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Abstract

The proton (p) induced nucleon (N ) knockout reaction (p, pN ) is a nuclear reaction in which the incident proton
interacts with the target nucleus, and one proton and one nucleon are detected. This process is the most dominant
reaction between 200 MeV and 1000 MeV. Because of this high energy nature, this reaction can be regarded as
essentially a scattering of the incident proton and a nucleon in the target nucleus. Thanks to this intuitive picture, the
nucleon knockout reaction is employed as a probe of the single-particle structure of nuclei. A natural extension of
this reaction would be the cluster knockout reaction, in which a cluster, a composite particle consisting of nucleons,
is knocked out instead of a nucleon, and is also expected to be a good probe of the cluster structure of nuclei. The
proton-induced α knockout reaction (p, pα), in which the α cluster (4He nucleus, a typical cluster) is knocked out, has
been studied theoretically, and corresponding experiments are being conducted aiming at demonstrating the α cluster
structure from light to heavy nuclei.

There are a few studies of the proton-induced deuteron (d) knockout reaction (p, pd). In the experiment performed
40 years ago at the University of Maryland, it was reported that the cross section of the 16O(p, pd)14N reaction is al-
most half of that of the 16O(p, 2p)15N. It is known that the number of proton that behaves like an independent particle
in nuclei is about 60–65 % of the total proton number. Therefore, if we naively interpret the experimental result of
(p, pd) about 30 % of proton forms deuterons with neutrons in the ground state of 16O, which is surprisingly large. The
deuteron is, however, a weakly bound system with a binding energy of about 1 MeV per nucleon, and in this respect,
the deuteron knockout reaction is definitely different from the proton knockout and α knockout reactions. Because of
its fragility, the deuteron can be broken up by the incident proton in the elementary process of the (p, pd) reaction. In
addition, the deuteron knocked out of the nucleus is expected to have a transition between bound and breakup states
by the Final-State Interactions (FSIs). Furthermore, the deuteron that is once broken up in the elementary process can
reform a deuteron by the FSIs. These processes are not taken into account in the Distorted Wave Impulse Approxi-
mation (DWIA) framework, which is the standard reaction model describing the knockout reactions. Therefore, even
if measurement results of deuteron knockout reactions are obtained, it is not possible to conclude clearly whether or
not deuterons exist in nuclei by analyzing the results with the DWIA framework.

The purpose of this doctoral thesis is to construct a new reaction model that adequately describes the deuteron
knockout reaction to reveal the deuteron inside nuclei. To achieve this, (a) microscopic description of the deuteron
inside nuclei, (b) deuteron breakup in the elementary process, and (c) transition between bound and breakup states
of the proton-neutron system by FSIs are essentially important. In the present work, the (p, pd) reaction has been
described with these three ingredients for the first time, and the role of each in the reaction has been clarified.

First, the isoscalar proton-neutron (pn) pair wave function in 16O obtained by the nuclear Energy-Density Func-
tional (EDF) method, which describes the nuclear structure microscopically, is used for the DWIA calculation of the
(p, pd) reaction. Three different strengths of the pairing interaction between protons and neutrons are employed in the
nuclear EDF calculation. It is found that the cross section of the reaction reflects the paring strength, and thus, the
existence of the isoscalar pn pairs in 16O. On the other hand, the calculated cross sections underestimate the experi-
mental data by two orders of magnitude. The reason for this discrepancy is mainly due to the mean-field approach to
the wave function of the pair.

Second, a framework describing the elastic scattering and breakup reactions of the proton and deuteron system
using a nucleon-nucleon effective interaction is constructed and tested for the reliability. It is shown that the frame-
work reproduces the experimental data of elastic scattering well in the energy and angular ranges that contribute to
the kinematics of the deuteron knockout reaction discussed in this thesis. For the deuteron breakup reaction, no com-
parison is possible due to the absence of experimental data, but the present framework can describe the processes in
which the deuteron remains in the ground state and is excited to a breakup state on the same footing. It is, therefore,
expected that this framework can safely be employed to describe the elementary processes of the (p, pd) reaction.

Third, the transition of the proton-neutron system in the final state is treated by the Continuum-Discretized
Coupled-Channel method (CDCC). It is found that the back coupling process, in which the knocked-out deuteron
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goes to breakup channels and comes back to the elastic channel due to the FSIs, reduces the cross section of the
(p, pd) reaction. The impact of this process is large at low energies in particular. It is also shown that the deuteron
reformation of the knocked-out proton-neutron pair also reduces the cross section.

In this thesis, a new reaction model to reliably describe the deuteron knockout reaction is developed. In this
model, the above-mentioned ingredients (a), (b), and (c) are taken into account. It is shown to be important to treat
each ingredient properly to reveal the deuteron inside nuclei by deuteron knockout reactions.
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Chapter 1

Introduction

1.1 Picture of atomic nucleus

Although the nucleus is a system composed of only two types of Fermi particle, proton (p) and neutron (n), it has a
variety of aspects. The liquid drop model [1, 2], which appeared in the early days of nuclear physics, is a structure
model that describes the nucleus as a system of strongly correlated nucleons (N ). The liquid drop model is based on
the fact that the nuclear force is a strong short-range interaction. In other words, this model focuses on the motion
of the nucleus as a whole, not on that of each nucleon inside the nucleus. The liquid drop model reproduces well the
gross properties of stable nuclei, such as the dependence of mass on the nucleon number and the energy spectrum
of surface oscillations of nuclei. The Bethe-Weizsäcker semi-empirical mass formula is one of the most well-known
outcomes of this model. It also gives an intuitive understanding of fission, in which the liquid drop is deformed to
form a neck and then the Coulomb repulsion tears off the neck.

A counterpart of the liquid drop model is the independent particle model. In this model, correlations among
nucleons are assumed to be weak, and each nucleon is regarded as having a single particle motion independently of
other nucleons in the nucleus. The shell model [3–7] is one of the highly successful independent particle models, in
which protons and neutrons are moving in orbits specified by several quantum numbers (principal quantum number
n, orbital angular momentum ℓ, and total angular momentum j) just as electrons in an atom. The shell model repro-
duces the magic number of stable nuclei very well, which could not be explained by the liquid drop model. Nuclear
spectroscopy based on the shell model is one of the major subjects in nuclear physics.

As mentioned above, the nucleus has two different aspects. The unified model (or collective model) makes it
possible to understand these aspects in a unified manner [8–11]. The basic idea of this model is that the nucleons in the
nucleus move on the orbits described above in a slowly (adiabatically) varying mean-field potential. The mean-field
potential is a simple one-body potential that is obtained as the sum of the complex nuclear forces (interactions between
nucleons). The mean-field potential that governs the nucleon motion, and the nucleon motion that determines the
potential are calculated in a self-consistent manner. In other words, in the unified model, particle motion and collective
motion couples each other. When the mean-field potential can be regarded as spherical and only the nucleon motion
needs to be considered, the nucleus shows the aspect of a weakly correlated system. When the mean-field potential
oscillates in a nearly spherical shape, or it oscillates and rotates around an equilibrium point with large deformation,
the nucleus shows an aspect of a strongly correlated system. In addition, the residual interaction, the nuclear force that
could not be fully incorporated into the mean-field potential, leads to various correlations between a small number of
nucleons.

From the analysis of many experimental data, it has been found that the wave functions of the ground and low-
lying excited states of stable nuclei have independent particle components accounting for about 65 % [12, 13]. This
indicates that the remaining 35% of the wave function is understood as a result of some correlations between nucleons,
which cannot be included in the single-particle potential. An example of nucleon correlations is an isovector and spin-
singlet pairing correlation of two protons or neutrons [14, 15], in which two nucleons of the same species form just
like a Cooper pair in condensed matter physics. The pairing correlation has been intensively studied for many years
and found to play an important role in explaining properties such as deformation and moment of inertia of nuclei.
A short-range tensor correlation is another example of nucleon correlations, which are thought to introduce a high-
momentum component to the relative motion of proton-neutron pairs in nuclei [16–21].
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1.2 Cluster structure of nucleus and deuteron inside nuclei

(a) (b) (c)

FIGURE 1.1: (a) Concept of the α cluster structure of nuclei. (b) Cluster structure of 8Be. (c) Concept of
a deuteron inside nuclei. It should be noted that the picture shown in panel (c) has not been established.

The correlations listed above are momentum and angular momentum correlations. Another type of nucleon cor-
relation is a spatial one. The cluster structure of an atomic nucleus is known as an example of spatial nucleon
correlations. A cluster is a composite particle inside a nucleus, which is spatially localized and weakly interacts with
other nucleons and clusters. Because an α particle (4He nucleus) is a strongly bound system consisting of two protons
and two neutrons, it is known as a typical cluster. The concept of the α cluster is shown in Figure 1.1(a). Many
efforts to describe nuclei with a cluster picture have been devoted since the early days of nuclear physics. These were
mainly motivated by the existence of nuclei that undergo α decay. In particular, it is known that α cluster structures
appear in light nuclei [22] when the energy of the nucleus is near the threshold energy to break up into a few parts
including alphas, such as the ground state of 8Be (see Fig. 1.1(b)) and the 0+2 excited state of 12C [23]. Today, with
great progress in both nuclear structure theory and experimental technique, it has been experimentally confirmed that
even in the ground state of heavy nuclei such as tin, α cluster structures develop on their surfaces [24].

Apart from the α particle, the deuteron (d) is considered to be a candidate for the cluster. The deuteron is an
isoscalar and spin-triplet particle consisting of a proton and a neutron, and as is well known, it is the only two-nucleon
bound system in free space. This indicates that the nuclear force is particularly strong in the component that makes
protons and neutrons form spin-triplet pairs, that is, the 3S1 channel component. It has also been found that the 3S1
channel component of a pairing interaction is strong in a nuclear matter [25–27]. Therefore, we can expect that protons
and neutrons form isoscalar pairs in nuclei, just as in free space. Fig. 1.1(c) shows a schematic picture of a deuteron
inside nuclei. In addition, from the viewpoint of the existence of isovector and spin-singlet pairing correlations (pp
and nn pairings) and the isospin symmetry, it is natural to consider the existence of a deuteron-like proton-neutron
(pn) pairing. It should be noted that the pp and nn pairings are known to have a correlation range equal to a diameter
of a nucleus, whereas the pn pair is expected to be spatially compact. The pn pair is thought to be formed in the
N ≈ Z nuclei because the shell structures of protons and neutrons are close to each other around the Fermi surface
and the overlap of wave functions is large [28, 29]. It has been suggested by the nuclear Energy-Density Functional
(EDF) approach an isoscalar pn pairing vibrational mode possibly emerges in N = Z nuclei [30, 31]. The Cluster
Orbital Shell Model (COSM) approach in which 18F (N = Z = 9) is treated as a three-body system of 16O + p+ n
also suggests the formation of deuteron-like pn pair [32]. The understanding of this pn pair is getting more important
since the invention of the unstable beams, which has provided more opportunities to study N ≈ Z nuclei in medium-
and heavy-mass regions. However, analysis of experimental data in the past has not provided clear evidence for the
existence of deuteron-like pn pair [29]. To overcome this situation, we need a “new” experimental approach and
nuclear reaction theory.

Two nuclear reactions that may probe deuteron-like pn pairs are briefly mentioned. The first is the transfer
reaction, in which a part of the incident particle is stripped by the target nucleus or vice versa. Here, we consider the
pn-pair transfer reaction, in which a proton and a neutron are transferred from the incident particle (Fig. 1.2). Taking
a naive view of this reaction, if there is a correlation between the proton and neutron, they are transferred from the
incident particle to the target nucleus simultaneously with high probability. On the other hand, however, it is also
possible that the proton and neutron are individually transferred in two steps. Although it depends on the reaction
system and energy which of these two processes is dominant, the theoretical calculation based on the Distorted Wave
Born Approximation (DWBA) has shown that the two-step process is more dominant than the simultaneous process
in 12C(14N,12 C)14N reactions at 79 and 155 MeV [33]. When the two-step process is dominant, the question arises
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FIGURE 1.2: Proton-neutron pair transfer reaction.

whether the analysis can indicate the existence of deuteron-like pn pairs in the nucleus. In other words, it is difficult to
theoretically exclude the possibility that the proton and neutron, which do not correlate, are accidentally transferred.
In addition, in the second-order DWBA, there are two representations of the transition matrix describing each of the
first and second nucleon transfer, that is, the prior- and post-form; in total, four representations exist. It is found in
Ref. [34] that the results of theoretical calculations depend on which representation is taken. Therefore, it can be
said that the pn pair transfer reaction is difficult to adopt in the study of deuteron-like pn pairs because of its large
uncertainty.

The second is the photonuclear reaction (or photodisintegration). This is a reaction in which an incident high-
energy photon excites the nucleus and the emission of particles follows. In the measurements reported in Refs. [35–
37], the emission of protons with high momentum was observed, but the model assuming the absorption of photons
by the entire nucleus could not explain this process. The quasi-deuteron model was then introduced [38, 39]. In this
model, a deuteron-like pn pair is assumed to exist in the nucleus, which absorbs photons and is excited. If the spatial
distance between the proton and neutron is close, the Heisenberg uncertainty relation allows the proton in the quasi-
deuteron to have a high-momentum component. The basic idea of the quasi-deuteron model is that these protons fly
out of the nucleus with high momentum. Therefore, this model focuses on the high-momentum component of the pn
pair and is considered to be useful as a model to verify the short-range tensor correlations mentioned above. However,
the pn pair that interested in this thesis is more similar to the deuteron in free space, and for the empirical study, it
is better to focus on the low-momentum component as the first step. In this sense, the photonuclear reaction and the
quasi-deuteron model are beyond the scope of this thesis. It should be note that in the deuteron knockout reaction
mentioned in the next section, the high-momentum component of a proton-neutron pair can be probed with a kinetics
in which the deuteron emitted in a forward angle and proton emitted in a backward angle are observed, that is, the
neutron pick-up process is dominant in the elementary process [40].

1.3 Knockout reaction as probe for particle inside nuclei

1.3.1 Proton-induced nucleon and α knockout reaction

In the previous section, we mentioned two reactions that might be a probe for deuteron-like pn pairs and briefly
described their “problems.” In this section, we will review the knockout reaction, which is simpler than those reactions
and has been used in nuclear spectroscopy based on the shell model and in studies of alpha cluster structures.

The proton-induced nucleon knockout reaction (p, pN ) is a nuclear reaction in which the incident proton interacts
with the target nucleus, and one proton and one nucleon are detected. This process is the most dominant reaction
between 200 MeV and 1000 MeV. Because of this high energy nature, this reaction can be regarded as essentially a
scattering of the incident proton and a nucleon in the target nucleus [12]. Thanks to this intuitive picture, the nucleon
knockout reaction is employed as a probe of the single-particle structure of nuclei [41–51]. A natural extension of
this reaction would be the cluster knockout reaction, in which a cluster is knocked out instead of a nucleon, and is
also expected to be a good probe of the cluster structure of nuclei. The proton-induced α knockout reaction (p, pα), in



4 Chapter 1. Introduction

which the α cluster is knocked out, has been studied theoretically [52–54], and corresponding experiments are being
conducted aiming at demonstrating the α cluster structure from light to heavy nuclei [24, 55–61].

1.3.2 Proton-induced deuteron knockout reaction

FIGURE 1.3: Proton-induced deuteron knockout reaction.

There are a few studies of the proton-induced deuteron knockout reaction (p, pd). The naive picture of (p, pd)
reaction is shown in Fig. 1.3. In the experiment performed 40 years ago at the University of Maryland, it was reported
that the cross section of the 16O(p, pd)14N reaction [62] is almost half of that of the 16O(p, 2p)15N [46]. It is known
that the number of proton that behaves like an independent particle in nuclei is about 60–65 % of the total proton
number. Therefore, if we naively interpret the experimental result of (p, pd) about 30 % of proton forms deuterons
with neutrons in the ground state of 16O, which is surprisingly large. The deuteron is, however, a weakly bound
system with a binding energy of about 1 MeV per nucleon, and in this respect, the deuteron knockout reaction is
definitely different from the proton knockout and α knockout reactions. Because of its fragility, the deuteron can be
broken up by the incident proton in the elementary process of the (p, pd) reaction. In addition, the deuteron knocked
out of the nucleus is expected to transition between bound and breakup states by the Final-State Interactions (FSIs).
Furthermore, the deuteron that is once broken up in the elementary process can reform a deuteron by the FSIs. These
processes are not taken into account in the Distorted Wave Impulse Approximation (DWIA) framework, which is
the standard reaction model describing the knockout reactions. Therefore, even if measurement results of deuteron
knockout reactions are obtained, it is not possible to conclude clearly whether or not deuterons exist in nuclei by
analyzing the results with the DWIA framework.

1.4 Purpose and construction of this thesis

The purpose of this doctoral thesis is to construct a new reaction model that adequately describes the deuteron knock-
out reaction to reveal the deuteron inside nuclei. To achieve this, three ingredients:

• microscopic description of the deuteron inside nuclei,

• deuteron breakup in the elementary process,

• transition between bound and breakup states of the proton-neutron system by FSIs,

are essentially important. In the following chapters, the (p, pd) reaction is described with these three ingredients for
the first time, and each contribution to the reaction is clarified.

The construction of this doctoral thesis is as follows. In Chapter 2, the framework of the DWIA is explained. A
new reaction model named CDCCIA is introduced for a more adequate description of deuteron knockout reactions. In
the CDCCIA framework, the deuteron breakup in the elementary process and the transition of the emitted deuteron
due to FSIs are considered. In addition, a framework is developed to describe the proton-deuteron elastic scattering
and deuteron breakup reactions d(p, p)pn in the elementary process of the (p, pd) reaction by a single-scattering of
the incident proton off each nucleon inside deuteron by a nucleon-nucleon effective interaction. In Chapter 3, the
cross section of the 16O(p, pd)14N∗ reaction, in which 14N is in the 1+2 excited state, is calculated within the DWIA
framework with a microscopic wave function of deuteron inside 16O obtained by the nuclear EDF framework. The
strength of the pairing interaction between proton and neutron is varied in the nuclear EDF calculation, and how the
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difference appears in the cross section of the reaction is investigated. In Chapter 4, the reliability of the framework for
the p-d scattering and the d(p, p)pn reaction is tested. In Chapter 5, the cross section of the 16O(p, pd)14N∗ reaction is
calculated within the CDCCIA framework. How the back coupling process, in which the knocked-out deuteron goes
to breakup channels and comes back to the elastic channel due to the FSIs, affects the cross section is investigated.
The impact of the deuteron reformation of the knocked-out proton-neutron pair on the cross section is also studied.
Finally, the summary of this thesis is given in Chapter 6.
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Chapter 2

Formulation

2.1 Distorted wave impulse approximation formalism

In this section, I introduce the Distorted Wave Impulse Approximation (DWIA) formalism, which is employed widely
to describe and analyze knockout reactions in both theoretical and experimental studies. The DWIA has been suc-
cessful, especially in the nucleon knockout [41–51] and α-particle knockout [52, 55–61] reactions.

In the following formulation, the proton (p) induced deuteron (d) knockout reaction (p, pd) in normal kinematics
is described within the DWIA framework, similarly as shown in the recent review article [12] of the proton-induced
nucleon (N ) knockout reaction (p, pN ). A three-body reaction model, in which a deuteron is treated not as a two-
nucleon system but a single particle, is adopted. The incident and emitted protons are labeled as particles 0 and 1, and
the knocked-out deuteron is referred to as particle 2. The target (residual) nucleus is labeled as A (B), whose mass
number is A (B), and the deuteron bound in the target as particle x. All quantities are evaluated in the center-of-mass
(c.m.) frame of the three-body system (the G frame for short), and we attach a certain superscript to those in another
frame. The spin-orbit component in each optical potential is ignored. The Coulomb interaction is not discussed
explicitly because of its complexity due to the long-range property. It should be noted, however, that all the numerical
results shown except in Chapter 4 are calculated by taking into account the Coulomb interaction in a conventional
way. The Madison convention, in which the momentum of the incident proton is taken to be parallel to the z-axis, is
employed. The reaction is assumed to be coplanar, that is, all the momenta of the particles are on the same plane.

2.1.1 Transition matrix based on DWIA

0 or 1

2 or x

B

FIGURE 2.1: Coordinates of the A(p, pd)B reaction system.

The coordinates to describe the A(p, pd)B reaction are shown in Fig. 2.1, and we take R0 and R2 as the indepen-
dent coordinates. The transition matrix of the (p, pd) reaction is given in the post form by

Tµ1µ2µBµ0µA =
〈
Ψfree

12B

∣∣∣VfΩ(+)
0

∣∣∣Ψfree
0A

〉
, (2.1)
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∣∣Ψfree
0A

〉
=

∣∣∣∣ϕK0(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ΦtAνA
IAµA

(ϵA, ξA)

〉
, (2.2)

〈
Ψfree

12B
∣∣ = 〈

ϕK1(R0)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
ϕK2B(R2)Φ

t2ν2
I2µ2

(ϵ2, ξ2)Φ
tBνB
IBµB

(ϵB, ξB)

∣∣∣∣ , (2.3)

in which ϕK0(ϕK1) is the plane wave between particle 0 and A (particle 1 and B), and ϕK2B between particle 2 and B.
Ki is the momentum (in the unit of ~) of particle i (= 0, 1, and 2) in the asymptotic region in the G frame, and K2B
is the relative momentum between particle 2 and B. The spin and isospin functions of particles 0 and 1 are denoted by
η
(i)
1
2
µi

and ζ(i)1
2
νi

, in which µi and νi mean the third components of the spin and isospin, respectively. The internal wave

function of particle j (= 2,A, and B) is represented by Φ
tjνj
Ijµj

(ϵj , ξj), in which Ij , tj , ϵj , and ξj are, respectively, the
spin, isospin, eigenenergy, and internal coordinate.

Ω
(+)
0 in Eq. (2.1), which is called the Møller operator, makes the plane wave ϕK0 distorted by A as

Ω
(+)
0

∣∣Ψfree
0A

〉
=

∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ΦtAνA
IAµA

(ϵA, ξA)

〉
, (2.4)

in which χ(+)
0,K0

is the distorted wave of particle 0. This distorted wave is obtained as the solution of the Schrödinger
equation: [

TR0 + U0A(R0)−
~2

2µ0A
K2

0

]
χ
(+)
0,K0

(R0) = 0, (2.5)

in which µ0A is the reduced mass of particle 0 and A. TR0 is the kinetic energy operator regarding R0, and U0A is
an optical model potential between particle 0 and A. The superscript (+) means that χ(+)

0,K0
satisfies the outgoing

boundary condition:

χ
(+)
0,K0

(R0) → eiK0z + f0A(Ω0)
eiK0R0

R0
(R0 → ∞), (2.6)

in which f0A is the scattering amplitude, and Ω0 is the solid angle of particle 0.
The transition interaction Vf is given by the sum of all the two-body interactions in the final state:

Vf = U1B + U2B + τ12, (2.7)

in which U1B (U2B) is an optical potential between particle 1 (2) and B, and τ12 is an effective interaction between
particles 1 and 2. In the DWIA framework, the impulse approximation, which replaces τ12 with an effective interaction
between paritcles 1 and 2 in free space, t12, is employed.

