact foliated manifold,
we show that under the assumption of (x) and (2) of Theorem 1.1, a solution
of the generalized Kazdan-Warner equation is a basic function with respect
to the foliation if ay,...,a; and w are all basic and if the Laplacian A,
preserves the space of basic functions. This implies that the same claim as
Theorem 4.1 and Theorem 4.2 in Section 4 also holds for basic Higgs bundles
over compact Sasakian manifolds.



Acknowledgements

I would like to express my sincere gratitude to my supervisor Professor Ryushi
Goto for his supports, encouragements, discussions and many advices over
the years. I am also grateful to Professor Hisashi Kasuya for his helpful
advices and discussions.



2 Higgs bundles and harmonic bundles

In this section, we give a brief review of Higgs bundles and harmonic bundles
on compact Kahler manifolds. Let X be a connected complex manifold. We
define a Higgs bundle over X as a pair (E,®) consisting of a holomorphic
vector bundle £ — X and a holomorphic section ¢ of EndF ® /\1’0 satisfying
® AP = 0. We call the holomorphic section ® a Higgs field. For a Hermitian
metric A on E, we define a connection D as

D=V"+&+ " (2.1)

where we denote by V" the Chern connection of the Hermitian metric h
and by ®*" the adjoint of the Higgs field ® with respect to h. We call a
Hermitian metric h a pluritharmonic metric if the connection D is flat. A
pluriharmonic metric h gives a 71(X)-equivariant pluriharmonic map h
X — SL(r,C)/SU(r), where we denote by X the universal covering space
of X. We call a pair (F,®,h) consisting of a Higgs bundle (E,®) and a
pluriharmonic metric h a harmonic bundle.

Suppose that X is a compact Kahler manifold with Kéahler form wy. Let
(E,®) — X be a Higgs bundle over X. Suppose that a Lie group A acts
on X preserving the metric wy and A acts also on E compatibly with the
action on X and preserving a Hermitian metric hg on E. Suppose also that
there exists a character A : A — U(1) such that

go®og = \g)® forall g € A.

Then we say that a Higgs bundle (E,®) is stable with respect to A (resp.
semistable with respect to A) if for any proper non-trivial ®-invariant satu-
rated subsheaf F of F which is preserved by A, we have

deg,, (F)/rankF < deg, (F)/rankE
(resp. deg,, (F)/rankF < deg, (F)/rankE).

If the action of A is trivial, we simply say that (E,®) is stable (resp.
semistable) instead of saying that (F,®) is stable with respect to A (resp.
semistable with respect to A). We also say that (F,®) is polystable if E
is a direct sum of holomorphic subbundles Ei,..., E,, such that for each
j=1,...,m, E; is preserved by ® and a Higgs bundle (E;, ®|; ) is stable.
The following Theorem 2.1 and Theorem 2.2 is known as the ]Kobayashi—
Hitchin correspondence of Higgs bundles and harmonic bundles:
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Theorem 2.1. ([Siml]) Let (E,®) — (X,wx) be a stable Higgs bundle with
respect to a Lie group A. Then there exists an A-invariant Hermitian metric
h such that h solves the following Hermitian-Einstein equation:

Ay Fp =0,

where we denote by A, the dual of wx A and by F'5 the trace-free part of the
curvature of the connection D defined as (2.1).

Theorem 2.2. ([Siml]) A Higgs bundle (E,®) over a compact Kdhler man-
ifold admits a pluriharmonic metric if and only if (E,®) is polystable and
Cl(E) = CQ(E) = 0.

We note that Theorem 2.2 is proved in [Hitl] for the case that X is a
compact Riemann surface and the rank of E is 2. We also note that the
Hermitian-Einstein equation is also called the Hitchin equation in the case
where the base manifold X is a Riemann surface.

We introduce a notion of G-Higgs bundles and G-harmonic bundles. Let
G be a complex connected semisimple Lie group with Lie algebra g. A
G-Higgs bundle over a complex manifold X is a pair (Pg, ®) consisting of
a holomorphic principal G-bundle P; — X and a holomorphic section ®
of ad(Pg) ® \"° satisfying [® A ®] = 0, where we denote by ad(Pg) the
adjoint bundle of Pg, and by [-, -] the Lie bracket of g. We call & a Higgs
field. Let Ky C G be a maximal compact subgroup of G. We denote by ¢
the Lie algebra of Ky. We define a C-antilinear involution ok, : g — ¢ as
oy (U + V/—1v) == u — /—1v for u,v € €. Let o : ad(Pg) — ad(Pg) be a
C-antilinear involution such that for each z € X, 0, : ad(Pg), — ad(FPg), is
conjugate to og,:

0, = Ady-1 00k, 0Ad, forageG. (2.2)

Then there exists a unique Ky-subbundle Pk, of Pg such that o(u++/—1v) =
u — v/—1v for all u,v € ad(Pk,). Conversely, from a Ky-subbundle Py, , we
have an involution ¢ defined as above. Associated with the involution o,
there uniquely exists a connection V7 of P, such that (p;;V?)%t = 9 for
any holomorphic local trivialization py : U — Pgl,;, where we denote by
0 the holomorphic structure of Py. We call the connection V7 the Chern
connection of . By using the Chern connection and the Higgs field ¢, we
define a connection D as

D=V7+®—-0(2). (2.3)



We call a pair (Pg, ®,0) consisting of a G-Higgs bundle (Pg, ®) and an
involution ¢ a G-harmonic bundle if the connection D defined as above is
flat.

Example 2.3. Suppose that GG is a simply connected complex simple Lie
group. We give an important example of a family of G-Higgs bundles in-
troduced by Hitchin [Hit2] which is called the Hitchin section. Let X be a
compact connected Riemann surface with canonical line bundle Kx — X.
Assume that X has genus at least 2. Let T' C K, be a maximal real torus
of Ky with Lie algebra t. Let H C G be the complexification of 7" with
Lie algebra h = t @ v/—1t. We denote by A C h* the root system and by
g = b ® P, ca o the root space decomposition of g. Note that for each
a € A, g, is a complex 1-dimensional subspace of g. We fix a base of A
which is denoted as IT = {ay,...,}. Let €,...,¢ be the dual basis of
ai,...,q;. We define a semisimple element x of g as follows:
!
x = Z €. (2.4)
i=1
Let B(:,) : g x g — C be the Killing form and B*(-,-) : h* x h* — C
the dual of Bl;. For each a € A, we define the coroot h, € b of a as
he = 2a*/B*(a, «), where we denote by a* the dual of a with respect to
B*. Then there exists a basis (eq)aca of @, ca go such that

€a € Ja;
[eaa e—a] - haa
Ok (€a) = —€_q.

The semisimple element x is denoted as

!
T = E il
i=1

for some positive ry,...,7,. We define nilpotent elements e and é of g as
follows:

€a;»

M-

.
Il
—

Ti€_q;-

™
Il

s
I
—_

N}



Then we can check that the following holds :
[z,e] =€, [r,€] = —€, [e, €] = .

Let s be the subalgebra which is spanned by z,e,é. Then s is one of the
principal three dimensional subalgebras introduced by Kostant [Kos]. The
adjoint representation of s on g has [-irreducible subspaces denoted as

with dim V; = 2m; + 1 for integers my, ..., m, since all eigenvalues of ad(x)
are integer and the kernel of ad(x) coincides with the Cartan subalgebra
h. We suppose that m; < --- < my. Note that m; coincides with the

height of the highest root 9. We choose a holomorphic line bundle K}lc/ 2

X over X such that K;(/Q Q K;(/ oK x. Let Py be the holomorphic
frame bundle of K;(/Q @ K)_(l/ ?. The principal three-dimensional subalgebra s

defines an embedding of SL(2,C) to G. By using this embedding, we define
a holomorphic principal G-bundle Py as

Pg = Psi2,0) XsLiec) G-

Then the adjoint bundle ad(Pg) decomposes as follows:

my
ad(Pe) = €P g ® KY,

m=—my

where we denote by g = @z;fml g the eigenspace decomposition of the

adjoint action of x. Let eq, ..., ¢; be the highest weight vectors of Vi,..., V.
We note that for each i, the vector e; lies in g,,,. For each ¢ = (¢1...,q) €
@._, HO(K3™), we define a Higgs field ®(q) € H°(ad(Pg)® Kyx) as follows:

Q(q) =e+qer+---+qe.