For smooth discussion, we rewrite the product of the plane waves in Eq. (2.3) as

ϕK1(R0)ϕK2B(R2) =
1

(2π)3/2
exp(iK1 ·R0) ·

1

(2π)3/2
exp(iK2B ·R2)

=
1

(2π)3
exp

[
iK1 ·

(
R1 −

m2

m2 +mB
R2

)]
exp

[
i

(
m2

m2 +mB
K1 +K2

)
·R2

]
=

1

(2π)3/2
exp(iK1 ·R1) ·

1

(2π)3/2
exp(iK2 ·R2)

= ϕK1(R1)ϕK2(R2) (2.8)

because U1B and U2B are the functions of R1 and R2, respectively. Here, the momentum conservation in the G frame:

K1 +K2 +KB = K0 +KA = 0, (2.9)
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in which KA and KB are the momentum of the target and residue, respectively, has been used to express K2B by K1

and K2 as

K2B =
mB

m2 +mB
K2 −

m2

m2 +mB
KB =

m2

m2 +mB
K1 +K2, (2.10)

with m2 and mB being the masses of particle 2 and B, respectively.
Applying the Gell-Mann-Goldberger transformation (see Appendix A) to the transition matrix (2.1), the optical

potentials distort the plane waves in the final state as

Tµ1µ2µBµ0µA =

〈
Ψ

(−)
K1,K2

(R1,R2)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
Φt2ν2
I2µ2

(ϵ2, ξ2)Φ
tBνB
IBµB

(ϵB, ξB)

∣∣∣∣
× t12(s)

∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ΦtAνA
IAµA

(ϵA, ξA)

〉
, (2.11)

in which Ψ
(−)
K1,K2

is the three-body scattering wave satisfying the Schrödinger equation:[
T̂f + U∗

1B(R1) + U∗
2B(R2)− Tf

]
Ψ

(−)
K1,K2

(R1,R2) = 0. (2.12)

T̂f and Tf are the kinetic energy operator and the scattering energy in the final state given by

T̂f = − ~2

2m1
∇2

r1
− ~2

2m2
∇2

r2
− ~2

2mB
∇2

rB
+

~2

2mtot
∇2

rc.m.
, (2.13)

Tf =
~2

2m1
K2

1 +
~2

2m2
K2

2 +
~2

2mB
K2

B, (2.14)

in which m1 is the mass of particle 1, and mtot ≡ m1 +m2 +mB (the total mass of the system in the final state). ri
is the position vector of particle i (= 1, 2, and B), and we can find

R1 = r1 − rB, R2 = r2 − rB, Rc.m. =
m1r1 +m2r2 +mBrB

mtot
. (2.15)

These lead to (see Appendix B)

∇r1 = ∇R1 +
m1

mtot
∇Rc.m. , ∇r2 = ∇R2 +

m2

mtot
∇Rc.m. , ∇rB = −∇R1 −∇R2 +

mB

mtot
∇Rc.m. , (2.16)

and then T̂f becomes

T̂f = − ~2

2µ1B
∇2

R1
− ~2

2µ2B
∇2

R2
− ~2

mB
∇R1 · ∇R2 , (2.17)

in which µ1B and µ2B are the reduced masses of the 1-B and 2-B systems. Using Eq. (2.9), Tf also becomes

Tf =
~2

2µ1B
K2

1 +
~2

2µ2B
K2

2 +
~2

mB
K1 ·K2. (2.18)

Although it is possible to solve the Schrödinger equation (2.12) within the three-body Faddeev(-Alt-Grassberger-
Sandhas) theory [63–65], the semiclassical approximation [66], which replaces the third term in the right-hand-side
of Eq. (2.17) as

− ~2

mB
∇R1 · ∇R2 ≈ ~2

mB
K1 ·K2, (2.19)

is employed to solve the equation effectively. This approximation is commonly adopted in the study of the (p, pN )
reaction, e.g., in Ref. [44], and the order of the uncertainty coming from it is O(m2/mB). Then we can factorize the
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three-body wave function Ψ
(−)
K1,K2

as

Ψ
(−)
K1,K2

(R1,R2) ≈ χ
(−)
1,K1

(R1)χ
(−)
2,K2

(R2) (2.20)

and Eq. (2.12) becomes decoupled into[
T̂R1 + U∗

1B(R1)−
~2

2µ1B
K2

1

]
χ
(−)
1,K1

(R1) = 0, (2.21)

[
T̂R2 + U∗

2B(R2)−
~2

2µ2B
K2

2

]
χ
(−)
2,K2

(R2) = 0, (2.22)

in which χ(−)
i,Ki

is the distorted wave of particle i (= 1 and 2), and the superscript (−) means that the incoming
boundary condition:

χ
(−)
i,Ki

(Ri) → eiKiz + f∗iB(Ωi)
e−iKiRi

Ri
(Ri → ∞) (2.23)

is satisfied with Ωi being the solid angle of particle i.
Now the transition matrix (2.11) becomes

Tµ1µ2µBµ0µA =

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
χ
(−)
2,K2

(R2)Φ
t2ν2
I2µ2

(ϵ2, ξ2)Φ
tBνB
IBµB

(ϵB, ξB)

∣∣∣∣
× t12(s)

∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ΦtAνA
IAµA

(ϵA, ξA)

〉
. (2.24)

Making the assumption that residue B is inert and a spectator during the reaction, Eq. (2.24) is reduced to

Tµ1µ2µBµ0µA =

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
χ
(−)
2,K2

(R2)Φ
t2ν2
I2µ2

(ϵ2, ξ2)

∣∣∣∣
× t12(s)

∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ψtBνB:tAνA
IBµB:IAµA

(ϵx, ξx,R2)

〉
, (2.25)

in which ψtBνB:tAνA
IBµB:IAµA

is the overlap function between the target A and the (x + B) system defined by

ψtBνB:tAνA
IBµB:IAµA

(ϵx, ξx,R2) ≡
〈
ΦtBνB
IBµB

(ϵB, ξB)
∣∣∣ΦtAνA

IAµA
(ϵA, ξA)

〉
. (2.26)

In general, we can expand ΦtAνA
IAµA

by the sets of the eigenstates of particle x and B as

ΦtAνA
IAµA

(ϵA, ξA) =
∑∫
ϵ′B

∑
t′Bν

′
B

(txνxt
′
Bν

′
B|tAνA)

∑
I′Bµ

′
B

∑
ℓjµj

θnℓjνx
I′Bt

′
Bν

′
B:IAtAνA

(jµjI
′
Bµ

′
B|IAµA)

× φnℓj(R2)
[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

Φ
t′Bν

′
B

I′Bµ
′
B
(ϵ′B, ξB), (2.27)

in which (abcd|ef) is the Clebsch-Gordan coefficient and[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

≡
∑
mµx

(ℓmIxµx|jµj)Yℓm
(
R̂2

)
Φtxνx
Ixµx

(ϵx, ξx) (2.28)

with Yℓm being the spherical harmonics. θnℓjνx
I′Bt

′
Bν

′
B:IAtAνA

is the expansion coefficient related to the “deuteron spectro-
scopic factor” defined below. The cluster state of particle x inside A, their relative wave function in fact, is specified
by the principal quantum number n, the orbital angular momentum ℓ, the total angular momentum j (≡ ℓ+ Ix), and
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its third component µj . Inserting Eq. (2.27) into Eq. (2.26), we obtain

ψtBνB:tAνA
IBµB:IAµA

(ϵx, ξx,R2) =
∑
ℓjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)φnℓj(R2)
[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

(2.29)

with the use of the orthonormality of ΦtBνB
IBµB

. S1/2
nℓjνx

is the “deuteron spectroscopic amplitude” given by

S
1/2
nℓjνx

≡ (txνxtBνB|tAνA)θ
nℓjνx
IBtBνB:IAtAνA

, (2.30)

and its squared absolute value is called the “deuteron spectroscopic factor.” The transition matrix (2.25) is, therefore,
rewritten as

Tµ1µ2µBµ0µA =

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
χ
(−)
2,K2

(R2)Φ
t2ν2
I2µ2

(ϵ2, ξ2)

∣∣∣∣ t12(s) ∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0

×
∑
ℓjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)φnℓj(R2)
[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

〉
. (2.31)

2.1.2 Asymptotic momentum approximation

To express all the coordinates relevant to the transition matrix (2.31) by R and s, which are the c.m. and relative
coordinates of the 1-x system (see Fig. 2.1), we employ the Asymptotic Momentum Approximation (AMA) [52],
which has been widely applyed to the DWIA analysis. In this approximation, the propagation of each distorted wave
from a point x to another point x+∆x is expressed by the plane wave with the asymptotic momentum, that is,

χK(x+∆x) ≈ χK(x)eiK·∆x. (2.32)

It should be noted that in the plane wave limit:

χK(x) → eiK·x, χK(x+∆x) → eiK·(x+∆x), (2.33)

Eq. (2.32) holds not approximatelly but exactly, and it suggests that the AMA is good in the case of weak distortion
by an optical potential. This approximation is also expected to be good with ∆x being small (about 0.5 fm) from the
analogy with the local semiclassical approximation [67–69], in which each asymptotic momentum is replaced with
the momentum determined by the local energy conservation and the local flux of the distorted wave.

The coordinates R0, R1, and R2 can be expressed in terms of R and s as

R0 = R− αRR+ α0ss, R1 = R+ α1ss, R2 = R− α2ss, (2.34)

in which

αR ≡ m2

mA
, α0s ≡

m2

m1 +m2

m1 +mA

mA
, α1s ≡

m2

m1 +m2
, α2s ≡

m1

m1 +m2
. (2.35)

Applying the AMA to the distorted waves in Eq. (2.31), they become

χ
(+)
0,K0

(R0) ≈ χ
(+)
0,K0

(R)e−iαRK0·Reiα0sK0·s, (2.36)

χ
(−)
1,K1

(R1) ≈ χ
(−)
1,K1

(R)eiα1sK1·s, χ
(−)
2,K2

(R2) ≈ χ
(−)
2,K2

(R)e−iα2sK2·s. (2.37)

Inserting Eqs. (2.36) and (2.37) and the Fourier transform of the bound state wave function of particle x:

φnℓjm(R2) ≡ φnℓj(R2)Yℓm

(
R̂2

)
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=
1

(2π)3/2

∫
dKx φ̃nℓjm(Kx)eiKx·R2

=
1

(2π)3/2

∫
dKx φ̃nℓjm(Kx)eiKx·Re−iα2sKx·s (2.38)

into the transition matrix (2.31), we obtain

Tµ1µ2µBµ0µA =
1

(2π)3/2

∫
dRχ

(−)∗
1,K1

(R)χ
(−)∗
2,K2

(R)χ
(+)
0,K0

(R)e−iαRK0·R

×
∑
ℓjµj

∑
mµx

S
1/2
nℓjνx

(jµjIBµB|IAµA)(ℓmIxµx|jµj)
∫

dKx φ̃nℓjm(Kx)eiKx·R

× t̃12(κ
′, µ1ν1µ2ν2;κ, µ0ν0µxνx), (2.39)

in which t̃12 is the transition matrix of the elementary process of the (p, pd) reaction defined by

t̃12(κ
′, µ1ν1µ2ν2;κ, µ0ν0µxνx) ≡

〈
eiκ

′·sη
(1)
1
2
µ1
ζ
(1)
1
2
ν1
Φt2ν2
I2µ2

(ϵ2, ξ2)

∣∣∣∣t12(s)∣∣∣∣eiκ·sη(0)1
2
µ0
ζ
(0)
1
2
ν0
Φtxνx
Ixµx

(ϵx, ξx)

〉
. (2.40)

κ (κ′) is the relative momentum between paricles 0 and x (particles 1 and 2) in the initial (final) state given by

κ ≡ α0sK0 − α2sKx, κ′ ≡ α1sK1 − α2sK2. (2.41)

Supposing the momentum conservation of the two colliding particles in the elementary process holds, that is,

m1 +mA

mA
K0 +Kx ≈ K1 +K2, (2.42)

κ is determined by

κ =
m1 +mA

mA
K0 − α2s(K1 +K2) ≡ κ0 (2.43)

and the Kx dependence is removed from t̃12. Then, with the inverse Fourier transformation, we obtain

Tµ1µ2µBµ0µA =
∑
µx

t̃12(κ
′, µ1ν1µ2ν2;κ0, µ0ν0µxνx)

×
∫

dRχ
(−)∗
1,K1

(R)χ
(−)∗
2,K2

(R)χ
(+)
0,K0

(R)e−iαRK0·R

×
∑

ℓmjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)(ℓmIxµx|jµj)φnℓjm(R). (2.44)

The effective interaction t12 and its matrix element t̃12 are usually defined in the c.m. frame of the 0-x (or 1-2) system
(the t frame for short). So we need to multiply t̃12 by the so-called Møller factor:

fMøller ≡
(
Et

1E
t
2E

t
0E

t
x

E1E2E0Ex

)1/2

, (2.45)

in which Et
j and Ej are the relativistic energies of particle j (= 0, 1, 2, and x) in the t and G frame, to take into

account the Lorentz invariance of the reaction probability of the elementary process.
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2.1.3 Triple differential cross section

We start the derivation of the Triple Differential CROSS section (TDX), which is the most explicit quantity of the
knockout reaction, with the infinitesimal cross section of a three-body emission channel:

dσ =
(2π)4

~vi
dK1 dK2 dKB δ(Ef − Ei)δ(Kf −Ki)

1

2I0 + 1

1

2IA + 1

∑
µ1µ2µBµ0µA

|Tµ1µ2µBµ0µA |
2, (2.46)

in which Tµ1µ2µBµ0µA is the transition matrix discussed in the previous subsection. The two Dirac’s delta functions
δ(Ef − Ei) and δ(Kf −Ki) guarantee the energy and momentum conservations through the reaction, respectively.
I0 (= 1/2) is the spin of particle 0. vi is the magnitude of the relative velocity between particle 0 and A given by

vi ≡ c2
~KL

0

EL
0

, (2.47)

in which the quantities with the superscript L are evaluated in the laboratory (L) frame. Utilizing the four-momentum
delta function, vi and ~ dKj /Ej of particle j (= 1, 2, and B) are Lorentz invariant,

dσ =
(2π)4

~vi
E1E2EB

EL
1E

L
2E

L
B
dKL

1 dK
L
2 dK

L
B δ

(
EL

f − EL
i

)
× δ

(
KL

f −KL
i

) 1

2I0 + 1

1

2IA + 1

∑
µ1µ2µBµ0µA

|Tµ1µ2µBµ0µA |
2 (2.48)

is obtained. In what follows, the TDX in the L frame of the form:

d3σ

dEL
1 dΩL

1 dΩ
L
2

, (2.49)

which indicates we does not observe the residual nucleus B in experiments explicitly, is derived from Eq. (2.48).
We can evaluate KL

B as

KL
B = KL

0 +KL
A −KL

1 −KL
2 = XL −KL

2

(
XL ≡ KL

0 +KL
A −KL

1

)
(2.50)

from the δ function for the momentum conservation, and remove the variable from the expression of Eq. (2.48) by
integrating it. In addition, from the relativistic energy-momentum relation:

EL
i =

√
(mic2)

2 +
(
~cKL

i

)2
, (2.51)

we can calculate the total derivative of EL
i as

dEL
i = d

[√
(mic2)

2 +
(
~cKL

i

)2]
=

~2c2KL
i

EL
i

dKL
i , (2.52)

and it gives

dKL
i =

(
KL

i

)2
dKL

i dΩL
i =

EL
i K

L
i

~2c2
dEL

i dΩ
L
i . (2.53)

As a result,

dσ =
(2π)4

~vi
E1E2EB

EL
1E

L
2E

L
B

EL
1K

L
1

~2c2
dEL

1 dΩL
1

(
KL

2

)2
dKL

2 dΩL
2 δ

(
EL

f − EL
i

)
× 1

2I0 + 1

1

2IA + 1

∑
µ1µ2µBµ0µA

|Tµ1µ2µBµ0µA |
2 (2.54)



14 Chapter 2. Formulation

is obtained. Because the argument of the δ function for the energy conservation is

EL
f − EL

i =

√
(m1c2)

2 +
(
~cKL

1

)2
+

√
(m2c2)

2 +
(
~cKL

2

)2
+

√
(mBc2)

2 +
(
~cKL

B

)2
−
√
(m0c2)

2 +
(
~cKL

0

)2 −√
(mAc2)

2 +
(
~cKL

A

)2
, (2.55)

in which KL
B has already been determined by Eq. (2.50) as

KL
B =

√
(XL)2 +

(
KL

2

)2 − 2XLKL
2 cos θL

X2

(
cos θL

X2 ≡ XL ·KL
2

)
, (2.56)

we get

∂(EL
f − EL

i )

∂KL
2

=
~2c2KL

2

EL
2

+
~2c2KL

B

EL
B

KL
2 −XL cos θL

X2

KL
B

, (2.57)

and then the phase volume Fkin:

Fkin ≡
EL

1K
L
1

(
KL

2

)2
~2c2

[
~2c2KL

2

EL
2

+
~2c2KL

B

EL
B

KL
2 −XL cos θL

X2

KL
B

]−1

=
EL

1K
L
1E

L
2K

L
2

~4c4

[
1 +

EL
2

EL
B
+
EL

2

EL
B

(
KL

1 −KL
0 −KL

A
)
·KL

2(
KL

2

)2
]−1

. (2.58)

It should be noted that KL
2 has already been specified by the energy conservation.

It is found that the dependence of the transition matrix (2.44) on µ1 and µ2 appears only in the Clebsch-Gordan
coefficient. So unless these are specified experimentally, the summation over µ1 and µ2 is calculated as∑

µBµA

∑
j′µ′

j

∑
jµj

(j′µ′jIBµB|IAµA)(jµjIBµB|IAµA) =
∑
j′µ′

j

∑
jµj

2IA + 1

2j + 1
δj′jδµ′

jµj
=

∑
jµj

2IA + 1

2j + 1
. (2.59)

Here, we employ an averaging prescription on µx:

t̃∗12(κ
′, µ1ν1µ2ν2 : κ0, µ0ν0µ

′
xνx)t̃12(κ

′, µ1ν1µ2ν2;κ0, µ0ν0µxνx)

≈ 1

2Ix + 1

∑
µ̄x

∣∣t̃12(κ′, µ1ν1µ2ν2;κ0, µ0ν0µ̄xνx)
∣∣2δµ′

xµx (2.60)

in the calculation of the squared norm in Eq. (2.54). Then this prescription leads to∑
µj

∑
µ′

xµx

∑
ℓ′m′

∑
ℓm

(ℓ′m′Ixµ
′
x|jµj)(ℓmIxµx|jµj)δµ′

xµx

=
∑
µj

∑
µx

∑
ℓ′m′

∑
ℓm

(ℓ′m′Ixµx|jµj)(ℓmIxµx|jµj)

=
∑
ℓ′m′

∑
ℓm

2j + 1

2ℓ+ 1
δℓ′ℓδm′m

=
∑
ℓm

2j + 1

2ℓ+ 1
. (2.61)

In addition, t̃12 is related to the differential cross section of p-d elastic scattering dσ12 / dΩ12 as

dσ12
dΩ12

(T12, θ12) =
( µ12
2π~2

)2 1

2I0 + 1

1

2Ix + 1

∑
µ1µ2µ0µ̄x

∣∣t̃12(κ′, µ1ν1µ2ν2;κ0, µ0ν0µ̄xνx)
∣∣2, (2.62)
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in which T12 and θ12 are the scattering energy and angle of the elementary process, respectively, given by

E12 =
~2

2µ12

(
κ′
)2
, cos θ12 =

κ′ · κ0

κ′κ0
. (2.63)

µ12 is the reduced mass between paricles 1 and 2. Finally, we obtain the expression of the TDX of the (p, pd) reaction
in the L frame:

d3σ

dEL
1 dΩL

1 dΩ
L
2

=
(2π)4

~vi
E1E2EB

EL
1E

L
2E

L
B
Fkin

1

2I0 + 1

(
2π~2

µ12

)2
dσ12
dΩ12

(T12, θ12)
∑
ℓj

2I0 + 1

2ℓ+ 1
Snℓjνx

×
∑
m

∣∣∣∣∫ dRχ
(−)∗
1,K1

(R)χ
(−)∗
2,K2

(R)χ
(+)
0,K0

(R)e−iαRK0·Rφnℓjm(R)

∣∣∣∣2. (2.64)

2.1.4 Plane wave impulse approximation

For intuitively understanding the meaning of the knockout reaction observables, let us consider the plane wave limit of
the DWIA framework, which is called the Plane Wave Impulse Approximation (PWIA). In the PWIA framework, each
distorted wave in Eq. (2.64) is replaced with the plane wave with its asymptotic momentum as shown in Eq. (2.33):

d3σPW

dEL
1 dΩL

1 dΩ
L
2

=
(2π)4

~vi
E1E2EB

EL
1E

L
2E

L
B
Fkin

1

2I0 + 1

(
2π~2

µ12

)2
dσ12
dΩ12

(T12, θ12)
∑
ℓj

2I0 + 1

2ℓ+ 1
Snℓjνx

×
∑
m

|φ̃nℓjm(Kms)|2, (2.65)

in which φ̃nℓjm is the Fourier transform of φnℓjm:

φ̃nℓjm(Kms) =

∫
dR eiKmsφnℓjm(R) =

∫
dR eiKmsφnℓj(R)Yℓm

(
R̂
)
. (2.66)

Kms is the so-called missing momentum given by

Kms ≡ (1− αR)K0 −K1 −K2, (2.67)

which is known to correspond to the momentum of the residual nucleus B in the L frame, KL
B. By assuming B is a

spectator in the knockout reaction, in addition, we can interpret −Kms as the momentum of the c.m. of the pn pair,
KL

pn, because the target nucleus A is at rest in the L frame. Thus, we can say that in the PWIA limit, the TDX of the
knockout reaction is a “snapshot” of the motion of the particle in the target. This is why the knockout reaction has
been regarded as an appropriate tool to investigate the single-particle and cluster state inside nuclei in both theoretical
and experimental studies.

2.2 CDCCIA formalism

Although deuteron is a weakly bound system consisting of a proton and a neutron, whose binding energy is about
1.1 MeV per nucleon, we have treated it as a single particle in the previous section. In this section, I present the
new framework, which describes the (p, pd) reaction with taking into account the deuteron breakup in the elementary
process and the contributions of the Final-State Interactions (FSIs). The framework is called CDCCIA, which comes
from the combination of the Continuum-Discretized Coupled-Channels method (CDCC) [70–72] explained briefly
below and the Impulse Approximation (IA). The notation in the following formulation is the same as in the previous
section.
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2.2.1 Transition matrix based on CDCCIA

0 or 1

2 or x

B

FIGURE 2.2: Coordinates of the A(p, pd)B reaction system with treating the deuteron as a two-nucleon
system.