Then we have a G-Higgs bundle (Pg, ®(g)) which is parametrized by a ¢ =
(q1,...,q) € @, HO(K™). This family of Higgs bundles is called the
Hitchin section. In [Hit2], Hitchin proved that the Higgs bundle (Pg, ®(q))
is stable for any ¢ € @2:1 HO(KW ). We refer the reader to [Hit2] for more
details of the Hitchin section.
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Let (Pg,®(q)) — X be a G-Higgs bundle constructed in Example 2.3.
In [Barl, Bar2] Baraglia introduced the notion of the cyclic Higgs bundle
defined as below:

Definition 2.4. We say that (Pg, ®(q)) is a cyclic Higgs bundle if the pa-
rameter ¢ = (qi, ..., q) satisfies

G=-=q-1=0.

Note that the cyclic Higgs bundles are special cases of the cyclotomic
Higgs bundles introduced by Simpson [Sim2]. The harmonic metric of a
cyclic Higgs bundle has the following property:

Theorem 2.5. ([Sim2, Barl]) Let (E, ®(q)) — X be an SL(r, C)-cyclic Higgs

bundle with holomorphic vector bundle
o Ké;—l)/Q & Kg;-:s)/z o @ K)—((r—3)/2 & K}—((r—l)/2. (2.5)

Then the harmonic metric h associated with (E,®(q)) is a diagonal metric
with respect to the above decomposition of E.

Remark 2.6. The harmonic metrics of the Hitchin section are real, i.e., the
following S : EF — E* is isometric with respect to the metrics:

1
S =
1

In particular, the harmonic metric associated with a cyclic Higgs bundle is
real, in addition to the property of being diagonal.

Here h is a diagonal metric means that (2.5) is an orthogonal decom-
position with respect to the metric h. Theorem 2.5 follows from Theorem
2.1 with an observation that the Higgs field ®(q) satisfies Ad,® = w®(q)
for ¢ = diag(1,w,...,w" '), where we denote by w the r-th root of unity
e>™V=1/" and by diag(1l,w, ...,w" ") the diagonal matrix whose diagonal en-
tries are 1,w, ...,w"!. This is observed in [Sim2, Barl]. In [Barl], Baraglia
proved Theorem 2.5 for general G-cyclic Higgs bundles by using the unique-
ness of the solution of the Hitchin equation. The Hitchin equation for a
diagonal harmonic metric associated with a cyclic Higgs bundle is called the
two-dimensional periodic Toda lattice with opposite sign [GL]. We refer the
reader to [DL, GL, GH, LM1, LM2] for the recent progress in cyclic Higgs
bundles.
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3 Proof of Theorem 1.1

In this section, we give a proof of Theorem 1.1. The outline of the proof is
as follows. As we have already mentioned, it suffices to solve equation (1.2)
under the assumption of (2) and to prove the uniqueness of the solution
up to a constant which lies in the orthogonal complement of ) ieda Re*u/ .
We prove this using the variational method. In Definition 3.1, we define a
functional £ whose critical point is a solution of equation (1.2). Then we
show that the functional E is convex. The uniqueness of the solution of the
equation follows from the convexity of E. In Lemma 3.5, we show that the
functional F is bounded below and moreover the following estimate holds:

€] < (E(€) + C)? + C'E() + C”

with some constants C', C" and C”. We use (2) in the proof of Lemma 3.5.
Starting from this estimate, we show that the functional E has a critical
point by using a method developed in [Br2].

Before starting the proof, we introduce a notation. For a k*-valued inte-
grable function & : M — k*, we denote by & the average of ¢:

£ = /M§ gy,

where we normalized the measure p4,, so that the total volume is 1:

Vol(M, gur) ::/ 1 dug,, = 1.

M

We then start the proof of Theorem 1.1.

Definition 3.1. We define a functional E : LZ™(M, k*) — R by
d
. 1 (t*ud ) 2m *
B() = | {5006d6) + 3 asel ™9 — (w.)} dpy, for € € L3 (M, k).
=1

Lemma 3.2. For each & € L3" (M, k*), the following are equivalent:
(1) & is a critical point of E;

(2) & solves equation (1.2).
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Moreover if £ solves equation (1.2), then & is a C™ function.

Proof. We have the following for each n € L3™(M, k*):

dt

t=0

d
E(§ + 7577) = / (A9M§ + Z aje(b*w’é)ﬁuj —w, 7]) d/LQM'
M g

Therefore (1) and (2) are equivalent. The rest of the proof follows from the
elliptic regularity theorem. ]

Lemma 3.3. For each {,n € L™ (M,k*) and t € R, the following holds:
2

—F tn) > 0.
T B(E+tn) =
Moreover the following are equivalent:

(1) There exists a tg € R such that C‘li—; . E(§ +tn) = 0;

(2) C}%E(ﬁ +1tn) =0 for allt € R;

(3) 0 is a constant which is in the orthogonal complement of 37 ., Ri*u/.

Proof. A direct computation shows that

d2 d * )09 P
B+ tn) = [ L dn)+ 3 ase I 0 di
j=1

This implies the claim. Il

Corollary 3.4. Let £ and &' be C* solutions of equation (1.2). Then & — &'
15 a constant which is in the orthogonal complement of ZjEJa Re*u/.

Proof. From Lemma 3.2, we have the following:

E(t¢ + (1 1)€) B(t€ + (1 - 1)¢) = 0.

dt] s i,

Then Lemma 3.3 gives the result. [

13



Let W C k* be the vector subspace of k* which is generated by (t*u?) e, .
Hereafter we assume that W = k* for simplicity. We can make the as-
sumption since if the vector subspace W is strictly smaller than the vector
space k*, then by restricting the domain of the functional E to the sub-
space L3™(M, W) of L2™(M, k*) we have the same proof as in the case that
W =k*.

Lemma 3.5. The functional E is bounded below. Further there exist non-
negative constants C', C' and C" such that

[€lr2 < (E(§) +C)* + C'E(§) +C"
for all £ € L™ (M, k*).
Proof. We have the following estimate of the energy functional E:

E(¢)

d

- [ Gl + S a9~ w6} du,
M i
L (de,dg) — (w,€ — &) dugM+Z [ 069 dag, = (.9
-4
— [ {39 - (w. - f)}dugmg / By, — (,)
> [ {56 d) = (w.€ = )} g+ 3o (el B ) — (i,
J€Ja

for all £ € L2™(M,k*), and where the final inequality follows from the
Jensen’s inequality. Since we have (2), there exist positive numbers (s;);e.,
such that w = ZjeJa s;t*u?. Combining this with the above estimate, we
have the following:

E(§)
2/A4{%<dg,d§)—<w,§—€)} Qg+ 3 {59 = 550700, )}

j€Ja
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where we denote by s the coefficient eJulogas dugy for each j € J,. We set
Ey and E; as follows:

Eul6) = [ {3ld6.d6) = (w. = O} dy
B9 = 3 {460 50w, 9}

Jj€Ja

We note that E; depends only on the average of £&. Then the Poincaré
inequality implies that Ej is bounded below. We see that E} is also bounded
below since the following f is bounded below for any s, s’ € Ryg:

f(y) =se’ —sy foryeR.

Therefore ' is bounded below. Further we have the following: for each £#0,
we see limy o, B1(t€) — [t€|/? = oo. This implies that E; (&) — |£]'/? attains
a minimum since we have the following:

5@;}3%}{:* {Eu(€) — €%} = ‘fgllmmm{El(tE) — [t€]*2}.

In particular, F;(¢) — |£]*/? is bounded below. Therefore there exists a con-
stant C' such that

€l < (B +C)?

for all ¢ € L2™(M,k*). We also obtain the following estimate for some C’
and C” from the Poincaré inequality:

€ =&l < C'E(6) +C".
Then we have
€l < |+ 1€ =€l < (B +C)P* + C'E() + C”

and this implies the claim. Il

Note that the following method was originally developed by Bradlow
[Br2]:
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Definition 3.6. Let B > 0 a positive real number. We define a subset
L2™(M, k*)p of L2™(M, k*) by

d
L%m(M, kg = {€ ¢ L%m(M, K | [Ag,, € + Zaje(L*uﬂ,E)L*uj — w@?m < B}.

J=1

Then we have the following Lemma 3.7. For the proof of Lemma 3.7, we
refer the reader to [Br2, Lemma 3.4.2] and [AG, Proposition 3.1].

Lemma 3.7. If E|p2my4+), attains a minimum at § € L2™(M,k*)g, then

&o 18 a critical point of E.

)B

Proof. We define a map F : L™ (M,k*) — L™ (M, k*) as F(§) = Ay, & +
Z?Zl a;el" O *y) —w for £ € LE™(M, k*). Then its linearization at ¢ is the
following;:

(DF)¢ : L™ (M, k) — L™ (M, k")

d
n— Ag,n+ Z aje(L*“J’f)(L*uj, n)ul.
j=1

The linearization (DF')¢ satisfies the following for each n,n’ € L3™(M, k*):

d
{(n.dn) =7 a;e™ O m) (o 1) } gy

J=1

wwmmmp:/

(3.1)

where we denote by (-, +)z2 the L?-inner product. (3.1) says that the lineariza-
tion (DF)¢ is a self-adjoint operator with respect to the L?-inner product.
We set n = 7’. Then we have

wwmmmyz/

d
{(n, )+ e 0w )} dpg,. (32)
M =

From (3.2) we see that the linearization (DF)¢ is injective since if n €
L2 (M, k*) satisfies (DF)¢(n) = 0, then the right hand side of (3.2) must be
0 and thus we have n = 0. It should be noted that we have used here the
assumption that (:*u?);ej, generates k*. Furthermore, we see that (DF);
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is bijective since it is a formally self-adjoint elliptic operator. Assume that
Elpzm(arke), attains a minimum at & € L3™ (M, k*)p. Since (DF)g, is bijec-
tive, there uniquely exists an n € L2™(M, k*) such that

(DF)g(n) = —F(&)-

Assume that &, is not a critical point of E. Then we have n # 0. Let
& denotes a real line & + tn parametrized by ¢ € R. We then have the
following:

d

dt E(&) = (F(&),m) L2

- (0P

d
= [ {tman + a0} duy, <0
M =

From this, we see that for a sufficiently small € > 0, F(&;) strictly decreases
with increasing ¢t € (—e, €). We also have the following:

d

dt F(&) = (DF>€0 (n) = —F(&)-

t=0

This implies that around 0, |F(&)|35,, decreases with increasing ¢ :
1

d

dt

(€

t=0

d d
= — dF mq — F mq
Gl ar@r du, G [ FEOR”

= — Qm\/]\w ‘dF(€O)|2m d,ug]w - 2m/];4 |F(§0)|2m d:ug]\/l <0.

Further this implies that for a sufficiently small ¢ > 0, & satisfies the follow-
ing:

E(ft) < E(£0)7
IF(E)I2n < B.

However, this contradicts the assumption that F| L3 (Mk+)p Attains a mini-
mum at & € L™ (M, k*). Hence & is a critical point of E. O
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Therefore the problem reduces to show that E| L3m(Mk+)p ttains a mini-
mum. To see this, we prove the following Lemma 3.8:

Lemma 3.8. Let (&)ien be a sequence of L3™(M, k*)g such that
lim E(&) = inf E(n).
1—00

nELZ™(M.k*)p
Then we have sup;ey [&;]pzm < oo.
Before the proof of Lemma 3.8, we recall the following:
Lemma 3.9. ([LT, pp.72-73]) Let f € C*(M,R) be a non-negative function.
If
Ay f <Cof +Cy

holds for some Cy € R>q and Cy € R, then there is a positive constant Cy,
depending only on gy and Cy, such that

aﬂe%}%f(x) < Co(|flpr + Ch).

Proof of Lemma 3.8. We first note that the functional space L2™(M, k*) is
contained in C?(M, k*). We then have the following for each i € N:

1

§A91\/l|§’i 2= (Agw[fiagi) - |d€l|2

d d
S (AQMSZ' + Z aj['*uj —w, 62) - (Z ajb*uj - w, 51)
=1 =1

d d
< (Ay, &+ Z a;e Sy &) — (Z a;jt ! —w, &),
Jj=1 j=1

(3.3)
where we have used the following inequality:
y <ye’ for any y € R.
From (3.3), we have
1
§A9M‘€i|2
d . d
< |Agy&i+ Y ae e —wl|g] + 1) e —wllg]
j=1 j=1
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for a constant C3, since we have L¥™(M, k*) C C°(M, k*) and the following:
d .
|AQA{§i _.I_ Z aje(L*u]7£i)L*u] — w|i?'m S B
j=1
From (3.4) and an inequality [&| < 5(|&]* 4 1) we have the following:
Ay, 1G] < Csl&)* + Cs.
Then from Lemma 3.9, there exists a constant Cy such that

max{|§;*(2)} < Ca((l&[|r + Cs) = Ca(l&ilLz + Ca).

Combining Lemma 3.5, we see that there exists a constant C5 which does
not depend on ¢ such that

2
max{|&[*(2)} < C (3:5)
From (3.5) and the LP-estimate we have

|&ilLgm < ColAgy, &il2m + Crl&i|

d
< ColAgy & + Y a;e™ 5w — w| o
j=1

d
+ C| Z a; e )y — ) pam 4 Oy
j=1

<Gy (3.6)

for some constants (g, C7, Cs and Cy. Then we have the result since we can
repeat the same argument for [§;[ 2 as in the proof of inequality (3.6). [

Corollary 3.10. The functional E has a critical point.

Proof. We take a sequence (&;);en so that

lm E(6) = if  E(y).

neL™(M,k*)p

Then by Lemma 3.8 we have sup;ey |&ilzgm < oo, and this implies that
there exits a subsequence (§;,)jen such that (&;;)jen weakly converges a
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£oo € L2™(M,k*)p. Since the functional F is continuous with respect to
the weak topology, we have

E(fx) = inf E(m). (3.7)

nGLgm(M,k*)B

(3.7) says that E|L§m(M7k*)B attains a minimum at £, and thus from Lemma
3.7 we have the result. O
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4 Harmonic bundles with diagonal plurihar-
monic metrics

Let (E,®) — X be a Higgs bundle over a complex manifold and suppose
that the holomorphic vector bundle £ decomposes as £ = L{®---® L, with
holomorphic line bundles Ly,..., L, — X. We say that a Hermitian metric
h on F is a diagonal pluriharmonic metric with respect to the decomposition
if h is a pluriharmonic metric of (E,®) and if F = L; & --- & L, is an
orthogonal decomposition with respect to the metric h. As is described in
Theorem 2.5, the harmonic metric associated with a cyclic Higgs bundle
is a diagonal metric. In this section, we give the necessary and sufficient
condition for the existence of a diagonal pluriharmonic metric of a general
G-Higgs bundle over a compact Kahler manifold by applying Theorem 1.1 to
the Hermitian-Einstein equation for G-Higgs bundles. We also show that the
pluriharmonic map which is associated with a diagonal pluriharmonic metric
lifts to a pluriharmonic map to the homogeneous space G/T, where T is a
maximal compact torus of G.

Let G be a connected complex semisimple Lie group with Lie algebra
g. We fix a maximal compact subgroup Ky of G. We denote by ¢ the
Lie algebra of Ky. We define a C-antilinear involution ok, : g — g as
ok (u+ v/—=1v) = u — /—1v for u,v € €. Let T be a maximal real torus
of Ky with Lie algebra t. Let H C G be the complexification of T. We
denote by h = t @ v/—1t the Lie algebra of H. Let A C bh* be the root
system and g = h @ @, ga the root space decomposition. We denote by
B(-,-) : g x g — C the Killing form and by B*(-,-) : h* x h* — C the dual
of Bl,. For each v € A, we define the coroot h, of a as hy = 2a"/B*(a, ),
where we denote by a* the dual of o with respect to B. Then there exists a
basis (€q)aca of B, ca ga such that

€a € Ba;
[eom e—a] = hom
Ok (€a) = —€_a.