The coordinates to describe the A(p, pd)B reaction within the CDCCIA framework are shown in Fig. 2.2, and we
take R0, R2, and r as the independent coordinates. The transition matrix in the post form is the same as Eqs. (2.1)-
(2.3). It should be noted that the internal coordinates ξA and ξ2 include r.

The transition interaction Vf is given by the sum of the two-body interactions in the final state:

Vf = U1B + UpB + UnB + τ1p + τ1n, (2.68)

in which τ1p (τ1n) is an effective interaction between particle 1 and the proton (neutron) in particle 2. The employment
of these interactions makes the difference between CDCCIA and the DWIA. In the latter, τ12 has been employed as
shown in Eq. (2.7), and it assumes that the deuteron breakup in the elementary process can be ignored. On the other
hand, in the CDCCIA framework, the elementary process is described by the summation of the collisions of particle
1 and nucleons in particle 2, in which the breakup can happen. As in the DWIA, the IA is adopted, that is,

τ1p ≈ t1p, τ1n ≈ t1n, (2.69)

in which t1p and t1p are effective interactions in free space. By making the use of Eq. (2.8) and the Gell-Mann-
Goldberger transformation, the transition matrix becomes

Tµ1µ2µBµ0µA =

〈
Ψ

(−)
K1,K2

(R1,R2, ξ2)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
ΦtBνB
IBµB

(ϵB, ξB)

∣∣∣∣
× [t1p(s1p) + t1n(s1n)]

∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ΦtAνA
IAµA

(ϵA, ξA)

〉
(2.70)

with

s1p ≡ s+
1

2
r, s1n ≡ s− 1

2
r. (2.71)

It is worth pointing out that the same formalism has been employed in the studies of the electron (e) induced deuteron
knockout reaction (e, e′d) [73]. As a remarkable advantage of the present research over the preceding one, we take into
account the transition of the knocked-out deuteron by the FSIs. Ψ(−)

K1,K2
is the scattering wave of the 1+ (p+n)+B

four-body system satisfying the Schrödinger equation:[
T̂f + U∗

1B(R1) + U∗
pB(RpB) + U∗

nB(RnB) + hpn − Tf

]
Ψ

(−)
K1,K2

(R1,R2, ξ2) = 0, (2.72)
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in which T̂f is defined by Eq. (2.17) and Tf is the scattering energy given by

Tf =
~2

2µ1B
K2

1 +
~2

2µ2B
K2

2 +
~2

mB
K1 ·K2 + ϵ2,c. (2.73)

It should be noted that we have used the momentum conservation (2.9) in the final state. hpn is the internal Hamiltonian
of the proton-neutron system. Applying the semiclassical approximation (2.19) to the third term on the right-hand-side
of Eq. (2.73), we can rewrite Eq. (2.72) as[

H1B +H2B − ~2

2µ1B
K2

1 − ~2

2µ2B
K2

2 − ϵ2,c

]
Ψ

(−)
K1,K2

(R1,R2, ξ2) = 0, (2.74)

H1B ≡ T̂R1 + U∗
1B(R1), H2B ≡ T̂R2 + U∗

pB(RpB) + U∗
nB(RnB) + hpn, (2.75)

and then Eq. (2.74) is separated into the Schrödinger equations (2.21) and[
T̂R2 + U∗

pB(RpB) + U∗
nB(RnB) + hpn − ~2

2µ2B
K2

2 − ϵ2,c

]
Ξ
(−)
pnB,K2

(R2, ξ2) = 0 (2.76)

with the separation of variables:

Ψ
(−)
K1,K2

(R1,R2, ξ2) ≈ χ
(−)
1,K1

(R1)Ξ
(−)
pnB,K2

(R2, ξ2). (2.77)

Ξ
(−)
pnB,K2

is the scattering wave of the three-body system (p+ n) + B. We adopt CDCC to obtain it:

Ξ
(−)
pnB,K2

(R2, ξ2) ≈
∑
c

χ
(0c)(−)
2,K2

(R2)Φ
t2ν2
I2µ2,c

(ϵ2,c, ξ2), (2.78)

in which Φt2µ2

I2ν2,c
is the deuteron bound-state wave function for c = 0 and the discretized-continuum states of the

proton-neutron system for c ̸= 0. This wave function satisfies the eigenvalue equation:

hpnΦ
t2ν2
I2µ2,c

(ϵ2,c, ξ2) = ϵ2,cΦ
t2ν2
I2µ2,c

(ϵ2,c, ξ2) (2.79)

with ϵ2,c being the eigenenergy of the p-n system in the cth channel. Eq. (2.78) means that the three-body wave
function is expanded in terms of the set of the eigenstates of hpn, which is assumed to form a complete set in the
model space relevant to the physics observables of interests. The expansion “coefficients” χ(0c)(−)

2,K2
represent the

distorted waves between the c.m. of the p-n system in the cth state and the reaction residue B. In addition, Ξ(−)
pnB,K2

satisfies the incoming boundary condition:

Ξ
(−)
pnB,K2

(R2, ξ2) →
[

eiK2z + f∗2B(Ω2)
e−iK2R2

R2

]
Φt2ν2∗
I2µ2,0

(ϵ02, ξ2)

+
∑
c

f∗2B,c(Ω2)
e−iK2,cR2

R2
Φt2ν2∗
I2µ2,c

(ϵc2, ξ2) (R2 → ∞), (2.80)

in which K2,c is the momentum of particle 2 in the cth chnnel.
Now the transition matrix (2.70) becomes

Tµ1µ2µBµ0µA =

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
Ξ
(−)
pnB,K2

(R2, ξ2)Φ
tBνB
IBµB

(ϵB, ξB)

∣∣∣∣
× [t1p(s1p) + t1n(s1n)]

∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ΦtAνA
IAµA

(ϵA, ξA)

〉
. (2.81)
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As in the DWIA framework, the assumption that B is inert and a spectator reduces Eq. (2.81) to

Tµ1µ2µBµ0µA =

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
χ
(−)
2,K2

(R2)Ξ
(−)
pnB,K2

(R2, ξ2)

∣∣∣∣
× [t1p(s1p) + t1n(s1n)]

∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0
ψtBνB:tAνA
IBµB:IAµA

(ϵx, ξx,R2)

〉
, (2.82)

in which ψtBνB:tAνA
IBµB:IAµA

is given by Eq. (2.29). Then we obtain

Tµ1µ2µBµ0µA

=

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1

∑
c

χ
(0c)(−)
2,K2

(R2)Φ
t2ν2
I2µ2,c

(ϵ2,c, ξ2)

∣∣∣∣∣ [t1p(s1p) + t1n(s1n)]

×

∣∣∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0

∑
ℓjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)φnℓj(R2)
[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

〉
. (2.83)

The transition matrix of Eq. (2.83) includes the deuteron breakup in the elementary process and the transition of the
knocked-out deuteron or pn pair due to the FSIs.

To discuss these processes separately, we define

T (EL)
µ1µ2µBµ0µA

=

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
χ
(00)(−)
2,K2

(R2)Φ
t2ν2
I2µ2,0

(ϵ2,0, ξ2)

∣∣∣∣ [t1p(s1p) + t1n(s1n)]

×

∣∣∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0

∑
ℓjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)φnℓj(R2)
[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

〉
, (2.84)

in which the elementary process is assumed to be the proton-deuteron elastic scattering. It should be noted that
χ
(00)(−)
2,K2

is a solution of CDCC and the back coupling process, in which the knocked-out deuteron goes to breakup
channels and comes back to the elastic channel due to the FSIs, is included. The p-d elastic scattering is described by
the effective interaction t12 between proton and deuteron. Eq. (2.84) is reduced to

T (EL)
µ1µ2µBµ0µA

=

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
χ
(00)(−)
2,K2

(R2)Φ
t2ν2
I2µ2,0

(ϵ2,0, ξ2)

∣∣∣∣ t12(s) ∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0

×
∑
ℓjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)φnℓj(R2)
[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

〉
. (2.85)

We once again remark that the c = 0 solution of the three-body Schrödinger equation (2.76) within CDCC is used
as the distorted wave of particle 2 in Eq. (2.85), whereas the solution of Eq. (2.22) is used in the DWIA transition
matrix (2.31). Because there is no guarantee that the two scattering wave functions of particle 2 are the same, the
TDX calculated with Eq. (2.85) can be different from that of the DWIA framework.

If we further approximate the scattering wave of particle 2 with a solution of a one-body optical model calculation,
that is,

Ξ
(−)
pnB,K2

(R2, ξ2) → χ
(NB)(−)
2,K2

(R2)Φ
t2ν2
I2µ2,0

(ϵ2,0, ξ2), (2.86)

any deuteron breakup due to the FSIs is not included. To emphasize this, we put the superscript (NB), the abbre-
viation of “No Breakup” on the distorted wave. It should be noted that χ(NB)(−)

2,K2
is a solution of the Schrödinger

equation (2.76) with the sum of optical potentials UpB and UnB for nucleons, not with UdB for deuteron, and would
be different from the distorted wave of particle 2 used in the DWIA framework. The transition matrix (2.85) is then
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rewritten by

T (NB)
µ1µ2µBµ0µA

=

〈
χ
(−)
1,K1

(R1)η
(1)
1
2
µ1
ζ
(1)
1
2
ν1
χ
(NB)(−)
2,K2

(R2)Φ
t2ν2
I2µ2,0

(ϵ2,0, ξ2)

∣∣∣∣ t12(s) ∣∣∣∣χ(+)
0,K0

(R0)η
(0)
1
2
µ0
ζ
(0)
1
2
ν0

×
∑
ℓjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)φnℓj(R2)
[
Yℓ

(
R̂2

)
⊗ Φtxνx

Ix
(ϵx, ξx)

]
jµj

〉
. (2.87)

2.2.2 Application of AMA to CDCCIA transition matrix

To express all coordinates relevant to the transition matrix (2.83) by R and s, we employ the AMA. The calculation
process is the same as presented in Subsection 2.1.2, and Eq. (2.83) becomes

Tµ1µ2µBµ0µA =
∑
c

∑
µx

t̃c12(κ
′
c, µ1ν1µ2ν2;κ0,c, µ0ν0µxνx)

×
∫

dRχ
(−)∗
1,K1

(R)χ
(0c)(−)∗
2,K2

(R)χ
(+)
0,K0

(R)e−iαRK0·R

×
∑

ℓmjµj

S
1/2
nℓjνx

(jµjIBµB|IAµA)(ℓmIxµx|jµj)φnℓjm(R), (2.88)

t̃c12(κ
′
c, µ1ν1µ2ν2;κ0,c, µ0ν0µxνx)

≡
〈

eiκ
′
c·sη

(1)
1
2
µ1
ζ
(1)
1
2
ν1
Φt2ν2
I2µ2,c

(ϵ2,c, ξ2)

∣∣∣∣t1p(s1p) + t1n(s1n)

∣∣∣∣eiκ0,c·sη
(0)
1
2
µ0
ζ
(0)
1
2
ν0
Φtxνx
Ixµx

(ϵx, ξx)

〉
, (2.89)

κ0,c ≡
m1 +mA

mA
K0 − α2s(K1 +K2,c), κ′

c ≡ α1sK1 − α2sK2,c, (2.90)

in which K2,c is determined by

~2

2µ2B
K2

2,c + ϵ2,c =
~2

2µ2B
K2

2,0 + ϵ2,0. (2.91)

It should be noted that K2,c is the momentum of particle 2 in the asymptotic region after scattered by B, and can be
different from that inside A. Although we can evaluate it from the local energy conservation, that is, the LSCA, the
asymptotic momentum by Eq. (2.91) is employed in this study. t̃c12 is the transition matrix of the p-d elastic scattering
for c = 0 and breakup reaction for c ̸= 0. How to calculate it is presented in Section 2.3 and Appendix C.

2.2.3 TDX with CDCCIA

We finally obtain the TDX of the (p, pd) reaction:

d3σ

dEL
1 dΩL

1 dΩ
L
2

=
(2π)4

~vi
E1E2EB

EL
1E

L
2E

L
B
Fkin

1

2I0 + 1

1

2IA + 1

∑
j

∑
µ1µ2µ0µj

2IA + 1

2j + 1

×

∣∣∣∣∣∑
c

∑
µx

∑
ℓm

t̃c12(κ
′
c, µ1ν1µ2ν2;κ0,c, µ0ν0µxνx)S

1/2
nℓj (ℓmIxµx|jµj)T̃ c

nℓjm

∣∣∣∣∣
2

, (2.92)

T̃ c
nℓjm ≡

∫
dRχ

(−)∗
1,K1

(R)χ
(0c)(−)∗
2,K2

(R)χ
(+)
0,K0

(R)e−iαRK0·Rφnℓjm(R) (2.93)
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from the infinitesimal cross section (2.46). It is the important difference between CDCCIA and the DWIA that the
summation over label c appears in the squared norm of Eq. (2.92). It causes interference between distorted waves in
each channel, and changes the TDX from that calculated taking into accout only the elastic channel (c = 0).

2.3 Proton-deuteron elastic scattering and breakup reaction with nucleon-nucleon
effective interactions

As shown in Eq. (2.64), the differential cross section of the p-d elastic scattering has been factorized with using the
approximation (2.60). We can evaluate dσ12 / dΩ12 at arbitrary energy and scattering angle by using the experimental
data of the p-d scattering with the Lagrange interpolation. On the other hand, the matrix element of the elementary
process has not been factorized in Eq. (2.92) and then we need to calculate it theoretically. In this section, I briefly
present the calculation framework, which has been adopted to describe the elastic scattering of the two nucleons and
is known to work well [74–76].

In the following formulation, the isospin representation, in which proton and neutron are regarded as identical
fermions whose third components of isospin have opposite signs (−1/2 for proton and +1/2 for neutron), is em-
ployed. Each nucleon is labeled as particle Nj (j = 1, 2, and 3), and the two-nucleon system is particle x. In
quantum mechanics, it is impossible to identify each event

• that particle N1 behaves a single nucleon and particle x consists of particles N2 and N3,

• that particle N2 behaves a single nucleon and particle x consists of particles N1 and N3,

• that particle N3 behaves a single nucleon and particle x consists of particles N2 and N3,

experimentally, and these are orthogonal each other. In practice, therefore, it is allowed that we calculate the cross
section considering only one case and multiply it by the number of events listed above Nf = 3. The Coulomb
interaction between protons and three-body interactions are ignored for simplicity.

c = 1 c = 2 c = 3

FIGURE 2.3: Coordinates for reactions between a nucleon and two-nucleon system.

For a while, the first case in the above list is treated. The coordinates to describe the reactions including both the
elastic scattering and breakup reaction are shown in Fig. 2.3. The differential cross section is given by

dσ1x

dΩ1x
=

( µ1x

2π~2
)2 1

2I1 + 1

1

2Ix + 1

∑
µ′
1µ

′
xµ1µx

∣∣T Ixtx
(
κ′, µ′1ν

′
1µ

′
xν

′
x|κ, µ1ν1µxνx

)∣∣2, (2.94)

in which µ1x is the reduced mass and I1 (Ix) is the spin of particle N1 (x). T Ixtx(κ′, µ′1ν
′
1µ

′
xν

′
x|κ, µ1ν1µxνx) is the

transition matrix defined by

T Ixtx
(
κ′, µ′1ν

′
1µ

′
xν

′
x|κ, µ1ν1µxνx

)
≡

〈
Φ
Ixtx(f)
κ′,µ′

1ν
′
1µ

′
xν

′
x

∣∣∣V12 + V13

∣∣∣ΦIxtx(i)
κ,µ1ν1µxνx

〉
, (2.95)
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∣∣∣ΦIxtx(i)
κ,µ1ν1µxνx

〉
≡ Â

∣∣∣∣∣ϕx(r1)eiκ·s1η
(1)
1
2
µ1

[
η
(2)
1
2

⊗ η
(3)
1
2

]
Ixµx

ζ
(1)
1
2
ν1

[
ζ
(2)
1
2

⊗ ζ
(3)
1
2

]
txνx

〉
, (2.96)

〈
Φ
Ixtx(f)
κ′,µ′

1ν
′
1µ

′
xν

′
x

∣∣∣ ≡ 〈
ϕ′x(r1)e

iκ′·s1η
(1)
1
2
µ′
1

[
η
(2)
1
2

⊗ η
(3)
1
2

]
Ixµ′

x

ζ
(1)
1
2
ν′1

[
ζ
(2)
1
2

⊗ ζ
(3)
1
2

]
txν′x

∣∣∣∣∣ , (2.97)

in which κ is the relative momentum (in the unit of ~) between particles N1 and x in the center-of-mass (c.m.) frame
of the N1-x system. µj and νj are the third components of the spin and isospin of particle Nj , respectively. ϕx is
the spacial component of the antisymmetrized wave function of particle x. These quantities without (with) the prime
are evaluated in the initial (final) state of the reactions. In the case of ϕ′x = ϕx, Eqs. (2.94) and (2.95) are the cross
section and the transition matrix of the elastic scattering; otherwise those of the breakup reaction. η(j) and ζ(j) are
the spin and isospin functions of particle Nj , respectively, and the subscripts of them represent the spin or isospin
and its third component. Although Ix and tx can have the different values in the final state from those in the initial
state, we consider only the case Ix and tx do not change through the reactions in this study. V12 (V13) is an interaction
between particles N1 and N2 (N3), and the impulse approximation, which replaces the interaction with the effective
one in free space t12 (t13), is adopted. It should be noted that t12 and t13 are the same in the isospin representation.
We consider that t12 and t13 are constructed by

t1j =
∑

S1jT1j

t
S1jT1j

1j P̂
S1jT1j

1j , (2.98)

tS12T12
12 = t

S12T12(C)
12 (r3) + t

S12T12(LS)
12 (r3)ℓ̂12 · S12 + t

S12T12(T)
12 (r3)Ŝ

T
12, (2.99)

tS13T13
13 = t

S13T13(C)
13 (r2) + t

S13T13(LS)
13 (r2)ℓ̂13 · S13 + t

S13T13(T)
13 (r2)Ŝ

T
13, (2.100)

in which S1j and T1j are the total spin and isospin of the N1-Nj system. P̂S1jT1j

1j in Eq. (2.98) is the projection
operator on the channel with S1j and T1j . ℓ̂1j is the operator of the angular momentum between particles N1 and Nj .
ŜT
1j is the tensor operator defined by

ŜT
12 =

3(σ1 · r3)(σ2 · r3)
r23

− (σ1 · σ2), ŜT
13 =

3(σ1 · r2)(σ3 · r2)
r22

− (σ1 · σ3), (2.101)

in which σj is the Pauli matrix. The first, second, and third terms on the right-hand-sides of Eqs. (2.99) and (2.100)
represent the central, spin-orbit, and tensor parts of t12 and t13, respectively. Â in Eq. (2.96) is the antisymmetrization
operator on the initial state given by

Â =
1√
3

[
1− P̂

(ex)
12 − P̂

(ex)
13

]
, (2.102)

in which P̂ (ex)
1j is the operator which exchanges particles N1 and Nj , and the initial state becomes∣∣∣ΦIxtx(i)

κ,µ1ν1µxνx

〉
=

1√
3

[∣∣∣ΦIxtx(123)
κ,µ1ν1µxνx

〉
−
∣∣∣ΦIxtx(213)

κ,µ1ν1µxνx

〉
−

∣∣∣ΦIxtx(321)
κ,µ1ν1µxνx

〉]
, (2.103)
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〉
, (2.104)
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1
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txνx

〉
, (2.105)
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∣∣∣ΦIxtx(321)
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. (2.106)

Therefore, the the matrix elements we calculate in the following sections are here:

T Ixtx
(
κ′, µ′1ν

′
1µ

′
xν

′
x|κ, µ1ν1µxνx

)
=
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Equation (2.109) is called the direct term of Eq. (2.108), and Eqs. (2.110) and (2.111) are the exchange terms. By
substituting 2 or 3 for j in these matrices, we can find the correspodence:

T̄ Ixtx
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κ′, µ′1ν

′
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′
xν

′
x|κ, µ1ν1µxνx

)
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)
, (2.112)

T̄ Ixtx
12:213

(
κ′, µ′1ν

′
1µ

′
xν

′
x|κ, µ1ν1µxνx

)
↔ T̄ Ixtx

13:321

(
κ′, µ′1ν

′
1µ

′
xν

′
x|κ, µ1ν1µxνx

)
, (2.113)
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T̄ Ixtx
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)
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)
. (2.114)

The concrete calculation of these matrices, that is, the spin-isospin-rearrangement and the components of the central,
spin-orbit, and tensor interactions are given in Appendix C. Comparing Eqs. (2.95)-(2.97) with Eq. (2.89), we can
find

t̃c12(κ
′
c, µ1ν1µ2ν2;κ0,c, µ0ν0µxνx) ↔ T Ixtx

(
κ′, µ′1ν

′
1µ

′
xν
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)
, (2.115)
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Φt2ν2
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, (2.117)

t1p(s1p) + t1n(s1n) ↔ t12 + t13. (2.118)

and so on.
The same calculation shown above can be applied to the second and third cases listed at the beginning of this

section. So the differential cross section taking into account them is

dσ

dΩ
= Ccorr ·Nf

dσ1x

dΩ1x
= Ccorr · 3

dσ1x

dΩ1x
, (2.119)

in which the correction factor Ccorr is introduced. It should be noted that because nucleon-nucleon interactions are
parametrized to reproduce the nucleon-nucleon scattering data, there is no guarantee for the interactions to reproduce
the experimental data of the reactions between a nucleon and a two-nucleon system. The correction factor is expected
to take care of a modification of the nucleon-nucleon interaction. In the case of proton-deuteron reactions, we can
determine Ccorr to reproduce the forward-angle data of p-d elastic scatterings and use it also in the calculation of the
breakup reaction. When we need a transformation matrix, the square root of Ccorr is included in Eq. (2.95).





25

Chapter 3

Proton-induced deuteron knockout reaction
with an isoscalar pn pair inside nuclei

3.1 Introduction

As mentioned in Section 1.2, the nuclear force has a particularly strong attractive behavior in the 3S1 channel com-
ponent. In addition, the pairing correlations between identical nucleons (N ) play an important role in understanding
nuclei, and there is isospin symmetry between protons (p) and neutrons (n). It is, therefore, natural to think that
isoscalar and spin-triplet proton-neutron (pn) pair correlations can appear in nuclei. Especially in N = Z nuclei, in
whichN (Z) is the nucleon (proton) number, the possibility of the existence of the isoscalar pn pair has been theoreti-
cally suggested with the nuclear Energy-Density Functional (EDF) [30, 31] and Cluster Orbital Shell Model (COSM)
[32] approaches because the shell structures of protons and neutrons near the Fermi surface are similar to each other
in such nuclei. However, the analysis of past experimental data has not provided clear evidence for the existence of
this deuteron-like pn pair [29], and a different experimental approach is needed. Here, we consider proton-induced
deuteron knockout reactions (p, pd) as a possible probe of the pn pair inside nuclei.