Let (Pg,®) — (X,wx) be a G-Higgs bundle over a compact connected
Kéhler manifold (X, wx). Suppose that there exists a holomorphic H-subbundle
Py C Pg. Then the adjoint bundle ad(Pg) decomposes as ad(Pg) = (Py X g
b) © D cn(Pr Xa 8a). We note that Py x g b is a trivial bundle whose fiber
is h. We denote by ® = & + > Paeo the corresponding decomposition
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of the Higgs field ®. In the following, we implicitly assume that all of the
involutions of ad(Pg) satisfy (2.2) of Section 2 for each point of X. For each
involution o, we define a connection D as (2.3). We fix an involution oy
which preserves Py Xy bh. Note that an involution oq preserves Py Xy b if
and only if for each z € X, (0p), is conjugate to ok, with respect to an
element of H:

(00)s = Ady-1 0 0k, 0 Ad, for a g € H, (4.1)

where we have used a trivialization of Py. Let A, : QP4(X) — QP~ 147 1(X)
be the adjoint operator of wxA. Then the following holds:

Theorem 4.1. There exists an involution o preserving Py Xy b such that o
solves the Hermitian-Einstein equation A, Fp = 0 if and only if

(1) ® satisfies the following:

Aoy [@ A (=00)(P)] € Py Xu b; (4.2)
(i) The following holds:

- € Z IR>0hou (43>
a€A,D,#0

where 7y is defined to be

(4.4)

In particular, a G-Higgs bundle satisfying (i) and (ii) is polystable.

Theorem 4.2. There exists an involution o preserving Py X g b such that
(Pg, ®,0) is a G-harmonic bundle if and only if (Pg, ®) satisfies (i) and (i1)
of Theorem 4.1 and c3(Pe x, W) = 0 for a faithful representation p : G —
GL(W).

Theorem 4.3. Let (Pg, ®,0) be a G-harmonic bundle such that o preserves
Py xpg b. Then the pluriharmonic map 6 : X — G/K associated with o is
a composition of a plurtharmonic map o : X > G/T and the projection
m:G/T — G/K, where we denote by X the universal covering space of X .
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Remark 4.4. Condition (4.2) and the right hand side of (4.4) does not
depend on the choice of oy which preserves Py x g b.

Remark 4.5. The author hopes that we can solve the Hermitian-Einstein
equation using the method of the proof of Theorem 1.1 even if we drop the
assumption of (4.2) and only assume that the holomorphic vector bundle is
a direct sum of holomorphic line bundles. We will show that a stable Higgs
bundle whose holomorphic vector bundle is a direct sum of holomorphic line
bundles satisfies (4.3) in Appendix B.

Remark 4.6. For the case where G = SL(r, C), Theorem 4.1 could be de-
rived from [AG]. In this case, condition (4.3) should coincides with the
stability of quiver bundles. Also, as is mentioned in Remark 1.4, the same
condition (4.3) is obtained in [Bap] as the stability condition of the Abelian
GLSM.

Remark 4.7. Theorem 4.3 is proved in [Bar2] for cyclic Higgs bundles on a
Riemann surface. See [Bar2, Proposition 2.3.1].

Example 4.8. Consider a cyclic Higgs bundle (Pg, ®(q)) — X over a com-
pact connected Riemann surface X (see Definition 2.4). The Higgs field ®(q)
is the following:

l
O(q) = riea, + qer.
=1

One can check that ®(q) satisfies (4.2). Also, the vector v is given as

v =(9— 1),

where we denote by g the genus of X and x is an element of h defined as
(2.4). Then (Pg, ®(q)) satisfies (4.3) if ¢ # 0 since the following holds:

> Rooha = V—1t. (4.5)

The condition (4.3) is satisfied also in the case of ¢ = 0 since z lies in
22:1 R-oha,. Note that for a G-Higgs bundle (Pg,®) — (X,wx) over a
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compact connected Kéhler manifold (X,wy), if the Higgs field is of the fol-
lowing form

o= Z P, e,

ae{falz--w*alvé}

and if ®, # 0 for all @ € {—ay,...,—aqy,d}, then the condition (4.3) is
automatically satisfied since we have (4.5).

We then prove Theorem 4.1, Theorem 4.2 and Theorem 4.3. We note
that Theorem 4.2 is an immediate consequence of Theorem 4.1 and [Siml1,
Proposition 3.4]. So it is enough to prove Theorem 4.1 and Theorem 4.3.

We first prove Theorem 4.1. We can easily check that condition (4.2) is a
necessary condition for the existence of an involution o preserving Py Xy b
which solves the Hermitian-Einstein equation. We suppose (4.2). Let o be
an involution which preserves Py X g . Then there exists a smooth function
Q: X — /—1t such that o = Adgxp) © 00 © Adggp—0) = Adggpeo) © 00.
From the assumption of (4.2), the Hermitian-Einstein equation for o is the
following:

DN+ 002, P hy = —V/=TA,, Fooo, (4.6)

a€A

where we denote by Fyeo the curvature of the Chern connection of oy and by
A, the geometric Laplacian. We apply Theorem 1.1 to the equation (4.6).
In order to apply Theorem 1.1 to the equation (4.6), we must check that for
each a € A, if ®, is not a zero section of (Py X go) ® A'°, then log 1Dq 2,
is integrable. This is an immediate consequence of the following lemma:

Lemma 4.9. Let U C C" be a domain and f : U — V a holomorphic section
of a trivial bundle V. =U x C" — U. Then for any smooth Hermitian metric
hy on V., log|f|n, € L}, (U).

loc

Proof. Let eq,...,e, : U — V be a holomorphic frame of V. Then f is
denoted as f = fie; + - - + f,e,. We denote by hy : U — Herm(r) the Her-
mitian matrix valued smooth function whose (¢, j) component is hy (e;, e;).
Then hy is diagonalized as 'Bhy B = diag(), ..., \,) for a unitary matrix
valued function B and positive functions Ay, ..., A, over U, where we denote

by diag(Aq, ..., A.) the diagonal matrix whose diagonal entries are Ay, ..., A,.
Weset (fi,..., fl) = (f1,..., fr)B.Let ' C U be a compact subset of U. We
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define a positive constant C' as C' = min;<;<,{minger A;(z), ..., mingcpr A\ (2)}.
Then we have

log [f[7, = log{M|fi]* + - + M| 1P}
>log{C|fi|* +---+ CIf;I}
=log C +log{|fi{]" +--- + |/}
=log C +log{| fi]* + - -- + | "}

for each point of F. Since fy,..., f, are holomorphic functions, log{|fi|*> +
--++|f-[*} is a plurisubharmonic function (see [Dem]). In particular, it is in
Li (U). This implies the claim. O

loc

Then we prove Theorem 4.1:

Proof of Theorem 4.1. As already remarked, under the assumption of (i), the
Hermitian-Einstein equation for an involution ¢ which preserves Py X g b is
equation (4.6). Then from Theorem 1.1, equation (4.6) has a smooth solution
if and only if (ii) holds. This implies the claim. O

We next prove Theorem 4.3. Note that for a G-harmonic bundle (Pg, @, 0),
if o preserves Py Xy b, then the pluriharmonic map 6 : X — G /K naturally
lifts to a map o7 : X -G /T and we prove that this 7 is a pluriharmonic
map. In the following, we suppose that G = SL(r,C) for simplicity. Let
T C SU(r) be the maximal compact torus which consists of all diagonal
matrixes of SU(r). Then the following holds:

Lemma 4.10. Let (E,D,h) — (M, gn) be a harmonic bundle over a Rie-
mannian manifold, where D is a flat connection of a complex vector bundle
E and h is a harmonic metric. Suppose that the vector bundle E decomposes
as E =Ly & ---® L, with complex line bundles Ly, ..., L, — M. Suppose
also that h is a diagonal metric with respect to the decomposition and the
unitary part V" of the connection D preserves the decomposition of E. Then
the natural map hy : M — SL(r,C)/T associated with h is a harmonic map,
where M is the universal covering space.

Proof. For each point p of M, there exists an open neighborhood V of iLT(p)
such that there exists an isometric local section s : V' — SL(r,C) of the
projection SL(r,C) — SL(r,C)/T. We take an open neighborhood U of p
small enough so that hp(U) C V and we set Uy == (s o hy)~td(s o hy). We
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may assume that the diagonal part of Wy vanishes. Then we need to check
that the following holds:

From the assumption that Y V" preserves the decomposition of F, we have
"Wy = Wy and thus gy [Py ® Uy]) = 0. We also see that d*W¥y = 0 since h
is a harmonic metric. This implies the claim. Il

Lemma 4.10 immediately implies Theorem 4.3:

Proof of Theorem 4.3. Let (E,®,h) — X be a harmonic bundle and suppose
that £ decomposes as F = L1 @ --- & L, with holomorphic line bundles
Ly,..., L., — X and suppose also that h is a diagonal pluriharmonic metric
with respect to the decomposition. Then the Chern connection V” preserves
the decomposition of £ and thus for any complex 1-dimensional submanifold
C' C X, the harmonic bundle over C' which is a pull-back of (E, ®, h) satisfies
the assumptions of Lemma 4.10. This implies the claim. O
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5 Generalized Kazdan-Warner equations on
foliated manifolds

In this section, we extend Theorem 1.1 on foliated manifolds. We refer the
reader to [BG, Mol| for basic facts about foliations. Let (M,F) be a con-
nected foliated manifold. We denote by TF C T'M the integrable distribu-
tion associated with the foliation. A differential p-form ¢ is said to be basic
if ¢ satisfies the following for all X € I'(TF):

ix¢ =ixdg =0,

where we denote by iy the interior product. Note that a function f is basic
if and only if Xf = 0 for all X € I'(TF). Let Q% (M) the space of smooth
basic p-forms. The exterior derivative d preserves the space of basic forms:

d: Qb (M) — QU (M).

Let gy be a Riemannian metric on M. We denote by d : Q%' (M) —
QP (M) the L*adjoint of d : Q5(M) — Q% (M). We define the basic
Laplacian Ag : Q5 (M) — Q%(M) as

Ap = diyd + dd.

We consider the equation (1.2) on a foliated manifold (M, F). On a foliated
manifold (M, F), the following holds:

Theorem 5.1. Suppose that ay,...,aq and w satisfy (x) of Section 1 and
their domain M is a compact connected foliated manifold. Suppose also that
ai,...,aq and w are all basic with respect to the foliation and the Laplacian
A,,, preserves Q% (M). Then the following are equivalent:

9gMm

(i) The generalized Kazdan-Warner equation (1.2) has a C*°-solution &.

(1) The given functions ay,...,aq and w satisfy
/ w dpg,, € ZR>OL*uj,
M j€Ja

where J, denotes {j € {1,...,d} | a; is not identically 0}.

27



(i1i) The generalized Kazdan- Warner equation (1.2) has a basic C*°-solution

€.

(iv) There exists a basic C*®-function & : M — k* which satisfies the fol-
lowing:

d
Ap§ + Zaje(b*uj’g)ﬁuj = w. (5.1)

=1

Moreover if £ and & are C*-solutions of equation (1.2), then & — &' is a
constant which lies in the orthogonal complement of Zjeja R ul.

Proof. From Theorem 1.1, we see that (i) and (ii) are equivalent and the
solution of (1.2) is unique up to a constant which lies in (37, , Re*u/ )+
Clearly, (iii) implies (i). We also see that (iii) and (iv) are equivalent since
the Laplacian A,,, preserves Q% (M) if and only if the following holds for all
feQy(M):

Ay, f=ABf

Therefore it is enough to show that (ii) implies (iii). We show this by using
the variational method. We define a subspace L3} (M, k*) of L3™(M,k*) as

L3V (M, k") = {¢ € L™ (M,k*) | £ is a basic function.}.

Let E be the energy functional defined in Definition 3.1. We define a func-
tional £} as

Ey = E|L§j;;(M,k*) :

Then we see that EFj has a critical point if and only if there exists a smooth
basic solution ¢ of (1.2) from the same argument as the proof of Lemma 3.2
and Lemma 3.3. Note that we have used here the assumption that aq,...,aq4
and w are all basic and A,,, preserves Q% (M). We can show that Fj, has a
critical point under the assumption of (ii) by the same argument as the proof
of Theorem 1.1 and thus we see that (ii) implies (iii). O

Remark 5.2. If g, is a bundle-like metric, then the Laplacian A,,, preserves
Q%(M).
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Example 5.3. We show that the transverse Hermitian-FEinstein equation for
a diagonal harmonic metric on a basic Higgs bundle over a Sasakian manifold
is an example of (5.1). Let (M,n,g,) be a compact connected Sasakian
manifold with contact form 7 and the Webster metric g, (see [BG, BK1] for
Sasakian manifolds). The Sasakian manifold M has a rank 1 foliation defined
by the Reeb vector field of n. Let (E,®) — M be a basic Higgs bundle over
M (see [BK1] for the definition of the basic Higgs bundle). We assume that
the basic first Chern class ¢; g(E) of E vanishes for simplicity. Suppose
that E decomposes as £ = L; @ --- & L, with transversely holomorphic
line bundles Ly,...,L, — M. Then the basic Higgs field & decomposes
as & = &g+ >, P;j, where ®;; is a basic holomorphic (1,0)-form
with values in Lj_lLi and @ is the diagonal part. We assume that for each
J = 1,...,r there exists a basic Hermitian metric h; on L;. We denote by
V" the Chern connection of the basic Hermitian metric h = (hy, ..., h,).
Let A be the adjoint operator of dnA. We suppose that off-diagonal part of
A[® A &*] vanishes, where we denote by ®* the adjoint of ® with respect to
the metric h. We take R-valued basic functions fi, ..., f, satisfying fi+---+
fr="0and we set £ .= (fi1,..., f.). Let b’ be a basic Hermitian metric on F
defined as h' := (e/*hy, ..., e/"h,). We also define a;; € (R")* and hy, , € R
(1,7 =1,...,7) as follows:

a;;(v) =v; —v; for v=(vq,...,v,) € R,

haiyj =€ — €5,

where we denote by ey, ..., e, the canonical basis of R”. Then the transverse
Hermitian-Einstein equation for A’ is the following:
Apt+ Y [@ e Oh,, = —V/=1AFgn, (5.2)
bg=1,r

where we denote by Fgn the curvature of the Chern connection V" and by
Ap the basic Laplacian with respect to the Webster metric g,. Note that
the functions |®; ;| (4,7 = 1,...,7) and —/—1AFgn are all basic. We also
see that if ®;; # 0, then log |®;;|* is integrable by the same argument as
Lemma 4.9. Therefore from Theorem 5.1, we see that equation (5.2) has a
solution if and only if the following holds:

- € Z R>0hai,]‘7
i



where v is defined to be
y ::/ V—=1AFgndpg,, .
M

Combining the result of [BK1], we see that the same claim as Theorem 4.1
and Theorem 4.2 also holds for basic Higgs bundles over compact Sasakian
manifolds. Note that the above construction could be extended for basic
G-Higgs bundles over compact Sasakian manifolds.
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A Geometric invariant theory and the mo-
ment maps for linear torus actions

We give a brief review of the relationship between the geometric invariant
theory and the moment maps for linear torus actions. In particular, we clarify
the relationship between the condition (2) of Theorem 1.1 and the stability
condition of the geometric invariant theory for torus actions. General refer-
ences for this section are [Dol, Kin, Kir, KN, MFK, Nak, New].

Let K be a closed connected subtorus of a real torus 7% := U(1)? with
the Lie algebra k C t¢. We denote by ¢* : (t1)* — k* the dual map of the
inclusion map ¢ : k — t%. Let uy,...,uq be a basis of t% defined by

Ui ::<\/ —1,0, ce ,0),
ug ==(0,v/—1,0,...,0),

Uq I:<O, ce ,07 V —].)
We denote by u!, ..., u? € (t?)* the dual basis of uy,...,uq. Let (-,-) be the
metric on t¢ satisfying

(Ui, Uj) = 5ij fOI' all i,j,

where §;; denotes the Kronecker delta. We also denote by (-, -) the meric on
(t%)* induced from the metric on t¢. The diagonal action of 7% on C induces
an action of K which preserves the Kahler structure of C¢. Let g : C4 — k*
be a moment map for the action of K which is defined by

1
(ur(2),v) = Qngd(\/—lvz,z) for v € k,

where we denote by ggea(-,-) the standard metric of C¢ ~ R?? and by (-, )
the natural coupling. The moment map py is also denoted as

1 d

pr(z) = ) ZL*uj|zj|2 for z = (21,...,2q4) € C%.