As mentioned in Section 1.3, knockout reactions are regarded as good probes of nucleons and clusters in nuclei,
and there are a few experimental results of deuteron knockout reactions. In an experiment conducted 40 years ago,
it was reported that the cross section of the 16O(p, pd)14N reaction at 101.3 MeV [62] was almost half of that of the
16O(p, 2p)15N reaction at the same incident energy [46]. However, it has not been clarified what the origin of the
deuteron observed in the experiment is. Therefore, it is important to investigate whether the deuteron-like pn pair
can be the origin of the deuteron observed in the deuteron knockout experiment, in order to motivate the use of this
reaction as a probe for proton-neutron pairs.

In this chapter, we describe the study of the (p, pd) reaction employing the Distorted Wave Impulse Approximation
(DWIA) explained in Section 2.1. As a remarkable feature of this study, the nuclear EDF method is employed to
describe the isoscalar (tx = 0) and spin-triplet (Ix = 1) pn pair in the target nucleus. Both the shape and height of the
radial wave function of the pair are microscopically evaluated. All nuclear EDF calculations shown below are done by
Dr. Kenichi Yoshida (Kyoto University). It should be noted, however, that only the DWIA evaluation is not sufficient
for an accurate understanding of this pair, and the CDCCIA framework introduced in Section 2.2 is essential. For
reference, the studies in this chapter can be found in Ref. [77].

3.2 Theoretical preparation

3.2.1 Microscopic description of an isoscalar pn pair in nuclei

In this subsection, I give a brief explanation of the nuclear EDF method, which describes the wave function of an
isoscalar proton-neutron pair microscopically. In the nuclear EDF framework, the pn-pair-removal excited states
in the core nucleus B are described in the proton-neutron hole-hole random-phase approximation (pn-hhRPA) [30]
regarding the ground state of the target A as an RPA vacuum, that is,∣∣∣ΦtBνB

IBµB
(ϵB, ξB)

〉
= Γ̂†

∣∣∣ΦtAνA
IAµA

(ϵA, ξA)
〉
, (3.1)
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in which Γ̂† is the RPA phonon operator defined by

Γ̂† ≡
∑
ii′

Xii′ b̂
†
p,ib̂

†
n,i′ −

∑
mm′

Ym′mb̂
†
n,m′ b̂

†
p,m. (3.2)

Here, b̂†p,i (b̂
†
n,i′) is the creation operator of proton (neutron) hole in the single-particle state i (i′) below the Fermi

level. That for the proton (neutron) single-particle state m (m′) above the Fermi level is represented by b̂†p,m (b̂†n,m′).
It should be noted that the backward-going amplitudes Ym′m vanish if we neglect the ground-state correlation in A.

The spin-triplet pn-pair-removal transition density is given by

δρ̄µ(rn, rp) =
1

2

∑
σσ′

(
−2σ′

) 〈
σ′
∣∣σµ∣∣σ〉 〈ΦtBνB

IBµB
(ϵB, ξB)

∣∣∣ ψ̂n

(
rn,−σ′

)
ψ̂p(rp, σ)

− ψ̂p

(
rp,−σ′

)
ψ̂n(rn, σ)

∣∣∣ΦtAνA
IAµA

(ϵA, ξA)
〉
, (3.3)

in which σµ = (σ−1, σ0, σ+1) are the spherical components of the Pauli matrices. ψ̂q(rq, σ) is the nucleon annihila-
tion operator at the position rq with the spin direction σ = ±1/2 expanded in the single-particle basis with q being p
(proton) or n (neutron). It should be noted that δρ̄µ is spherical in spin space and hence we need to consider only one
component of µ; we take µ = 0.

Combining Eqs. (2.26), (2.28), (2.29), and (3.3), we can regard the transition density δρ̄0 as

δρ̄0(R2, r) ≈
∑
ℓjµj

(jµjIBµB|IAµA)
[
φpn
ℓjm(R2)⊗ Φ00

10

(
ϵx, ξ̄x, r

)]
jµj

, (3.4)

in which we show the spatial coordinate r explicitly and the other internal coordinates of particle x by ξ̄x in the
argument of Φ00

10. The spectroscopic amplitude is set to unity. The left-hand-side of the equation is the transition
density represented by R2 = (rn + rp)/2 and r = rp − rn. This approximate treatment means that the transition
density is factorized into the two wave functions for the relative motion of the pn pair with respect to the core B and
internal motion of the pair, which are represented by φpn

ℓjm and Φ00
10, respectively. Assuming that the pn pair is bound

in the S-wave state inside A, we can simplify Eq. (3.4) as

δρ̄0(R2, r) ≈
∑
jµj

(jµjIBµB|IAµA)
[
φpn
0j0(R2)⊗ Φ00

10

(
ϵx, ξ̄x, r

)]
jµj

=
1√
4π

(10IBµB|IAµA)φ
pn
01 (R2)Φ

00
10

(
ϵx, ξ̄x, r

)
, (3.5)

in which φpn
01 is the radial wave function between the c.m. of the pn pair and B evaluated by

φpn
01 (R2) ≡

δρ̄0(R2, 0)

Φ00
10(ϵx, ξ̄x, 0)

, (3.6)

that is, we consider the pn pair is S wave and a point particle with r = 0. The use of Eqs. (3.4)-(3.6) means that
the component of the wave function of A containing a deuteron is selected out. This treatment is consistent with the
DWIA framework. It should be noted that φpn

01 becomes the function ofR after the application of the AMA introduced
in Subsection 2.1.2. Using this transition density, the pn-pair-removal transition strength is given by

Irem ≡ 3

∣∣∣∣4π ∫ ∞

0
dRR2φpn

01 (R)Φ
00
10(ϵx, ξ̄x, 0)

∣∣∣∣2, (3.7)

in which the factor three comes from the sum of the components of µ = −1, 0, and +1.
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3.2.2 In the PWIA limit

Taking into account the discussion in the previous subsection, we can rewrite Eq. (2.65) as

d3σPW

dEL
1 dΩL

1 dΩ
L
2

=
(2π)4

~vi
E1E2EB

EL
1E

L
2E

L
B
Fkin

(
2π~2

µ12

)2
dσ12
dΩ12

(T12, θ12)|φ̃pn
010(Kms)|2 (3.8)

with

φ̃pn
010(Kms) =

∫
dR eiKms·Rφpn

01 (R)Y00

(
R̂
)
=

1√
4π

∫
dR eiKms·Rφpn

01 (R). (3.9)

The spectroscopic factor is set to unity. In the recoilless condition, which is characterized by Kms = 0, Eq. (3.9)
becomes

φ̃pn
010(0) =

√
4π

∫ ∞

0
dRR2φpn

01 (R), (3.10)

and this means that the TDX in the recoilless condition contains the direct information about the total amplitude of
the pn pair.

3.3 Result and discussion

3.3.1 Numerical inputs

We consider the 16O(p, pd)14N∗ at 101.3 MeV in normal kinematics; 14N is in the 1+2 excited state. For the distorting
potentials of the incident and outgoing protons, the EDAD1 parameter set of the Dirac phenomenology [78–80] is
used, and we employed the global optical potential by An and Cai [81] for the emitted deuteron. The Coulomb
potential in each distorting potential is constructed by assuming to be a uniformly charged sphere whose radius
is r0C1/3 (C = A or B) with r0 being 1.41 fm. The nonlocality correction to the distorted wave of deuteron is
considered by multiplying it by the Perey factor [82] with the range of nonlocality of 0.54 fm, and that for proton is
made by including the Darwin factor [78, 83]. We take the experimental data of the proton-deuteron elastic scattering
from Refs. [84–93] and apply the Lagrange interpolation to them concerning the scattering energy and angle for the
cross section in Eq. (2.64). The emission angle of particle 1 is fixed at (θL

1 , ϕ
L
1) = (40.1◦, 0◦) and that for particle 2

at (θL
2 , ϕ

L
2) = (40.0◦, 180◦), in which θL

i and ϕL
i are the polar and azimuthal angles of particle i evaluated in the L

frame, respectively.
To obtain the single-particle basis used in the pn-hhRPA calculation, the Skyrme-Hartree-Fock equation is solved

in the cylindrical coordinate r = (r, z, ϕ) with a box boundary condition at (rmax, zmax) = (14.7, 14.4) fm. A mesh
size employed in the calculation is ∆r = ∆z = 0.6 fm. The axial and reflection symmetries are assumed in the ground
state of 14N, and the ground state of 16O is calculated to be spherical. The detailed scheme of the calculation is given
in Ref. [94, 95]. The SGII interaction [96] is employed for the particle-hole channel, whereas the density-dependent
contact interaction defined by

vpp
(
r, σ, τ ; r′, σ′, τ ′

)
≡ V0

1 + Pσ

2

1− Pτ

2

[
1− ρ(r)

ρ0

]
δ
(
r′ − r

)
(3.11)

is adopted for the particle-particle channel. τ is the isospin of the nucleon, and Pσ (Pτ ) is the exchange operator for
the spin (isospin) of the two particles. ρ0 is 0.16 fm−3 and ρ(r) = ρn(r)+ρp(r). V0 is a parameter which determines
the pairing strength; we take V0 = −100, −490, and −600 MeV fm3 here.

3.3.2 Structure of the low-lying 1+ state in 14N

Before discussing the TDX of the knockout reaction, a brief discussion on the structure of low-lying states in 14N
calculated within the present framework is given in this subsection. Figure 3.1 shows the spin-triplet pn-pair-removal
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FIGURE 3.1: Spin-triplet pn-pair-removal transition strengths as functions of the excitation energy,
which is defined with that for the unperturbed (p1/2)

−2 configuration being zero. The solid, dashed,
and dot-dashed lines are the calculation results of V0 = −100, −490 and −600 MeV fm3, respectively.

transition-strength distributions. The horizontal axis means the excitation energy, which is defined so that the excita-
tion energy of the simplest configuration of (p1/2)−2 coupled to Ix = 1 and tx = 0 inside 16O is zero. The lowest state
for each pairing strength V0 is the 1+1 ground state of 14N, which is constructed by mainly the (νp1/2)

−1(πp1/2)
−1

configuration. On the other hand, the second-lowest one for each V0 is the 1+2 state of our interest, which is described
by the superposition of the (νp1/2)

−1(πp3/2)
−1 and (νp3/2)

−1(πp1/2)
−1 configurations. The labels ν and π indicate

neutron and proton, respectively. With the increase of the pairing strength, the excitation energies become lower, and
the transition strengths are enhanced for both states. For V0 = −600 MeV fm3, the (p3/2)

−2 configuration has a
non-negligible contribution to the enhancement of the transition strength to the 1+2 state. It means that the collectivity
of the state becomes stronger as the pairing strength increases.

Let us look at the enegy difference between the 1+1 and 1+2 states defined by

∆E ≡ E1+2
− E1+1

. (3.12)

In the theoretical calculation, the obtained ∆E are 5.41 MeV for V0 = −100 MeV fm3, 4.12 MeV for V0 =
−490 MeV fm3, and 3.48 MeV for V0 = −600 MeV fm3. According to the experimental value of ∆E = 3.95 MeV,
reported in Ref. [62], one can see that V0 = −490 describes the low-lying states of 14N rather well.

Next, we discuss the behavior of φpn
01 . In Fig. 3.2, the wave functions calculated with V0 = −100, −490, and

−600 MeV fm3 are represented by the solid, dashed, and dot-dashed lines, respectively. It should be noted that each
line is multiplied by R2. We can clealy find that the amplitude of R2φpn

01 becomes larger as the pairing strength
increases. The enhancement of the amplitude reflects the collectivity of the pn pair, and it is consistent with the result
in Fig. 3.1. It is worth mentioning that the independent-particle picture is realized in 16O in the limit of V0 → 0; then
the peak of R2φpn

01 will almost vanish.

3.3.3 TDX of 16O(p,pd)14N∗ reaction at 101.3 MeV

In this subsection, we discuss the behavior of the TDX of the 16O(p, pd)14N∗ reaction at 101.3 MeV. Figure 3.3 shows
the TDX of the knockout reaction as a function of T L

1 , the kinetic energy of particle 1 in the L frame. The results
using φpn

01 of V0 = −100, −490, and −600 MeV fm3 are represented by the solid, dashed, and dot-dashed lines,
respectively. The recoilless consition is almost realized at T L

1 ≈ 52 MeV. The scattering energy and angel of the
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p-d scattering correspond to the recoilless condition are T12 ≈ 56 MeV and θ ≈ 68◦, respectively. As we see, there
exists a clear correspondence between V0 and the TDX; the magnitude of the TDX becomes larger when the pairing
strength increases. Thus, we can say that the TDX reflects the collectivity of the isoscalar pn pair inside 16O. It should
be noted, however, that even in the case of V0 = −600 MeV fm3, the TDX is samll by about two orders of magnitude
compared with that observed in the experiment [62]. A similar underestimation was reported in the study of the (p, pα)
reaction [97]. In that study, the authors calculated the TDX of the 48Ti(p, pα)44Ca reaction using the α-particle wave
function obtained with a mean-field approximation and compared it with the experimental data [58]. As a result of the
comparison, the calculated TDX was found to be smaller than the data by three orders of magnitude. Therefore, one
may infer that it is difficult for the existing mean-field approach of the nuclear structure theory including the nuclear
EDF to describe the wave function of a composite particle (cluster) inside nuclei reproducing the TDX of the knockout
reaction. Furthermore, the approximate treatment of φpn

01 in Eq. (3.6) can also be responsible for the undershooting
issue; the TDX of knockout reactions is known to be quite sensitive to the radial distribution of the wave function of
the particle to be knocked out, which may be affected by the approximation. At this stage, therefore, it must be too
early to quantitatively compare the result presented above with the experimental data. Nevertheless, we can safely
discuss the V0 dependence of the TDX, which is the primary purpose of this chapter.
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FIGURE 3.4: Ratio of the TDX height to that calculated with V0 = −100 MeV fm3. The circles
(asterisks) are the results obtained with the DWIA (PWIA) calculations.

To see the V0-TDX correspondence more clealy, the values of the TDX in the recoilless condition, which is called
the TDX height here, in ratio to the value obtained with V0 = −100 MeV fm3 are shown in Fig. 3.4. The results
calculated within the DWIA and PWIA frameworks are represented by the circles and asterisks, respectively. As one
sees from Eqs. (3.8) and (3.10), the asterisks show the V0 dependence which is consistent with that of φpn

01 shown
in Fig. 3.2. When the distortion for each particle is included, the ratio is more emphasized as shown by the circles.
This result indicates that the TDX height observed in the 16O(p, pd)14N∗ reaction at 101.3 MeV is more sensitive to
the amplitude of the pn pair than naively expected in the PWIA limit. For quantitative extraction of the collectivity,
however, we need a more accurate description of the (p, pd) reaction, which is mentioned in Chapter 1 and discussed
in Chapter 5.

Finally, the Transition Matrix Density (TMD) δ(R), which was originally introduced as a weighting function for
the mean density of the (p, 2p) reaction in Ref. [98], is shown in Fig. 3.5. The definition of δ(R) is given by

δ(R) ≡ T ∗I(R), (3.13)



3.4. Summary 31

-3

-2

-1

0

1

2

3

4

5

6

0 1 2 3 4 5 6 7 8

V0 = -490 MeV fm
3

T
M

D
 (

ar
b

it
ra

ry
 u

n
it

)

R (fm)

Real

Imaginary

FIGURE 3.5: TMD corresponding the TDX calculated with V0 = −490 MeV fm3 at T L
1 = 52 MeV.
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in which I is the complex radial distribution of the transition matrix of Eq. (2.1) satisfying the following relation:

T =

∫ ∞

0
dRI(R). (3.14)

It should be noted that the subscripts of the transition matrix are dropped in Eqs. (3.13) and (3.14) for simplicity.
The solid line represents the real part of the TMD, which can be interpreted as the radial distribution of the TDX in
Refs. [12, 98]. There are two conditions, however, for the interpretation making sense. One is that the real part of
the TMD should not have a large negative value. The other is that the imaginary part represented by the dashed line
nearly equals zero in the entire range of R. As seen from Fig. 3.5, neither of the two conditions is satisfied. This
indicates that we cannot ignore the interference between amplitudes at different position. In addition, the TMD has a
finite value even at small R, which means that the absorption is not enough to mask the interior region of the target
in the evaluation of the transition matrix. These features are completely different from for (p, pα) reactions discussed
in Refs. [53, 54], in which the strong absorption is realized even in the interior region of light nuclei, e.g., 20Ne. In
other words, the distortion effect in the (p, pd) reaction investigated above is found to be more complicated than in the
(p, pα) reaction, and the mechanism for the increase in the relative TDX height due to the distortion is still unclear.

3.4 Summary

We have investigated the 16O(p, pd)14N∗ reaction at 101.3 MeV theoretically within the DWIA framework combined
with a bound state wave function described microscopically by the nuclear EDF method. The correspondence between
the pairing strength V0 and the TDX of the reaction has been shown clearly. It indicates that the (p, pd) reaction will
be a promising probe for the isoscalar pn pair inside N ≈ Z nuclei.

It is found that the distortion effect enhances the V0 dependence of the TDX. The mechanism of this enhancement,
however, has not been clarified at this stage because the region probed by the (p, pd) process is not clear. This situation
is different from the α knockout reaction, in which only the nuclear surface is selectively probed.

It should be noted that the calculated TDX does not reproduce the experimental data reported in Ref. [62]; it is
underestimated by two orders of magnitude. This result is mainly because of the mean-field approach to the wave
function of the pn pair bound in the target nucleus. It is difficult, therefore, to make a quantitative comparison with the
data at this stage. For a quantitative discussion to interpret the experimental data, progress in both nuclear structure
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and reaction theories is desirable. On the latter, we discuss the elementary process of the (p, pd) reaction in Chapter 4
and the transition of the knocked out deuteron due to the FSIs in Chapter 5, respectively.
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Chapter 4

Proton-deuteron elastic scattering and breakup
reaction

4.1 Introduction

As discussed in Chapter 2, in the Triple Differential CROSS section (TDX) of the Distorted Wave Impulse Approxi-
mation (DWIA) (2.64), the cross section of the elementary process appears outside the absolute value squared under
some approximations. Therefore, if there is a sufficient number of experimental data of the elementary process in
the range of energies and angles required to describe a knockout reaction, the values of the elementary-process cross
section at arbitrary energies and angles can be obtained by interpolating between the data points. In the case of
proton-induced nucleon knockout reactions, this method is often used thanks to plenty of data on nucleon-nucleon
elastic scattering. It should be, however, noted that this prescription is allowed when the spin-orbit term is not included
(or can be neglected) in the distortion potential for each particle, otherwise it is necessary to evaluate the transition
matrix of the elementary process instead of the cross section. The reason for this is that the summation over the
spin-projections of distorted waves appears in the squared absolute value. The matrix elements are generally complex
numbers and can have different phases for each index of spin-projection. Therefore, a simple interpolation of the cross
section for each index cannot properly evaluate the interference between different indices because of the lack of phase
information. Similarly, in the TDX of CDCCIA (2.92), the cross section of the elementary process does not appear
explicitly but is included in the squared norm in the form of matrix elements with the summation of channels. These
matrix elements can also have different phases for each channel. Therefore, to properly evaluate the interference
between channels, it is necessary to describe the transition matrix for the elementary processes theoretically, even if
the spin-orbit term is not included in the distorting potentials.

In the case of proton-induced deuteron knockout reactions (p, pd), the elementary processes are the proton-
deuteron elastic scattering and deuteron breakup reactions d(p, p)pn. It should be noted that a deuteron consists
of a proton and a neutron and that the proton and neutron have almost the same properties except charge. Thus, these
reactions can be regarded as a three-nucleon scattering problem. For three-body problems, there are theories that give
the exact solution, that is, the Faddeev theory [63, 64] or the Faddeev-Alt-Grassberger-Sandhas (FAGS) theory [65].
In this respect, it is possible to say that the issue mentioned in the previous paragraph has already been solved. How-
ever, due to its strictness, the calculations based on the FAGS theory are difficult and are difficult to adapt flexibly to
the physical system being treated. Considering the purpose of this doctoral thesis, a rigorous description of the p-d re-
actions is not necessary, and it is sufficient if the experimental data can be described effectively with enough accuracy
to quantitatively describe the deuteron knockout reaction. In Section 2.3, to achieve this, we developed a framework
to describe the elastic scattering and breakup reactions of protons and deuterons using a nucleon-nucleon effective
interaction as a single-scattering of the incident proton off each nucleon in the deuteron. The same framework has also
been applied to the description of nucleon-nucleon scattering, which reproduces the experimental data well [74–76].
In this chapter, we test this framework. We also confirm the energy dependence of the newly introduced correction
factor Ccorr. In the following discussion, all numerical results are obtained with this framework.
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4.2 Result and discussion

4.2.1 Numerical inputs

We consider the p-d scattering and the d(p, p)pn reaction at the incident energy T L
p , the kinetic energy of the proton in

the L frame; we take T L
p = 120, 135, 155, 170, 190, and 250 MeV. The Franey-Love parameter set [76] is employed

for the nucleon-nucleon effective interactions in Eqs. (2.99) and (2.100). The Coulomb interaction between two
protons is ignored for simplicity. Only the S wave is included in the bound and breakup states of the deuteron in the
present calculation. The breakup state is discretized within the pseudostate method [99], in which the wave functions
of the discretized breakup states are obtained by diagonalizing the internal Hamiltonian hpn of the pn system. The
potential between the proton and neutron in hpn is assumed to have a one-range Gaussian form:

vpn(r) = v0 exp

[
−
(
r

r0

)2
]
, (4.1)

in which v0 = −72.15 MeV and r0 = 1.484 fm are used to reproduce the binding energy and radius of deuteron. The
discretized breakup states are included up to their eigenenergies of 20 MeV in the calculation of the breakup cross
sections. The correction factor introduced in Eq. (2.119) at each incident energy is determined to reproduce the elastic
scattering data up to 60◦.

4.2.2 Cross sections and correction factor Ccorr

Figure 4.1 shows the differential cross sections of the p-d elastic scattering and d(p, p)pn reaction as functions of
the scattering angle in the t frame. Panels (a), (b), (c), (d), (e), and (f) correspond to 120, 135, 155, 170, 190, and
250 MeV, respectively. In each panel, the solid and dashed lines represent the calculated results of the elastic scattering
and breakup reaction. We take the experimental data of the p-d scattering denoted by the dots from Ref. [88] (120,
135, 170, and 190 MeV), Ref. [89] (155 MeV), and Ref. [90] (250 MeV).