J=1

Let T¢ := (C*)? be the complexification of T¢. We define the exponential
map Exp : 4 @ /=1t — T by

Exp(v+vV—10") = (e\/—*1<v+ﬁv’,u1>7 o 76¢—T<v+mv',ud>)_
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We denote by K¢ the complexification of K. Let kz C k be ker Exp|; and
(kz)* the dual. Note that (kz)* is naturally identified with Z?zl Z (vl [2m).
For each a € (kz)*, we define a character y, : K¢ — C* by

Xa(Exp(v + v —10')) = 2V 1Htv=Tvia),
Let o be an element of (kz)*. We define an action of K¢ on C? x C by
g-(z,v) = (g2, xalg) ") for (z,v) € C? x C.

Let R, be the invariant ring for the above action:

A~

Ro = {f(2.9) € Clas,....2a,y) | flg- (2,)) = f(x,y) for all g € Kc}.

By a theorem of Nagata, R, is finitely generated. For each n € Zx¢, let R,
be a space of polynomials defined by

Roz,n = {f(l') S (C[xla B ,l’d] | f(g'x) = Xa(g)nf<x> for all g & K(C}
Then R, is naturally identified with @nzo Ron.

Definition A.1. Define C*/ K¢ = Proj(€D, o Ran). This is called the
geometric invariant theory (GIT) quotient.

Definition A.2. We say z € C? is a-semistable if there exists an f(z) € Ra,
with n € Zs¢ such that f(z) # 0. We denote by (C?)*~%* the set of all a-
semistable points.

The GIT quotient can be described as follows:

Proposition A.3. There exists a categorical quotient ¢ : (C*)*~ — C?J K¢
which satisfies the following properties: For each z,2' € (CH27%, ¢(z) =
#(2') holds if and only if Kc - 2N K¢ - 2/ N (CH2~% £ O and further for each
q € Cl) Kc, ¢~ (q) contains a unique Kc-orbit which is closed in (C*)*~5s.

For the proof of Proposition A.3, we refer the reader to [Dol, MFK, New].
Note that in Proposition A.3, both of the Euclidean topology and the Zariski
topology may be used for the orbit topology. This is guaranteed by the
following Proposition:
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Proposition A.4. Let G C GL(n,C) be an algebraic subgroup of a general
linear group GL(n,C) over C. Then the following holds for all p € C™:

G-p=G-p,

where we denote by G -p the FEuclidean closure, and by G -p the Zariski
closure. In particular, G - p is closed with respect to the Fuclidean topology
if and only if it 1s closed with respect to the Zariski topology.

We refer the reader to [Mum]| for the proof of Proposition A.4. An equiv-
alence relation ~ on (C%)*=** is defined as follows:

2~ 2 = Ke 2NKg -2 N(CH7 £ for 2,2 € (CH)>—*,

Then by Proposition A.3, C¢/, K¢ is identified with (C?)*=**/ ~. Moreover
for each equivalent class there exists a z € (C?)** such that K¢ -z =
(CHo=ss N K¢ - z and such a z is unique up to a transformation of K¢. We
can characterize the a-semistable points as follows:

Proposition A.5. The following are equivalent for each z € C%:
(1) z is a-semistable;

(11) « satisfies the following:

o€ Z Qxo(c*u? /27),

VISEE
where J, denotes {j € {1,...,d} | z; # 0};

(i) o is in the cone generated by (v*u? /27) ey, :

a €Y Roo(t'u!/2m);

J€Jx

(iv) For each v € C\{0}, K¢ - (z,v) does not intersect with C* x {0}.

Proof. We can show that (i) and (ii) are equivalent by the same argument as
in the proof of [Kon, Lemma 3.4]. We also see that (ii) and (iii) are equivalent
from the general theory of polyhedral convex cones (see [Ful]). We show that
(i) implies (iv). Suppose z is a-semistable. We take an f € R, , such that
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n € Zso and f(z) # 0. We define a polynomial f(z,y) by f(z,y) = y"f(x).
Then we have the following:

~

f@, )y = 0" f(2),
f(iﬂ,yﬂccdx{o} =0,

and thus (iv) holds. We then show that (iv) implies (i). Suppose (iv) holds.
Then there exists a polynomial f(z,y) such that

~

f@ ey =1
f(@,y)|cixqoy = 0.

The polynomial f(z,y) can be written as f(z,y) = yfi(z) + - + y"™ fm(z).
Take an n € {1,...,m} such that f,(z) # 0. Then we have f, € R, , and
fa(2) # 0. O

The closed orbits are characterized as follows:
Proposition A.6. The following are equivalent for each z € C%:
(i) z is a-semistable and the Kc-orbit is closed in (C4)*=*s:

K(c 2= K(c 2N (Cd)afss;
(11) « satisfies the following:

o€ Z @>0(L*Uj/27r)§

J€Jz
(i4i) « is in the interior of the cone generated by (v*u? /27) ey, :

a €Y Roo(t'u!/2m);

jEJz
(iv) The following holds:

Z R(1*w? /2m) = Z Rso(t*u? /27) + Rso(—a);

Jj€J: J€Jx
(v) For each v € C\{0}, K¢ - (2,v) is closed;
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(vi) The following holds:
P (—a)N Ke -z # 0.

Proof. We see that (ii), (iii) and (iv) are equivalent from the general theory
of polyhedral convex cones (see [Ful]). We also see that (iv) and (v) are
equivalent from the argument of [Nak, pp.30-31]. We show that (i) implies
(v). Suppose (i) holds. By the general theory of algebraic groups, there
uniquely exists a closed orbit which is contained in K¢ - (z,v). Let K¢-(2',v)
be such a closed orbit. Then by Proposition A.5, 2/ € (C%)*~%5. We take a
sequence (g;)ien such that

(2',v) = lim g; - (2,v).

1—00

Therefore we have 2’ = lim;_,o, g; - 2, and thus we see 2’ € K¢ - 2 N (C¥)a~ss,
Then (v) holds. We then show that (v) implies (i). Suppose (v) holds. Let
2l € Kc-2z\Kc - z. We take a sequence (g;)ien so that 2/ = lim; o g; - 2
Since K¢ - (2,1) is closed, we have lim; o |Xa(g;) | = co. This implies that
lim; 00 (g; 2, Xa(gi)) € C? x {0} and thus we have 2’ ¢ (C%)*=**. We shall
prove (iii) and (vi) are equivalent in Proposition A.7. O

The equivalence of (ii) and (iii) of Proposition A.6 holds for any A € k*:

Proposition A.7. Let A € k* and z € C4. We define a functional I, : k —
R by

d
Ir:(v .—Z E |2;] e 20) (X, v).

Then the following are equivalent:

(i) X\ is in the interior of the cone generated by (v*u? /27)cy.

(1) The following holds:



(111) ly . attains a minimum.

Moreover if v and v' be minimizers of l, ., then v — ' is in the orthogonal

complement of ;. Re*ul .

Proof. We assume that (:*u?);c;, generates k* for simplicity. Then a direct
computation shows that [, , is strictly convex. We also see that for each
v € k, v is a critical point of [, , if and only if the following holds.

d
1 ) ,
A= 3 Z€2<u PR
j=1
Therefore (ii) and (iii) are equivalent. Clearly, (ii) implies (i). Assume that
(i) holds. We show that (iii) holds. From the assumption, there exists a

positive numbers (s;)jes. such that X\ = 7., s;*w/. Then the functional
ly,» is denoted as

e (0) = (17 = s5(u/ ).
jed.

This implies that lim; . I .(tv) = oo for each v # 0 and thus the functional
[y attains a minimum. O

From Proposition A.3, Proposition A.6 and Proposition A.7, we have the
following:

Corollary A.8. The following map is bijective:

px (—0) /K — (C1)*7) ~

B Relationship between condition (4.3) and
the stability condition of Higgs bundles

In this section, we explain the relationship between condition (4.3) and the
stability condition of Higgs bundles. Let (F,®) — (X,wx) be a Higgs bun-
dle over a compact connected Kéhler manifold (X,wy). Suppose that the
holomorphic vector bundle £ decomposes as £ = L; @ --- & L, with holo-
morphic line bundles Ly, ..., L, — X. Then the Higgs field ® decomposes as
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Q=+ Zi,j:l .....
in Lj_lLi and ®g is the diagonal part. For each 7 = 1,...,r, let m; be the
degree of the holomorphic line bundle L; with respect to the Kahler form
wy. Suppose that the Kahler form wx represents a rational cohomology of
X. Then all of the numbers my, ..., m, are rational numbers. We assume
that deg(E) = my +- - -+m, = 0 for simplicity. We define a vector v € Q" as
v = (ma,...,m,). We also define o; ; € (Q")* and hq,, € Q" (4,5 =1,...,7)
as follows:

. @ j, where ®; ; is a holomorphic (1,0)-form with values

a;;(v) =v; —v; for v = (vq,...,v,) € Q",

ha, ; = €; — ej,

where we denote by ey, ..., e, the canonical basis of R". Then the following
holds:

Proposition B.1. The following (i) and (ii) holds:

(1) Suppose that (E,®) is semistable. Then the vector 7 satisfies the fol-
lowing:
-y € Z onhc“i,j' (Bl)
R=—

?.] ????
®; ;7#0

(i1) Suppose that (E, ®) is stable. Then the vector ~y satisfies the following:

Z Q>Ohai7j- (B2>
=1,...,r

i»

Remark B.2. There are many ways to decompose the vector bundle E
into a direct sum of holomorphic line bundles. For example, suppose that
the rank of E is 2 and E decomposes as E = L; & L, and there exists
a non-trivial holomorphic bundle map f : L; — Ls. Then F = L| & L,
is a new decomposition, where we defined a holomorphic line bundle L]
as L} = {(v1,v2) € L1 & Ly | v = f(v1)}. Theorem B.1 holds for any
decomposition of E.

Before starting the proof of Proposition B.1, we make some preparations.
Let T be the maximal torus of SU(r) which consists of all diagonal matrix
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of SU(r). We denote by t the Lie algebra of T. Let H C SL(r,C) be the
complexification of 7" with Lie algebra h = t ® /—1t. We define a lattice
bz of /=1t as by = {diag(ny,...,n,) | ny,...,n, € Zyng + -+ +n, =
0}. Note that bz coincides with the kernel of the exponential map Exp :
h — H. We regard the vector v and the vectors hq,, (i,j = 1,...,7) as
elements of hg = bz ®z Q by identifying the canonical basis ey, ..., e, with
diag(1,...,0),...,diag(0,...,1). Let B(:,-) be the Killing form defined as
B(u,v) = 2rTr(uv) for u,v € h. We denote by v* € by, be the dual of the
vector v with respect to the Killing form B. We take a positive integer n so
that ny* € b5, Then we define an element vV € b} as v" = —ny*. Also, we
define a character y,v : H — C* as y,v(Exp(v)) == 7"} for v € b, where
we denote by (-, ) the coupling between h and h*. We define an action of the
algebraic torus H on H(EndE @ \'°) as follows:

1,0

g-(0,2) = (6 + Z g;lg,ﬁm,x;vl(g)z) for (9,2) € H*(EndE ® /\) x C,

i,0=1,...,r

where g = diag(g1,...,9,) is an element of H and we denote by 6, and
0,; (i,j = 1,...,r) the diagonal component and the (7, j)-component of 6,
respectively. Then we start the proof of Proposition B.1.

Proof of Proposition B.1. We first show that (i) holds. From Proposition
A5, (B.1) holds if and only if for each z # 0, the closure of H - (¥, z) does
not intersects C x {0}. Furthermore, this is equivalent to that vY(s) > 0
holds for any s € v/—1t such that

1,0

e H (P Li'Liw )\). (B.3)
(i.7)€As

where we defined A, as A, == {(¢,7) | 4,5 € {1,...,7}, a;,(s) > 0}. Suppose

that (E, ®) is semistable. We show that 7V(s) > 0 holds for any s € v/—1t

satisfying (B.3). Let s = diag(sy,...,s,) € v/—1t such that (B.3) holds. We

may assume that s; > --- > s,.. From (B.3), the Higgs field ® preserves the

following sequence of subbundles:

OgEJ1gEj2g"'gEjkCE7

=

where we defined £, C Fas B =L @---®Ljand 1 <jy <--- <jp <7
are all the elements of J, == {j € {1,...,r — 1} | s; > s;41}. Then we see
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that vV (s) > 0 since we have

7Y (s) = — 2rnTr(ys)
= —2rn(mysy + - +m,s;)
= —2rn(my(sy — s2) + (mq +ma)(s2 — s3) + -+
+(my+ -+ me)(seo1 — 8p))

= —2rn Z(Sj — sj+1)deg(Ej) (B4)

and (E, ®) is semistable. Therefore (i) holds. We next show that (ii) holds.
The proof of (ii) is similar. From Proposition A.6, we see that (B.2) holds if
and only if H - (®, z) is closed for each z # 0. Furthermore, this is equivalent
to that the following holds for all s € v/—1t such that (B.3) holds:

e The element s of v/—1t satisfies vV (s) > 0 and if vV(s) = 0, then ® lies
in

1,0
H( P Lj'Lio N),

(i.5)eA?
where AY is defined as A% .= {(4,7) | 4,7 € {1,...,7}, a;;(s) = 0}

Suppose that (E, ®) is stable. Then from (B.4), we see that 7" (s) > 0 any
s € y/—1t such that (B.3) holds, and thus we have (B.2). This gives the
result. O

Remark B.3. It is known that the stability condition of G-Higgs bundles
is formulated by using the parabolic subgroups of the complex reductive Lie
group G and their characters (see [GGM]). This definition is based on the
work of Ramanathan [Ram| which generalized the theorem of Narasimhan
and Seshadri to the case of general principal G-bundles. In the above proof
of Proposition B.1, the definition of the stability condition of Higgs bundles
formulated in the language of parabolic subgroups and parabolic subalgebras
is used.

39



References

[AF] E. Aldrovandi and G. Falqui, Geometry of Higgs and Toda fields on
Riemann surfaces, J. Geom. Phys. 17 (1995), no. 1, 25-48.

[AG] L. Alvarez-Cénsul and O. Garcia-Prada, Hitchin-Kobayashi correspon-
dence, quivers, and vortices, Comm. Math. Phys. 238 (2003), no. 1-2, 1-33.

[Ban| D. Banfield, The geometry of coupled equations in gauge theory, D.
Phil. Thesis, University of Oxford, 1996.

[Bap] J. M. Baptista, Moduli spaces of Abelian vortices on Kdhler manifolds,
preprint, arXiv:1211.0012, 2012.

[Barl] D. Baraglia, Cyclic Higgs bundles and the affine Toda equations,
Geom. Dedicata 174 (2015), 25-42.

[Bar2] D. Baraglia, Go geometry and integrable systems, Ph.D. Thesis, Uni-
versity of Oxford, 2009, arXiv:1002.1767.

[Ber] R.J. Berman, Analytic torsion, vortices and positive Ricci curvature,
preprint, arXiv:1006.2988, 2010.

[BG] C.P. Boyer and K.Galicki, Sasakian geometry, Oxford Mathematical
Monographs. Oxford University Press, Oxford, 2008. xii+613 pp. ISBN:
978-0-19-856495-9.

[BH1] D. Baraglia and P. Hekmati, A foliated Hitchin-Kobayashi correspon-
dence, preprint, arXiv:1802.09699, 2018.

[BH2] D. Baraglia and P. Hekmati, Moduli spaces of contact instantons, Adv.
Math. 294 (2016), 562-595.

[BK1] I. Biswas and H. Kasuya, Higgs bundles and flat connections over com-
pact Sasakian manifolds, Comm. Math. Phys. 385 (2021), no. 1, 267-290.

[BK2] I. Biswas and H. Kasuya, Higgs bundles and flat connections
over compact Sasakian manifolds, II: quasi-reqular bundles, preprint,
arXiv:2110.10644, 2021

[Br1] S.B. Bradlow, Vortices in holomorphic line bundles over closed Kdhler
manifolds, Comm. Math. Phys. 135 (1990), no. 1, 1-17.

40



[Br2] S.B. Bradlow, Special metrics and stability for holomorphic bundles
with global sections, J. Diff. Geom. 33 (1991), no. 1, 169-213.