TABLE 4.1: Correction factor Ccorr

T L
p (MeV) 120 135 155 170 190 250

Ccorr 0.70 0.70 0.71 0.68 0.69 0.68

One sees that the solid line reproduces the forward-angle data in each panel. The obtained correction factors are
shown in Table 4.1; it is found that the energy dependence of Ccorr is small enough to be regarded as a constant in
the range between 120 MeV and 250 MeV. Then, we use the average value of Ccorr, 0.69, in the calculation shown in
Chapter 5.

The solid lines describe the data quite well at backward angles (> 150◦), though some undershooting is found at
250 MeV. It is known that the pickup process, in which the incident proton picks up the neutron inside the deuteron and
forms a deuteron, plays a dominant role in the backward scattering. In the present framework, the transition matrices
(2.114) correspond to this process. When the incident energy increases, the neutron needs to have a high momentum
inside the deuteron to be picked up by the high energy proton; this is called the momentum matching condition. The
potential (4.1) cannot generate such a high-momentum component, and the lack of it becomes visible in Fig. 4.1(f).
We will need to improve the framework to be applied to the study of the (p, pd) reaction with the backward emission
of the proton such as in Ref. [40]; the use of a realistic pn interaction will be necessary. However, it is beyond the
scope of this thesis because the kinematics employed in Ref. [40] are completely different from those in Chapters 3
and 5.

From 90◦ to 150◦, one finds that the calculations underestimate the data. It is well known that three-body inter-
actions, which are not included in the present calculation, are essential to reproduce the observables of the nucleon-
deuteron elastic scattering in the angle region [87, 88, 100–103].

It should be noted that the p-d scattering at forward angles between 65◦ and 80◦ mainly contributes to the (p, pd)
process with the kinematics condition adopted in this study. Thus, we can safely use the present framework to achieve
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FIGURE 4.1: Differential cross sections of the p-d elastic scattering and the d(p, p)pn reaction at T L
p =

(a) 120, (b) 135, (c) 155, (d) 170, (e) 190, and (f) 250 MeV. The horizontal axis of each panel is the
scattering angle in the t frame. The solid (dashed) line shows the numerical result of elastic scattering
(breakup reaction) in each panel. The dots are the experimental data of the p-d scattering taken from

Ref. [88] (120, 135, 170, and 190 MeV), Ref. [89] (155 MeV), and Ref. [90] (250 MeV).
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one of the purposes of this thesis, that is, evaluating the contribution of the deuteron breakup in the elementary process
to the TDX of the (p, pd) reaction theoretically.

The dashed lines drop to zero at θ = 0◦ because of the orthonormality of the internal wave functions ϕx of
deuteron. Unfortunately, no experimental data of the breakup reaction cross section exists that is comparable with
the present calculation. It is, therefore, difficult to discuss the breakup cross section in more detail; experimental
studies of the d(p, p)pn reaction are desirable for the quantitative evaluation of the present framework. It is, however,
expected that the picture of the single-scattering by the nucleon-nucleon effective interaction can be reliable regardless
of whether the pn system is in the bound state (deuteron) or the breakup one.

It is worth mentioning that the framework can describe the inverse process of the deuteron breakup reaction,
that is, pn(p, p)d reaction with regarding ϕx and ϕ′x in Eqs. (2.109)-(2.111) as the wave functions of the breakup
and bound states of deuteron, respectively. We need this process to consider the (p, pd) reaction in which the pn
pair inside nuclei is described within the nuclear EDF method because the wave function of the pair is allowed to
have different components from that of deuteron; the pn pair can form a deuteron when it interacts with the incident
proton. Investigation of the role of such processes will be interesting and important to identify the origin of the
detected deuteron in (p, pd) reactions, though it is beyond the scope of this thesis mainly because of the lack of
reliable nuclear structure calculations (see Chapter 3).

4.3 Summary

We have discussed the elastic scattering and breakup reaction of the proton-deuteron system at 120, 135, 155, 170,
190, and 250 MeV. All the theoretical cross sections have been calculated with the framework in Section 2.3; the
reaction process is described by a single-scattering of the incident proton off each nucleon inside deuteron by a
nucleon-nucleon effective interaction. We found that the framework works well to reproduce the experimental data of
the p-d scattering at forward angles. In addition, the correction factor Ccorr is found to be almost energy-independent;
the average value of Ccorr of 0.69 is used in Chapter 5. The backward-angle data are also reproduced by the calculated
cross sections except at 250 MeV, whereas some undershooting was found at middle angles. We need to improve the
framework to be applied to (p, pd) reactions to which the p-d process at middle scattering angles are relevant. We
can, however, safely use the framework combined with the CDCCIA framework (see Section 2.2) without considering
such issues because in this thesis we discuss only the (p, pd) reaction with the kinematics in which the framework
works well.

Although the deuteron breakup cross sections have also been calculated, there exists no experimental data for
making a comparison. Experimental studies of the d(p, p)pn reaction are desirable for the quantitative evaluation of
the framework.



37

Chapter 5

Role of fragility of deuteron in proton-induced
deuteron knockout reactions

5.1 Introduction

FIGURE 5.1: Processes included in the CDCCIA framework.

As mentioned in Section 1.3, the deuteron is a weakly bound system with a binding energy of about 1 MeV
per nucleon and can be easily broken up by external interactions. In the case of proton-induced deuteron knockout
reactions (p, pd), which is the central subject of this doctoral thesis, there is a possibility of deuteron breakup due
to the interaction with incident protons in the elementary process. Deuterons knocked out of the nucleus without
breakup in the elementary process may also undergo a transition between bound and breakup states due to the Final-
State Interactions (FSIs). In addition, the ease of decomposition is also the ease of binding, and the knocked-out
proton-neutron (pn) pair must also be considered to be bound again by the FSIs. These processes are illustrated in
Fig. 5.1. The reaction model that describes the deuteron knockout reaction including these processes is the CDCCIA
introduced in Section 2.2.

In this chapter, the CDCCIA is used to calculate the Triple Differential CROSS section (TDX) of the (p, pd)
reaction. The description of the elementary processes is based on the framework constructed in Section 2.3 and tested
in Chapter 4. In the following, we clarify how the back coupling process, in which the knocked-out deuteron goes to
breakup channels and comes back to the elastic channel due to the FSIs, and the reformation of the deuteron by the
FSIs contribute to TDX, respectively.
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5.2 Result and discussion

5.2.1 Numerical inputs

We consider the 16O(p, pd)14N∗ reaction in normal kinematics; 14N is in the 1+2 excited state. The incident energy
T L
0 is set to 101.3, 250, and 400 MeV. The emission angle of the proton (deuteron) in the final state is fixed at

40.1◦ (40.0◦) for 101.3 MeV, 47.1◦ (48.8◦) for 250 MeV, and 46.6◦ (49.5◦) for 400 MeV; the asymptotic momenta
of particles 0, 1, and 2 are kept on the same plane.

In the initial state of the reaction, we assume that the deuteron to be knocked-out inside target A is bound in the
1S orbit having one node in a central Woods-Saxon potential:

V (R) = −V0
1

1 + exp[(R−R0)/a0]
(5.1)

with the radial parameter R0 = 1.41 × B1/3 fm and the diffuseness parameter a0 = 0.65 fm; these parameters are
taken from Ref. [62]. The depth V0 of the potential is determined to reproduce the separation energy of the d-B system
of 24.68 MeV. The Coulomb part is constructed by assuming a uniformly charged sphere with the radius RC being
1.41×B1/3 fm.

We adopt the EDAD1 parameter set of the Dirac phenomenology [78–80] for the distorting potentials of the p-A,
p-B, and n-B systems. The Coulomb potential in each potential is constructed in the same way as in the previous
paragraph with RC = 1.2× C1/3 fm (C = A or B).

In the CDCC calculation, the breakup state of deuteron is discretized with the pseudostate method [99] as in
Chapter 4. The pn continuum states of ℓ = 0, 2, 4, and 6 are included with kmax = 2.1 fm−1, in which ℓ is the orbital
angular momentum between p and n, and kmax is the maximum p-n linear momentum (in unit of ~). For 250 and
400 MeV, those of ℓ = 0, 2, and 4 are considered with the same kmax. The CDCC equations are integrated up to
R = 20 fm with the increment of 0.1 fm. The Coulomb breakup is ignored in the present study; the essence of the
following discussion will not be affected with this treatment.

According to the discussion in Chapter 4, it is expected that the framework for the proton-deuteron elastic scat-
tering and breakup reaction works well in the range of elementary process energies from 120 to 250 MeV. Thus, the
TDX of the CDCCIA framework is calculated only for the (p, pd) reaction at T L

0 = 250 MeV, in which the energy
of the elementary process falls well within the above range, because of the reliability of the framework discussed in
Chapter 4. We treat only the S wave bound and discretized-breakup states in the CDCCIA calculation; the breakup
states are included up to their eigenenergies of 20 MeV, which corresponds to the momentum of 0.75 fm−1. We
calculate the TDX of the DWIA framework in the same manner as in Chapter 3 except for the bound wave function
φnℓj of the deuteron to be knocked-out inside A. The nonlocality to the distorted waves of the incoming and outgoing
ptorons are taken into account by including the Darwin factor [78, 83], meanwhile that for deuteron is not considered
because it is difficult to treat it in the CDCCIA and DWIA calculations in a consistent way. We refer to the TDXs
obtained from the transition matrices (2.85) and (2.87) as those of the EL-CDCCIA and NB-CDCCIA frameworks,
respectively. Comparing the TDX of the EL-CDCCIA or DWIA frameworks with that of the NB-CDCCIA, we can
evaluate contributions of the back coupling in the (p, pd) reaction.

5.2.2 Back coupling in the 16O(p,pd)14N∗ reaction

The TDX of the 16O(p, pd)14N∗ reaction at T L
0 = 101.3 MeV is shown in Fig. 5.2(a). The horizontal axis means the

kinetic energy of the outgoing proton. The recoilless condition is almost realized at T L
1 ≈ 52 MeV. The result of the

EL-CDCCIA (DWIA) framework is denoted by the solid (dashed) line, and that of the NB-CDCCIA by dot-dashed
line. One finds that the solid line is smaller than the dot-dashed one in the whole region of T L

1 ; at around the peak,
the former has only one-third of the latter in magnitude. These results indicate that the back coupling of the emitted
deuteron due to the FSIs drastically reduces the TDX of the (p, pd) reaction at this incident energy. The dashed line
also shows a somewhat large reduction from the dash-dotted line, though not so significant compared with the solid
line. In general, CDCC can treat the transition of the deuteron in the d-B scattering problem more appropriately than
in potential model calculation, in which the transition is effectively considered by the imaginary part of an optical
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FIGURE 5.2: TDXs of the 16O(p, pd)14N∗ reaction at (a) 101.3, (b) 250, and (c) 400 MeV as functions
of the kinetic energy T L

1 of the outgoing proton. In each panel, the solid, dashed, and dot-dashed lines
represent the results of the EL-CDCCIA, DWIA, and NB-CDCCIA frameworks, respectively.
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potential. Thus, the difference between the solid and dashed lines shows that the back coupling is underestimated in
the DWIA framework compared with that in the EL-CDCCIA one.

Figures 5.2(b) and 5.2(c) are the same as Fig. 5.2(a) but at T L
0 = 250 and 400 MeV, respectively. The recoilless

condition is satisfied at T L
1 ≈ 150 and 250 MeV in panels (b) and (c), respectively. As at 101.3 MeV, the back coupling

reduces the TDXs around their peaks at both energies; the TDX of the EL-CDCCIA framework is smaller than that of
the NB-CDCCIA one by about 7 (10) % at 250 (400) MeV. It should be noted that the solid line is above the dashed
line around the recoilless point in Figs. 5.2(b) and 5.2(c). It means that the DWIA framework overestimates the back
coupling than the EL-CDCCIA framework at these energies.

A clear conclusion from Fig. 5.2 is that the back coupling considerably reduces the theoretical TDX of the (p, pd)
reaction. This fact indicates that the calculation without taking into account the back coupling may underestimate the
amount of deuteron in nuclei, at relatively low energy in particular. Furthermore, it is expected that the process in
which the pn pair reforms the deuteron also plays an important role in the (p, pd) reaction because the FSIs will cause
both the back coupling and reformation. Since the contributions of the back coupling are comparable in the results at
250 and 400 MeV, below we will discuss the difference in the back coupling at 101.3 and 250 MeV.
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FIGURE 5.3: (a) Norm of f(R) defined by Eq. (5.2) at the recoilless condition, T L
1 = 52 MeV, for

T L
0 = 101.3 MeV on the z-x plane with y = 0 fm; the direction of the outgoing deuteron is taken to

be parallel to the z-axis. The upper and lower halves show the results of the EL- and NB-CDCCIA
frameworks. (b) Slice of panel (a) along to the z-axis with x = 0 fm. The results of the EL- and
NB-CDCCIA frameworks are denoted by the solid and dot-dashed lines. (c)(d) Same as (a)(b) but for

T L
0 = 250 MeV with T L

1 = 150 MeV.
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Here, we define the product of the wave function φ101 of the deuteron bound to 14N∗ and the distorted wave of
the outgoing deuteron by

f(R) ≡ 1√
4π
φ101(R)χ

(XX)(−)
2,K2

(R), (5.2)

in which the coefficient 1/
√
4π comes from the spherical harmonics Y00 and XX = EL or NB. Figure 5.3(a) shows

the norm of f(R) at the recoilless condition for 101.3 MeV on the z-x plane with y = 0 fm. The direction of the
knocked-out deuteron to be parallel is taken to the z-axis. The results obtained within the EL- and NB-CDCCIA
frameworks are shown in the upper and lower halves, respectively. It should be noted that each |f(R)| is symmetrical
about the azimuth angle. One sees that there is a focus around z = 2.5 fm and x = 0 fm, and the upper is obscurer
than the lower. From the slice of Fig. 5.3(a) along to the z axis with x = 0 fm presented in Fig. 5.3(b), it is found
more clearly that the back coupling reduces the amplitude of |f(R)| at the focus. In addition similar reduction is seen
in the internal region of the target nucleus.

Although it is difficult to explain the clear reason for the reduction because of the complexity of the coupled-
channel effect, we can interpret it qualitatively in terms of the flux. As mentioned in the previous section, no deuteron
breakup occurs within the NB-CDCCIA framework. When we include the breakup channel in the CDCC calculation
as in Eq. (2.78), the flux of the elastic channel will be distributed to breakup channels and then decreases based
on the conservation of the probability. Part of the flux returns to the elastic channel, while some remain in the
breakup channels. As a result, |f(R)| of the EL-CDCCIA framework becomes small compared with that of the NB-
CDCCIA one; it causes the reduction of the TDX. The above process is considered in an optical potential for deuteron
effectively, though its accuracy for describing the scattering wave function is not guaranteed as discussed above.

Figures 5.3(c) and 5.3(d) are the same as Figs. 5.3(a) and 5.3(b), respectively, but for T L
0 = 250 MeV with

T L
1 = 150 MeV. Compared with the result at 101.3 MeV, the focus becomes unclear and shows almost the same

behavior in each framework, whereas the difference in the interior of the target remains at this energy. Thus, the
difference between the TDXs in Fig. 5.2(b) mainly comes from the interior.

5.2.3 TDX of 16O(p,pd)14N∗ reaction at 250 MeV
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FIGURE 5.4: TDX of 16O(p, pd)14N∗ at 250 MeV. The solid line is the result calculated within the CD-
CCIA framework, and the dashed and dot-dashed lines are those of the EL- and NB-CDCCIA frame-
works. The elementary process, that is, the p-d scattering and the d(p, p)pn reaction, is described with

the framework discussed in Chapter 4.

We show the TDX of the 16O(p, pd)14N∗ at 250 MeV in Fig. 5.4 as a function of T L
1 , in which the numerical result

obtained with the CDCCIA is represented by the solid line, and those of the EL- and NB-CDCCIA by the dashed and
dot-dashed lines, respectively. The elementary process of the (p, pd) reaction, that is, the elastic scattering and the
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breakup reaction of the proton-deuteron system, is described by the framework discussed in Chapter 4. The height
and shape of the dashed (dot-dashed) line in this figure is almost the same as those of the solid (dot-dashed) line in
Fig. 5.2(b); this means the framework used in Chapter 4 is successfully incorporated into the CDCCIA frameworks.
By comparing the solid line with the dashed one, one finds that the reformation of deuteron also reduces the TDX
of the (p, pd) reaction as the back coupling. Although this resutl seems counterintuitive, it should be noted that the
elastic and discretized breakup components of the transition matrix are summed coherently as shown in Eq. (2.92).
Figure 5.4 indicates that the interference between the different channels has a destructive contribution to the TDX.
The solid line is smaller than the dashed (dot-dashed) line around the peak by about 13 (20) %.

It is worth pointing out that the position of the peak of the TDX is shifted to the lower side of T L
1 ; that of the solid

line is nearest to the recoilless point, T L
1 = 150 MeV. As mentioned in Subsection 3.2.2, the TDX in the recoilless

condition contains the direct information about the total amplitude of the deuteron inside nuclei, and it is important
to measure the TDX of knockout reaction including the recoilless condition in experiments. The CDCCIA result,
therefore, will predict the appropriate kinematics condition of the (p, pd) reaction for measurements.

5.3 Summary

The 16O(p, pd)14N∗ reactions at 101.3, 250, and 400 MeV have been investigated in view of the deuteron breakup in
the elementary process and the transition of the knocked-out deuteron or pn pair due to the FSIs. It has been found
that the back coupling, in which the deuteron knocked out by the incident proton is once broken up by the FSIs and
comes back to deuteron also due to the FSIs, reduces the magnitude of TDX around the peak. This process has a large
contribution at relatively low incident energies in particular. We can interpret the reduction qualitatively in terms of
the conservation of the flux.

At 250 MeV, we have calculated the TDX of the (p, pd) reaction within the “full” CDCCIA framework, in which
deuteron breakup in the elementary process and the reformation of deuteron due to the FSIs in addition to the back
coupling are taken into account. It is found that the reformation reduces the TDX as the back coupling, indicating the
destructive interference between different channels. The shift of the peak of the TDX is also obtained; the recoilless
condition is satisfied at the peak of the TDX as a result of the present calculation.
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Summary

In this doctoral thesis, a theoretical study of the proton (p) induced deuteron (d) knockout reaction (p, pd) has been
presented. In Chapter 2, the framework of the Distorted Wave Impulse Approximation (DWIA), which is a reaction
model adopted widely to describe knockout reactions, is explained. Then, a new reaction model, CDCCIA, is intro-
duced for a more adequate description of deuteron knockout reactions. This model takes into account the deuteron
breakup in the elementary process and the transition of the emitted deuteron due to Final-State Interactions (FSIs). In
addition, a framework is developed to describe the elastic scattering and breakup reactions of protons and deuterons
in the elementary process of the (p, pd) reaction by a single-scattering between the incident proton and each nucleon
in the deuteron, using an effective interaction between nucleons. Since there is no guarantee that a nucleon-nucleon
effective interaction can describe proton-deuteron reactions well, a correction factor Ccorr is introduced.

In Chapter 3, the 16O(p, pd)14N∗ reaction at 101.3 MeV has been investigated theoretically within the DWIA
framework combined with a bound state wave function described microscopically by the nuclear EDF method. The
correspondence between the pairing strength V0 and the Triple Differential CROSS section (TDX) of the reaction is
shown clearly. It indicates that the (p, pd) reaction will be a promising probe for the isoscalar pn pair inside N ≈ Z
nuclei. It is found that the distortion effect enhances the V0 dependence of the TDX. Because the region probed by the
(p, pd) process is unclear, however, the mechanism of this enhancement is not clarified at this stage. This situation is
different from the α-particle knockout reaction, in which only the nuclear surface is selectively probed. It should be
noted that the calculated TDX does not reproduce the experimental data reported in Ref. [62]; it is underestimated by
two orders of magnitude. This result is mainly because of the mean-field approach to the wave function of the pn pair
bound in the target nucleus. It is difficult, therefore, to make a quantitative comparison with the data at this stage. For
a quantitative discussion to interpret the experimental data, progress in both nuclear structure and reaction theories is
desirable.

In Chapter 4, the proton-deuteron elastic scattering and breakup reactions at 120, 135, 155, 170, 190, and 250 MeV
have been discussed. All the numerical cross sections are calculated with the framework constructed in Chapter 2.
It is found that the framework reproduces the experimental data of the p-d scattering well at forward angles. In
addition, the correction factor Ccorr is found to be almost energy-independent; the average value of Ccorr of 0.69 is
used in Chapter 5. The backward-angle data are also reproduced by the calculated cross sections except at 250 MeV,
whereas some undershooting is found at middle angles. The improvement of the framework is needed to be applied
to (p, pd) reactions to which the p-d process at middle scattering angles are relevant. We can, however, safely use the
framework combined with the CDCCIA framework without considering such issues because in this thesis only the
(p, pd) reaction with the kinematics in which the framework works well is discussed. Although the deuteron breakup
cross sections are also calculated, there exists no experimental data for making a comparison. Experimental studies
of the d(p, p)pn reaction are desirable for the quantitative evaluation of the framework.

In Chapter 5, the 16O(p, pd)14N∗ reactions at 101.3, 250, and 400 MeV have been investigated in view of the
deuteron breakup in the elementary process and the transition of the knocked-out deuteron or pn pair due to the FSIs.
It has been found that the back coupling, in which the deuteron knocked out by the incident proton is once broken
up by the FSIs and comes back to deuteron also due to the FSIs, reduces the magnitude of TDX around the peak.
This process has a large contribution at relatively low incident energies in particular. We can interpret the reduction
qualitatively in terms of the conservation of the flux. At 250 MeV, the TDX of the (p, pd) reaction has been calculated
within the “full” CDCCIA framework, in which deuteron breakup in the elementary process and the reformation of
deuteron due to the FSIs in addition to the back coupling are taken into account. It is found that the reformation
reduces the TDX as the back coupling, indicating the destructive interference between different channels. The shift
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of the peak of the TDX is also obtained; the recoilless condition is satisfied at the peak of the TDX as a result of the
present calculation.

From these results, we can conclude that it is important to treat each element properly to reveal the deuteron inside
nuclei by deuteron knockout reactions.
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Appendix A

Gell-Mann-Goldberger transformation

In this appendix, the Hamiltonian of the total system in channel j (= c1, c2, · · · ) is defined by

H = Tc1 + Vc1 + hc1 = Tc2 + Vc2 + hc2 = · · · , (A.1)

in which Tj is the kinetic energy operator, Vj is the interaction, and hj is the internal Hamiltonian, respectively. The
goal of this appendix is to show that the post-form transition matrix from the initial channel i to the final channel f
given by

Tfi =
〈
ϕf

∣∣∣Vf ∣∣∣Ψ(+)
i

〉
(A.2)

is transformed to

Tfi =
〈
ϕf

∣∣∣Uf

∣∣∣χ(+)
i

〉
δfi +

〈
χ
(−)
f

∣∣∣Vf − Uf

∣∣∣Ψ(+)
i

〉
, (A.3)

in which Uj is an auxiliary interaction like an optical potential whose property we know well. ϕj and χj are the plane
and distorted wave functions which satisfy the Schrödinger equations

[E − Tj − hj ]ϕj = 0 (A.4)

and

[E − Tj − Uj − hj ]χj = 0, (A.5)

respectively, and Ψj is the wave function of the total system which is the solution of

[E − Tj − Vj − hj ]Ψj = 0. (A.6)

The superscripts (+) and (−) show that the Schrödinger equations are integrated with the outgoing and incoming
boundary conditions, respectively. It should be noted that the eigenstate of hj is included in ϕj , χj , and Ψj in this
appendix.

The formal solution of Equation (A.6) with the outgoing boundary condition is obtained as

Ψ
(+)
i = ϕi +

1

E − Ti − hi + iη
ViΨ

(+)
i =

(
1 +

1

E −H + iη
Vi

)
ϕi, (A.7)

which is called the Lippmann-Schwinger equation. We can transform this equation as

Ψ
(+)
i =

[
1 +

1

E −H + iη
(Vi − Ui + Ui)

]
ϕi

=

[
1 +

1

E −H + iη
(Vi − Ui)

]
ϕi +

1

E −H + iη
Uiϕi

=

[
1 +

1

E −H + iη
(Vi − Ui)

]
ϕi +

1

E − Ti − Ui − hi + iη − (Vi − Ui)
Uiϕi. (A.8)
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Applying the Gell-Mann-Goldberger identity

1

a− b
=

1

a

(
1 + b

1

a− b

)
=

(
1 +

1

a− b
b

)
1

a
(A.9)

to the second term of Eq. (A.8) with

a = E − Ti − Ui − hi + iη and b = Vi − Ui, (A.10)

we obtain

Ψ
(+)
i =

[
1 +

1

E −H + iη
(Vi − Ui)

]
ϕi +

[
1 +

1

E −H + iη
(Vi − Ui)

]
1

E − Ti − Ui − hi + iη
Uiϕi

=

[
1 +

1

E −H + iη
(Vi − Ui)

](
1 +

1

E − Ti − Ui − hi + iη
Ui

)
ϕi. (A.11)

Similar to Eq (A.7), the formal solution of Eq. (A.5) is given by

χ
(+)
i = ϕi +

1

E − Ti − hi + iη
Uiχ

(+)
i =

(
1 +

1

E − Ti − Ui − hi + iη
Ui

)
ϕi, (A.12)

and then Eq. (A.11) is reduced to

Ψ
(+)
i =

[
1 +

1

E −H + iη
(Vi − Ui)

]
χ
(+)
i . (A.13)

When we operate an operator (E −H + iη) on Eq. (A.13) from left,

(E −H + iη)Ψ
(+)
i = [(E −H + iη) + (Vi − Ui)]χ

(+)
i

= (E − Ti − Ui − hi + iη)χ
(+)
i

= iηχ
(+)
i (A.14)

is obtained. Eq. (A.5) is used in the last equal sign. Operating another operator (E − Tf − Uf − hf + iη)−1 on
Eq. (A.14) from left, the left-hand-side and right-hand-side of the equation become

(l.h.s.) =
1

E − Tf − Uf − hf + iη
(E −H + iη)Ψ

(+)
i

=
1

E − Tf − Uf − hf + iη
[E − Tf − Uf − hf + iη − (Vf − Uf )]Ψ

(+)
i

= Ψ
(+)
i − 1

E − Tf − Uf − hf + iη
(Vf − Uf )Ψ

(+)
i (A.15)

and

(r.h.s.) =
1

E − Tf − Uf − hf + iη
iηχ

(+)
i , (A.16)

respectively, and then we obtained

Ψ
(+)
i =

1

E − Tf − Uf − hf + iη
iηχ

(+)
i +

1

E − Tf − Uf − hf + iη
(Vf − Uf )Ψ

(+)
i . (A.17)

Only in the case of the label i being equal to f , the first term of this equation becomes

1

E − Tf − Uf − hf + iη
iηχ

(+)
i =

1

E − Tf − Uf − hf + iη
(E − Ti − Ui − hi + iη)χ

(+)
i = χ

(+)
i (A.18)
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because of Eq. (A.5), otherwise it vanishes in the η → 0 limit. Then Eq. (A.17) can be represented as

Ψ
(+)
i = χ

(+)
i δfi +

1

E − Tf − Uf − hf + iη
(Vf − Uf )Ψ

(+)
i (A.19)

and it leads

VfΨ
(+)
i = (Uf + Vf − Uf )Ψ

(+)
i

= Uf

[
χ
(+)
i δfi +

1

E − Tf − Uf − hf + iη
(Vf − Uf )Ψ

(+)
i

]
+ (Vf − Uf )Ψ

(+)
i

= Ufχ
(+)
i δfi +

(
1 + Uf

1

E − Tf − Uf − hf + iη

)
(Vf − Uf )Ψ

(+)
i . (A.20)

Finally, the transition matrix (A.2) is reduced to

Tfi =
〈
ϕf

∣∣∣Uf

∣∣∣χ(+)
i

〉
δfi +

〈
ϕf

∣∣∣∣(1 + Uf
1

E − Tf − Uf − hf + iη

)
(Vf − Uf )

∣∣∣∣Ψ(+)
i

〉
=

〈
ϕf

∣∣∣Uf

∣∣∣χ(+)
i

〉
δfi +

〈(
1 + Uf

1

E − Tf − Uf − hf + iη

)†
ϕf

∣∣∣∣∣Vf − Uf

∣∣∣∣∣Ψ(+)
i

〉
=

〈
ϕf

∣∣∣Uf

∣∣∣χ(+)
i

〉
δfi +

〈
χ
(−)
f

∣∣∣Vf − Uf

∣∣∣Ψ(+)
i

〉
(A.21)

with the use of Eq. (A.12), and Eq. (A.3) has been shown. This is called the Gell-Mann-Goldberger transformation.
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Appendix B

Derivation of Equation (2.16)

In this appendix, I show the derivation of Equation (2.16) as demonstrated in Ref. [104]. An arbitrary set of coordinate
vectors {x1,x2, · · · } is obtained from that of position vectors {r1, r2, · · · } in the laboratory system by a linear
combination with a suitable coefficients Ajk:

xj =
∑
k

Ajkrk, (B.1)

or in matrix notation:

[x] = [A][r]. (B.2)

We represent the canonically conjugate momentum of [x] by [q] and that of [r] by [p], then the action function for
free paticles S is calculated by

S =
∑
j

qj · xj =
∑
k

pk · rk or S = [q]t[x] = [p]t[r], (B.3)

because S is invariant under the canonical transformation. The superscript t denotes the transpose of a matrix. Using
the inverse relation of Eq. (B.2), we obtain

[q]t[x] = [p]t[A]−1[x], (B.4)

and it is reduced to

[p]t = [q]t[A] (B.5)

because [x] is arbitrary. Eq. (B.5) shows that we can write down [p] in terms of [q].
If we set [r]t = [r1, r2, rB]

t and [x]t = [R1,R2,Rc.m.]
t, the coefficitent matrix [A] is

[A] =

 1 0 −1

0 1 −1
m1
mtot

m2
mtot

mB
mtot

 (B.6)

from Eq. (2.15). Using the relation that a momentum operator is given by −i~ times grandient in the quantum
mechanics, Eq. (B.6) becomes

[∇r1 ,∇r2 ,∇rB ] = [∇R1 ,∇R2 ,∇Rc.m. ]

 1 0 −1

0 1 −1
m1
mtot

m2
mtot

mB
mtot

. (B.7)

It is none other than matrix notation of Eq. (2.16).
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Appendix C

Detailed calculation of transition matrix of
reaction between a nucleon and two-nucleon
system

In this appendix, I present the detailed calculation of the transition matrix Eqs. (2.109)-(2.111). The same notation
used in Section 2.3 is employed.

C.1 Spin and isospin rearrangement

We rearrange the spin and isospin parts of Eqs. (2.109)-(2.111) in order to the system of particles N1 and N2 having
the total spin S12 and the total isospin T12 as

η
(1)
1
2
µ1

[
η
(2)
1
2

⊗ η
(3)
1
2

]
Ixµx

=
∑
SMS

(
Ixµx

1

2
µ1

∣∣∣∣SMS

)[[
η
(2)
1
2

⊗ η
(3)
1
2

]
Ix

⊗ η
(1)
1
2

]
SMS

=
∑
SMS

(
Ixµx

1

2
µ1

∣∣∣∣SMS

)∑
S12

(−)1+Ix+S12 ŝxŜ12

{
1/2 1/2 S12
S 1/2 Ix

}[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

, (C.1)

ζ
(1)
1
2
ν1

[
ζ
(2)
1
2

⊗ ζ
(3)
1
2

]
txνx

=
∑
TMT

(
txνx

1

2
ν1

∣∣∣∣TMT

)[[
ζ
(2)
1
2

⊗ ζ
(3)
1
2

]
tx

⊗ ζ
(1)
1
2

]
TMT

=
∑
TMT

(
txνx

1

2
ν1

∣∣∣∣TMT

)∑
T12

(−)1+tx+T12 t̂xT̂12

{
1/2 1/2 T12
T 1/2 tx

}[[
ζ
(2)
1
2

⊗ ζ
(1)
1
2

]
T12

⊗ ζ
(3)
1
2

]
TMT

, (C.2)

η
(2)
1
2
µ1

[
η
(1)
1
2

⊗ η
(3)
1
2

]
Ixµx

=
∑
SMS

(
Ixµx

1

2
µ1

∣∣∣∣SMS

)[[
η
(1)
1
2

⊗ η
(3)
1
2
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Ix

⊗ η
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1
2

]
SMS

=
∑
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(
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1

2
µ1

∣∣∣∣SMS

)∑
S12

(−)1+Ix+S12 ŝxŜ12

{
1/2 1/2 S12
S 1/2 Ix

}[[
η
(1)
1
2

⊗ η
(2)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS
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=
∑
SMS

(
Ixµx

1

2
µ1

∣∣∣∣SMS

)∑
S12

(−)Ix ŝxŜ12

{
1/2 1/2 S12
S 1/2 Ix

}[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

, (C.3)

ζ
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ζ
(1)
1
2
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]
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]
tx
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]
TMT

=
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(
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]
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(
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⊗ ζ
(3)
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TMT

. (C.6)

The total spin and isospin of the three-nucleon system are denoted by S and T , respectively. It should be noted that
in Eqs. (C.5) and (C.6), S12 is equal to Ix and T12 is tx. In the same way, we obtain

η
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1
2
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η
(2)
1
2
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, (C.8)
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Similarly in Eqs. (C.5) and (C.6), the total spin S13 and isospin T13 of the system of paricle N1 and N3 are are Ix and
tx in Eqs. (C.9) and (C.10), respectively.

Utilizing these equations, the isospin parts in Eqs. (2.109)-(2.111) are calculated as
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×
∑

T ′
13T13

(−)1+T ′
13tS13T13

13 T̂ ′
13T̂13

{
1/2 1/2 T ′

13

T ′ 1/2 tx

}{
1/2 1/2 T13
T 1/2 tx

}

×

〈[[
ζ
(3)
1
2

⊗ ζ
(1)
1
2

]
T ′
13

⊗ ζ
(2)
1
2

]
T ′M ′

T

∣∣∣∣∣∣
[[
ζ
(3)
1
2

⊗ ζ
(1)
1
2

]
T13

⊗ ζ
(2)
1
2

]
TMT

〉

= t̂2x
∑
TMT

(
txν

′
x
1

2
ν ′1

∣∣∣∣TMT

)(
txνx

1

2
ν1

∣∣∣∣TMT

)∑
T13

(−)1+T13tS13T13
13 T̂ 2

13

{
1/2 1/2 T13
T 1/2 tx

}2

, (C.16)
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∣∣∣∣TMT

)(
txνx

1

2
ν1

∣∣∣∣TMT

)
tS12tx
12

{
1/2 1/2 tx
T 1/2 tx

}
, (C.17)
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≡

〈
ζ
(1)
1
2
ν′1

[
ζ
(2)
1
2
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Here, we have used the three properties that (i) the effective interaction tS1jT1j

1j does not change the isospins, that
(ii) the isospin functions have the orthonormality, and that (iii) tx and T1j are zero or unity.

Similarly, the spin parts in Eqs. (2.109)-(2.111) are calculated as

EIxtx
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′
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′
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′
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′
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≡
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= ŝ2x
∑
S′M ′

S

∑
SMS

(
Ixµ

′
x
1

2
µ′1
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Ŝ2
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×
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〉
, (C.19)
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≡
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≡
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Here, we have also used the two properties that (i) S1j is conserved in general and that (ii) Ix and S1j are zero or unity.
Therefore, the transition matrices (2.109)-(2.111) become
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∣∣∣ϕx(r2)eiκ·s2
〉
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= ŝ2x t̂
2
x

∑
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∑
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(
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′
x
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×
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x
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2
ν ′1

∣∣∣∣TMT

)(
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1

2
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∣∣∣∣TMT

){
1/2 1/2 Ix

S′ 1/2 Ix

}{
1/2 1/2 tx
T 1/2 tx

}

×

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
Ix

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣
× tIxtx

13

∣∣∣∣∣∣ϕx(r2)eiκ·s2
[[
η
(3)
1
2

⊗ η
(1)
1
2

]
Ix

⊗ η
(2)
1
2

]
SMS

〉
. (C.30)

We can find from Eqs. (C.25)-(C.30) that the correspodence of Eqs. (2.112)-(2.114) holds. In the following, we
calculate the central (Section C.2), tensor (Section C.3), and spin-orbit (Section C.4) components of these matrices.

C.2 Components of central interactions

The components of the central interactions of the transition matrices (C.25) and (C.26) are given by

T̄
S12T12(C)
12:123 (κ′, S′M ′

S |κ, SMS) ≡
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS12T12(C)
12 (r3)

∣∣∣ϕx(r1)eiκ·s1
〉
δS′SδM ′

SMS
, (C.31)

T̄
S13T13(C)
13:123 (κ′, S′M ′

S |κ, SMS) ≡
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS13T13(C)
13 (r2)

∣∣∣ϕx(r1)eiκ·s1
〉
δS′SδM ′

SMS
, (C.32)

in which we have used the property of tS1jT1j

1j which does not affect the spin functions. Now we make two assumptions
that (i) particle x can be described only by the S wave and that (ii) ϕx and ϕ′x are constructed by the superposition of
the Gaussians as

ϕx(r) =
1√
4π

∑
n

cn exp
(
−αnr

2
)
, ϕ′x(r) =

1√
4π

∑
n′

cn′ exp
(
−αn′r2

)
, (C.33)

in which αn (αn′) and cn (cn′) are the range of the Gaussian and the expansion coefficient, respectively. Taking r3
and s3 as the independent coordinates in Eq. (C.31), we can find from Fig. 2.3

r1 =
1

2
r3 + s3, s1 =

3

4
r3 −

1

2
s3, (C.34)

r2 = −1

2
r3 + s3, s2 = −3

4
r3 −

1

2
s3. (C.35)

In addition, taking r2 and s2 as the independent coordinates in Eq. (C.32), the other coordinates are written by

r1 =
1

2
r2 − s2, s1 = −3

4
r2 −

1

2
s2, (C.36)

r3 = −1

2
r2 − s2, s3 =

3

4
r2 −

1

2
s2. (C.37)

Then Eqs. (C.31) and (C.32) become

T̄
S12T12(C)
12:123 (κ′, S′M ′

S |κ, SMS) = δS′SδM ′
SMS

∑
n′n

cn′cnI
S12T12(C)
12:123,n′n, (C.38)

T̄
S13T13(C)
13:123 (κ′, S′M ′

S |κ, SMS) = δS′SδM ′
SMS

∑
n′n

cn′cnI
S13T13(C)
13:123,n′n, (C.39)
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I
S12T12(C)
12:123,n′n ≡ 1

4π

∫
dr3

∫
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(
1

2
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]
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4
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× t
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(
1

2
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(
3

4
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2
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=
1
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∫
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∫
ds3 t
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[
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(
1

2
r3 + s3
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]
exp

[
iq ·

(
3

4
r3 −

1

2
s3

)]
=

1

4π

∫
dr3 t

S12T12(C)
12 (r3) exp

(
−1

4
αn′nr

2
3

)
exp

(
3

4
iq · r3

)
×
∫

ds3 exp
(
−αn′ns

2
3

)
exp

[
−
(
αn′nr3 +

i

2
q

)
· s3

]
, (C.40)

I
S13T13(C)
13:123,n′n ≡ 1

4π

∫
dr2

∫
ds2 exp

[
−αn′

(
1

2
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)2
]
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[
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(
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4
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1
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× t
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[
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]
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[
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(
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4
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)]

=
1
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∫
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∫
ds2 t
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[
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1
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exp
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4
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)]
=
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∫
dr2 t
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13 (r2) exp
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4
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2
2

)
exp

(
−3

4
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)
×
∫

ds2 exp
(
−αn′ns

2
2

)
exp

[
−
(
−αn′nr2 +

i

2
q

)
· s2

]
, (C.41)

with defining αn′n and q as

αn′n ≡ αn′ + αn, q ≡ κ− κ′. (C.42)

Replacing α, β, and γ in Eq. (C.184) as

α→ αn′n, β → ±αn′nr, γ → q

2
, (C.43)

we obtain ∫
ds exp

(
−αn′ns

2
)
exp

[
−
(
±αn′nr +

i

2
q

)
· s

]
=
π3/2

α
3/2
n′n

exp

(
1

4
αn′nr

2

)
exp

(
− q2

16αn′n

)
exp

(
± i

4
q · r

)
, (C.44)

and Eqs. (C.40) and (C.41) are reduced to

I
S12T12(C)
12:123,n′n =

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr3 t

S12T12(C)
12 (r3)eiq·r3

=
π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫ ∞

0
dr3 r

2
3t

S12T12(C)
12 (r3)j0(qr3), (C.45)

I
S13T13(C)
13:123,n′n =

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr2 t

S13T13(C)
13 (r2)e−iq·r2
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=
π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫ ∞

0
dr2 r

2
2t

S13T13(C)
13 (r2)j0(qr2). (C.46)

with using Eq. (C.185).
The components of the central interactions of the transition matrices (C.27) and (C.28) are given by

T̄
S12T12(C)
12:213 (κ′, S′M ′

S |κ, SMS) ≡
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS12T12(C)
12 (r3)

∣∣∣ϕx(r2)eiκ·s2
〉
δS′SδM ′

SMS
, (C.47)

T̄
S13T13(C)
13:321 (κ′, S′M ′

S |κ, SMS) ≡
〈
ϕ′x(r1)e
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∣∣∣tS13T13(C)
13 (r2)

∣∣∣ϕx(r3)eiκ·s3
〉
δS′SδM ′

SMS
. (C.48)

Similarly to the calculation of Eqs. (C.31) and (C.32),

T̄
S12T12(C)
12:213 (κ′, S′M ′

S |κ, SMS) = δS′SδM ′
SMS

∑
n′n

cn′cnI
S12T12(C)
12:213,n′n, (C.49)

T̄
S13T13(C)
13:321 (κ′, S′M ′

S |κ, SMS) = δS′SδM ′
SMS

∑
n′n

cn′cnI
S13T13(C)
13:321,n′n, (C.50)

I
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∫
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]
, (C.51)
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∫
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]
, (C.52)

in which

ᾱn′n ≡ αn′ − αn, Q ≡ κ+ κ′, (C.53)

are obtained. Replacing α, β, and γ in Eq. (C.184) as

α→ αn′n, β → ±ᾱn′nr, γ → q

2
, (C.54)

we get ∫
ds exp

(
−αn′ns

2
)
exp

[
−
(
±ᾱn′nr +

i

2
q

)
· s

]
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, (C.55)

and Eqs. (C.51) and (C.52) are reduced to
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, (C.56)
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, (C.57)

in which we have used Eq. (C.185) and defined

pn′n ≡ −3

4
Q+

ᾱn′n

4αn′n
q. (C.58)

The components of the central interactions of the transition matrices (C.29) and (C.30) are given by

T̄
S12T12(C)
12:321 (κ′, S′M ′

S |κ, SMS) ≡
〈
ϕ′x(r1)e

iκ′·s1
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, (C.59)
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SMS
. (C.60)

Similarly to the calculation of Eqs. (C.31) and (C.32),

T̄
S12T12(C)
12:321 (κ′, S′M ′

S |κ, SMS) = δS′SδM ′
SMS

∑
n′n

cn′cnI
S12T12(C)
12:321,n′n, (C.61)

T̄
S13T13(C)
13:213 (κ′, S′M ′

S |κ, SMS) = δS′SδM ′
SMS

∑
n′n

cn′cnI
S13T13(C)
13:213,n′n, (C.62)
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with defining βn′n and Q′ as

βn′n ≡ 1

4
αn′ + αn, Q′ ≡ κ+

1

2
κ′. (C.65)

Replacing α, β, and γ in Eq. (C.184) as

α→ αn′ , β → ±αn′r, γ → −Q′, (C.66)

the integrals concerning s3 and s2 in Eqs. (C.63) and (C.64) are calculated as∫
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and
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are obtained with making the use of Eq. (C.185). p′ is defined by

p′ ≡ 3

4
κ′ +

1

2
Q′ =

1

2
κ+ κ′. (C.70)
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C.3 Components of tensor interactions

The components of the tensor interactions of the transition matrices (C.25) and (C.26) are given by
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, (C.71)
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. (C.72)

We can rewrite the tensor operators (2.101) as

ST
1a =

9[rb ⊗ σ1]00[rb ⊗ σa]00
r2b

+
√
3[σ1 ⊗ σa]00 (C.73)

with using

σ1 · rb = −
√
3[rb ⊗ σ1]00, σa · rb = −

√
3[rb ⊗ σa]00, σ1 · σa = −

√
3[σ1 ⊗ σa]00, (C.74)

in which (a, b) begin (2, 3) or (3, 2). In addition, [rb ⊗ σ1]00[rb ⊗ σa]00 in Eq. (C.73) can be calculated as
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because the followings hold:
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, (C.76)

[rb ⊗ rb]1m =
i√
2
(rb × rb)m = 0, (C.77)
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3
r2b [Y1(r̂b)⊗ Y1(r̂b)]2m

=
4π

3
r2b ·

1√
4π

1√
5
(1010|20)Y2m(r̂b) =

√
8π

15
r2bY2m(r̂b). (C.78)