[BW] J. A. Bryan and R. Wentworth, The multi-monopole equations for
Kibhler surfaces, Turkish J. Math. 20 (1996), no. 1, 119-128.

[Dem| J.-P. Demailly, Analytic methods in algebraic geometry, Surveys of
Modern Mathematics, 1. International Press, Somerville, MA; Higher Ed-
ucation Press, Beijing, 2012. viii4+-231 pp. ISBN: 978-1-57146-234-3.

[DL] S. Dai and Q. Li, On cyclic Higgs bundles, Math. Ann. 376 (2020), no.
3-4, 1225-1260.

[Doa] A. Doan, Adiabatic limits and Kazdan-Warner equations, Calc. Var.
Partial Differential Equations 57 (2018), no. 5, Art. 124, 25 pp.

[Dol] I. Dolgachev, Lectures on invariant theory, London Mathematical So-
ciety Lecture Note Series, 296. Cambridge University Press, Cambridge,
2003. xvi+220 pp. ISBN: 0-521-52548-9.

[Ful] W. Fulton, Introduction to toric varieties, Annals of Mathematics Stud-
ies, 131. The William H. Roever Lectures in Geometry. Princeton Univer-
sity Press, Princeton, NJ, 1993. xii+157 pp. ISBN: 0-691-00049-2.

[GGM] O. Garcia-Prada, P. B. Gothen and 1. Mundet i Riera, The Hitchin-
Kobayashi correspondence, Higgs pairs and surface group representations,
preprint, arXiv:0909.4487, 2009.

[GH] M. A. Guest, N.-K. Ho, Kostant, Steinberg, and the Stokes matrices of
the tt*-Toda equations, Selecta Math. (N.S.) 25 (2019), no. 3, Paper No.
50, 43 pp.

[GL] M. A. Guest and C.-S. Lin, Nonlinear PDE aspects of the tt* equations
of Cecotti and Vafa, J. Reine Angew. Math. 689 (2014), 1-32.

[Hit1] N. J. Hitchin, The self-duality equations on a Riemann surface, Proc.
London Math. Soc. (3) 55 (1987), no. 1, 59-126.

[Hit2] N. J. Hitchin, Lie groups and Teichmiiller space, Topology 31 (1992),
no. 3, 449-473.

41



[HW] A. Haydys and T. Walpuski, A compactness theorem for the Seiberg-
Witten equation with multiple spinors in dimension three, Geom. Funct.
Anal. 25 (2015), no. 6, 1799-1821.

[JT] A. Jaffe and C. H. Taubes, Vortices and monopoles, Progress in Physics,
2. Birkhauser, Boston, Mass., 1980. v+287 pp. ISBN: 3-7643-3025-2.

[Kin] A. D. King, Moduli of representations of finite-dimensional algebras,
Quart. J. Math. Oxford Ser. (2) 45 (1994), no. 180, 515-530.

[Kir] F. C. Kirwan, Cohomology of quotients in symplectic and algebraic ge-
ometry, Mathematical Notes, 31. Princeton University Press, Princeton,
NJ, 1984. i+211 pp. ISBN: 0-691-08370-3.

[KLW] Y. Kordyukov, M. Lejmi, and P. Weber, Seiberg- Witten invariants on
manifolds with Riemannian foliations of codimension 4, J. Geom. Phys.
107 (2016), 114-135.

[KN] G. Kempf and L. Ness, The length of vectors in representation spaces,
Algebraic geometry (Proc. Summer Meeting, Univ. Copenhagen, Copen-
hagen, 1978), pp. 233-243, Lecture Notes in Math., 732, Springer, Berlin,
1979.

[Kon| H. Konno, The geometry of toric hyperkihler varieties, Toric topology,
241-260, Contemp. Math., 460, Amer. Math. Soc., Providence, RI, 2008.

[Kos|] B. Kostant, The principal three-dimensional subgroup and the Betti
numbers of a complex simple Lie group, Amer. J. Math. 81 (1959),
973-1032.

[KW] J. L. Kazdan and F. W. Warner, Curvature functions for compact
2-manifolds, Ann. of Math. (2) 99 (1974), 14-47.

[LM1] Q. Li and T. Mochizuki, Complete solutions of Toda equa-
tions and cyclic Higgs bundles over non-compact surfaces, preprint,
arXiv:2010.05401, 2020.

[LM2] Q. Li and T. Mochizuki, Isolated singularities of Toda equations and
cyclic Higgs bundles, preprint, arXiv:2010.06129, 2020.

42



[LT] M. Liibke and A. Teleman, The Kobayashi-Hitchin correspondence,
World Scientific Publishing Co., Inc., River Edge, NJ, 1995. x+254 pp.
ISBN: 981-02-2168-1.

[Miy1] N. Miyatake, Generalized Kazdan-Warner equations associated with
a linear action of a torus on a complex vector space, Geom Dedicata 214,
651-669 (2021).

[Miy2] N. Miyatake, On diagonal pluriharmonic metrics of G-Higgs bundles,
preprint, arXiv:2111.07330, 2021.

[Mor| J. W. Morgan, The Seiberg- Witten equations and applications to the
topology of smooth four-manifolds, Mathematical Notes, 44. Princeton Uni-
versity Press, Princeton, NJ, 1996.

[Mol] P. Molino, Riemannian foliations, Translated from the French by
Grant Cairns. With appendices by Cairns, Y. Carri‘ere, E. Ghys, E. Salem
and V. Sergiescu. Progress in Mathematics, ~ 73. Birkhauser Boston, Inc.,
Boston, MA, (1988). 339 pp.

[IMP] C. Marchioro and M. Pulvirenti, Mathematical theory of incompress-
ible nonviscous fluids, Applied Mathematical Sciences, 96. Springer-Verlag,
New York, 1994. xii+283 pp.

[Mum| D. Mumford, The red book of varieties and schemes, Second, ex-
panded edition. Includes the Michigan lectures (1974) on curves and their
Jacobians. With contributions by Enrico Arbarello. Lecture Notes in Math-
ematics, 1358. Springer-Verlag, Berlin, 1999. x+306 pp. ISBN: 3-540-
63293-X.

IMFK] D. Mumford, J. Fogarty and F. Kirwan, Geometric invariant theory,
Third edition. Ergebnisse der Mathematik und ihrer Grenzgebiete (2) [Re-
sults in Mathematics and Related Areas (2)], 34. Springer-Verlag, Berlin,
1994. xiv+4-292 pp. ISBN: 3-540-56963-4.

[Mun| I. Mundet i Riera, A Hitchin-Kobayashi correspondence for Kdihler
fibrations, J. Reine Angew. Math. 528 (2000), 41-80.

[Nak] H. Nakajima, Lectures on Hilbert schemes of points on surfaces, Uni-
versity Lecture Series, 18. American Mathematical Society, Providence,
RI, 1999. xii+132 pp. ISBN: 0-8218-1956-9.

43



[New| P. E. Newstead, Introduction to moduli problems and orbit spaces,
Tata Institute of Fundamental Research Lectures on Mathematics and
Physics, 51. Tata Institute of Fundamental Research, Bombay; by the
Narosa Publishing House, New Delhi, 1978. vi+183 pp. ISBN: 0-387-08851-
2.

[Ram] A. Ramanathan, Stable principal bundles on a compact Riemann sur-
face, Math. Ann. 213 (1975), 129-152.

[Sim1] C.T. Simpson, Constructing variations of Hodge structure using
Yang-Mills theory and applications to uniformization, J. Amer. Math. Soc.
1 (1988), no. 4, 867-918.

[Sim2] C. T. Simpson, Katz’s middle convolution algorithm, Pure Appl.
Math. Q. 5 (2009), no. 2, Special Issue: In honor of Friedrich Hirzebruch.
Part 1, 781-852.

[Tar] G. Tarantello, Analytical, geometrical and topological aspects of a class
of mean field equations on surfaces, Discrete Contin. Dyn. Syst. 28 (2010),
no. 3, 931-973.

[Tau] C. H. Taubes, Arbitrary N-vortex solutions to the first order Ginzburg-
Landau equations, Comm. Math. Phys. 72 (1980), no. 3, 277-292.

[(WZ] D. Wu and X. Zhang, Higgs bundles over foliation manifolds, Sci.
China Math. 64, 399-420 (2021).

44