Then ST
1a becomes

ŜT
1a = 2

√
6π[Y2(r̂b)⊗ [σ1 ⊗ σb]2]00 = 2

√
6π

5

∑
m

(−)mY2m(r̂b)[σ1 ⊗ σa]2−m. (C.79)

Inserting this into Eqs. (C.71) and (C.72) and some arrangement,

T̄
S12T12(T)
12:123 (κ′, S′M ′

S |κ, SMS)

= 2

√
6π

5

∑
m

(−)m
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS12T12(T)
12 (r3)Y2m(r̂3)

∣∣∣ϕx(r1)eiκ·s1
〉

×

〈[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣[σ1 ⊗ σ2]2−m

∣∣∣∣∣∣
[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.80)

T̄
S13T13(T)
13:123 (κ′, S′M ′

S |κ, SMS)

= 2

√
6π

5

∑
m

(−)m
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS13T13(T)
13 (r2)Y2m(r̂2)

∣∣∣ϕx(r1)eiκ·s1
〉

×

〈[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣[σ1 ⊗ σ3]2−m

∣∣∣∣∣∣
[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
(C.81)

are obtained. The spin parts of Eqs. (C.80) and (C.81) are calculated as〈[[
η
(a)
1
2

⊗ η
(1)
1
2

]
S1a

⊗ η
(b)
1
2

]
S′M ′

S

∣∣∣∣∣∣[σ1 ⊗ σa]2−m

∣∣∣∣∣∣
[[
η
(a)
1
2

⊗ η
(1)
1
2

]
S1a

⊗ η
(b)
1
2

]
SMS

〉

=
∑

M ′
1aM1a

∑
µb

(
S1aM

′
1a

1

2
µb

∣∣∣∣S′M ′
S

)(
S1aM1a

1

2
µb

∣∣∣∣SMS

)

×

〈[
η
(a)
1
2

⊗ η
(1)
1
2

]
S1aM ′

1a

∣∣∣∣∣[σ1 ⊗ σa]2−m

∣∣∣∣∣
[
η
(a)
1
2

⊗ η
(1)
1
2

]
S1aM1a

〉
, (C.82)

and from the Wigner-Eckart theorem, the matrix element in the right-hand-side of Eq. (C.82) is reduced to〈[
η
(a)
1
2

⊗ η
(1)
1
2

]
S1aM ′

1a

∣∣∣∣∣[σ1 ⊗ σa]2−m

∣∣∣∣∣
[
η
(a)
1
2

⊗ η
(1)
1
2

]
S1aM1a

〉

=
1

Ŝ1a
(S1aM1a2−m|S1aM ′

1a)

〈[
η
(a)
1
2

⊗ η
(1)
1
2

]
S1a

∥∥∥[σ1 ⊗ σa]2

∥∥∥[η(a)1
2

⊗ η
(1)
1
2

]
S1a

〉

=
1

Ŝ1a
(S1aM1a2−m|S1aM ′

1a) ·
√
5Ŝ2

1a


1/2 1/2 S1a
1/2 1/2 S1a
1 1 2


〈
η
(1)
1
2

∥∥∥σ1

∥∥∥η(1)1
2

〉〈
η
(a)
1
2

∥∥∥σa

∥∥∥η(a)1
2

〉

= 2

√
5

3
(1M1a2−m|1M ′

1a). (C.83)
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It should be noted that Eq. (C.83) is equal to zero in the case of S1a = 0 and that the Pauli matrix is defined by the
spin operator multiplied by 2. Then we get

T̄
S12T12(T)
12:123 (κ′, S′M ′

S |κ, SMS)

= 4
√
2π

∑
mµ3

∑
M ′

12M12

(−)m(1M122−m|1M ′
12)

(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)
×

〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS12T12(T)
12 (r3)Y2m(r̂3)

∣∣∣ϕx(r1)eiκ·s1
〉
, (C.84)

T̄
S13T13(T)
13:123 (κ′, S′M ′

S |κ, SMS)

= 4
√
2π

∑
mµ2

∑
M ′

13M13

(−)m(1M132−m|1M ′
13)

(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)
×

〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS13T13(T)
13 (r2)Y2m(r̂2)

∣∣∣ϕx(r1)eiκ·s1
〉
. (C.85)

Now we make the same assumptions in Section C.2, that is,

• that particle x can be described only by the S wave,

• that ϕx and ϕ′x are constructed by the superposition of the Gaussians as in Eq. (C.33).

Taking r3 and s3 in Eq. (C.84) and r2 and s2 in Eq. (C.85), these transition matrices become

T̄
S12T12(T)
12:123 (κ′, S′M ′

S |κ, SMS)

= 4
√
2π

∑
mµ3

∑
M ′

12M12

(−)m(1M122−m|1M ′
12)

×
(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)∑
n′n

cn′cnI
S12T12(T)
12:123,m,n′n, (C.86)

T̄
S13T13(T)
13:123 (κ′, S′M ′

S |κ, SMS)

= 4
√
2π

∑
mµ2

∑
M ′

13M13

(−)m(1M132−m|1M ′
13)

×
(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)∑
n′n

cn′cnI
S13T13(T)
13:123,m,n′n, (C.87)

I
S12T12(T)
12:123,m,n′n

≡ 1

4π

∫
dr3

∫
ds3 exp

[
−αn′

(
1

2
r3 + s3

)2
]
exp

[
−iκ′ ·

(
3

4
r3 −

1

2
s3

)]

× t
S12T12(T)
12 (r3)Y2m(r̂3) exp

[
−αn

(
1

2
r3 + s3

)2
]
exp

[
iκ ·

(
3

4
r3 −

1

2
s3

)]
=

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr3 t

S12T12(T)
12 (r3)Y2m(r̂3)eiq·r3

= −π
3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)
Y2m(q̂)

∫ ∞

0
dr3 r

2
3t

S12T12(T)
12 (r3)j2(qr3), (C.88)
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I
S13T13(T)
13:123,m,n′n

≡ 1

4π

∫
dr2

∫
ds2 exp

[
−αn′

(
1

2
r2 − s2

)2
]
exp

[
−iκ′ ·

(
−3

4
r2 −

1

2
s2

)]
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S13T13(T)
13 (r2)Y2m(r̂2) exp

[
−αn

(
1

2
r2 − s2

)2
]
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[
iκ ·

(
−3

4
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1

2
s2
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=

1

4π

π3/2

α
3/2
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(
− q2

16αn′n

)∫
dr2 t

S13T13(T)
13 (r2)Y2m(r̂2)e−iq·r2

= −π
3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)
Y2m(q̂)

∫ ∞

0
dr2 r

2
2t

S13T13(T)
13 (r2)j2(qr2), (C.89)

in which we have used Eqs. (C.44) and (C.185).
The components of the tensor interactions of the transition matrices (C.27) and (C.28) are given by

T̄
S12T12(T)
12:213 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣
× t

S12T12(T)
12 (r3)Ŝ

T
12

∣∣∣∣∣∣ϕx(r2)eiκ·s2
[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.90)

T̄
S13T13(T)
13:321 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣
× t

S13T13(T)
13 (r2)Ŝ

T
13

∣∣∣∣∣∣ϕx(r3)eiκ·s3
[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
. (C.91)

We can calculate them in the similar way shown above, and then

T̄
S12T12(T)
12:213 (κ′, S′M ′

S |κ, SMS)

= 4
√
2π

∑
mµ3

∑
M ′

12M12

(−)m(1M122−m|1M ′
12)

×
(
S12M

′
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1

2
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∣∣∣∣S′M ′
S

)(
S12M12

1

2
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∣∣∣∣SMS
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n′n
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S12T12(T)
12:213,m,n′n, (C.92)

T̄
S13T13(T)
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S |κ, SMS)
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√
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∑
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∑
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13M13
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×
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′
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1

2
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∣∣∣∣S′M ′
S
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1

2
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S13T13(T)
13:321,m,n′n, (C.93)

I
S12T12(T)
12:213,m,n′n
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≡ 1

4π

∫
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∫
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[
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=
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α
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)∫
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2
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, (C.94)
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∫
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4
r2 −

1

2
s2

)]
=

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr2 t

S13T13(T)
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α
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(
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αn′n
r22

)
(C.95)

are obtain with using Eqs. (C.55) and (C.185).
The components of the tensor interactions of the transition matrices (C.29) and (C.30) are given by

T̄
S12T12(T)
12:321 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(2)
1
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1
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1
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1
2

⊗ η
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1
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〉
, (C.96)
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S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
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〉
. (C.97)

Calculating them similarly to Eqs. (C.71) and (C.72), we get

T̄
S12T12(T)
12:321 (κ′, S′M ′

S |κ, SMS)

= 4
√
2π

∑
mµ3

∑
M ′

12M12
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′
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12:321,m,n′n, (C.98)
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T̄
S13T13(T)
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√
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I
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12:321,m,n′n
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∫
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(
3

4
r3 −

1

2
s3

)]
× t

S12T12(T)
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, (C.100)
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∫
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)
(C.101)

with Eqs. (C.67) and (C.185).

C.4 Components of spin-orbit interactions

The components of the spin-orbit interactions of the transition matrices (C.25) and (C.26) are given by

T̄
S12T12(LS)
12:123 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e
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1
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1
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〉
, (C.102)
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≡
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× t
S13T13(LS)
13 (r2)ℓ̂13 · S13
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[[
η
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1
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1
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(2)
1
2

]
SMS

〉
. (C.103)

From the definition of the orbital angular momentum operator, ℓ̂12 · S12 and ℓ̂13 · S13 become

ℓ̂12 · S12 = −i(r3 ×∇r3) · S12, ℓ̂13 · S13 = −i(r2 ×∇r2) · S13, (C.104)

and they generate

ℓ̂12 · S12

∣∣ϕx(r1)eiκ·s1
〉
= −iϕx(r1)

(
r3 ×∇r3eiκ·s1

)
· S12 − i[r3 ×∇r3ϕx(r1)] · S12eiκ·s1 , (C.105)

ℓ̂13 · S13

∣∣ϕx(r1)eiκ·s1
〉
= −iϕx(r1)

(
r2 ×∇r2eiκ·s1

)
· S13 − i[r2 ×∇r2ϕx(r1)] · S13eiκ·s1 . (C.106)

Making the use of the same assumptions in Sections C.2 and C.3, the gradients in Eqs. (C.105) and (C.106) are
calculated as

∇r3eiκ·s1 = ∇r3 exp

[
iκ ·

(
3

4
r3 −

1

2
s3

)]
=

3

4
iκ exp

[
iκ ·

(
3

4
r3 −

1

2
s3

)]
, (C.107)

∇r2eiκ·s1 = ∇r2 exp

[
iκ ·

(
−3

4
r2 −

1

2
s2

)]
= −3

4
iκ exp

[
iκ ·

(
−3

4
r2 −

1

2
s2

)]
, (C.108)

∇r3ϕx(r1) =
1√
4π

∑
n

cn∇r3 exp

[
−αn

(
1

2
r3 + s3

)2
]

=
1√
4π

∑
n

cn

[
−αn

(
1

2
r3 + s3

)]
exp

[
−αn

(
1

2
r3 + s3

)2
]
, (C.109)

∇r2ϕx(r1) =
1√
4π

∑
n

cn∇r2 exp

[
−αn

(
1

2
r2 − s2

)2
]

=
1√
4π

∑
n

cn

[
−αn

(
1

2
r2 − s2

)]
exp

[
−αn

(
1

2
r2 − s2

)2
]
. (C.110)

Then we can separate the transition matrices (C.102) and (C.103), respectively, into the two parts as shown below:

T̄
S12T12(LS)
12:123 (κ′, S′M ′

S |κ, SMS)

= T̄
S12T12(LS)(1)
12:123 (κ′, S′M ′

S |κ, SMS) + T̄
S12T12(LS)(2)
12:123 (κ′, S′M ′

S |κ, SMS), (C.111)

T̄
S13T13(LS)
13:123 (κ′, S′M ′

S |κ, SMS)

= T̄
S13T13(LS)(1)
13:123 (κ′, S′M ′

S |κ, SMS) + T̄
S13T13(LS)(2)
13:123 (κ′, S′M ′

S |κ, SMS), (C.112)

T̄
S12T12(LS)(1)
12:123 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS12T12(LS)
12 (r3)
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× 3

4
(r3 × κ) · S12

∣∣∣∣∣∣ϕx(r1)eiκ·s1
[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.113)

T̄
S13T13(LS)(1)
13:123 (κ′, S′M ′

S |κ, SMS)

≡ −

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS13T13(LS)
13 (r2)

× 3

4
(r2 × κ) · S13

∣∣∣∣∣∣ϕx(r1)eiκ·s1
[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
, (C.114)

T̄
S12T12(LS)(2)
12:123 (κ′, S′M ′

S |κ, SMS)

≡ i

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS12T12(LS)
12 (r3)

× (r3 × s3) · S12

∣∣∣∣∣∣ 1√
4π

∑
n

cnαn exp
(
−αnr

2
1

)
eiκ·s1

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.115)

T̄
S13T13(LS)(2)
13:123 (κ′, S′M ′

S |κ, SMS)

≡ −i

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS13T13(LS)
13 (r2)

× (r2 × s2) · S13

∣∣∣∣∣∣ 1√
4π

∑
n

cnαn exp
(
−αnr

2
1

)
eiκ·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
. (C.116)

First, we calculate Eqs. (C.113) and (C.114). The operator (rk × κ) · S1j can be rewritten by

(rk × κ) · S1j = rk · (κ× S1j)

= −
√
3[rk ⊗ (κ× S1j)]00

= −
√
3 ·

√
4π

3
rk[Y1(r̂k)⊗ (κ× S1j)]00

= −
√
3 ·

√
4π

3
rk

∑
m

(1m1−m|00)Y1m(r̂k)(κ× S1j)1−m

=

√
4π

3
rk

∑
m

(−)mY1m(r̂k)(κ× S1j)1−m, (C.117)

and

(κ× S1j)1−m = −i
√
2[κ⊗ S1j ]1−m

= −i
√
2 ·

√
4π

3
κ[Y1(κ̂)⊗ S1j ]1−m

= −i
√

8π

3
κ
∑
aa′

(1a1a′|1−m)Y1a(κ̂)S
(a′)
1j , (C.118)
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in which (j, k) = (2, 3) or (3, 2). Then we obtain

(rk × κ) · S1j = −4π
√
2

3
iκrk

∑
m

∑
aa′

(−)m(1a1a′|1−m)Y1m(r̂k)Y1a(κ̂)S
(a′)
1j . (C.119)

Inserting this into Eqs, (C.113) and (C.114), they become

T̄
S12T12(LS)(1)
12:123 (κ′, S′M ′

S |κ, SMS)

= −πi
√
2
∑
m

∑
aa′

(−)m(1a1a′|1−m)κY1a(κ̂)

×
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS12T12(LS)
12 (r3)r3Y1m(r̂3)

∣∣∣ϕx(r1)eiκ·s1
〉

×

〈[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣S(a′)
12

∣∣∣∣∣∣
[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.120)

T̄
S13T13(LS)(1)
13:123 (κ′, S′M ′

S |κ, SMS)

= πi
√
2
∑
m

∑
aa′

(−)m(1a1a′|1−m)κY1a(κ̂)

×
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS13T13(LS)
13 (r2)r2Y1m(r̂2)

∣∣∣ϕx(r1)eiκ·s1
〉

×

〈[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣S(a′)
13

∣∣∣∣∣∣
[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
. (C.121)

The matrix elements of the spin parts in Eqs. (C.120) and (C.121) can be calculated as〈[[
η
(j)
1
2

⊗ η
(1)
1
2

]
S1j

⊗ η
(k)
1
2

]
S′M ′

S

∣∣∣∣∣∣S(a′)
1j

∣∣∣∣∣∣
[[
η
(j)
1
2

⊗ η
(1)
1
2

]
S1j

⊗ η
(k)
1
2

]
SMS

〉

=
∑

M ′
1jM1j

∑
µk

(
S1jM

′
1j

1

2
µk

∣∣∣∣S′M ′
S

)(
S1jM1j

1

2
µk

∣∣∣∣SMS

)

×

〈[
η
(j)
1
2

⊗ η
(1)
1
2

]
S1jM ′

1j

∣∣∣∣∣S(a′)
1j

∣∣∣∣∣
[
η
(j)
1
2

⊗ η
(1)
1
2

]
S1jM1j

〉

=
∑

M ′
1jM1j

∑
µk

(
S1jM

′
1j

1

2
µk

∣∣∣∣S′M ′
S

)(
S1jM1j

1

2
µk

∣∣∣∣SMS

)

×
(
S1jM1j1a

′|S1jM ′
1j

)〈[
η
(j)
1
2

⊗ η
(1)
1
2

]
S1j

∥∥∥Ŝ1j∥∥∥[η(j)1
2

⊗ η
(1)
1
2

]
S1j

〉

=
∑

M ′
1jM1j

∑
µk

(
S1jM

′
1j

1

2
µk

∣∣∣∣S′M ′
S

)(
S1jM1j

1

2
µk

∣∣∣∣SMS

)(
S1jM1j1a

′|S1jM ′
1j

)
·
√
2, (C.122)

and it makes Eqs. (C.120) and (C.121) be

T̄
S12T12(LS)(1)
12:123 (κ′, S′M ′

S |κ, SMS)

= −2πi
∑
µ3

∑
M ′

12M12

(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)
×
∑
m

∑
aa′

(−)m
(
S12M121a

′|S12M ′
12

)
(1a1a′|1−m)κY1a(κ̂)



C.4. Components of spin-orbit interactions 73

×
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS12T12(LS)
12 (r3)r3Y1m(r̂3)

∣∣∣ϕx(r1)eiκ·s1
〉
, (C.123)

T̄
S13T13(LS)(1)
13:123 (κ′, S′M ′

S |κ, SMS)

= 2πi
∑
µ2

∑
M ′

13M13

(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)
×
∑
m

∑
aa′

(−)m
(
S13M131a

′|S13M ′
13

)
(1a1a′|1−m)κY1a(κ̂)

×
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣tS13T13(LS)
13 (r2)r2Y1m(r̂2)

∣∣∣ϕx(r1)eiκ·s1
〉
. (C.124)

It should be noted that we have used the Wigner-Eckart theorem:〈[
η
(j)
1
2

⊗ η
(1)
1
2

]
S1j

∥∥∥Ŝ1j∥∥∥[η(j)1
2

⊗ η
(1)
1
2

]
S1j

〉
=

√
2 (C.125)

in the case of S1j = 1. Then taking r3 and s3 in Eq. (C.123) and r2 and s2 in Eq. (C.124), these transition matrices
become

T̄
S12T12(LS)(1)
12:123 (κ′, S′M ′

S |κ, SMS)

= −2πi
∑
µ3

∑
M ′

12M12

(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)
×
∑
m

∑
aa′

(−)m
(
S12M121a

′|S12M ′
12

)
(1a1a′|1−m)κY1a(κ̂)

∑
n′n

cn′cnI
S12T12(LS)(1)
12:123,m,n′n , (C.126)

T̄
S13T13(LS)(1)
13:123 (κ′, S′M ′

S |κ, SMS)

= 2πi
∑
µ2

∑
M ′

13M13

(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)
×
∑
m

∑
aa′

(−)m
(
S13M131a

′|S13M ′
13

)
(1a1a′|1−m)κY1a(κ̂)

∑
n′n

cn′cnI
S13T13(LS)(1)
13:123,m,n′n , (C.127)

I
S12T12(LS)(1)
12:123,m,n′n

≡ 1

4π

∫
dr3

∫
ds3 exp

[
−αn′

(
1

2
r3 + s3

)2
]
exp

[
−iκ′ ·

(
3

4
r3 −

1

2
s3

)]

× t
S12T12(LS)
12 (r3)r3Y1m(r̂3) exp

[
−αn

(
1

2
r3 + s3

)2
]
exp

[
iκ ·

(
3

4
r3 −

1

2
s3

)]
=

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr3 r3t

S12T12(LS)
12 (r3)Y1m(r̂3)eiq·r3

= i
π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)
Y1m(q̂)

∫
dr3 r

3
3t

S12T12(LS)
12 (r3)j1(qr3), (C.128)

I
S13T13(LS)(1)
13:123,m,n′n

≡ 1

4π

∫
dr2

∫
ds2 exp

[
−αn′

(
1

2
r2 − s2

)2
]
exp

[
−iκ′ ·

(
−3

4
r2 −

1

2
s2

)]
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× t
S13T13(LS)
13 (r2)r2Y1m(r̂2) exp

[
−αn

(
1

2
r2 − s2

)2
]
exp

[
iκ ·

(
−3

4
r2 −

1

2
s2

)]
=

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr2 r2t

S13T13(LS)
13 (r2)Y1m(r̂2)e−iq·r2

= −i π
3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)
Y1m(q̂)

∫
dr2 r

3
2t

S13T13(LS)
13 (r2)j1(qr2), (C.129)

in which we have used Eqs. (C.44) and (C.185).
Next, we calculate Eqs. (C.115) and (C.116). The operator (r3 × s3) · S1j can be rewritten by

(rk × sk) · S1j = S1j · (rk × sk)

= −
√
3[S1j ⊗ (rk × sk)]00

= −
√
3
∑
a

(1a1− a|00)S(a)
1j (rk × sk)1−a

=
∑
a

(−)aS
(a)
1j (rk × sk)1−a, (C.130)

and

(rk × sk)1−a = −i
√
2[rk ⊗ sk]1−a

= −i
√
2 · 4π

3
rksk[Y1(r̂k)⊗ Y1(ŝk)]1−a

= −4π
√
2

3
irksk

∑
mm′

(1m1m′|1− a)Y1m(r̂k)Y1m′(ŝk), (C.131)

in which (j, k) = (2, 3) or (3, 2). Then we obtain

(rk × sk) · S1j = −4π
√
2

3
irksk

∑
mm′

∑
a

(−)a(1m1m′|1− a)Y1m(r̂k)Y1m′(ŝk)S
(a)
1j . (C.132)

Inserting this into Eqs. (C.115) and (C.116), they become

T̄
S12T12(LS)(2)
12:123 (κ′, S′M ′

S |κ, SMS)

=
8π

3

∑
M ′

12M12

∑
µ3

(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)
×

∑
mm′

∑
a

(−)a
(
S12M121a|S12M ′

12

)
(1m1m′|1− a)

×
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣ tS12T12(LS)

12 (r3)r3Y1m(r̂3)

× s3Y1m′(ŝ3)

∣∣∣∣∣ 1√
4π

∑
n

cnαn exp
(
−αnr

2
1

)
eiκ·s1

〉
, (C.133)

T̄
S13T13(LS)(2)
13:123 (κ′, S′M ′

S |κ, SMS)

= −8π

3

∑
M ′

13M13

∑
µ2

(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)
×

∑
mm′

∑
a

(−)a
(
S13M131a|S13M ′

13

)
(1m1m′|1− a)
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×
〈
ϕ′x(r1)e

iκ′·s1
∣∣∣ tS13T13(LS)

13 (r2)r2Y1m(r̂2)

× s2Y1m′(ŝ2)

∣∣∣∣∣ 1√
4π

∑
n

cnαn exp
(
−αnr

2
1

)
eiκ·s1

〉
, (C.134)

in which we have used Eq. (C.125). Taking r3 and s3 in Eq. (C.133) and r2 and s2 in Eq. (C.134), these transition
matrices become

T̄
S12T12(LS)(2)
12:123 (κ′, S′M ′

S |κ, SMS)

=
8π

3

∑
µ3

∑
M ′

12M12

(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)
×

∑
mm′

∑
a

(−)a
(
S12M121a|S12M ′

12

)
(1m1m′|1− a)

∑
n′n

cn′cnαnI
S12T12(LS)(2)
12:123,mm′,n′n, (C.135)

T̄
S13T13(LS)(2)
13:123 (κ′, S′M ′

S |κ, SMS)

= −8π

3

∑
µ2

∑
M ′

13M13

(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)
×

∑
mm′

∑
a

(−)a
(
S13M131a|S13M ′

13

)
(1m1m′|1− a)

∑
n′n

cn′cnαnI
S13T13(LS)(2)
13:123,mm′,n′n, (C.136)

I
S12T12(LS)(2)
12:123,mm′,n′n

≡ 1

4π

∫
dr3

∫
ds3 exp

[
−αn′

(
1

2
r3 + s3

)2
]
exp

[
−iκ′ ·

(
3

4
r3 −

1

2
s3

)]

× t
S12T12(LS)
12 (r3)r3Y1m(r̂3)s3Y1m(ŝ3) exp

[
−αn

(
1

2
r3 + s3

)2
]
exp

[
iκ ·

(
3

4
r3 −

1

2
s3

)]
=

1

4π

∫
dr3 r3t

S12T12(LS)
12 (r3)Y1m(r̂3) exp

(
−1

4
αn′nr

2
3

)
exp

(
3

4
iq · r3

)
×
∫

ds3 s3Y1m′(ŝ3) exp
(
−αn′ns

2
3

)
exp

[
−
(
αn′nr3 +

i

2
q

)
· s3

]
, (C.137)

I
S13T13(LS)(2)
13:123,mm′,n′n

≡ 1

4π

∫
dr2

∫
ds2 exp

[
−αn′

(
1

2
r2 − s2

)2
]
exp

[
−iκ′ ·

(
−3

4
r2 −

1

2
s2

)]

× t
S13T13(LS)
13 (r2)r2Y1m(r̂2)s2Y1m(ŝ2) exp

[
−αn

(
1

2
r2 − s2

)2
]
exp

[
iκ ·

(
−3

4
r2 −

1

2
s2

)]
=

1

4π

∫
dr2 r2t

S13T13(LS)
13 (r2)Y1m(r̂2) exp

(
−1

4
αn′nr

2
2

)
exp

(
−3

4
iq · r2

)
×
∫

ds2 s2Y1m′(ŝ2) exp
(
−αn′ns

2
2

)
exp

[
−
(
−αn′nr2 +

i

2
q

)
· s2

]
. (C.138)

Here, we consider the integrals regarding s3 in Eq. (C.137) and s2 in Eq. (C.138) in the general form:

Im′ ≡
∫

ds sY1m′(ŝ) exp
(
−αs2

)
exp[−(β + iγ) · s], (C.139)
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in which α is a positive real number and β and γ are real vectors. In the Cartesian coordinate system, the spherical
harmonics has the form:

Y10(ŝ) =

√
3

4π
cos θ =

√
3

4π

X3

s
, Y1±1(θ, φ) = ∓

√
3

8π
sin θ e±iφ = ∓

√
3

8π

X1 ± iX2

s
, (C.140)

and then it makes Eq. (C.139) be

I0 =

√
3

4π

∫ ∞

−∞
dX1 exp

(
−αX2

1

)
exp[−(β1 + iγ1)X1]

×
∫ ∞

−∞
dX2 exp

(
−αX2

2

)
exp[−(β2 + iγ2)X2]

×
∫ ∞

−∞
dX3X3 exp

(
−αX2

3

)
exp[−(β3 + iγ3)X3], (C.141)

I±1 = ∓
√

3

8π

∫ ∞

−∞
dX1X1 exp

(
−αX2

1

)
exp[−(β1 + iγ1)X1]

×
∫ ∞

−∞
dX2 exp

(
−αX2

2

)
exp[−(β2 + iγ2)X2]

×
∫ ∞

−∞
dX3 exp

(
−αX2

3

)
exp[−(β3 + iγ3)X3]

− i

√
3

8π

∫ ∞

−∞
dX1 exp

(
−αX2

1

)
exp[−(β1 + iγ1)X1]

×
∫ ∞

−∞
dX2X2 exp

(
−αX2

2

)
exp[−(β2 + iγ2)X2]

×
∫ ∞

−∞
dX3 exp

(
−αX2

3

)
exp[−(β3 + iγ3)X3]. (C.142)

Utilizing Eqs. (C.182) and (C.183), these integrals are calculated as

I0 = −
√

3

4π

π3/2

α3/2

β3 + iγ3
2α

3∏
j=1

exp

[
(βj + iγj)

2

4α

]

= − 1

2α

π3/2

α3/2

[
βY10

(
β̂
)
+ iγY10(γ̂)

]
exp

[
(β + iγ)2

4α

]
, (C.143)

I±1 = ±
√

3

8π

π3/2

α3/2

β1 + iγ1
2α

3∏
j=1

exp

[
(βj + iγj)

2

4α

]

+ i

√
3

8π

π3/2

α3/2

β2 + iγ2
2α

3∏
j=1

exp

[
(βj + iγj)

2

4α

]

= ±
√

3

8π

π3/2

α3/2

(β1 ± iβ2) + i(γ1 ± iγ2)

2α
exp

[
(β + iγ)2

4α

]
= − 1

2α

π3/2

α3/2

[
βY1±1

(
β̂
)
+ iγY1±1(γ̂)

]
exp

[
(β + iγ)2

4α

]
, (C.144)

and we can write them in the single form:

Im′ = − 1

2α

π3/2

α3/2

[
βY1m′

(
β̂
)
+ iγY1m′(γ̂)

]
exp

[
(β + iγ)2

4α

]
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= − 1

2α

π3/2

α3/2

[
βY1m′

(
β̂
)
+ iγY1m′(γ̂)

]
exp

(
β2

4α

)
exp

(
− γ2

4α

)
exp

(
i

2α
β · γ

)
. (C.145)

Replacing α, β, and γ in Eq. (C.145) as

α→ αn′n, β → ±αn′nr, γ → q

2
, (C.146)

we get∫
ds sY1m′(ŝ) exp

(
−αn′ns

2
)
exp

[
−
(
±αn′nr +

i

2
q

)
· s

]
= ∓ 1

2αn′n

π3/2

α
3/2
n′n

[
αn′nrY1m′(r̂)± i

2
qY1m′(q̂)

]
exp

(
1

4
αn′nr

2

)
exp

(
− q2

16αn′n

)
exp

(
± i

4
q · r

)
, (C.147)

in which Eq. (C.184) have been used. Finally,

I
S12T12(LS)(2)
12:123,mm′,n′n

= − 1

4π

1

2αn′n

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr3 r3t

S12T12(LS)
12 (r3)

× Y1m(r̂3)

[
αn′nr3Y1m′(r̂3) +

i

2
qY1m′(q̂)

]
eiq·r3

= − 3√
4π

π3/2

2α
3/2
n′n

exp

(
− q2

16αn′n

)∑
LM

Ȳ
(+)
LM

(
1m1m′, q̂

) ∫ ∞

0
dr3 r

4
3t

S12T12(LS)
12 (r3)jL(qr3)

+
1

4αn′n

π3/2

α
3/2
n′n

q exp

(
− q2

16αn′n

)
Y1m(q̂)Y1m′(q̂)

∫ ∞

0
dr3 r

3
3t

S12T12(LS)
12 (r3)j1(qr3), (C.148)

I
S13T13(LS)(2)
13:123,mm′,n′n

=
1

4π

1

2αn′n

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr2 r2t

S13T13(LS)
13 (r2)

× Y1m(r̂2)

[
αn′nr2Y1m′(r̂2)−

i

2
qY1m′(q̂)

]
e−iq·r2

=
3√
4π

π3/2

2α
3/2
n′n

exp

(
− q2

16αn′n

)∑
LM

Ȳ
(−)
LM

(
1m1m′, q̂

) ∫ ∞

0
dr2 r

4
2t

S13T13(LS)
13 (r2)jL(qr2)

− 1

4αn′n

π3/2

α
3/2
n′n

q exp

(
− q2

16αn′n

)
Y1m(q̂)Y1m′(q̂)

∫ ∞

0
dr2 r

3
2t

S13T13(LS)
13 (r2)j1(qr2), (C.149)

Ȳ
(±)
LM

(
1m1m′, q̂

)
≡ (±i)L

L̂

(
1m1m′|LM

)
(1010|L0)YLM (q̂) (C.150)

are obtained with using Eqs. (C.185) and (C.187).
The components of the spin-orbit interactions of the transition matrices (C.27) and (C.28) are given by

T̄
S12T12(LS)
12:213 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣
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× t
S12T12(LS)
12 (r3)ℓ̂12 · S12

∣∣∣∣∣∣ϕx(r2)eiκ·s2
[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.151)

T̄
S13T13(LS)
13:321 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣
× t

S13T13(LS)
13 (r2)ℓ̂13 · S13

∣∣∣∣∣∣ϕx(r3)eiκ·s3
[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
. (C.152)

Calculating them similarly to Eqs. (C.105) and (C.106), we obtain

ℓ̂12 · S12

∣∣ϕx(r2)eiκ·s2
〉
= −iϕx(r2)

(
r3 ×∇r3eiκ·s2

)
· S12 − i[r3 ×∇r3ϕx(r2)] · S12eiκ·s2 , (C.153)

ℓ̂13 · S13

∣∣ϕx(r3)eiκ·s3
〉
= −iϕx(r3)

(
r2 ×∇r2eiκ·s3

)
· S13 − i[r2 ×∇r2ϕx(r3)] · S13eiκ·s3 , (C.154)

and

∇r3eiκ·s2 = ∇r3 exp

[
iκ ·

(
−3

4
r3 −

1

2
s3

)]
= −3

4
iκ exp

[
iκ ·

(
−3

4
r3 −

1

2
s3

)]
, (C.155)

∇r2eiκ·s3 = ∇r2 exp

[
iκ ·

(
3

4
r2 −

1

2
s2

)]
=

3

4
iκ exp

[
iκ ·

(
3

4
r2 −

1

2
s2

)]
, (C.156)

∇r3ϕx(r2) =
1√
4π

∑
n

cn∇r3 exp

[
−αn

(
−1

2
r3 + s3

)2
]

= − 1√
4π

∑
n

cn

[
−αn

(
−1

2
r3 + s3

)]
exp

[
−αn

(
−1

2
r3 + s3

)2
]
, (C.157)

∇r2ϕx(r3) =
1√
4π

∑
n

cn∇r2 exp

[
−αn

(
−1

2
r2 − s2

)2
]

= − 1√
4π

∑
n

cn

[
−αn

(
−1

2
r2 − s2

)]
exp

[
−αn

(
−1

2
r2 − s3

)2
]
. (C.158)

Making the use of them, we can separate the transition matrices (C.151) and (C.152), respectively, into the two parts
as shown below:

T̄
S12T12(LS)
12:213 (κ′, S′M ′

S |κ, SMS)

= T̄
S12T12(LS)(1)
12:213 (κ′, S′M ′

S |κ, SMS) + T̄
S12T12(LS)(2)
12:213 (κ′, S′M ′

S |κ, SMS), (C.159)

T̄
S13T13(LS)
13:321 (κ′, S′M ′

S |κ, SMS)

= T̄
S13T13(LS)(1)
13:321 (κ′, S′M ′

S |κ, SMS) + T̄
S13T13(LS)(2)
13:321 (κ′, S′M ′

S |κ, SMS), (C.160)

T̄
S12T12(LS)(1)
12:213 (κ′, S′M ′

S |κ, SMS)
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≡ −

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS12T12(LS)
12 (r3)

× 3

4
(r3 × κ) · S12

∣∣∣∣∣∣ϕx(r2)eiκ·s2
[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.161)

T̄
S13T13(LS)(1)
13:321 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS13T13(LS)
13 (r2)

× 3

4
(r2 × κ) · S13

∣∣∣∣∣∣ϕx(r3)eiκ·s3
[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
, (C.162)

T̄
S12T12(LS)(2)
12:213 (κ′, S′M ′

S |κ, SMS)

≡ −i

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS12T12(LS)
12 (r3)

× (r3 × s3) · S12

∣∣∣∣∣∣ 1√
4π

∑
n

cnαn exp
(
−αnr

2
2

)
eiκ·s2

[[
η
(2)
1
2

⊗ η
(1)
1
2

]
S12

⊗ η
(3)
1
2

]
SMS

〉
, (C.163)

T̄
S13T13(LS)(2)
13:321 (κ′, S′M ′

S |κ, SMS)

≡ i

〈
ϕ′x(r1)e

iκ′·s1

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
S′M ′

S

∣∣∣∣∣∣ tS13T13(LS)
13 (r2)

× (r2 × s2) · S13

∣∣∣∣∣∣ 1√
4π

∑
n

cnαn exp
(
−αnr

2
3

)
eiκ·s3

[[
η
(3)
1
2

⊗ η
(1)
1
2

]
S13

⊗ η
(2)
1
2

]
SMS

〉
. (C.164)

We can calculate these matrices as shown from Eq. (C.117) to Eq. (C.150). Then the transition matrices (C.161)
and (C.162) become

T̄
S12T12(LS)(1)
12:213 (κ′, S′M ′

S |κ, SMS)

= 2πi
∑
µ3

∑
M ′

12M12

(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)
×
∑
m

∑
aa′

(−)m
(
S12M121a

′|S12M ′
12

)
(1a1a′|1−m)κY1a(κ̂)

∑
n′n

cn′cnI
S12T12(LS)(1)
12:213,m,n′n , (C.165)

T̄
S13T13(LS)(1)
13:321 (κ′, S′M ′

S |κ, SMS)

= −2πi
∑
µ2

∑
M ′

13M13

(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)
×
∑
m

∑
aa′

(−)m
(
S13M131a

′|S13M ′
13

)
(1a1a′|1−m)κY1a(κ̂)

∑
n′n

cn′cnI
S13T13(LS)(1)
13:321,m,n′n , (C.166)
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I
S12T12(LS)(1)
12:213,m,n′n

≡ 1

4π

∫
dr3

∫
ds3 exp

[
−αn′

(
1

2
r3 + s3

)2
]
exp

[
−iκ′ ·

(
3

4
r3 −

1

2
s3

)]

× t
S12T12(LS)
12 (r3)r3Y1m(r̂3) exp

[
−αn

(
−1

2
r3 + s3

)2
]
exp

[
iκ ·

(
−3

4
r3 −

1

2
s3

)]
=

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr3 r3t

S12T12(LS)
12 (r3)Y1m(r̂3)eipn′n·r3 exp

(
−αn′αn

αn′n
r23

)
= i

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)
Y1m(p̂n′n)

∫ ∞

0
dr3 r

3
3t

S12T12(LS)
12 (r3)j1(|pn′n|r3) exp

(
−αn′αn

αn′n
r23

)
, (C.167)

I
S13T13(LS)(1)
13:321,m,n′n

≡ 1

4π

∫
dr2

∫
ds2 exp

[
−αn′

(
1

2
r2 − s2

)2
]
exp

[
−iκ′ ·

(
−3

4
r2 −

1

2
s2

)]

× t
S13T13(LS)
13 (r2)r2Y1m(r̂2) exp

[
−αn

(
−1

2
r2 − s2

)2
]
exp

[
iκ ·

(
3

4
r2 −

1

2
s2

)]
=

1

4π

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr2 r2t

S13T13(LS)
13 (r2)Y1m(r̂2)e−ipn′n·r2 exp

(
−αn′αn

αn′n
r22

)
= −i π

3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)
Y1m(p̂n′n)

∫ ∞

0
dr2 r

3
2t

S13T13(LS)
13 (r2)j1(|pn′n|r2) exp

(
−αn′αn

αn′n
r22

)
, (C.168)

in which Eqs. (C.55) and (C.185), and the others (C.163) and (C.164) do

T̄
S12T12(LS)(2)
12:213 (κ′, S′M ′

S |κ, SMS)

= −8π

3

∑
µ3

∑
M ′

12M12

(
S12M

′
12

1

2
µ3

∣∣∣∣S′M ′
S

)(
S12M12

1

2
µ3

∣∣∣∣SMS

)
×

∑
mm′

∑
a

(−)a
(
S12M121a|S12M ′

12

)
(1m1m′|1− a)

∑
n′n

cn′cnαnI
S12T12(LS)(2)
12:213,mm′,n′n, (C.169)

T̄
S13T13(LS)(2)
13:321 (κ′, S′M ′

S |κ, SMS)

=
8π

3

∑
µ2

∑
M ′

13M13

(
S13M

′
13

1

2
µ2

∣∣∣∣S′M ′
S

)(
S13M13

1

2
µ2

∣∣∣∣SMS

)
×

∑
mm′

∑
a

(−)a
(
S13M131a|S13M ′

13

)
(1m1m′|1− a)

∑
n′n

cn′cnαnI
S13T13(LS)(2)
13:321,mm′,n′n, (C.170)

I
S12T12(LS)(2)
12:213,mm′,n′n

≡ − 1

4π

1

2αn′n

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr3 r3t

S12T12(LS)
12 (r3)

× Y1m(r̂3)

[
ᾱn′nr3Y1m′(r̂3) +

i

2
qY1m′(q̂)

]
eipn′n·r3 exp

(
−αn′αn

αn′n
r23

)
= − 3√

4π

ᾱn′n

2αn′n

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∑
LM

Ȳ
(+)
LM

(
1m1m′, p̂n′n

)
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×
∫ ∞

0
dr3 r

4
3t

S12T12(LS)
12 (r3)jL(|pn′n|r3) exp

(
−αn′αn

αn′n
r23

)
+

1

4αn′n

π3/2

α
3/2
n′n

q exp

(
− q2

16αn′n

)
Y1m(q̂)Y1m′(p̂n′n)

×
∫ ∞

0
dr3 r

3
3t

S12T12(LS)
12 (r3)j1(|p|n′nr3) exp

(
−αn′αn

αn′n
r23

)
, (C.171)

I
S13T13(LS)(2)
13:321,mm′,n′n

≡ 1

4π

1

2αn′n

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∫
dr2 r2t

S13T13(LS)
13 (r2)

× Y1m(r̂2)

[
ᾱn′nr2Y1m′(r̂2)−

i

2
qY1m′(q̂)

]
e−ipn′n·r2 exp

(
−αn′αn

αn′n
r22

)
=

3√
4π

ᾱn′n

2αn′n

π3/2

α
3/2
n′n

exp

(
− q2

16αn′n

)∑
LM

Ȳ
(−)
LM

(
1m1m′, p̂n′n

)
×
∫ ∞

0
dr2 r

4
2t

S13T13(LS)
13 (r2)jL(|pn′n|r2) exp

(
−αn′αn
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r22
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− 1
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α
3/2
n′n

q exp

(
− q2

16αn′n
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S13T13(LS)
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(
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, (C.172)

Ȳ
(±)
LM

(
1m1m′, p̂n′n

)
≡ (±i)L

L̂
(1m1m′|LM)(1010|L0)YLM (p̂n′n), (C.173)

in which we have used Eq. (C.145) with replacing α, β, and γ as

α→ αn′n, β → ±ᾱn′nr, γ → q

2
, (C.174)

respectively, and have used Eqs. (C.185) and (C.187).
The components of the spin-orbit interactions of the transition matrices (C.29) and (C.30) are given by

T̄
S12T12(LS)
12:321 (κ′, S′M ′

S |κ, SMS)

≡

〈
ϕ′x(r1)e
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η
(2)
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⊗ η
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1
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]
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⊗ η
(3)
1
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S′M ′

S

∣∣∣∣∣∣
× t

S12T12(LS)
12 (r3)ℓ̂12 · S12
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1
2
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(1)
1
2

]
S12

⊗ η
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1
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]
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〉
, (C.175)
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1
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〉
. (C.176)
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Calculating them similarly to Eqs. (C.105) and (C.106), we obtain

ℓ̂12 · S12

∣∣ϕx(r3)eiκ·s3
〉
= −iϕx(r3)

(
r3 ×∇r3eiκ·s3

)
· S12 − i[r3 ×∇r3ϕx(r3)] · S12eiκ·s3

= −i[r3 ×∇r3ϕx(r3)] · S12eiκ·s3 , (C.177)

ℓ̂13 · S13

∣∣ϕx(r2)eiκ·s2
〉
= −iϕx(r2)

(
r2 ×∇r2eiκ·s2

)
· S13 − i[r2 ×∇r2ϕx(r2)] · S13eiκ·s2

= −i[r2 ×∇r2ϕx(r2)] · S13eiκ·s2 , (C.178)

and

∇r3ϕx(r3) =
1√
4π

∑
n
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(
−αnr

2
3

)
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1√
4π

∑
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(
−αnr

2
3

)
, (C.179)

∇r2ϕx(r2) =
1√
4π

∑
n

cn∇r2 exp
(
−αnr

2
2

)
=

1√
4π

∑
n

cn(−2αnr2) exp
(
−αnr

2
2

)
. (C.180)

Due to the property of the vector product between the same two vactors, that is, r × r = 0, the transition matri-
ces (C.175) and (C.176) are zero:

T̄
S12T12(LS)
12:321 (κ′, S′M ′

S |κ, SMS) = T̄
S13T13(LS)
13:213 (κ′, S′M ′

S |κ, SMS) = 0. (C.181)

The assumption that particle x can be described only by the S wave causes this result. So Eqs. (C.175) and (C.176)
can have finite values when finite orbital angular momentum are included.

C.5 List of mathmatical formula

In this section, the mathematical formulas used in this appendix are listed. Unless otherwise stated, α is a positive
real number, β and γ are real vectors whose jth components are βj and γj , respectively.∫ ∞

−∞
dxj exp

(
−αx2j

)
exp[−(βj + iγj)xj ]

= exp
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2
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]
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α
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[
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2
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]
. (C.182)
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. (C.183)

∫
dR exp
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exp[−(β + iγ) ·R]

=
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exp[−(βj + iγj)xj ]
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=
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]
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π3/2

α3/2
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YLM

(
±̂αK

)
= YLM

(
±̂K

)
= (±)LYLM

(
K̂

)
(C.188)

K̂ = (θK , φK), −̂K = (π − θK , π + φK) (C.189)
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